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Abstract: In this paper, we introduce new subclasses m;ti’c(/\, 5,7,®) and ﬁ;’;/c(/\, 3,1, P) of bi-
univalent functions in the open unit disk U by using quasi-subordination conditions and determine
estimates of the coefficients |a;| and |a3| for functions of these subclasses. We discuss the improved
results for the associated classes involving many of the new and well-known consequences. We
notice that there is symmetry in the results obtained for the new subclasses 9%;'2 C(/\, 8,7,®) and
ﬁ% 'Z, c (A, 6,1,®) , as there is a symmetry for the estimations of the coefficients a, and a3 for all the
subclasses defind in our this paper.

Keywords: subordination; bi-univalent function; analytic function; quasi-subordination; hurwitz—
lerch zeta function

1. Introduction

Let H be the class of analytic functions f defined in the open unitdisk U = {z : |z| < 1}
and normalized by conditions f(0) = 0, f'(0) = 1. An analytic function f € H has Taylor
series expansion of the form:

flz)=z+ iajzj, z € U. (1)
j=2

The well-known Koebe-One Quarter Theorem [1] states that the image of the open unit
disk U under each univalent function in a disk with the radius %. Thus, every univalent
function f has an inverse f !, such that

fHf@) =2 zeU,

and
F @) = w0, fol < ro(f), rolf) > 3

Let 3 denote the class of all bi-univalent functions in U. Since f in X has the form (1),
a computation shows that the inverse ¢ = f~! has the following expansion

g(w) = fHw) = w— aqw® + (2{15 —a3>w3 - (5a% — 5aza3 +a4)w4+..., we U

Let B be the class of all analytic and invertible univalent functions in the open unit
disk, but the inverse function may not be defined on the entire disk U, for f in H. An
analytic function f is called bi-univalent in U if both f and f~! are univalent in U.

The class of bi-univalent functions was introduced by Lewin [2] and proved
that |ap| > 1.51 for the function of the form (1). Subsequently, Brannan and Clunie [3]
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conjectured that |ay| > /2. Later, Netanyahu, in [4], showed that 1}1a2x|a2| = 3. Several
S

authors studied classes of bi-univalent analytic functions and found estimates of the coeffi-
cients estimate problem for each of the following Taylor-MacLaurin coefficients |a;| and
|ag| for functions in these classes ([5-7]).

For functions f, h € H of the form (1), respectively,

h(z)=z+Y bz, z€U. )
j=2
The convolution of the functions f and h denoted by f(z) x h(z) is defined as
f(z)xh(z) =z+ Zajbjzf, z e U.
j=2

Choi and Srivastava [8] found several interesting properties of Hurwitz—Lerch Zeta
function ¢(z,s,a) defined by

(<)
ZSﬂ Z

]:0

®)

ac C\{0,-1,-2,...},s€ C,Res > 1and |z| = 1.
In [9] Srivastava-Attiya introduced the following operator D, , : H — H,

Dup(z) = (1+0)"[9(z,pu,b) —b7"],
which has the following form
(14D
Dypf(z) = Z(]+b> a;2, (4)

be C\{0,-1,-2,...},ucC,ze U, f € H.
For f € H, Carlson and Shaffer [10] defined the following integral operator 7, f(z) by

—
&
~—
~
=

Tf(@) =24 Y g, 5)
=1

Define the convolution (or Hadamard product) of the operators D, ; f(z) and Taf(z),

NIF(E) = D,y f(2) s Taf (2) = 2+ 2 (32 (E;jj ) -

which can be written as

b = ‘
Necf(z) =z+ ) gjaai?,
=2

17_«_19) B (a)iq
j+b (€)j1

In the year 1970, the concept of quasi-subordination was first mentioned in [11]. For
two analytic functions g and f in U, we say that the function f is quasi-subordinate to g
in U, if there are analytic functions ¢ and F, with |¢(z)| <1, F(0) = 0 and |F(z)| < 1, such
that f(z) = ¢(z)g(F(z)), and denote this quasi-subordination by [12], as follows

where ¢; ,= (

f(z) <4 8(z), zel. (6)
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Note thatif ¢(z) = 1, then f(z) = g(F(z)), hence f(z) < g(z) in U ([13]). Furthermore,
if F(z) = z, then f(z) = ¢(z)g(z) and this case f is majorized by g, written as f(z) < g(z)
inU.

