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Abstract: In this paper, we introduce new subclasses R
µ,α
Σ,b,c(λ, δ, τ, Φ) and K

µ,α
Σ,b,c(λ, δ, η, Φ) of bi-

univalent functions in the open unit disk U by using quasi-subordination conditions and determine
estimates of the coefficients |a2| and |a3| for functions of these subclasses. We discuss the improved
results for the associated classes involving many of the new and well-known consequences. We
notice that there is symmetry in the results obtained for the new subclasses R

µ,α
Σ,b,c(λ, δ, τ, Φ) and

K
µ,α
Σ,b,c(λ, δ, η, Φ) , as there is a symmetry for the estimations of the coefficients a2 and a3 for all the

subclasses defind in our this paper.

Keywords: subordination; bi-univalent function; analytic function; quasi-subordination; hurwitz–
lerch zeta function

1. Introduction

LetH be the class of analytic functions f defined in the open unit disk U = {z : |z| < 1}
and normalized by conditions f (0) = 0, f ′(0) = 1. An analytic function f ∈ H has Taylor
series expansion of the form:

f (z) = z +
∞

∑
j=2

ajzj, z ∈ U. (1)

The well-known Koebe-One Quarter Theorem [1] states that the image of the open unit
disk U under each univalent function in a disk with the radius 1

4 . Thus, every univalent
function f has an inverse f−1, such that

f−1( f (z)) = z, z ∈ U,

and
f−1 ( f (w)) = w, |w| < r0( f ), r0( f ) ≥ 1

4
.

Let Σ denote the class of all bi-univalent functions in U. Since f in Σ has the form (1),
a computation shows that the inverse g = f−1 has the following expansion

g(w) = f−1(w) = w− a2w2 +
(

2a2
2 − a3

)
w3 −

(
5a2

2 − 5a2a3 + a4

)
w4 + . . . , w ∈ U.

Let B be the class of all analytic and invertible univalent functions in the open unit
disk, but the inverse function may not be defined on the entire disk U, for f in H. An
analytic function f is called bi-univalent in U if both f and f−1 are univalent in U.

The class of bi-univalent functions was introduced by Lewin [2] and proved
that |a2| ≥ 1.51 for the function of the form (1). Subsequently, Brannan and Clunie [3]
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conjectured that |a2| ≥
√

2. Later, Netanyahu, in [4], showed that max
f∈Σ
|a2| = 4

3 . Several

authors studied classes of bi-univalent analytic functions and found estimates of the coeffi-
cients estimate problem for each of the following Taylor–MacLaurin coefficients |a2| and
|a3| for functions in these classes ([5–7]).

For functions f , h ∈ H of the form (1), respectively,

h(z) = z +
∞

∑
j=2

bjzj, z ∈ U. (2)

The convolution of the functions f and h denoted by f (z) ∗ h(z) is defined as

f (z) ∗ h(z) = z +
∞

∑
j=2

ajbjzj, z ∈ U.

Choi and Srivastava [8] found several interesting properties of Hurwitz–Lerch Zeta
function φ(z, s, a) defined by

φ(z, s, a) :=
∞

∑
j=0

zj

(j + a)s , (3)

a∈ C\{0,−1,−2, . . .}, s∈ C, Re s > 1 and |z| = 1.
In [9] Srivastava-Attiya introduced the following operator Dµ,b : H −→ H,

Dµ,b(z) = (1 + b)µ[φ(z, µ, b)− b−µ
]
,

which has the following form

Dµ,b f (z) = z +
∞

∑
j=2

(
1 + b
j + b

)µ

ajzj, (4)

b∈ C\{0,−1,−2, . . .}, µ∈ C, z ∈ U, f ∈ H.
For f ∈ H, Carlson and Shaffer [10] defined the following integral operator Tα f (z) by

Tα f (z) = z +
∞

∑
j=2

(α)j−1

(c)j−1
ajzj. (5)

Define the convolution (or Hadamard product) of the operators Dµ,b f (z) and Tα f (z),

N µ,b
α,c f (z) = Dµ,b f (z) ∗ Tα f (z) = z +

∞

∑
j=2

(
1 + b
j + b

)µ
(
(α)j−1

(c)j−1

)
ajzj,

which can be written as

N µ,b
α,c f (z) = z +

∞

∑
j=2

ϕj,αajzj,

where ϕj,α=
(

1+b
j+b

)µ
(

(α)j−1
(c)j−1

)
.

