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updates 1. Introduction and Preliminaries

Over the last half a century, rapid developments in inequality theory and its appli-
cations have contributed greatly to many branches of mathematics such as linear and
nonlinear analysis, differential equations, finance, statistics, physics, fractional calculus,
Inequalities with Applications. and so on; for more details, one can refer to [1-4] and the references therein.
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theory, quantum correlations, quantum cryptography, combinatorial optimization, and
other related fields (see, e.g., [7-12]).
Let us recall some basic definitions and notation that will be needed in this paper.

Definition 1 (see [4,8]). Let Q) be a nonempty subset of R".

(i) Letx = (x1,...,xp)andy = (y1,...,yn) € R". x is said to be majorized by y (in symbols
x <y ifﬂ.‘:1 xp < Zﬁ‘:l yp fork = 1,2,...n—T1and Yy x; = Yy, where
X[y 2 0 2 X[ and Yy = -+ = Yy are rearrangements of x and y in a descending order;

(ii) Q)is called convex if ax + By € Q forany x,y € Qand o, > Qwitha +p =1;

(iii) Qis called symmetric if x € Q) implies Px € Q) for every n X n permutation matrix P;

(iv) A function ¢ : QO — R is called symmetric if for every permutation matrix P, p(Px) = ¢(x)
forall x € ()

(v) A function ¢ : O — R is said to be Schur convex on QY if x < yon Q) implies ¢(x) < @(y).
@ is said to be Schur concave on Q) if and only if — ¢ is Schur convex.

The paper is divided into five sections. In Sections 2 and 3, by applying majorization
theory, we present some new generalized Dunkel type integral inequalities and new Dunkel
(p)-type integral inequalities for p > 2. As applications of our new results, some new
integral inequalities are established in Section 4. Finally, some summary and conclusions
are given in Section 5.

2. Some Generalizations of Dunkel Integral Inequality

The following two known results are important for proving our new theorem.

Lemma 1 (see [4]). Let a < b. Let u(t) := ta+ (1 —t)b and v(t) := tb+ (1 — t)a for
1<h<h<lor0<t <ty <3 Then

(S5 TE0) = (e 0(6) < (o), w(00) < (0,0

Lemma 2 (see [4,7]). Let (2 C R" be a nonempty convex set and has a nonempty interior set (3°.
Let ¢ : QO — R be continuous on Q) and differentiable in Q)°. Then, ¢ is a Schur convex (resp.
Schur concave) function, if and only if it is symmetric on () and

d¢ _ 99
(x1 — x2) (ax1 - 8x2> >0 (resp. <0)

holds for any x = (x1,--- ,xn) € Q°.

Remark 1. It is worth noticing that Lemma 2 is equivalent to the following:
@ is a Schur convex (resp. Schur concave) function, if and only if it is symmetric on Q) and

¢ 0 .
—- > < = oo,n—1.
ox; = i (resp. <0),i=1,2,...,n—1

forallx € DNQ), where D = {x:x1 > --- > x,}.

With the help of Lemmas 1 and 2, we can establish the following crucial result.
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Theorem 2. Let I be an interval of R. Assume that f(x) and g(x) are two nonnegative continuous
real-valued functions on 1, and x(x) and A(x) are two continuous real-valued functions on I.
DefineL: I x1— Rby

L(a,b) = /ﬂb f(x)dx /ﬂbg(x)dx
[ stoxax [ stonteix— [ fercoax [ sacos

forany (a,b) € I x I. Then the following holds:

(i) Ifx(x)-x(b) +A(x)-A(b) < land x(x)-x(a) + A(x) - A(a) < 1forx,a,b € I, then Lis
Schur convex on I x I;

(ii) Ifx(x)-x(b) +A(x)-A(b) > 1and x(x) -x(a) + A(x) - A(a) > 1for x,a,b € I, then L is
Schur concave on I x 1.

