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Abstract: The geometric concept of geodesic completeness depends on the choice of the metric field
or “metric frame”. We develop a frame-invariant concept of “generalised geodesic completeness” or
“time completeness”. It is based on the notion of physical time defined by counting oscillations for
some physically allowed process. Oscillating solutions of wave functions for particles with varying
mass permit the derivation of generalised geodesics and the associated notion of completeness. Time
completeness involves aspects of particle physics and is no longer a purely geometric concept.
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1. Introduction

A lack of geodesic completeness [1,2] is often considered an indication that a given
cosmological model needs some extension in order to solve this shortcoming. Many models
of inflationary cosmology are geodesically incomplete. The corresponding general theo-
rems [3,4] are typically based on Einstein gravity (general relativity) coupled to canonical
scalar fields and other particles with field-independent fixed mass. Many recent models for
very early cosmology involve, however, scalar fields whose coupling to particles induces
field-dependent masses. They also often have a non-minimal coupling to gravity or ki-
netic terms involving more than two derivatives. This challenges the meaning of geodesic
completeness for such models.

If the masses of particles depend on scalar fields, similar to the Higgs mechanism in
the standard model, their motion is no longer along geodesics. The field dependence of
the mass induces scalar-field-mediated forces in addition to the gravitational force. For a
non-minimal gravitational coupling of scalar fields, as realized for dynamical dark energy
or Higgs inflation, a Weyl transformation to the Einstein frame changes the geometry and
can lead to field-dependent particle masses. This raises the general question of which metric
frame geodesic completeness should be evaluated in. In particular, “genesis models” with
flat Minkowski geometry in the infinite past [5–10] are obviously geodesically complete.
After a Weyl transformation to the Einstein frame, geodesic completeness may be lost. On
the other hand, typical geodesically incomplete inflationary models can be transformed
by a Weyl transformation to a geodesically complete “primordial flat frame” [11] with flat
Minkowski geometry in the infinite past. In quantum field theory, physical observables
do not depend on the choice of fields used to describe them. They are independent of the
choice of the metric frame.

We infer that a purely geometric notion of geodesic (in)completeness is not sufficient
for a judgment if a given cosmological model is acceptable or not. We propose to replace
the geometric notion of geodesic completeness by a concept of “generalised geodesic
completeness” or “time completeness” that does not depend on the choice of the metric
frame. It is based on the notion of “physical time”, defined by counting oscillations for
some physically possible process.
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It is straightforward to demonstrate the issue explicitly. In non-Euclidean geometry
with a Lorentz signature—the type of geometry relevant for describing physical space-
time—the standard criterion of past geodesic completeness of (a patch of) a manifold with
spatially flat homogeneous and isotropic metric

ds2 = dt2 − a2(t)dx2 = a2(η)(dη2 − dx2) (1)

is [3] ∫ t

−∞
a(t) dt = ∞ . (2)

In the opposite case of a convergent integral in (2), or if the initial time cannot be taken
to −∞, the (patch of a) manifold is said to be geodesically incomplete.

An important notion for understanding the physics beyond the purely geometrical
aspects is the metric frame (conformal frame). A Weyl (conformal) scaling relates two
metric tensors,

gµν = Ω2(x)ĝµν , (3)

where Ω(x) is typically (but not necessarily) a function of some field χ (say, dilaton).
This Weyl scaling transforms one metric frame to another. A standard example is the
Jordan frame vs. the Einstein frame in scalar-tensor theories. Since Equation (3) can be
viewed merely as a field redefinition, physics in different metric frames should be the same
(Modulo subtle cases are explored, e.g., in Ref. [12]). if all quantities such as particle masses
or temperature are transformed properly [13]. This holds even though the geometric picture
may look quite different, as emphasized again recently, e.g., in References [12,14–17].

The integral in (2) is not invariant under the Weyl scaling (3): in terms of conformal
time, this integral reads

∫
a2(η) dη, while under the Weyl scaling, one has a(η) = Ω(η)â(η).

By a suitable choice of Ω(η), one can switch between geodesic completeness and incom-
pleteness for the purely geometrical definition (2). The need for a generalisation of the
concept of completeness becomes apparent.