In the year 1970, the concept of quasi-subordination was first mentioned in [11]. For
two analytic functions g and f in U, we say that the function f is quasi-subordinate to g
in U, if there are analytic functions φ and F, with |φ(z)| ≤ 1, F(0) = 0 and |F(z)| < 1, such
that f (z) = φ(z)g(F(z)), and denote this quasi-subordination by [12], as follows

f (z) ≺q g(z), z ∈ U. (6)
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Note that if φ(z) = 1, then f (z) = g(F(z)), hence f (z) ≺ g(z) in U ([13]). Furthermore,
if F(z) = z, then f (z) = φ(z)g(z) and this case f is majorized by g, written as f (z)� g(z)
in U.

Ma and Minda [14], using the method of subordination of defined and studied classes
S∗(Φ) and G∗(Φ) of starlike functions. See also [15,16]

S∗(Φ) =

{
f ∈ H :

z f
′
(z)

f (z)
≺ Φ(z), z ∈ U

}
,

and

G∗(Φ) =

{
f ∈ H : 1 +

z f
′′
(z)

f ′(z)
≺ Φ(z), z ∈ U

}
,

where
φ(z) = K0 + K1z + K2z2 + . . . , z ∈ U. (7)

Now, consider

Φ(z) = 1 + B1z + B2z2 + B3z3 + . . . , B1 > 0, (8)

an analytic and univalent function with a positive real part in U, symmetric with respect
to the real axis and starlike with respect to Φ(0) = 1 and Φ

′
(0) > 0.

By S∗Σ(Φ) and G∗Σ(Φ) we denote the bi-starlike of Ma-Minda and bi-convex of the
Ma–Minda type, respectively ([17,18]).

In [17,19] Brannan and Taha get initial coefficient bounds for subclasses of bi-univalent
functions. Later, Srivastava et al. [20] introduced and investigated subclasses of bi-univalent
functions and get bounds for the initial coefficients. Also, Ali et al. [21] get the coefficient
bounds for bi-univalent Ma-Minda starlike and convex functions. Some more important
results on coefficient inequalities can be found in [12,21–23].

Here, we discuss the improved results for the associated classes involving many of
the new-known consequences.

We need the following Lemma to achieve the results.

Lemma 1 ([24]). If p ∈ P, then |pi| ≤ 2 for each i, where P is the family of all analytic functions
p, for which Re{p(z)} > 0, z ∈ U,where

p(z) = 1 + p1z + p2z2 + p3z3 + . . . , z ∈ U.

2. The Subclass R
µ,α
Σ,B,C(λ, δ, τ, Φ)

Definition 1. A function f ∈ H is said to be in the classRµ,α
Σ,b,c(λ, δ, τ, Φ), 0 ≤ λ ≤ 1, 0 ≤ δ ≤ 1,

and τ∈ C\{0}, if the following quasi-subordinations hold

1
τ




z
(
N µ,b

α,c f (z)
)′

+ z2
(
N µ,b

α,c f (z)
)′′

(1− λ)z + λz
(
N µ,b

α,c f (z)
)′ + δz

(
N µ,b

α,c f (z)
)′′− 1

 ≺q Φ(z)− 1, (9)

1
τ




w
(
N µ,b

α,c g(w)
)′

+ w2
(
N µ,b

α,c g(w)
)′′

(1− λ)w + λw
(
N µ,b

α,c g(w)
)′ + δw

(
N µ,b

α,c g(w)
)′′− 1

 ≺q Φ(w)− 1, (10)

where g is the inverse function of f and z, w ∈ U.