Proof. Obviously, L(a, b) is a symmetric operator for a,b € 1. So, without loss of generality,
we may assume that b > 4. Since

%—f()/ s(x)dx + glb /f

b)/ x)dx — g(b) /f

~SOA0) [ g dx - g0 [ FEn )

a

and
Lo ) [ s —sta) [ flin
+ flayeta) [ g +g(ain(a) [ fOos(x)dn
+ @A) [ g0ARx+ g@A@) [ FEn
we have
=(f<a>+f(b))/ab () + (s(a) +5(8)) [ fx)a
~ (FO)x(b) + fla)s(a)) [ bg( (e~ (FONE) + F@A@) [ s
~ (5(0)x(0) + g(a)s(a)) [ FR(x — (5BIAD) + g@A@) [ fIARIax

b
=(0) /a $(0)(1 = (D)x(x) = AOIA)dx + £(0) [ g(x)(1 = w{a)x(x)
~ @A)+ 0) [ Fx) - KB)x(x) — AG)A )i
+g(@) [0 - K(@)x(x) - M@A)

(i) Whenx(x) -x(b)+ A(x)-A(b) <1and x(x)-«x(a) + A(x) - A(a) <1, wehave A > 0.
By Lemma 2, L is Schur convex on I x I.
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(i) Whenx(x) x(b)+ A(x)-A(b) > 1and x(x) - x(a) + A(x) - A(a) > 1, we have A < 0.
By Lemma 2, L is Schur concave on I x I.

The proof is completed. [
We now present the following generalized Dunkel type integral inequality which is

one of the main results of this paper.

Theorem 3. Let I be an interval of R. Assume that f(x) and g(x) are two nonnegative continuous
real-valued functions on I, and x(x) and A(x) are two continuous real-valued functions on I.
Let u(t) :==ta+ (1 — t)band v(t) := tb+ (1 — t)a, for 1 <t < 1. Then the following holds:

(i) Ifr(x)-x(b)+A(x)-A(b) <land x(x)-x(a) + A(x)-A(a) < 1forx,a,b € I, then

/ubf(x)x(x)dx /ahg(x)x(x)dx + /abf(x))\(x)dx /ahg(x))\(x)dx

b b o(t) v(t)
S/u f(x)dx/a g(x)dx—/u(t) f(x)dx/u(t) g(x)dx
~o(t)

+ uz(’t(:)f(x)x(x)dx /L;Z(]t()t)g(x)K(X)dx_l_./L;:::)f(x))\(X)dx/u(f) g(x)A(x)dx

< [ tax [ s

(ii) Ifr(x)-x(b) + A(x) - A(b) > Tand x(x) -x(a) + A(x) - Ala) > 1for x,a,b € I, then

/ﬂb f(x)x(x)dx /th(x)x(x)dx + /abf(x)/\(x)dx /Hbg(x))\(x)dx

b b o(t) o(t)
> [ fwas (st [ pax [ sl

£) o(t) o(t)
OO / ) fEAG / ) SARI

o(t o(

)f(x)x(x)dx/(

u(t

* (t)
> [ ftgax [ st

Proof. We only show case (i) and a similar argument could be made for the case (ii). Define
L:I1xI— Rby

L(a,b) = /ab f(x)dx /abg(x)dx
- /ab F(x)x(x)dx /ub g(x)x(x)dx — /abf(x)/\(x)dx /ubg(x))\(x)dx
for any (a,b) € I x I. If k(x) - x(b) + A(x) - A(b) < 1and x(x) - x(a) + A(x) - A(a) < 1 for

x,a,b € I, by applying Theorem 2 (i), we show that L is Schur convex on I x I. On the
other hand, by using Lemma 1, we get

L(a,b) > L(u(t),0(t)) > L(“;b,”;b) —0.
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Hence, we obtain
/abf(x)dx /ﬂb g(x)dx — /abf(x)K(x)dx /abg(x);((x)dx
—/ﬂbf(x)A(x)dx/abg(x))\(x)dx

o(t) o(t) o(t)
E/um f(x)dx/u(t) g(x)dx—/u(t) f(x)x(x)dx/u g(x)x(x)dx
o(t)
- /u ® f(x)A(x)dx / g(xX)A(x)dx

which implies

b

[ s [ stostia s [ fenar [ sn e

< [ s [ gax— [ s [ gt

()
o(t) u(t) o(t) o(t)
+/u<t) fx)x(x)dx _/u(t) g(x)K(x)dx+/u(t) f(x)A(x)dx ./u(t) g(x)A(x)dx

b b
§/ f(x)dx/ g(x)dx.
a a
The proof is completed. [

As a direct consequence of Theorem 3, we can obtain the following generalized Dunkel
integral inequality.