2. Geodesics and Physical Time for Varying Particle Mass
2.1. Clocks

Consider a free scalar field theory in non-Euclidean background with action

S =
∫

ddxZ(x)
√
−g
(

1
2

gµν∂µφ∂νφ− m2(x)
2

φ2
)

, (4)

where Z(x) and m(x) may be functions of background fields other than the metric. Under
the Weyl scaling (3) (with Ω independent of φ), the action has the same functional form with

m(x) = Ω−1(x)m̂(x) , Z(x) = Ω−2(x)Ẑ(x) . (5)

The definition of physical time, as well as the criterion of generalised geodesic
(in)completeness must be invariant under the combined Weyl scaling (3) and (5).

With the action given by (4), the field equation reads

Z−1∇µ(Z∇µφ) + m2(x)φ = 0 . (6)

We are interested in fast oscillating solutions

φ(x) = A(x)eiS(x) , (7)

where S(x) obeys the eikonal (Hamilton–Jacobi) equation

gµν∂µS∂νS−m2(x) = 0 , (8)
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and A(x) is a slowly varying function. Equation (8) is invariant under the Weyl scaling,
since both gµν and m2 are multiplied by Ω−2. Thus, S is a metric-frame-independent
quantity. (Equation (6) is also invariant, so φ is also frame independent.)

Let S(x) be a certain solution to Equation (8). We ask how physical time may be
defined by counting the number of oscillations of the wave function φ(x). For this pur-
pose, one needs to define a trajectory xµ(σ; x(σ0)) on which one measures the number
of oscillations as one moves along the trajectory as σ increases. Here, xµ(σ0) denotes the
“starting point” of the trajectory at σ = σ0. By evaluating S(σ) on this trajectory, one counts
the oscillations: an oscillation occurs whenever S increases by 2π. Thus, S(σ) defines a
“clock” whose “ticks” count the oscillations along a given trajectory. A family of trajectories
xµ(σ; x(σ0)) parametrized by xµ(σ0) defines a reference frame in which the physical time is
measured. Thus, our concept of physical time introduces in a natural way the relativistic
notion of a reference frame in quantum field theory and more general probabilistic sys-
tems [18]. Physical time depends on the particular solution S(x), as well as on the choice of
reference frame: for a given S(x), there is a large family of clocks corresponding to different
trajectories/reference frames.

At this point, the definition of physical time seems to be highly arbitrary, depending
on the choice of clocks. Many clocks are equivalent, however, since physical time measured
by different clocks can be gauged. Two clocks defined by different wave functions S(x)
and/or different reference frames are considered as equivalent if physical time in one clock
is mapped monotonously and uniquely to the physical time in the other clock, and a finite
(infinite) number of ticks of the second clock corresponds to a finite (infinite) time interval
of the first clock and vice versa. A family of equivalent clocks constitutes a “clock system”.
Physical time can then be considered as a property of a clock system. One can take a
particular clock in the equivalence class to define a “standard time”.

One possible simple choice of reference frame takes trajectories for which x remains
constant and x0 is set equal to σ. This may be considered natural for the Universe, which
is homogeneous and isotropic in some average sense, with xµ associated with comoving
coordinates. We will come back to such a “cosmic reference frame” in Section 4. and focus
first on the concept of physical time for special trajectories, namely, generalised geodesics.
This has the advantage that generalised geodesics can be constructed for massive particles
with arbitrary metric gµν(x) and mass m(x). Furthermore, generalised geodesics can be
used for a general construction of solutions to Equation (8).

2.2. Geodesic Equation

For given S(x), let us define particular “geodesic trajectories” xµ(σ) by

dxµ

dσ
= gµν ∂S

∂xν
. (9)

We will establish below that for S obeying (8), these trajectories are generalised
geodesics or world lines. It follows from (8) and (9) that the parameter σ is related to
the interval τ (which would be proper time if m(x) were constant) associated with metric
gµν as follows:

dσ =
1

m(x)

√
gµν(x)dxµdxν ≡ 1

m(x)
dτ . (10)

Neither σ nor τ is invariant under the Weyl scaling (3) and (5). Indeed, for dτ2 =

gµν(x)dxµdxν, proper time transforms as

dτ = Ω(x)dτ̂ . (11)

The action (eikonal) along the generalised geodesic trajectory defined by (9) is
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S(σ)− S(σ0) =
∫

dxµ ∂S
∂xµ =

∫
m2(x) dσ . (12)

Being directly related to a discrete counting of oscillations, a time derived from this
quantity is the same in all metric frames.

