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Abstract: In this paper, the integrability of a nonlinear system developing endemic Malaria was
demonstrated using Prelle-Singer techniques. In addition, Lie symmetry techniques were employed
to identify additional independent variables that led to the modification of the nonlinear model and
the development of analytical solutions.
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1. Introduction

Malaria is a parasitic disease spread by female Anopheles mosquito bites that is
induced by the Plasmodium parasite [1]. It is still one of the most common and deadly
human illnesses on the planet. Furthermore, clinical characteristics include the likelihood of
infection, severity, and relapse risk. P. falciparum has been identified as the most dangerous
of all the species to humans [2]. Malaria-infected areas are home to roughly 40% of the
world’s population. However, the majority of cases and deaths occur in Sub-Saharan Africa.
Every year, 300 to 500 million cases and 1.5 to 2.7 million deaths are estimated to occur over
the world. Africa is responsible for 80% of the cases and 90% of the deaths.

In a paper modeling the transmission dynamics of malaria endemic, researchers used
rescaling to achieve a cosmetic simplification in order to predict disease propagation [1].
As a result of this scaling, the original five-dimensional system of first-order ordinary
differential equations was reduced to the three first-order equations shown below

ds .
d—th = 1— Bspip —asy
di . .
1;? = PBspip — (& + )iy ey
di N .
ed—: = 0(1—1ip)iy — diy

where sy, iy, and i, are rescaled variables that indicate the number of susceptible, infected
humans, and infected mosquitoes, respectively, at a given point in time. Nondimensional
parameters are described as follows

ﬁ:‘Bth,“:%,fy:ph—i_’)/h,e:“l,&:&,Q:’Bth (2)
Hn Hn Hn Hn Hn Ho

with Bj, the rate of human contact with mosquitoes; «j, the rate of human natural death
per capita; pj, the human disease-induced death rate per capita; 7, the humans’ per
capita recovery rate; ay, the natural death rate of mosquitos per capita; o, the frequency
of mosquito contact with humans; ,, the human population’s per capita birth rate; i,
the mosquitoes’ per capita birth rate.
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Over the last 40 years, a variety of techniques, including numerical and stability tech-
niques, analytical techniques, approximation techniques, and others, have been utilized to
explore and solve nonlinear systems of differential equations. Another major technique, Lie
Theory of Symmetry Groups, was utilized to analyze nonlinear differential equations near
the end of the twentieth century. Marius Sophus Lie, a talented Norwegian mathematician
who lived near the end of the nineteenth century, established the Lie’s theory of symmetry
groups. Sophus Lie used symmetry groups theory to solve differential equations. He
combined all differential equation approaches and deduced that his Lie group theory could
account for them all. Lie groups are mathematical objects that represent the properties
of groups as defined by group theory. To produce Lie symmetries, the Lie group theory
employs appropriate transformations of independent and dependent variables.

The goal of this study, however, is to look at the integrability of a nonlinear system (1).
In addjition, to employ the modified Prelle-Singer (PS) approach of Chandrasekar et al. [3]
to uncover transformations that lead to model linearization. Furthermore, the Lie symmetry
technique was used to determine the model’s explicit solutions.

This study is organised as follows. Section 2 introduces a heuristic background of
the concepts underlying the Prelle-Singer (PS) procedure and Lie symmetry analysis. In
Section 3, we used the PS procedure to solve the determining equations of the nonlinear
system. In Section 4, we used a Lie symmetry method on the reduced equations to obtain
explicit solutions. Section 5 contains the conclusion.

2. Theorems and Fundamental Concepts

This Section provides a comprehensive review of the Prelle-Singer (PS) procedure and
Lie symmetry analysis approaches to solving differential equations. The theory includes
the tools that will be used in the following sections of the paper. In [4,5], Matadi provided
a fundamental definition and theorems that can be found in the literature (see [6,7]).