Theorem 4 (Generalized Dunkel integral inequality). Let f(x) and g(x) be two nonnegative
continuous real-valued functions on [a, b] and m be any real number. Then

( ubf(x) cos mxdx) (/abg(x) cos mxdx) + (/ubf(X) sin mxdx) (/ﬂbg(x) sin dex) 3)
<

(/Hbf(x)dx) (/abg(x)dx).

Proof. In theorem 3, we take I = [a,b], k(x) = cosmx, and A(x) = sinmx for x € I. Thus,
x(x) and A(x) are two continuous real-valued functions on I. Clearly, we have

x(x) - x(b) + A(x) - A(b) = cos mx - cos mb + sin mx - sin mb
=cosm(b—x) <1
and
k(x)-x(a) + A(x) - A(a) = cosmx - cos ma + sinmx - sinma

=cosm(a—x) <1.

Thus, all the assumptions of Theorem 3 (i) are satisfied. Therefore the desired conclu-
sion follows immediately from Theorem 3. [J

The following generalized Dunkel integral inequality is an immediate consequence of
Theorem 4.
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Corollary 1 (Generalized Dunkel integral inequality). Let f(x) be a continuous nonnegative
real-valued function on [a, b] and m be any real number. Then

</abf(x)cos mxdx)2 + (/abf(x) sinmxdx)2 < (/ab f(x)dx)z. (4)

Remark 2. It is worth noticing that inequality (3) in Theorem 4 and inequality (4) in Corollary 1
are real generalizations of inequality (2).

3. A New Dunkel (p)-Type Integral Inequality for p > 2

In this section, we will present a new Dunkel (p)-type integral inequality for p > 2.
In order to prove our results, we need the following important auxiliary lemma.

Lemma 3. Let k € NU{0}. Denote Iy := [2krt, 2k + % |. Assume that f(x) is a nonnegative
continuous real-valued function on Iy. Define M : I x I — R by

M(a, b) = [(b —a) / ! f(x)sin xdx} ’
+ [(b—a) /ahf(x) cosxdxr - {(b—a) /abf(x)dxr

for (a,b) € Iy x I. If p > 2, then M is Schur concave on Iy X I.

Proof. It is obvious that M(a,b) is symmetric for a,b. Hence, without loss of generality,
we may assume that b > a. By Corollary 1, we have

= {(b —o) | ) sinxdx] . { / " f(x)sinxdx + (b—a)f(b) sinb}

—b—p{(b—a)/abf(x)cosxdx]p_l [/abf(x) cosxdx + (b—a)f(b) cosb]
oo [ seoa] [ [ e 0 a0

b p—2
=p(b—a)P! [/u f(x) sinxdx}
X [(/ubf(x) sinxdx)2 + (b—a)f(b) sinb/ﬂbf(x) sinxdx]
+p(b—a)P! [/abf(x) cos de} "
X [(/abf(x) cosxdx)2 + (b—a)f(b) cosb/ahf(x) cosxdx]

~ p(b—ayP! { / ’ f(x)dx] " [( / ’ f(x)dx)z Ho-a)f) | ' f(x)dx]
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b—a bf(XW) "
« l(/ﬂbf(x) sinxdx)z—i— (/ﬂbf(x) cosxdx)2 _ (/abf(x)dx>2
(b —a)f(b) /ﬂbf(x) (sinb - sinx + cosb - cos x — 1)dx}
=yt [ par)
x l(/abf(x) sinxdx)z—i— (/ﬂbf(x) cosxdx)z - (/abf(x)dx>2
— 0 (e) [ fo)cos(e — ) — 1)ax]

<0

and

_ { /f sin x d]p_l{—/abf(x)sinxdx—(b—a)f(a)sina}
[ / Flx xdx] [— /b F(x) cos xdx — (b—a)f(a)cosa}
~ple-a) [ ] [ (v - n)f@)|
~p(b -} [/ f)s nxdx}

[(/f i)+ (0= (0ysina [ (3) it
o {fprn
[(/Qf cos d> + —a)f(a)cosa/abf(x)cosxdx]
ot [ ] [( [ o)+ 6-asta) | bf(x)dx]
oo ()
[ (o) ({10

b
+(b—a)f(a)/a f(x)(sina-sinx + cosa - ¢ xl)dx}
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= -0 [ o) "

X [(/abf(x)sinxdx)z—i- (/abf(x)cosxdx)2 — (/abf(x)dx>2

+o-a)f(0) [ F)(costa =) ~ )]
>0,
which deduce K o M aM
= _“)(ab_aa> <0.
By Lemma 2, M is Schur concave on Iy x I. The proof is completed. O

The following result is a new Dunkel (p)-type integral inequality for p > 2.