For special values of parameters λ, δ, τ, µ, we obtain new and well-known classes.
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Remark 1. For δ = 0 and τ∈ C\{0}, 0 ≤ λ ≤ 1, 0 ≤ δ ≤ 1, a function f ∈ Σ defined by (1) is
said to be in the class Rµ,α

Σ,b,c(λ, τ, Φ),if the following quasi-subordination condition are satisfied

1
τ




z
(
N µ,b

α,c f (z)
)′

+ z2
(
N µ,b

α,c f (z)
)′′

(1− λ)z + λz
(
N µ,b

α,c f (z)
)′

− 1

 ≺q Φ(z)− 1,

and

1
τ




w
(
N µ,b

α,c g(w)
)′

+ w2
(
N µ,b

α,c g(w)
)′′

(1− λ)w + λw
(
N µ,b

α,c g(w)
)′

− 1

 ≺q Φ(w)− 1,

where g is the inverse function of f and z, w ∈ U.

Remark 2. For µ = 0, b = 0, c = 0, α = 0, τ∈ C\{0}, a function f ∈ Σ defined by (1) is said to
be in the class RΣ(λ, δ, τ, Φ), if the following quasi-subordination conditions are satisfied

1
τ

[{
z f ′(z) + z2 f ′′(z)
(1− λ)z + λz f ′(z)

+ δz f ′′(z)
}
− 1
]
≺q Φ(z)− 1,

and
1
τ

[{
wg′(w) + w2g′′(w)

(1− λ)w + λwg′(w)
+ δwg′′(w)

}
− 1
]
≺q Φ(w)− 1,

where g is the inverse function of f and z, w ∈ U.

Next, we find estimates for the coefficients |a2| and |a3| for the functions in class
R

µ,α
Σ,b,c(λ, δ, τ, Φ).

Theorem 1. If f given by (1) belongs to the subclass Rµ,α
Σ,b,c(λ, δ, τ, Φ), then

|a2| ≤
τ|h0|B1

√
B1

3τ(3− λ + 6δ)h0B2
1 ϕ3,α − 4

[
λτ(2− λ)h0B2

1 + (2− λ + δ)2(B2 − B1)
]

ϕ2
2,α

, (11)

and

|a3| ≤
τ(|h0|+ |h1|)B1

6(3− λ + 6δ)ϕ3,α
+

τ2B2
1h0

2

4(2− λ + δ)2 ϕ2
2,α

, B1 > 1, (12)

where

ϕ2,α=

(
1 + b
2 + b

)µ( (α)2−1
(c)2−1

)
, and ϕ3,α=

(
1 + b
3 + b

)µ( (α)3−1
(c)3−1

)
.

Proof. Since f ∈ R
µ,α
Σ,b,c(λ, δ, τ, Φ), then there exist analytic functions φ, F in U and φ,

F : U → U, with |φ(z)| ≤ 1, such that φ(0) = F(0) = 0 and |F(z)| < 1, satisfied

1
τ




z
(
N µ,b

α,c f (z)
)′

+ z2
(
N µ,b

α,c f (z)
)′′

(1− λ)z + λz
(
N µ,b

α,c f (z)
)′ + δz

(
N µ,b

α,c f (z)
)′′− 1

 = φ(z)(Φ(F(z))− 1, (13)

and

1
τ




w
(
N µ,b

α,c g(w)
)′

+ w2
(
N µ,b

α,c g(w)
)′′

(1− λ)w + λw
(
N µ,b

α,c g(w)
)′ + δw

(
N µ,b

α,c g(w)
)′′− 1

 = φ(w)(Φ(F(w))− 1, (14)

where g is the inverse function of f and z, w ∈ U.
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Define the functions u and v by

u(z) =
1 + F(z)
1− F(z)

= 1 + u1z + u2z2 + u3z3 . . . , (15)

and

v(w) =
1 + φ(w)

1− φ(w)
= 1 + v1w + v2w2 + v3w3 + . . . , (16)

or equivalently,

F(z) =
u(z)− 1
u(z) + 1

=
1
2
[u1z +

(
u2 −

u2
1

2

)
z2 + . . . , (17)

and

φ(w) =
v(w)− 1
v(w) + 1

=
1
2
[v1w +

(
v2 −

v2
1

2

)
w2 + . . . . (18)