2.1. The Prelle-Singer (PS) procedure

In [3], Chandrasekar et al. updated the original Prelle-Singer (PS) technique and used
it to solve autonomous and non-autonomous nonlinear systems of ordinary differential
equations (ODEs) in the following way:

Given a three-dimensional system of nonlinear first-order ordinary differential equa-
tions [3]

dxy  My(t,xq,x2,x3)

dt Ni(t,xp, %2, x3)

dxa _ My(t,x1,x2,x3) 3)
dt Nz(t,xl,xZ,X3) ’

dx3  Ma(t,x1,x2,x3)

dat Na(tx,xo,xs)’

Given x1, x2, x3 with M;’s and N;’s, i = 1,2, 3 analytic functions. Equation (3) admits

a first integral I(t, x1,x2,x3) = K, on the solutions, with K constant, resulting in a total
differential of

dl = Lidt + Iy dxq + I,dxo + Iydxz = 0 4)

Equation (3) can be written as follows:

My

—dt —d =0
N T /
M, B

M3
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By multiplying the first, second, and third equations in (5) by the functions P, L, and Q

dl = (P¢1 + K¢ + Q¢3)dt — Pdx1 — Ldx, — Qdxz =0, (6)

where ¢; = %‘, i = 1,2,3. The following equations are obtained by Comparing Equations (6)

we get

and (4)
It
L, =
L, =
Ix3 -

(P1 + Lo + Q¢ps3),

—P,

—L )
_Q'

The resulting determining equations for the integrating factors P, L, and Q are derived
from the compatibility criteria between Equation (7)

Pt + 1Py + ¢2Pr, + ¢3Pry = —(P1yy + Lo, + Qépay,),
Lt + leLxl + (PZLxQ + ¢3LX3 = *(Pﬁblxz + L(PZXZ + Q¢3xz)/
Qr + (Pl Qx1 + (PZsz + ¢3QX3 = - (P(Plx3 + L(PZXg + Q(P3x3)/ (8)
Py, = Ly,
Py = Qu,
Ly; = Qx,-

with the given condition

O3x; (P2t + P22, x5 + P3P2x, x5 — Pors P32y — P2y P2x,)
— oy, (P31 + 232, 5, T P3P3x1x5 — P2y P33, — P3x; P3x;) = 0 )

Integrating Equation (7) produces the given integral of motion

d
I:rl+rz+r3—/[Q+ E(r1+r2~l—r3)]dx3, (10)
3

with

o= [ (Pgr+Lga+ Qps)at

d?’l

r, = —/(P+d—xl)dx1 (11)
d

r3 = —/(L—|— (T;;VZ))EZ )

2.2. Lie Symmetry Procedure

In accordance with the theory of Lie symmetry, the given three dimensional system of

first-order differential equation [5]
X1
X2

X3

fl (t/ X1,X2, x3)/
fZ(tl X1, X2, XS)/
f3(t, X1, X2, x3)/
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admits the following Lie group of transformations of one-parameter (a) [5]

o~ t4aT(txy,x,x3),
% o~ x+aXi(tx1,x,x3),
X2+ aXo(t, x1, %2, X3),
X3 ~ x3+aXs(t x1,%,x3),

%

o)

with infinitesimal Lie operators [5]

d d d d
G= Tat + X1=— 91, + XZE + X3— o (12)

The group transformations f, ¥, ¥; and ¥3 are obtained by solving the following Lie
equations [4,5]

df

5 = T(t,x1,%2,%3),
% = Xj(t x1,x2,x3),
% = Xo(t x1,x2,x3),
% = Xs(t,x1,x2,%3),

with the initial conditions:
Flamo=t, X1 [a=0= X1, X2 |a=0= X2, X3 |4=0= X3.