Theorem 5. Let k € NU{0}. Denote Iy := [2krm, 2k + 5 |. Assume that f(x) is a nonnegative
continuous real-valued function on Iy. If p > 2 and [a, b] C I, then

(./u‘bf(x) cosxdx)p + <./ubf(x) sinxdx)p < (/ubf(x)dx>p.

Proof. Define M : I} x Iy — Rby
M(a,b) = [(b —a) /abf(x) sinxdx} ’
+ [(b —a) /abf(x) cosxdxr - {(b —a) /abf(x)dxr

for (a,b) € I x I. By Lemmas 1 and 3, we obtain

M(a,b) §M<a;b,a;b> 0,

which means that

(_/abf(X) cosxdx)p + (/abf(x) sinxdx)p < (/ubf(x)dx)p.

O

The following result is immediate from Theorem 5.

Corollary 2. Let n € N. Let ky,ky,--- ,ky, € NU{0}. Assume that f;(x) is a nonnegative
continuous real-valued function on [2k;m,2k;t + F| and [a;, b;] C [2kim, 2kt + 5| for any
1<i<n lIfp>2, then

lé(/:fl(x) cosxdx)p +ié</:i fi(x) sinxdx)p < g</:l fl-(x)dx)p,

4. Some New Integral Inequalities

In this section, we will provide some new integral inequalities by applying our main
results.
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Lemma 4 (Bessel inequality; see [1]). Let f(x) be a continuous or a piecewise continuous
nonnegative function on [0,27t]. The Fourier series of f(x) is

{120 + Z ay cos mx + by, sinmx),
m=1
where ag = 1 Oznf(x)dx, Ay = %foznf(x) cosmxdx, and by, = }rfoznf(x) sin mxdx,

form € N. Then

Lemma 5 (see [1]). Let f(x) be a nonnegative integrable concave function on [a,b]. If p > 1, then

/ab P x)ax < a)pZ_F’l(p - </abf(x)dx)”.

Theorem 6. Let f(x) be a nonnegative continuous concave function on [0,27]. Then

< Oan(x) sinxdx)2 + ( Oznf(x) cos xdx)2 < 947_[2( Oznf(x)dx>2.

Proof. Using the notations in Lemma 4 and applying Theorem 4, we get

n
Y (@ +by,) < na. )
m=1
By combining (5) with Bessel inequality (see Lemma 4), we obtain
n n
> @+ 8 <o~ [T P 1 (@48
m=1 m=1
which implies
- 2) 2 2(
Z:: m + bin 2n + 1 / fix
Let n = 1. By applying Lemma 5, we obtain

2

( :nf(x) sinxdx)2 + ( (;znf(X) cos xdx) < 3% /Ohfz(x)dx

The proof is completed. [

Theorem 7. Let f(x) be a nonnegative continuous function on [a,b]. If0 <a < x <b < %,
then

</abf(x)tanxdx>2 + (/bf(x) cotxdx)2
> 2( ﬂbf(x)dx>2 ( ) f( )tanxdx> </ fx otxdx) —2</uzt(;)f(x)dx>2

> 2( ab f(x)dx) 2,
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where u(t) = ta+ (1 — t)band v(t) = th+ (1 — t)a, for } <t < 1.

Proof. Let x(x) = % tanx and A(x) = @ cotx for x € [a,b]. By the arithmetic mean-
geometric mean (AM-GM) inequality, we have

k(x)-x(b) + A(x) - A(b) == tanx - tanb + 1cotx cotb

N\H

1
>(tanx - tanb - cotx - coth)2z = 1.