Using (17) and (18) in (13) and (14), we obtain

1
τ




z
(
N µ,b

α,c f (z)
)′

+ z2
(
N µ,b

α,c f (z)
)′′

(1− λ)z + λz
(
N µ,b

α,c f (z)
)′ + δz

(
N µ,b

α,c f (z)
)′′− 1


= φ(z)

(
Φ
(

u(z)− 1
u(z) + 1

))
− 1, (19)

and

1
τ




w
(
N µ,b

α,c g(w)
)′

+ w2
(
N µ,b

α,c g(w)
)′′

(1− λ)w + λw
(
N µ,b

α,c g(w)
)′ + δw

(
N µ,b

α,c g(w)
)′′− 1


= φ(w)

(
Φ
(

v(w)− 1
v(w) + 1

))
− 1. (20)

We can write

φ(z)
(

Φ
(

u(z)− 1
u(z) + 1

))
=

1
2

h0B1u1z +

{
1
2

h1B1u1 +
1
2

h0B1

(
u2 −

u2
1

2

)
+

1
4

h0B2u2
1

}
z2 + . . . , (21)

and

φ(w)

(
Φ
(

v(w)− 1
v(w) + 1

))
=

1
2

h0B1v1w +

{
1
2

h1B1v1 +
1
2

h0B1

(
v2 −

v2
1

2

)
+

1
4

h0B2v2
1

}
w2 + . . . . (22)

Since

1
τ




z
(
N µ,b

α,c f (z)
)′

+ z2
(
N µ,b

α,c f (z)
)′′

(1− λ)z + λz
(
N µ,b

α,c f (z)
)′ + δz

(
N µ,b

α,c f (z)
)′′− 1

 =

1
τ

[
2(2− λ + δ)ϕ2,αa2z +

(
3(3− λ + 6δ)ϕ3,αa3 − 4λ(2− λ)ϕ2

2,αa2
2

)
z2 + . . .

]
, (23)

and

1
τ




w
(
N µ,b

α,c g(w)
)′

+ w2
(
N µ,b

α,c g(w)
)′′

(1− λ)w + λw
(
N µ,b

α,c g(w)
)′ + δw

(
N µ,b

α,c g(w)
)′′− 1

 =
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1
τ

[
−2(2− λ + δ)ϕ2,αa2w +

(
3(3− λ + 6δ)ϕ3,α

(
2a2

2 − a3

)
− 4λ(2− λ)ϕ2

2,αa2
2

)
w2 + . . .

]
, (24)

putting (21) and (23) in (19) and putting (22) and (24) in (20) and equating coefficients in
both sides, we get

2
τ
(2− λ + δ)ϕ2,αa2 =

1
2

h0B1u1, (25)

1
τ

[
3(3− λ + 6δ)ϕ3,αa3 − 4λ(2− λ)ϕ2

2,αa2
2

]
=

1
2

h1B1u1 +
1
2

h0B1

(
u2 −

u2
1

2

)
+

1
4

h0B2u2
1, (26)

and
−2
τ

(2− λ + δ)ϕ2,αa2 =
1
2

h0B1v1, (27)

1
τ

[
−2(2− λ + δ)ϕ2,αa2 +

(
3(3− λ + 6δ)ϕ3,α

(
2a2

2 − a3

)
− 4λ(2− λ)ϕ2

2,αa2
2

)]
=

1
2

h1B1v1 +
1
2

h0B1

(
v2 −

v2
1

2

)
+

1
4

h0B2v2
1. (28)

From (25) and (27), we obtain

a2 =
τh0B1u1

4(2− λ + δ)ϕ2,α
= − τh0B1v1

4(2− λ + δ)ϕ2,α
. (29)

It follows that
u1 = −v1, (30)

and
32(2− λ + δ)2 ϕ2

2,αa2
2 = τ2h0

2B1
2(u2

1 + v2
1). (31)