The first extension of Lie operators above is defined as follows [5]

n _ 1 0l 9 ) 9
G G+X1M?+&a + X5 (13)
where
X{1 = Di(x1) - 0Di(T),
xM = Dy(x,) — ,D(T),
x = Dy(Xs) — %3Di(T),

with D; representing the total differential operator describe as follows

D—3+ a+xa+xa+xa+xa J
ETor T 9 T 0 | Poxs | toxg | tox,

The infinitesimals transformation obtained will be used to solve the following equa-
tion [5]

Tri+ Xqry, + Xory, + +X3ry, =
Tup + Xquy, + Xotly, + +X3tty, =
Tor + X10x, + XoUx, + +X30y, =

Tw + Xqwy, + XowWy, + +Xawy, =

~

(14)

~

—~ o oo

Equation (14) will provide a set of new independent variable, r, and dependent
variables, 1, v and w, which can be used to transform the nonlinear system (1) to a linear
system. The following section explore the existence of integrals to the nonlinear system (1).
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3. Application of (PS) Procedure to Nonlinear System (1)

Considering the three-dimensional Equation (1)

ds )
7: = 1—Bspip —asy = 1
di ) .
= Bsuin— (et )iy =2 (15)
di N .
ed—: = 0(1—1ip)ip — diy = ¢3

Casel: I, =0and I, [; , I;, #0
The substitution of Equation (15) into (9) gives

— adp?iz = 0. (16)

From Equation (16) we have, 6 = 0 or § = 0 or & = 0. The determining equation for Q
in (9) becomes
Qr — asyQs, — (« +7)ipQ;, +0(1 —iv)iy = 0y, (17)

in which we have taken Qs, = 0 (since I;, = 0). A simple solution for (17) is Q = —iyi
with ¢ = 6. Using the restriction 6 = § = # = 0 and y = 6, the solution of the determining
equation for P, L is given by P = i;, L = 0. Hence, from Equation (11), we obtain

ro= it —0(1 —iy)iyict
rp = —iysy (18)
r3 = —(ip+0(1 —ip)ipia)t

therefore, the integral of motion is given by

1
I = —iys), — Eizz,ih (19)

Case 2: Iih = O, It, IS;,/Iiy 7& 0and Iiy = 0, It, Ish’Iih 7& 0
According to [3], the determining equations and conditions is obtained by introducing
the following transformation

P—SQand L = UQ, 20)
with
Uz P angg = (W) 1)
25;, 4)1

4. Lie Symmetry Analysis of the System (1)
4.1. Lie Symmetry of one Dimensional Second-Order Differential Equation

From the first equation of the nonlinear system (1), we obtain

o _ S, 1«
= ﬁ5h+55h B’ @)

differentiating Equation (22) with respect to ¢, we obtain

. 2 .
f=—b 4 b h (23)
Bsn = Ps2  Psi

the substitution of Equation (23) into the second equation of the nonlinear system (1) gives

§7 — Béy, — sy — Psa + Bépss + aBsy + (a 4+ 9)sp — (& + 7)dpsy + (e +7)s (24)
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Lie group analysis to (24) is performed using SYM packages [4-6], yielding the follow-
ing cases

Casel: f=0anda+v =0

The determining equations for the classical symmetries of the nonlinear Equation (24)

are
2
z?sgh Shgsg = 0
%7 +sh?_)27127 = 0
7+ s (288—;: - % — 25y, a?;gh) =0 (25)
_;7+sh(§;—225—shgzg +25h£;§h) =0

The coefficients of the infinitesimal generator are obtained by solving the overdeter-
mining Equation (25)

S(spt) = c1+oat (26)
n(sp,t) = casp, (27)

as a result, the two-dimensional Lie algebra is given by

G = o (28)
Gy = 10t +s,0s, (29)

This case reduces Equation (24) to
S% — §hsh =0 (30)

Equation (38) can be linearized using the transformation

1
- = 1

5= 61
Hence, we obtain

s

— =0 32

dar? (32)
The solution to Equation is

S(t) =ct+d (33)

where ¢, d are constant of integration. Substituting Equation (33) into transformation (31)
results in the number of susceptible humans

1
sw(t) = 7 (34)
Equation (34) is substituted into Equation (22) to obtain the number of infected persons,
ip,.
. At+B
" Blct+d) (39)

with A = —ac, B =1 — c — ad. The substitution of Equations (34) and (35) into the last
equation in (1) gives

(36)

diy Et+F Z, _ Ht+G
dt Kt+L)° Kt+L
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withG=F+Lé, H=E+Ké, E=0A, F=0B, L = Bd, K = Bc Hence, the number of
infected mosquitoes is given by