Ma and Minda [14], using the method of subordination of defined and studied classes
5*(®) and G*(P) of starlike functions. See also [15,16]

(@) = {fe’H Jf(()) (2), ze u},
and ,
GH(®) = {fe%:1+7‘]{,(z) L ®(z), z€ u},
where
P(z) = Ko+ Kz + Kpz* +..., ze UL ?)
Now, consider
®(z) =1+ Biz+Byz> + B3z® +..., By >0, (8)

an analytic and univalent function with a positive real part in U, symmetric with respect
to the real axis and starlike with respect to ®(0) = 1 and @ (0) > 0.

By §*y(®) and G*x(®) we denote the bi-starlike of Ma-Minda and bi-convex of the
Ma-Minda type, respectively ([17,18]).

In [17,19] Brannan and Taha get initial coefficient bounds for subclasses of bi-univalent
functions. Later, Srivastava et al. [20] introduced and investigated subclasses of bi-univalent
functions and get bounds for the initial coefficients. Also, Ali et al. [21] get the coefficient
bounds for bi-univalent Ma-Minda starlike and convex functions. Some more important
results on coefficient inequalities can be found in [12,21-23].

Here, we discuss the improved results for the associated classes involving many of
the new-known consequences.

We need the following Lemma to achieve the results.

Lemma 1 ([24]). If p € P, then |p;| < 2 for each i, where P is the family of all analytic functions
p, for which Re{p(z)} > 0,z € U,where

p(z) =1+ piz+p2+p®+..., ze U.

2. The Subclass m;’;,C(A’ 3,7,®)

Definition 1. A function f € H is said to be in the class %g’zc(/\, 5,T,®),0<A<1,0< 6 <1,
and te€ C\{0}, if the following quasi-subordinations hold

1 (Nybf(z)) +22(N£,Chf(z?) +5z(/\/off'cbf(2)>” —l = e()-1 9
(1= M)z +2z(Mf(2))

|

1| [oEs) +e W) ) Lo <ot -1, a0
(1— A+ Aw (N g(w) ) |

T

where g is the inverse function of f and z,w € U.

For special values of parameters A, 4, T, i1, we obtain new and well-known classes.
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Remark 1. For 6 = 0and e C\{0},0 <A <1, 0 <6 <1,afunction f € ¥ defined by (1) is
said to be in the class i)%;'z (A, T, ®),if the following quasi-subordination condition are satisfied

"

2(NLf (z))/ +22 (N f(2)
(1= M)z +Az(NCf (Z))l

| =

—1| <3 ®(2) -1,

,u]

and

"

[ [ w(WEs) +o? (M)

b 1| =y @(w) — 1,
(1= Mw + A (ML g(w))

T

where g is the inverse function of f and z,w € U.

Remark 2. Fory =0,b=0,c=0,a =0, 7€ C\{0}, a function f € X defined by (1) is said to
be in the class Ry, (A, 8, T, @), if the following quasi-subordination conditions are satisfied

S e -1 wew

and

1 { { (wg’(w) + w?g" (w)

gy o' @) 1] 0@ -1

where g is the inverse function of f and z,w € U.

Next, we find estimates for the coefficients |a;| and |a3| for the functions in class

R, (A6, T, ).