What remains is to find trajectories obeying (9) with S as a solution to (8). These are
the generalised geodesics that obey

duµ

dσ
+ Γµ

νλ(x)uνuλ − 1
2

gµν(x)
∂m2(x)

∂xν
= Gµ = 0 , (13)

where we define
uµ =

dxµ

dσ
= gµν ∂S

∂xν
. (14)

It is easy to see that the solution to (13) obeys Equation (8), which can be written
with (14) as

gµνuµuν = m2(x) . (15)

More precisely, if initial values of uµ at σ0 are chosen such that A = uµuµ −m2 = 0
(uµ = gµνuν), then A = 0 holds for all σ and therefore for the whole trajectory. Taking a
σ-derivative of (15), one finds

dm2

dσ
=

∂m2

dxν
uν = 2gµνuν duµ

dσ
+

∂gµν

∂xρ uρuµuν (16)

or (
∂m2

dxν
gµν − 2

duµ

dσ
− ∂gλσ

∂xρ gλµuρuσ

)
gµτuτ = −2Gµuµ = 0 . (17)

Thus, the generalised geodesic Equation (13) implies indeed that ∂A/∂σ = 0.
More generally, all solutions to Equations (8) and (9) must obey the geodesic Equation (13).

In Appendix A, we derive Equation (13) using the general approach to first-order partial
differential equations based on the method of characteristics; see Reference [19] for an alter-
native derivation. Even though Equation (13) does not appear invariant under the Weyl
scaling (3) and (5), it actually can be cast in a Weyl-invariant form. This is demonstrated
in Appendix B. Thus, the generalised geodesics or world lines are the same in all metric
frames, as they should be.

The generalised geodesics describe the trajectories (world lines) of point-like particles
with varying mass. For ∂m2/∂xµ 6= 0, they are no longer purely geometrical objects. We can
attribute the difference to the geometrical geodesics to the action of a “fifth force” induced
by fields which are responsible for the x-dependence of m2(x) [19].

2.3. Geodesic Physical Time

With oscillating field φ(x) given by (7), one particular physical time is such that its
interval dT is just the increment of the action along the generalised geodesics

dT ≡ dS = m2(x)dσ = m(x)dτ . (18)

This geodesic physical time T counts the number of oscillations of the wave function in
the rest frame of a massive φ-particle, which moves along the generalised geodesic derived
from S. This time, T is invariant under the Weyl scaling (3) and (5). One interpretation of
dT is that it is proper time interval measured in units of inverse particle mass; with this
motivation, a similar parameter was suggested in References [20,21].

It is possible to define dT uniquely in terms of solutions to the field Equation (6) once
the dynamics is in the WKB regime. Such solutions can be realized in all epochs of the
universe, including inflation or other “beginning epochs”, provided that massive fields
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exist. (Scalars may be replaced by fermions.) If, at a cosmological epoch, an observer
moving on a generalised geodesic builds a clock apparatus using particles with masses
proportional to m(x), this apparatus will measure dT. (More precisely, the time measured
by the apparatus is equivalent to the time defined by the oscillations of the wave function.)

We can now proceed to a generalised definition of geodesic completeness which is
independent of the choice of the metric field and applies to fields with varying mass. A
setup is past geodesically complete if for fast oscillating solutions of the field equation for
a free massive field every world line or generalised geodesic trajectory leads to infinite
geodesic physical time from the beginning to time t, i.e., for any generalised geodesic

∫ t

t=−∞
dT = ∞ . (19)

(Free massive particles have “infinite lifetimes”.) It is past geodesically incomplete
otherwise. It is worth emphasizing that this notion depends, generally speaking, on the
sort of particle: in a given metric frame, different particles may have different masses m(x)
(say, due to different interactions with background fields other than metric), so that one
sort of particle may have a divergent integral in (19), whereas a similar integral for another
sort may be convergent. In other words, geodesic physical times defined by different sorts
of particles may be inequivalent in the sense that the time elapsed from the beginning may
be infinite for one sort and finite for another.