C e [Et (FK—EL)In(L+Ki)
o T aePx K2
1 F+Et (FK—EL)In(L+Kt)
+ﬁ exp [ “Tx e (37)
( ) (FK—EL)
FK—EL L+Kt\ &
x(L+Kt) & < - )

Case2: p#0anda+ vy #0

The determining equations for the classical symmetries of the nonlinear Equation (24)
are given by

:
g O
1-afat2a -0 -a[TE-2l] - o
-1+ (p - <a+v>sh>}§i—zat+aé—ﬁh§f = 0

—n<a+v>sh+sh[ ﬁ+<a+7>sh}§”+ =0 ey
% 0

9% _ 2 _
,Bsh o + Zﬁsh 2(a+y)sy = o + sh atz

from the above overdetermining equation yields the coefficients of the infinitesimal generator

exp (Vo +7)t
o —— 39
¢(sn t) it ate (39)
N(sp,t) = exp(Va+7)tcisy, (40)
As a result, we have the two-dimensional Lie algebra shown below
G = [exp(Va+7)t+exp(vVa+7)ts,|o (41)
Gy = 0, (42)

Solving the nonlinear Equation (24) for case 1, we obtain the number of susceptible
humans
su(t) = —1+Ae>;;1> (At—i—B), (43)
with A and B constants of integration. The number of infected humans, ij, is calculated by
substituting Equation (43) into Equation (22)

A(A—aB)exp (At+B)+A—ap
BlAexp (AT + B) —1]

iy = (44)

The substitution of (43) and (44) gives the first-order nonlinear first-order ordinary

differential equation
dzv Fk(t) +G\  Lk(t)+N
ar (Dk(t) - /3) ~ Dk(t)—pB ()
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with

fax

~—~
~

=

exp (At + B)
L-M
N-—-P

0C

6D

= 6B

6B

-5 Z 2 =0
I

The solution to Equation (45) is a hypergeometric function, and the numerical solution
can be found in [8].

4.2. Lie Symmetry of Three Dimensional System of First-Order Differential Equation

Equations (12) and (13) are applied to the Non-dimensional model Equation (1),
yielding the following:

G<1 — Bspip — txsh> = —pBSI; —as,
6((psvin — (+ i) = BSI - ), )
G (9(1 — iyl — (51},) = —0LL —4D.

The extended infinitesimal transformation is obtained by using Equation (13)

—BSI; —aS = Sl 45, slul 4 Slin] 4 glie]
o (TW s o) i) iy,
BSI — (a+ 1)L = I s, 1) g 1] 4 1"
(T e T,
—0n1L, — 61, = I+ I w1 4l
— i (T 4 s, 7050 gy, Tl g T li],

(47)

with
Sl —@Z, _duz'i/ _du3
L T TR P T
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Substituting Equation (1) into (47) yields
—pSh — a8 = S + (1= iy, — sy ) (S5 = 71)
+ (Bswin — (a+7)in ) S
+ (001 = io)iy — oo ) ST
~ (1= puin — sy) 71
— (1= Bswin — asi ) (Bsnin — (o + )iy ) T
— (1= Bouin — sy ) (01 = i)y — i ) T,
BSh — (a+ 1)L = TH + (1 — By — ,Xsh) it
+ (Bsin — ()i (1 — 71)
+ (001 = iy)iy — 81y ) 1
= (1 Bswin — asy ) (B — (a+ )iy ) T
— (Bonin — (a+7)iy) T
(rgshlh —(a+ 7)%) (9(1 — fp)ip — 510) 7 lie]
—0LI, — 6L, = Ul + (1 — By — “Sh)lz[sh]
(ﬁshlh —(a+ “Y)%) g
(9 (1— iy)iy — (slv) ( el Tm)
— (1= Bonin — sy ) (B(1 = io)iy — iy ) T
(ﬁshlh — (a4 )i ) (0(1 — )iy — 5{0) 7l
(601~ )i — 01 T s