Theorem 1. If f given by (1) belongs to the subclass 9‘{;"; (A, 6, T, D), then

|aa| <
37(3 = A+ 6)hoB3 s, — 4[AT(2 = \)hoB} + (2= A+ 8)%(Bs — B1)| 03,

, (A1

and
T(|ho| + |m1])By T2B2hy?

as| <
193] < S 3= A+ 60)pan 42 -2 +0)72,

1+ b\ () 1+ b\ ()3
P20 (2+b> <(C)2—1 )l i P3a= (3+ b) <(C)3—1 >
Proof. Since f € m;ﬁ;,c()" 0,7, P), then there exist analytic functions ¢, Fin U and ¢,
F:U — U, with [¢(z)| <1, such that ¢(0) = F(0) = 0and |F(z)| < 1, satisfied

, B1>1, (12)

where

"

1] |2z f(z))/ +22 (M f(2)) ’

T

; oz(NEZ £ (2 —1| =¢(z z)) -1, (13)
(1= Nz +rz(Mf(2)) +0(MEFF(2) = 1] = 9()(@(E() 1 13
and
b ' b " )
1| [ e (M) ot (MEsw) | so(AAs() b 1| = ptrcoten -1, »

T

(1= Mw+ Aw (N g(w))

where g is the inverse function of f and z,w € U.
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Define the functions u and v by
u(z) = 1j1€§2 =1+ uz+upz> +usz®..., (15)
and .
v(w) = ljigzg =1+ 0w+ vw? + V3w + ... (16)
or equivalently,
_ 2
F(z)—ZEzg_i_i— ;[ulz—f—(uz—tlzl)zznt..., (17)
and ,
‘P(w)zzgzgli—;[vlw—F(vz—vzl)wz—f—.... (18)
Using (17) and (18) in (13) and (14), we obtain
z ./\/If’cb z ,—l—zz Nf’cb z ’ "
1| [ @) AR ?) +0z(ME2f(2)) ¢ -1
L a-nzeaz (M)
_ u(z) =1\ _
~o (e (i) - 19
and ) ,
w(Ngw)) +w? (N g(w "
1 ( <8 )) < <8 ,)) +5w<N£’Cbg(w)) -1
T (1 —A)w—k)xw(]\/,,ff’cbg(w))
_ o(w) =1\ _
~ow (o(55T)) - .
We can write
_ 2
¢(2) (@(W)) = %hoBlulz + {;hlBlul + %hoBl <u2 — Ll21> + ihoBzu%}Zz +..., (21)
and
_ 2
p(w) (@(ZEZ% T 1)) = %hOBlvlw + {;hlBlvl + %hoBl (?Jz - U;) + ihoBzU%}wz +.... (22)
Since
2(N2f(z ,—l—zz NEEE(z ’ "
1| [T @) (A ?) +oz(MIf(z) ¢ -1
T (1-A)z+ Az (N,,tf'f f(z))
% 22 A+ 0)p2am0z + (33— A +66)p3003 —4A2 = M) @3,3) 22 +...|,  (23)

and
"

T

1 w(Nif’!’g(w))/ +w? (M g (a)
(1= Mw -+ A (M g(w))

; ) + 5w(./\/£’cbg(w))”} -1
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% =202 = A+ 6) 002w + (3(3 = A +66) g3 (203 — a13) —4A (2= A) @303 )w? + ..., (24)

putting (21) and (23) in (19) and putting (22) and (24) in (20) and equating coefficients in
both sides, we get

2 1
;(2 —A + (S) P2,002 = EhoBlul, (25)
1 1 1 w2\ 1
— |:3(3 — A+ 65)<p3,aa3 — 4}\(2 — /\)(p%,aa%} = —h1Biuy + =hgBy | up — -1 + *hoBzu%, (26)
T 2 2 2 4
and 5 .
7(2 — /\ + 5) gozr,xaz - EhOBlvl, (27)