Adding (26) and (28), by using (30) and (31) ,we have

8
[
3τh0B2

1(3− λ + 6δ)ϕ3,αa2
2 − 4λτh0B2

1(2− λ)ϕ2
2,α

]
a2

2 =

2τ2h
2
0B3

1(u2 + v2) + 32(2− λ + δ)2(B2 − B1)ϕ2
2,αa2

2, (32)

which implies

a2
2 =

2τ2h2
0B3

1(u2 + v2)

8
{

3τ(3− λ + 6δ)h0B2
1 ϕ3,α − 4

[
λτ(2− λ)h0B2

1 + (2− λ + δ)2(B2 − B1)
]

ϕ2
2,α

} . (33)

Applying Lemma 1 in (33), we get (11).
Now, in order to find the bound of the coefficient |a3|, by subtracting (26) and (28)

we get,

4
τ

[
6(3− λ + 6δ)ϕ3,αa3 − 6(3− λ + 6δ)ϕ3,αa2

2

]
= 2h1B1u1 + h0B1(u2 − v2). (34)

By substituting (28) from (26), further computation using (30) and (31), we obtain

a3 =
2τh1B1u1

24(3− λ + 6δ)ϕ3,α
+

τh0B1(u2 − v2)

24(3− λ + 6δ)ϕ3,α
+

τ2h2
0B2

1(u
2
1 + v2

1)

32(2− λ + δ)2 ϕ2
2,α

. (35)

Applying Lemma 1 in (35), we get (12). The proof is complete.

Taking δ = 0 in Theorem 1, we obtain the following corollary.
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Corollary 1. Let f given by (1) belongs to the class Rµ,α
Σ,b,c(λ, 0, τ, Φ). Then

|a2| ≤
τ|h0|B1

√
B1

3τ(3− λ)h0B2
1 ϕ3,α − 4(2− λ)

[
λτh0B2

1 + (2− λ)(B2 − B1)
]
ϕ2

2,α
,

and

|a3| ≤
τ(|h0|+ |h1|)B1

6(3− λ)ϕ3,α
+

τ2B2
1h0

2

4(2− λ)2 ϕ2
2,α

, B1 > 1.

For λ = 1, we obtain

Corollary 2. Let f , given by (1,) belong to the class Rµ,α
Σ,b,c(1, δ, τ, Φ), and τ∈ C\{0}. Then

|a2| ≤
τ|h0|B1

√
B1

6(1 + 3δ)τh0B2
1 ϕ3,α −

[
4τh0B2

1 + 4(1 + δ)2(B2 − B1)
]

ϕ2
2,α

,

and

|a3| ≤
τ(|h0|+ |h1|)B1

12(1 + 3δ)ϕ3,α
+

τ2B2
1h0

2

4(1 + δ)2 ϕ2
2,α

, B1 > 1.

Corollary 3. Let f given by (1) belong to the class RΣ(λ, δ, τ, Φ), and τ∈ C\{0}, where
0 ≤ λ ≤ 1, 0 ≤ δ ≤ 1. Then

|a2| ≤
τ|h0|B1

√
B1

3τ(3− λ + 6δ)h0B2
1 − 4λτ(2− λ)h0B2

1 − 4(2− λ + δ)2(B2 − B1)
,

and

|a3| ≤
τ(|h0|+ |h1|)B1

6(3− λ + 6δ)
+

τ2B2
1h0

2

4(2− λ + δ)2 , B1 > 1.

3. The Subclass K
µ,α
Σ,b,c(λ, δ, η, Φ)

Definition 2. A functions f ∈ H is said to be in the class Kµ,α
Σ,b,c(λ, δ, η, Φ), η ≥ 1, λ ≥ 0, and

δ∈ C\{0}, if it satisfies the following quasi-subordination

1
δ


(1− η)

z
(
N µ,b

α,c f (z)
)′

N µ,b
α,c f (z)

+ η
(
N µ,b

α,c f (z)
)′

+ λz
(
N µ,b

α,c f (z)
)′′− 1

 ≺q Φ(z)− 1, (36)

and

1
δ


(1− η)

w
(
N µ,b

α,c g(w)
)′

N µ,b
α,c g(w)

+ η
(
N µ,b

α,c g(w)
)′

+ λw
(
N µ,b

α,c g(w)
)′′− 1

 ≺q Φ(w)− 1, (37)

where g is the inverse function of f and z, w ∈ U.