/—\

In the same way, we also have x(x) - k(a) + A(x) - A(a) > 1. By Theorem 2 (ii),

we obtain
(Abf(x)ﬁ’;anx ) (/ flx 2cotx )2
z(/ahf(x>dx)2+ (/L:S)f(x)ﬁtzanxdxy
o) 2eotx . \ o(t) 2
+<u@'ﬂ@ 22t‘h> _<AM'ﬂde

([ s

which deduces

f(x)tanxdx ) + f(x) cotxdx
([ sy (f 1otz
>2 </abf(x)dx>2 + ( ul(]t(:)f(x) tanxdx)2

o(t) 2 o(t) 2
+ ( f(x) cotxdx) — 2( f(x)dx)
u(t) u(t)

b 2
>2 < f (x)dx) .

a

The proof is completed. [

Theorem 8. Let0 < a < b < land f(x) be a nonnegative continuous function on [a, b]. If p > %,

then
(/ﬂbxﬁf(x)dx>2+</ (1—x)Pf(x) ) (/ f(x dx). (6)

Proof. Let x(x) = xP and A(x) = (1 — x)P for x € [a,b]. For any x € [a,b], since B
we have

Y
NI—
N

k(x) k(b)) +A(x)-A(b) =xP - bP+ (1 —x)P - (1-D)P
<xPp24(1-2)%(1-b)
x+b+1—x+1-b
2

<
=1

In the same way, we can also show that x(x) - k(a) + A(x) - A(a) < 1 for x € [a,b].
Therefore, the desired inequality (6) follows immediately from Theorem 2 (i). O
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Theorem 9. Let p > 1and 0 < a < b < 1. Assume that f(x) is a nonnegative continuous func-
tion on [a, b]. If f(x) is decreasing and x f (x) is increasing, or f(x) is increasing and (1 — x) f(x)
is decreasing, then

2mP (/abf(x)dx>2 < (/;x”f(x)dx>2 + (/ab(l - x)”f(x)dx)z < (/ubf(x)dx)z, @)
where m := min{a(1 —a),b(1 —b)}.

Proof. From Theorem 8, we know that the right side of the desired inequality (7) holds.
Next, we verify that the left side of desired inequality (7) also holds. By the AM-GM
inequality, we have

</Hb fo(x)dx>2 + (/ab(l - x)Pf(x)dx>2 > z/ﬂb ¥ f(x)dx /ﬂba )P f(x)dx

Let ¢(x) = xPf(x) and u(x) = (1 — x)? f(x) for x € [a,b]. Thus, we get

¢'(x) = A" (pf(x) + xf'(x))

and
W(x) = (1=x)P=pf(x) + (1 —x)f(x)].

Since p > 1, if f(x) is decreasing and xf(x) is increasing, we obtain ¢'(x) > 0 and
#' (x) < 0. Similarly, if f(x) is increasing and (1 — x)f(x) is decreasing, we also have
¢'(x) > 0and p/(x) < 0. By the Chebyshev inequality, we have

(/ab fo(x)dx>2 + (/ab(l - x)Pf(x)dx>2 > z/ab ¥ f(x)dx /ab(1 )P F(x)dx

> 2(b—a) /b[x(l — )P f(x)dx

a

Since h(x) = x(1 — x) is concave, h attains its minimum value 4 (a) or h(b). Due to
m = min{a(1 —a),b(1 —b)}, we obtain

</ab fo(x)dx)Z + (/ﬂb(l — x)pf(x)dx)

>2(b—a) [ [x(1 — )P f(x)dx
>2(b —a)ym? /ab A (x)dx
>2mP </abf(x)dx)2.

The proof is completed. [

2

5. Conclusions

In this paper, we establish the following two important main results for the generalized
Dunkel type integral inequality:
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*  (Generalized Dunkel integral inequality; see Theorem 4.)

Let f(x) and g(x) be two nonnegative continuous real-valued functions on [a, b] and
m be any real number. Then

</ﬂbf(x) cos mxdx> (/ab ¢(x) cos mxdx> + (/ﬂbf(x) sin mxdx) (/ﬂb g(x) sin mxdx>
< (/ ’ f(x)dx) ( / ’ g(x)dx>.

e (Dunkel (p)-type integral inequality for p > 2; see Theorem 5.)

Let k € NU{0}. Denote I := [2k7t,2krt + F]. Assume that f(x) is a nonnegative
continuous real-valued function on I;. If p > 2 and [a, b] C I, then

(/ﬂbf(x)cosxdx)p%— (/ahf(x)sinxdx>p < (/abf(x)dx>p.

As applications of our new results, some new integral inequalities are presented in
Section 4.
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