Generalised geodesic completeness or “time completeness” is no longer a purely
geometric notion. It involves “particle physics” through the function m(x). Abandoning
a purely geometric notion is mandatory for a frame-invariant formulation. For a given
metric frame we can still define the standard geometric notion of geodesic completeness.
Except for frames leading to constant m it should be distinguished, however, from the more
physical concept of time completeness.

2.4. Wave Function and Trajectories

A given eikonal function S generates a family of world lines or generalised geodesics
according to (9). Different members of this family correspond to different initial conditions
at σ0. All members of this family obey the geodesic Equation (13). On the other hand, there
are many more world lines obeying (13) that do not obey the condition (9) for the given S.
For example, we may consider a different solution S′ that again generates a family of world
lines. The world lines generated by S′ do not obey Equation (9) for S. Nevertheless, we can
use world lines generated by S′ or, more generally, arbitrary world lines obeying (13), as
trajectories on which the physical time defined by S is explored. All these different world
lines constitute possible trajectories on which the oscillations of φ ∼ eiS are counted. They
correspond to clocks in different reference frames.

The question arises how the clocks on different world lines are related. We demonstrate
this issue by a simple example, taking for φ a plane wave solution in flat space for constant
m. We specify a given wave function by the momentum pµ,

S(x) = pµxµ , pµ pµ = m2 . (20)

We may now consider a given S characterised by pµ and investigate a different trajec-
tory specified by qµ:

xµ = xµ
0 + qµ(σ− σ0) . (21)

For qµqµ = m2, it also obeys the geodesic Equation (13). Evaluating the eikonal S (20)
along (21) yields

dT ≡ dS = pµqµdσ . (22)
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This time measures the number of oscillations of the wave function (20) as counted on
the trajectory for the reference frame qµ.

Two different reference frames qµ and q′µ are related by a Lorentz transformation [18].
This may be demonstrated by choosing a standing wave pµ = (m, 0, 0, 0) and considering
q′µ = pµ. One finds pµqµ = m

√
~q2 + m2, while pµq′µ = m2. With dT ∼ (pµqµ), dT′ ∼

(pµq′µ) one obtains

dT =

√
~q2 + m2

m
dT′ =

1√
1− v2

dT′ . (23)

For the second equation, we note that the reference frame q′µ moves relative to qµ with
three-velocity ~v, v2 = ~v 2. The observer qµ “sees” the ticks of the clock q′µ with relativistic
time dilation. “Relativity” is obvious if we consider a different wave function for which
pµ is replaced by qµ. For this wave function, the observer qµ measures proper time, while
the observer q′µ sees the same oscillations of the wave function with time dilation. We can
generalise to two reference frames with arbitrary qµ and q′µ in which the oscillations of the
standing wave pµ are counted,

dT
dT′

=

(
~q2 + m2

~q′2 + m2

)1/2

. (24)

This is the result of special relativity. Furthermore, our relations remain true if we
apply the same Lorentz boost to pµ, qµ, and q′µ, since both dT and dT′ involve only Lorentz-
scalars. There is therefore no restriction in the choice of pµ, qµ, and q′µ. We see that
our concept of defining physical time by counting the oscillations of the wave function
generates in a natural way the concept of relative time in special relativity. It is a simple
way to extract special relativity from basic quantities in (quantum) field theory.

We can generalise this concept to rather arbitrary trajectories exploring a given wave
function S. This includes arbitrary m(x), gµν(x), arbitrary solutions S(x), and arbitrary
trajectories (with mild conditions). Inversely, consider a family of geodesic trajectories.
With S(σ) computed for every geodesic trajectory according to (12), one can construct a
particular solution S(x) to Equation (8) if every point xµ of the manifold belongs to some
geodesic trajectory (no caustics, forbidden regions, etc.). This gives a solution to the Cauchy
problem of Equation (8): the initial value xµ(σ0) is taken at the Cauchy hypersurface, so
S(σ0) is determined by Cauchy data. As an example, one may take a family of geodesic
trajectories, labeled by x(σ0), with one and the same initial time coordinate x0 at σ0.