For special values of parameters η, δ, λ, µ, we obtain new and well-known classes.

Remark 3. For η = 1 and δ∈ C\{0}, λ ≥ 0, a function f ∈ Σ defined in (1) is said to be in the
class Kµ,α

Σ,b,c(λ, δ, η, Φ), if the following quasi-subordination conditions are satisfied:

1
δ

[{(
N µ,b

α,c f (z)
)′

+ λz
(
N µ,b

α,c f (z)
)′′}
− 1
]
≺q Φ(z)− 1,
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and
1
δ

[{(
N µ,b

α,c g(w)
)′

+ λw
(
N µ,b

α,c g(w)
)′′}
− 1
]
≺q Φ(w)− 1,

where g is the inverse function of f and z, w ∈ U.

Remark 4. For µ = 0, b = 0, c = 0, α = 0 and δ∈ C\{0}, η ≥ 1, λ ≥ 0, a function f ∈ Σ
defined in (1) is said to be in the class KΣ(λ, δ, η, Φ), if the following quasi-subordination conditions
are satisfied:

1
δ

[{
(1− η)

z f ′(z)
f (z)

+ η f ′(z) + λz f ′′(z)
}
− 1
]
≺q Φ(z)− 1,

and
1
δ

[{
(1− η)

wg′(w)

g(w)
+ ηg′(w) + λwg′′(w)

}
− 1
]
≺q Φ(w)− 1,

where g is the inverse function of f and z, w ∈ U.

Remark 5. For α = 0 and δ∈ C\{0}, η ≥ 1, λ ≥ 0, a function f ∈ Σ defined in (1) is said to be
in the class Kµ,α

Σ,b,c(λ, δ, η, Φ), if the following quasi-subordination conditions are satisfied:

1
δ


(1− η)

z
(
N µ,b

α,c f (z)
)′

N µ,b
α,c f (z)

+ η
(
N µ,b

α,c f (z)
)′− 1

 ≺q Φ(z)− 1,

and

1
δ


(1− η)

w
(
N µ,b

α,c g(w)
)′

N µ,b
α,c g(w)

+ η
(
N µ,b

α,c g(w)
)′− 1

 ≺q Φ(w)− 1,

where g is the inverse function of f and z, w ∈ U.

Next, we find estimates of the coefficients |a2| and |a3| for the functions in class
K

µ,α
Σ,b,c(λ, δ, η, Φ).

Theorem 2. If f given by (1) belong to the subclass Kµ,α
Σ,b,c(λ, δ, η, Φ), then

|a2| ≤ min

{
δ|h0|B1

(1 + η + 2λ)ϕ2,α
,

√
δ|h0|(B1 + |B2 − B1|)

(2 + η + 6λ)ϕ3,α − (1− η)ϕ2
2,α

}
, (38)

and

|a3| ≤ min

{
δ(h1B1 + h0B1)

2(2 + η + 6λ)ϕ3,α
+

δ|h0|(B1 + |B2 − B1|)
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α
, (39)

δ(h1B1 + h0B1)

2(2 + η + 6λ)ϕ3,α
+

δ2h2
0B2

1

(1 + η + 2λ)2 ϕ2
2,α

}
, B1 > 1.