In general, solving nonlinear system (48) is challenging. As a result, it is required
to use special solutions [5]. In the case of T = T (t), S = S(sp), 1 = Li(i), b = L(iy),

the non-linear Equations (48) are simplified as

(1 — Bsyip — txsh) (S[Sh] - TV]) = —BSL — 4,
(Bswin — (a+ )i ) (1 = T1T) = psh — ()1,
(9(1 —iy)iy — 51’0) (TZ“U] - T[t]) — L1, — b,

(49)
(50)

(51)

The following second-order partial differential equation is obtained by considering

the partial derivative of Equation (51) with regard to 7 [5]
TH — 0

solving Equation (52), we obtain

T(t) =1t+m,

(52)
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with [ and m being the integration constants. Substituting Equation (52) into (49)-(51) yields

(1 — ,Bshih — (XSh) (S[Sh] — l)
(Bswin — («+)in) (1" 1) = BSh — (a+)h, (54)
(9(1 —iy)iy — 51‘0) (IQ”] - l)

After twice partially differentiating Equation (54) with respect to i;,, we obtain

—BSI —as, (53)

—0L L, — Jl. (55)

1l — o,
Hence,
(i) = pin +9. (56)
Substituting Equation (56) into (53), we obtain
(1= Bnin — asy) (85 1) = —pS(pin, +q) - as. (57)

As Equation (57) is dependent on the values of s and i;,, we obtain

. aS .
sp + —(Bip +oc)a— = —Bliy, — al,
Sh
. aS
i Sh(@ —1) = Sp,
as
- E—I—IBSq—sz.
Hence,
S =crexp[(Bg—a)sy| + —ﬁql—koc' (58)
From (55), we obtain
ol
Hence,
I =liy + cy. (59)
As a result, the infinitesimal transformations are as follows:
S = crexp((pg—a)sil + =5
Lin) = pint+yg, (60)
12(1‘0) == llv +C2.

It is worth noting that these infinitesimal transformations are not unique. There is,
however, an infinite number of infinitesimal transformations [5]. As a result, Equation (12)
becomes

0 I ] . %) , 0
G = (It4m)= + (crexp [(Bg — a)sy] + W)E + (pin + ) g+ (o + e2) 5.



Symmetry 2022, 14, 2240

11 0f12

Hence, the following Lie generators are found

G = 2419 ;0
VT "ot Taos, | Yoy
d
G2 - gl
. d
G3 - Zh%/
1 d
Gy = =,
YT (a—p)os,
Gs = ex [—ocs]i
5 - p hash/
d
G = Fr

By setting the constant of integrationto/ =1, m=1,p=1,9g=1,¢c1 =1, = 1.

Equation (60) becomes

S = “1’3 +exp[B—ua],
L = 1+ip
L = 141,
T = 1+t

Hence, Equation (14) becomes

(14+t)r + (L +exp[B— oc])rsh +(1+ ih)rl-h + (1 +iy)ry,

a—p
(1+8)s) + (alﬁ +exp [B— a]) S 4 (14 4,) Sl + (1 4 4,) Sl
(1+ t)ig] + (04:3 +exp[p— zx])ll[sh] +(1+ ih)ll[ih] +(1+ iv)11[iv]
. ‘ ,
(+0i + (g ep B a) B+ (1 + B+ (1+i0)

The solution of Equation (61) is given by

t

r =
S (spipiv)
sy = lnt—|—4 TN/
g(shlhlv>
; t
h = N
S (spiniv)
. t
1y -

g(shihiv).

(61)
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The special case is given by

t
"7 Guinio)’
s, = Int+ Gninia)’
ot
o= (snintv)’
St
T (sniniv)”

5. Conclusions

Understanding physical models requires the analysis of nonlinear differential equa-
tions. According to Ove [9], finding a closed form solution of a nonlinear differential
requires a thorough comprehension of the phenomena being described. The Prelle-Singer
(PS) and Lie symmetry techniques are utilized in this research to show the linear inte-
grability of a mathematical model of endemic malaria and to identify explicit solutions.
The results showed that for parameter values f # a + v and a + ¢ # 0, the reduced
second-order differential equation allows for system linearization and provides the ex-
plicit solutions.
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