3. Homogeneous and Isotropic Universe
3.1. World Lines and Geodesic Physical Time

We now specify to a spatially flat FLRW metric

ds2 = N2(t)dt2 − a2(t)δijdxidxj (25)

and assume that the mass depends on time only, m = m(t). The “coordinate time” t
depends on the choice of N(t). For N = 1 it is “cosmic time”, while for N = a, the
coordinate time coincides with conformal time η. The coordinates and metric defined
by (25) are the ones used for the field Equation (6) and its solution. For the particular case
of constant Z and conformal time (N = a, t = η,H = ∂η ln a), the field Equation (6) reads(

∂2
η + 2H∂η − δij∂i∂j + a2m2)φ = 0 , (26)

while the eikonal Equation (8) is given by(
∂ηS
)2 −∑

i

(
∂iS
)2 − a2m2 = 0 . (27)
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with
φ = φ̃(η)e−ikixi

, S = S̃(η)− kixi , k2 = δijkik j , (28)

one obtains (
∂2

η + 2H∂η + k2 + a2m2)φ̃ = 0 , (29)

and
∂η S̃ =

√
k2 + a2m2 . (30)

For the rapid oscillations of our interest, bothH∂η and and a2m2 are small compared
to k2. Both η and k2, as well as a2m2, are independent of the metric frame. On the other
hand, the choice Z = 1 is not frame-invariant, and neither isH. In the limit m→ 0,H → 0,
the solutions of the wave equation are plane waves,

φ = φ0 exp
{

i
(
kη −~k~x

)}
. (31)

In this limit the eikonal approximation becomes exact with A = φ0.
For conformal time, the world line associated to the particular solution (28), (30) of the

wave equation is given by

u0 =
1
a2 ∂ηS =

1
a2

√
k2 + a2m2 , ui = − 1

a2
∂S
∂xi =

1
a2 ki . (32)

with x0 = η, one infers

dT =
a2m2

√
a2m2 + k2

dη . (33)

For am→ 0 generalised geodesic completeness requires∫ η

−∞
dηa2m2 = ∞ , (34)

which is violated for am ∼ |η|−α if α > 1/2.
With NdT = adη, the geodesic physical time interval (18) is given for the general

metric (25) by

dT = m2dσ =
aNm2

√
a2m2 + k2

dt . (35)

It is invariant under both time reparametrization and Weyl scaling. The Weyl-invariant
generalization of the criterion (2) of past geodesic completeness is

∫ t

t=−∞
dt

aNm2
√

a2m2 + k2
= ∞ . (36)

In the most interesting case, when a(t)→ 0 as t→ −∞, Equation (36) reduces to

∫ t

t=−∞
dt aNm2 = ∞ . (37)

Of course, this criterion agrees with (2) for constant mass and N = 1. A direct
derivation of Equations (35)–(37) can be found in the Appendix C.

3.2. Time-Dependent Mass in Minkowski Space

Let us consider Minkowski space and a φ-particle with time-dependent mass m(t)
such that m(t) → 0 as t → −∞. This scenario may look somewhat special. It actually is
not since many models for early cosmology, including inflation, can be formulated in a
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“primordial flat frame” for the metric [11]. We recall Equation (35) and see that the geodesic
physical time associated with such a particle is determined by

T ∝
∫ t

−∞
dt

m2
√

m2 + k2
, (38)

as the Minkowski time runs from t = −∞ to finite t. If this integral is convergent, the setup
is past time-incomplete for the φ-particle.