Proof. If f ∈ K
µ,α
Σ,b,c(λ, δ, η, Φ) and g = f−1, then there are analytic functions φ, F in U and

φ, F : U → U, with |φ(z)| ≤ 1, such that φ(0) = F(0) = 0 and |F(z)| < 1, satisfied

1
δ

[{
(1− η)

z f ′(z)
f (z)

+ η f ′(z) + λz f ′′(z)
}
− 1
]
= φ(z)(Φ(F(z))− 1, (40)

and
1
δ

[{
(1− η)

wg′(w)

g(w)
+ ηg′(w) + λwg′′(w)

}
− 1
]
= φ(w)(Φ(F(w))− 1. (41)
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Define the function u(z) and v(w) by (15) and (16) respectively.
Proceeding similarly as in Theorem 1, we obtain

1
δ

[{
(1− η)

z f ′(z)
f (z)

+ η f ′(z) + λz f ′′(z)
}
− 1
]
= φ(z)

(
Φ
(

u(z)− 1
u(z) + 1

))
− 1, (42)

and

1
δ

[{
(1− η)

wg′(w)

g(w)
+ ηg′(w) + λwg′′(w)

}
− 1
]
= φ(w)

(
Φ
(

v(w)− 1
v(w) + 1

))
− 1, (43)

since
1
δ

[{
(1− η)

z f ′(z)
f (z)

+ η f ′(z)
′
+ λz f ′′(z)

}
− 1
]
=

1
δ

[
(1 + η + 2λ)ϕ2,αa2z + (2 + η + 6λ)a3 ϕ3,αz2 − (1− η)a2

2 ϕ
2
2,αz2

]
, (44)

and
1
δ

[{
(1− η)

wg′(w)

g(w)
+ ηg′(w) + λwg′′(w)

}
− 1
]
=

1
δ

[
−(1 + η + 2λ)ϕ2,αa2w + (2 + η + 6λα)

(
2a2

2 − a3

)
ϕ

3,α
w2 − (1− η)a2

2 ϕ
2
2,αw2

]
. (45)

Comparing the coefficients of (44) with (21) and (45) with (22), then we have

1
δ
(1 + η + 2λ)ϕ2,αa2 =

1
2

h0B1u1, (46)

1
δ

[
(2 + η + 6λ)ϕ3,αa3 − (1− η)ϕ2

2,αa2
2

]
=

1
2

h1B1u1 +
1
2

h0B1

(
u2 −

u2
1

2

)
+

1
4

h0B2u2
1, (47)

and
1
δ
(−(1 + η + 2λ)ϕ2,αa2) =

1
2

h0B1v1, (48)

1
δ

[
(2 + η + 6λ)

(
2a2

2 − a3

)
ϕ

3,α
− (1− η)ϕ2

2,αa2
2

]
=

1
2

h1B1v1 +
1
2

h0B1

(
v2 −

v2
1

2

)
+

1
4

h0B2v2
1. (49)

From (46) and (48), we find that

u1 = −v1, (50)

and
8(1 + η + 2λ)2 ϕ2

2,αa2
2 = δ2h2

0B2
1

(
u2

1 + v2
1

)
. (51)

Adding (47) and (49), we obtain

8
δ

[
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α

]
a2

2 = 2h0B1(u2 + v2) + h0

(
B2 − B1

(
u2

1 + v2
1

))
, (52)

which implies that

a2
2 =

2δh0B1(u2 + v2) + δh0
(

B2 − B1
(
u2

1 + v2
1
))

8
[
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α

] . (53)
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Applying Lemma 1 for the coefficients u1, u2, v1 and v2, it follows from (51) and (53),

|a2| ≤
δh0B1

(1 + η + 2λ)ϕ2,α
, and |a2| ≤

√√√√ δ|h0|(B1 + (B2 − B1))[
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α

] ,

which yields the desired estimate on |a2| as asserted in (38).
Now, to find the bound of the coefficient |a3|, by subtracting relations (47) and (49),

we get
8
δ

[
(2 + η + 6λ)

(
a3 − a2

2

)
ϕ3,α

]
= 2h0B1u1 + h0B1(u2 − v2). (54)

Upon substituting the value of a2
2 from (51), (53) and putting (54) respectively, it

follows that

|a3| ≤
δ(2h0B1u1 + h0B1(u2 − v2))

8(2 + η + 6λ)ϕ3,α
+

δ2h2
0B2

1
(
u2

1 + v2
1
)