% [—2(2 — A+ 0) P+ (3(3 — A +60) @3 (2a§ - a3) — 42— A)(pgaag)}

— LBioy + TnB _a + LpoBye? (28)
—21101 20102 > 40201‘
From (25) and (27), we obtain
ThoB1uy ThoB1v1
pr— = — . 29
2 42—-A+0)pan 42—-A+0)pan 29
It follows that
uy = —0q, (30)
and
32(2 — A+ 6)?¢3 403 = To? By (13 + v3). (31)
Adding (26) and (28), by using (30) and (31) ,we have
8 [3rhoB%(3 — A+ 60) @3 003 — 4AThoB2(2 — /\)goi,x] a3 =
20%hg B3 (1t + v3) +32(2 — A+ 8)2(By — By) 9,43, (32)
which implies
272 W3 B3
B = T hyBy (2 1 02) . (33)

8{37(3— A+ 60)hoB3g30 — 4[AT(2 = \)hoB} + (2= A +6)*(B2 — B) | 93, }

Applying Lemma 1 in (33), we get (11).
Now, in order to find the bound of the coefficient |a3|, by subtracting (26) and (28)
we get,

4
p [6(3 - A+ 65)4)3,,,6{13 —6(3—A+ 65)473,“(2%} = 2h1Biuq 4+ hoBq (u2 —vy). (34)

By substituting (28) from (26), further computation using (30) and (31), we obtain

In — 2Th1B1u1 ThoBl(uz — Uz) Tzh%B%(u% + U%)
P B -A+60)ps.  24B—A+60)g3. 322 A+ 0)° 93,

(35)

Applying Lemma 1 in (35), we get (12). The proof is complete. [

Taking 0 = 0 in Theorem 1, we obtain the following corollary.
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Corollary 1. Let f given by (1) belongs to the class i)%;‘; (A, 0,T,®). Then

T|h0’Bl\/BT
37(3 — A)hoB?@3 0 —4(2 — A) [AThoB? + (2 — A)(B, — By)] go%/a'

laz| <

and )
T([ho| + |11]) By 2B2hg

63— A)gsa 42— 1V 93,’

lasz] <

B1 > 1.

For A = 1, we obtain

Corollary 2. Let f, given by (1,) belong to the class Ry, (1,6,T, @), and € C\{0}. Then

7|ho|Byv/By
6(1+30)ThoB 93,4 — [4rhoB% +4(1+6)*(By — Bl)] 93,

lao| <

and
T([ho| + |11])B1 T2B2ho*

12(1 +35)(P3,a 4(1 +5)2¢%,IX/

|ag| < By > 1.

Corollary 3. Let f given by (1) belong to the class Ry (A, 6, T, ®), and te C\{0}, where
0<A<1,0<L6<L 1 Then

T|h0’le/Bl
37(3 — A + 68)hgB? — 4AT(2 — A)hgB2 —4(2 — A +6)*(B, — By)’

laz| <

and )
~ (ol +|m|)By | T*Biho

, By >1.
ol < 6(B3—A+60)  42-A+0)2

3. The Subclass ﬁ;"zc()\, 0,1, D)

Definition 2. A functions f € H is said to be in the class ﬁ;‘; C()\, 5,1n,P),n>1,A>0,and
de C\{0}, if it satisfies the following quasi-subordination

1,b ' , "
: <1W>W+n(wfﬂz>) +Az(MELf(2)) ¢ —1] = ®(z) =1, (36)
and
N g(w)) : "
% (1—V)W+W(N£gbg(w)) +)\w(./\/off’cbg(w)) —1| =<, P(w) -1, (37)

where g is the inverse function of f and z,w € U.
For special values of parameters #,J, A, 4, we obtain new and well-known classes.

Remark 3. Foryy = 1and 5 C\{0}, A > 0, a function f € ¥ defined in (1) is said to be in the
class ﬁ;'z (A, 6,1, @), if the following quasi-subordination conditions are satisfied:

() +az(netre) } 1] < 0 -1
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and ) ,
% [{ (J\/Zf’cbg(w)) + )Lw(/\f,,ff’cbg(w)) } — 1} =g ®(w) -1,

where g is the inverse function of f and z,w € U.