To see what is going on, we first observe that the solution of the wave equation(
∂2

t + k2 + m2(t)
)
φ = 0 (39)

or eikonal equation

∂tS̃ =
√

k2 + m2(t) (40)

exists for any k 6= 0 and m(t) → 0. It takes the simple limiting form (31) with η = t. In
lowest order in m/k, one has

S = kt−~k~x +
1
2k

∫ t

−∞
dt′m2(t′) . (41)

The wave front S = 0, ~x = xw~k/k obeys

xw = t +
1

2k2

∫ t

−∞
dt′m2(t′) , ẋw = 1 +

m2

2k2 . (42)

On the other hand, the trajectory of a particle moving on the associated general
geodesics is given by ~x = xp~k/k = xp~n, cf. Equation (A21),

ẋp =
k√

k2 + m2
= 1− m2

2k2 . (43)

As long as m2 > 0, the particle is slower than the wave front, ẋp < ẋw. In the reference
frame of this particle, one can therefore count the oscillations of the wave front overtaking
it. These are precisely the ocsillations that determine the physical time in the particle rest
frame. For m→ 0, however, the two velocities ẋp and ẋw coincide, such that in the particle
rest frame, the wave becomes frozen and the geodesic clock no longer ticks. This reflects,
of course, the well-known fact that for massless particles, no rest frame can be defined. If
the approach to the massless situation is too rapid, the number of ticks towards t→ −∞
remains finite.

From the point of view of a hypothetical observer in the particle rest frame, something
dramatic must happen if geodesic time is incomplete. We may calculate the acceleration
W in the inertial reference frame in which the φ-particle is instantaneously at rest at time
t (instantaneously comoving inertial frame) and compare it with m(t). We consider a
one-dimensional motion with y = z = 0, x = x(t). The acceleration in the instantaneously
comoving reference frame is

W =
ẍ

(1− ẋ2)3/2 . (44)

In our case, we have (see (A21))

ẋ =
k√

k2 + m2(t)
, (45)

so
W = −k

ṁ
m2 , (46)
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and the ratio of interest is
W

m(t)
= −k

ṁ
m3 . (47)

If the integral (38) is convergent, m(t) decays backwards in time faster than |t|−1/2

and ∣∣∣∣ W
m(t)

∣∣∣∣→ ∞ as t→ −∞ . (48)

Thus, the φ-particle experiences infinite acceleration in its own reference frame as
t→ −∞; in particular, one would not be able to construct any clock using φ-particles.

Any spatially flat cosmological metric can be Weyl-scaled to Minkowski space (flat
metric frame), as emphasized recently, e.g., in Reference [11]. Our simple exercise shows
how the geodesic incompleteness of a geometry in the metric frame where m = const
translates to the flat metric frame.

4. Cosmic Reference Frame and Massless Particles
4.1. Cosmic Reference Frame

For a homogeneous isotropic metric, we can define the particular trajectory

x0 = cσ , xi = const. (49)

This defines the “cosmic reference frame”. As a convenient choice, we identify x0

with conformal time η, which is a Weyl-invariant quantity. For the solution of the wave
function (28)–(30), the counting of oscillations becomes rather simple, with physical time
given by

∆T = ∆S =
∫ η

ηin

dη∂η S̃(η) =
∫ η

ηin

dη
√

k2 + a2m2 . (50)

For solutions with k 6= 0, this expression always diverges for ηin → −∞. The clocks
defined by the cosmic reference frame tick, then, an infinite number of times. The corre-
sponding clock system is “time-complete”. The limits a→ 0 or m→ 0 pose no particular
problem. In particular, for am ∼ |η|−α, α > 1/2, the “cosmic physical time” defined
by the cosmic reference frame is infinite, while it is finite for geodesic physical time, c.f.
Equation (34). We conclude that in this case cosmic physical time and geodesic physical
time constitute inequivalent clock systems.

We can define cosmic physical time for solutions of the wave equation for massless
particles as photons or gravitons. For m = 0 Equation (50) yields

T = kη . (51)

The clocks for solutions with different~k all belong to the same equivalence class. For
wave functions of massless particles we can identify cosmic physical time with confor-
mal time.