8(1 + η + 2λ)2 ϕ2
2,α

, (55)

and

|a3| ≤
δ(2h0B1u1 + h0B1(u2 − v2))

8(2 + η + 6λ)ϕ3,α
+

2δh0B1(u2 + v2) + δh0
(

B2 − B1
(
u2

1 + v2
1
))

8
[
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α

] . (56)

Applying Lemma 1 for the coefficients u1, u2, v1 and v2, we get

|a3| ≤
δ(h1B1 + h0B1)

2(2 + η + 6λ)ϕ3,α
+

δ2h2
0B2

1

(1 + η + 2λ)2 ϕ2
2,α

, (57)

and

|a3| ≤
δ(h1B1 + h0B1)

2(2 + η + 6λ)ϕ3,α
+

δ|h0|(B1 + |B2 − B1|)
(2 + η + 6λ)ϕ3,α − (1− η)ϕ2

2,α
, (58)

which yields the desired estimate on |a3|, as asserted in (39).
This completes the proof of Theorem 2.

Taking η = 1 in Theorem 2 we obtain the following corollary.

Corollary 4. Let f given by (1) belongs to the class Kµ,α
Σ,b,c(λ, δ, 1, Φ). Then

|a2| ≤ min

{
δ|h0|B1

2(1 + λ)ϕ2,α
,

√
δ|h0|(B1 + |B2 − B1|)

3(1 + 2λ)ϕ3,α

}
,

and

|a3| ≤ min

{
δ(h1B1 + h0B1)

6(1 + 2λ)ϕ3,α
+

δ|h0|(B1 + |B2 − B1|)
3(1 + 2λ)ϕ3,α

,
δ(h1B + h0B1)

6(1 + 2λ)ϕ3,α
+

δ2h2
0B2

1

(2 + 2α)2 ϕ2
2,α

}
,

B1 > 1.

Corollary 5. Let f given by (1) belongs to the class KΣ(λ, δ, η, Φ), where δ∈ C\{0}, η ≥ 1,
λ ≥ 0. Then

|a2| ≤ min

{
δ|h0|B1

(1 + η + 2λ)
,

√
δ|h0|(B1 + |B2 − B1|)
(2 + η + 6λ)− (1− η)

}
,

and
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|a3| ≤ min

{
δ(h1B1 + h0B1)

2(2 + η + 6λ)
+

δ|h0|(B1 + |B2 − B1|)
(2 + η + 6λ)− (1− η)

,
δ(h1B1 + h0B1)

2(2 + η + 6λα)
+

δ2h2
0B2

1

(1 + η + 2λ)2

}
,

B1 > 1.

Corollary 6. Let f given by (1) belongs to the class Kµ,α
Σ,b,c(0, δ, η, Φ). Then

|a2| ≤ min

{
δ|h0|B1

(1 + η)ϕ2,α
,

√
δ|h0|(B1 + |B2 − B1|)

(2 + η)ϕ3,α − (1− η)ϕ2
2,α

}
,

and

|a3| ≤ min

{
δ(h1B1 + h0B1)

2(2 + η)ϕ3,α
+

δ|h0|(B1 + |B2 − B1|)
(2 + η)ϕ3,α − (1− η)ϕ2

2,α
,

δ(h1B1 + h0B1)

2(2 + η)ϕ3,α
+

δ2h2
0B2

1

(1 + η)2 ϕ2
2,α

}
, B1 > 1.

4. Discussion

We introduce new subclasses Rµ,α
Σ,b,c(λ, δ, τ, Φ) and KΣ(λ, δ, η, Φ) of bi-univalent func-

tions in the open unit disk U by using quasi-subordination conditions and determine
estimates of the coefficients |a2| and |a3| for functions of these subclasses. We obtained
two new theorems with some new special cases for our new subclasses, and these results
are different from the previous results for the other authors. Additionally, we discuss the
improved results for the associated classes involving many of the new and well-known
consequences. The results contained in the paper could inspire ideas for continuing the
study, and we opened some windows for authors to generalize our new subclasses to
obtain some new results in bi-univalent function theory.
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