Remark 4. For y =0,b=0,c =0,a = 0and 6 C\{0}, 7 > 1, A > 0, a function f € &
defined in (1) is said to be in the class 85.(A, 6, 1, P), if the following quasi-subordination conditions
are satisfied:

{a-nZ 2w nr@f -1 < 0w -1,

and

3 [{a-n™ 8 g+ rng @)} 1] < o) -1,

where g is the inverse function of f and z,w € U.

Remark 5. For o = 0and 6 C\{0}, 7 > 1, A > 0, a function f € X defined in (1) is said to be
in the class 8 (A, 8,1, ®), if the following quasi-subordination conditions are satisfied:

Y.,b,c
z(/\/’f’cbf(z))/ :
- —p) =7 NP F(2 — z)—1,
== +(MEfR) §=1] <) -1
and )
w( N g(w) /
3 (1W)W+W(N£Ebg(w)) —1| <5 @(w) -1,

where g is the inverse function of f and z,w € U.

Next, we find estimates of the coefficients |a,| and |a3| for the functions in class
/L% (A, 6,1,®)
Z,b,C Yy ;7/ .

Theorem 2. If f given by (1) belong to the subclass ﬁgg (A, 0,1, ®), then

‘az‘ < min §|h0|B1 §|h0|(B1+|B2_B1|) (38)
- (Q+7+20) 920"\ 247 +6A)930 — (1—1)93,

and
la5] < min d(h1By + hoBy) n S8|ho|(By + |Ba — By)) ~
22+ +6M)p3a (241 +6A)g30 — (1—17)93,

d(h1By + hoBy) 8*hBY B, > 1
22+ +6M) @3 (144+ 2)\)2%,“ ’

(39)

Proof. If f € ﬁ;‘; C()\, 0,,P)and g = f ~1 then there are analytic functions ¢, F in U and
¢, F: U — U, with [¢(z)| <1, such that ¢(0) = F(0) = 0 and |F(z)| < 1, satisfied

1 . zf'(z) (5 (8 21 = o(z 2)) —
s{a-nTE cir@rnr@f 1| —ppere -1 @

and

s[{a-n™ 8 g + a0} 1] —p@i@E@) -1 @
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Define the function u(z) and v(w) by (15) and (16) respectively.
Proceeding similarly as in Theorem 1, we obtain

s{a-nFE @ el oo (e(B20)) -1 @)

and
s {0 B gy )+ ang )} 1] =ow) (@B 1) ) -1 @
since ,
s{a-nTE @ azp@ )1 -
% {(1 + 1420 @m0z + (241 + 6/\)5134)3/0(22 - (1- U)a%goiazz}, (44)
and

[fo-nE s samion) 1 -

1
5 [—(1 + 17+ 2X)popmow + (2417 + 6Ax) (211% - a3> P, [xw2 -(1- n)a%@i’awz} . (45)
Comparing the coefficients of (44) with (21) and (45) with (22), then we have

1 1
3(1 + 11 +20) @202 = EhoBWL (46)
1 1 1 u? 1
3 {(2 +1+6A) 30035 — (1 — U)@%,aﬂ%} = EhlBlul + §h031 (7«!2 - 21) + ZhoBzu%f (47)
and ) .
g(—(l +717+ 2)\)@2/“&2) = EhoBﬂJl, 48)
1 1 1 v? 1
5 [(2 +1+6A) (211% - a3) Pye (1- ’7)4’%,“‘15] = 5mBio1 + ShoBy <Uz - 21> + ZhoBzv%- (49)
From (46) and (48), we find that
Uy = —0q, (50)
and
8(1+ 1 +21) 933 = 62383 (1 + of ). (51)

Adding (47) and (49), we obtain

8
5 {(2 +17+6A)p3, — (1 — 17)4)%,4 a% = 2hoB1(up + v2) + hy (Bz — B (u% + v%)), (52)

which implies that

25hoBl(u2 + '02) + dhy (Bz — B (u% + U%))