Geodesic physical time has the important advantage that it can be defined for arbitrary
metrics and arbitrary m(x). A similar general definition of cosmic physical time is not
obvious. For rather arbitrary geometries photons and gravitons are massless and their wave
functions are oscillatory. One would expect that there are many trajectories or reference
frames along which the number of oscillations towards the past extends to infinity. The
problem concerns the selection of a natural cosmic reference frame. Conformally flat
geometries can be mapped by Weyl transformations to a flat metric. Since conformal time
is invariant under Weyl transformations, we can use it as cosmic physical time for this
class of metrics. For more general inhomogeneous metrics, one may think of a cosmic
reference frame associated with a suitable average of the metric. Indeed, conformal time
remains a useful concept for practical cosmology, where geometry is described by small
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deviations from a homogeneous isotropic background. In an intuitive sense, the detailed
geometry should play no role for the oscillations with wave lengths much shorter than all
characteristic length scales of the geometry. A precise formulation of cosmic physical time
for this concept needs to be worked out, however.

4.2. World with Massless Particles

One may wonder if physical time and time completeness can be defined in a world
with only massless particles. For m = 0, geodesic physical time does not exist, while cosmic
physical time remains a possibility. The standard way of deriving the criterion (2) is to
make use of the affine parameter of massless geodesics [3]. However, the issue of geodesic
(in)completeness in a world where all particles have strictly zero masses (“photons”) is
controversial. On the one hand, photons behave in FLRW space-time (1) exactly like in
Minkowski space with coordinates η, x. Therefore, if the cosmological evolution starts
at conformal time η = −∞, one may be tempted to suggest that any such cosmology is
complete. This viewpoint has been advocated, e.g., in Reference [11]. According to this
view, the photon’s physical time is determined by the number of oscillations of the photon
wave function in the homogeneous and isotropic reference frames. This number is indeed
proportional to conformal time η and corresponds to cosmic physical time.

For a massless scalar field a field redefinition,

φ(η, x) = λ(η)φ̂(η, x) (52)

transforms the action in a cosmological background (in conformal time)

S =
1
2

∫
dη d3xa2(η)ηµν∂µφ∂νφ (53)

(where ηµν is Minkowski tensor) into

S =
1
2

∫
dη d3xλ2(η)a2(η)ηµν∂µφ̂∂νφ̂ + . . . (54)

where omitted terms are irrelevant in the lowest WKB order. Since a and λa should be
equivalent, this reiterates the fact that the behavior of the scale factor as function of time
should be irrelevant for strictly massless particles.

On the other hand, a general cosmic reference frame is not (yet) available. It remains
to be understood what (if anything) replaces the notion of geodesic (in)completeness in a
world where all particles have strictly zero mass.

5. Conclusions

We propose to generaliize the purely geometric concept of geodesic completeness
to “time completeness”. Time completeness is based on physical time as defined by
counting the number of oscillations of a wave function or some other (quasi)periodic
process. Physical time and the associated notion of completeness are independent of the
choice of the metric frame. For particles with nonzero but possibly varying mass m, a frame-
invariant “geodesic physical time” interval dT can be defined as the product of proper time
with mass dT = mdτ. This dimensionless quantity counts the number of oscillations of the
wave function of a massive particle, as measured on a particular world line or generalised
geodesic derived from this wave function. In the limit of constant m, time completeness
is equivalent to the geometric notion of geodesic completeness if geodesic physical time
is used.

Physical time is not defined uniquely. Different trajectories on which oscillations of a
given wave function are counted are associated with clocks in different reference frames.
In case of flat geometry and constant m, these reference frames are related by Lorentz
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transformations. Our setting relates physical time for rather arbitrary reference frames.
Different wave functions define different clocks for physical time as well.

Clocks are often equivalent in the sense that each tick of one clock is mapped to a
tick of the other clock. This does not hold for all clocks, however, as we demonstrate for
a “cosmic reference frame” that defines a complete physical time from wave functions of
particles with arbitrary mass, including the massless case. For the same wave function,
geodesic physical time may not be complete. We conclude that time completeness is robust
in the sense that it does not depend on the metric frame and is directly related to possible
physical processes. It is not universal, however, and one may debate which choice of
physical time is most useful for an understanding if a given cosmological model needs an
extension or not.
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Appendix A. Derivation of the Geodesic Equation with Varying Mass

Consider a partial differential equation for an unknown function S (action, eikonal):

F(xµ, pν) = 0 , where pµ = ∂µS . (A1)