. (53)
8 [(2 17 +6A)@30 — (1 - U)GD%,,X}

3 =
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Applying Lemma 1 for the coefficients u1, up, v1 and vy, it follows from (51) and (53),

|tl2| < ohoBq and |a2| < (5|h0|(Bl+(B2—B1))
— ( 7 — (

14+17427)¢24 [2+17+6)L)(P3,a —(1 _U)¢%,a:|

which yields the desired estimate on |a;| as asserted in (38).
Now, to find the bound of the coefficient |a3|, by subtracting relations (47) and (49),

we get

8
3 {(2 +n17+ 6/\) (ﬂg — a%) (pg/a} = 2hoBiuy + hoBl(uz — 02). (54)

Upon substituting the value of a3 from (51), (53) and putting (54) respectively, it
follows that

6(2hoByuy + hoBy (ua —v2))  0*h3B3 (uf +03) (55)

az| < ’
3| < 8(2+ 1 +6A)¢p34 8(1+17+2A)2<P§,a

and

(5(2h0B1u1 + hoBl(Mz — 2)2)) 25]’1031(”2 + 02) + 5’10 (Bz — By (M% + U%)) (56)
8(2+ 1 +6A)¢p34 8[(2+17+6A)(P3,a —(1 —'7)(/%,4

laz| <

Applying Lemma 1 for the coefficients uy, 1, v1 and vy, we get

la3] < 6(h1B1 + hoB1) UL (57)
T 224 74+6M)g30 (1414 + 2A)2(P§,,xl

and

6(h1By + hoB1) S|ho|(B1 + |B2 — By))
5/ (58)

lag] <
22+n+6M)g3n 2+ 7 +6M)@3 — (1—1)93,

which yields the desired estimate on |a3|, as asserted in (39).
This completes the proof of Theorem 2. []

Taking # = 1 in Theorem 2 we obtain the following corollary.

Corollary 4. Let f given by (1) belongs to the class ﬁg'z (A, 6,1,®). Then

ag| < mind —OolBr_ Jolho|(By + By — By)
- 2(1+ M) e’ 31+2M)g3e [/

and
45| < mi 6(h1By +hoBy) | 6]ho|(B1 + |By — By|) 6(h1B+ hoB;) 62h3 B3
- 6(1421) @34 3(1+20)¢p3a " 6(1+24)930  (2+20)%¢3, |
B1 > 1.
Corollary 5. Let f given by (1) belongs to the class 85.(A, 6,1, ®), where € C\{0}, n > 1,
A > 0. Then
. 8|ho|B1 lho|(B1 + |B2 — Byl)
<
- —mm{<1+n+m>' Gryron) (- [’

and
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las] < min{ d(h1By +hoBy) | d|ho|(By + |Ba — By|) 6(h1By + hoBy) 8*hBY }

22+n+6A)  (24n+6A)—(1-5)"22+n+6Ax) (145 +2A)>
B1 > 1.

Corollary 6. Let f given by (1) belongs to the class ﬁg'z (0,6,n,®). Then

|a2|<mm{ ool By \/ Slio] (B1 + B2 — B }

(IT+me2a” \| 2+7) 930 — (1 — W)(P%,a

and

|a3| < min 0B+ hoBy) | Olhol(By + [By — Bl|)2 ,
22+ Mgz 2+7)p3a—(1—1)93,

SUnBi+hoBy) | HGB | oo
22+ Mesa (1+1)%¢2,

4. Discussion

We introduce new subclasses 9%; be(A 6, T, @) and Ry (A, 6,17, @) of bi-univalent func-
tions in the open unit disk U by using quasi-subordination conditions and determine
estimates of the coefficients |a;| and |a3| for functions of these subclasses. We obtained
two new theorems with some new special cases for our new subclasses, and these results
are different from the previous results for the other authors. Additionally, we discuss the
improved results for the associated classes involving many of the new and well-known
consequences. The results contained in the paper could inspire ideas for continuing the
study, and we opened some windows for authors to generalize our new subclasses to
obtain some new results in bi-univalent function theory.
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