Let S(x) be a solution. Then

∂F
∂xµ +

∂F
∂pλ
· ∂pλ

∂xµ = 0 . (A2)

Now,
∂pλ

∂xµ =
∂2S

∂xλ∂xµ
=

∂pµ

∂xλ
. (A3)

Therefore, Equation (A2) reads

∂F
∂xµ +

∂F
∂pλ
·

∂pµ

∂xλ
= 0 . (A4)

Consider a line (characteristic) parametrized by σ, such that

dxλ

dσ
=

∂F
∂pλ

. (A5)

Along this line
dpµ

dσ
=

∂pµ

∂xλ
· dxλ

dσ
=

∂F
∂pλ
·

∂pµ

∂xλ
= − ∂F

∂xµ . (A6)

Thus, we come to the system of Hamilton equations for the characteristic:

dxλ

dσ
=

∂F
∂pλ

, (A7)

dpµ

dσ
= − ∂F

∂xµ . (A8)
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The increment of the action (eikonal) along this line is found from

dS
dσ

= pµ
dxµ

dσ
= pµ

∂F
∂pµ

(A9)

In the specific case (8), we have

F =
1
2

[
gµν(x)pµ pν −m2(x)

]
(A10)

Hence, the Hamilton equations are

dxλ

dσ
≡ uλ = gλµ pµ , (A11)

dpµ

dσ
= −1

2
∂gνλ

∂xµ pν pλ +
1
2

∂m2

∂xµ . (A12)

These equations combine into the geodesic equation for uµ:

d
dσ

(
gµν(x)uν

)
+

1
2

∂gνλ

∂xµ gνρgλκuρuκ − 1
2

∂m2

∂xµ = 0 . (A13)

A straightforward manipulation gives Equation (13).

Appendix B. Weyl Invariant form of the Geodesic Equation

To cast the geodesic Equation (13) in a form that is invariant under the Weyl
scaling (3), (5), we parametrize the geodesic by the physical time T instead of the pa-
rameter σ. We introduce

wµ =
dxµ

dT
=

uµ

m2(x)
(A14)

and obtain from Equation (13)

dwµ

dT
+

2
m

∂m
∂xν

wµwν + Γµ
νλwνwλ − 1

m3 gµν ∂m
∂xν

= 0 . (A15)

We recall that the parameter T is invariant under the Weyl scaling and find that this
equation is Weyl-invariant. Indeed, we use (3), (5), recall that

Γµ
νλ = Γ̂µ

νλ + δ
µ
ν ∂λ ln Ω + δ

µ
λ∂ν ln Ω− ĝνλ ĝµρ∂ρ ln Ω (A16)

and that gµνwµwν = m−2 and find that Equation (A15) has the same form in variables
with hats.

Appendix C. Physical Time and Generalised Completeness for General Homogeneous
Isotropic Metric

In this appendix, we display a direct derivation of the general expressions for dT (35)
and geodesic completeness (36), (37). We first compute the world lines for general N(t)
and m(t). The 0-component of the geodesic Equation (13) reads

u0 du0

dt
+

(
Ṅ
N

+
aȧ
N2 ẋi ẋi

)
(u0)2 − 1

2
∂m2

∂t
1

N2 = 0 , (A17)

where the dot denotes d/dt; we use the fact that d/dσ = u0 · d/dt. Using (15), gµνuµuν =

m2(x), yields
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ẋi ẋi =
N2

a2 −
m2

a2(u0)2 . (A18)

In this way, we arrive at an equation for (u0)2:

1
2

d[(u0)2]

dt
+

(
Ṅ
N

+
ȧ
a

)
(u0)2 − 1

N2

(
m2 ȧ

a
+

1
2

∂m2

∂t

)
= 0 . (A19)

The solution to this equation is

u0 =

√
m2a2 + C

aN
, (A20)

where C is an arbitrary constant. Furthermore, we find from (A18)

ẋi =
N
a

1√
m2a2 + C

√
Cni , nini = 1 , (A21)

which relates the parameter
√

C to particle velocity. The physical time interval (35) fol-
lows from the definition (18), dT = m2dσ =

(
m2/u0)dt, where k2 is identified with the

integration constant C.
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