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Abstract:
mild solutions as well as optimal control for the nonlocal problem of fractional semilinear evolution

In this paper, under symmetric properties of multivalued operators, the existence of

inclusions are investigated in abstract spaces. At first, the existence results are proved by applying
the theory of operator semigroups and the fixed-point theorem of multivalued mapping. Then
the existence theorem on the optimal state-control pair is proved by constructing the minimizing
sequence twice. An example is given in the last section as an application of the obtained conclusions.
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1. Introduction

As an important branch of the nonlinear analysis theory, fractional differential in-
clusions have gained a lot of attention in recent years, because it has wide applications
in fluid mechanics, economics, control theory, and so forth (see [1-4] and the references
therein). In 2011, Du et al. [5] pointed out that Riemann-Liouville fractional derivatives
are more suitable to describe certain characteristics of viscoelastic materials than Caputo
ones. Therefore, it is more significant to study Riemann-Liouville fractional differential
systems. In 2013, Zhou et al. [6], applying probability density functions and the Laplace
transform technique, presented a suitable concept of mild solutions of Riemann-Liouville
fractional evolution equations. Additionally, when the Cy-semigroup generated by the
linear part is noncompact or compact, Zhou et al. proved existence theorems of mild solu-
tions for Riemann-Liouville fractional Cauchy problems. Pan et al. [7] demonstrated the
existence theorems on mild solutions as well as optimal control of the semilinear fractional
differential equation

LDax(t) = Ax(t) + f(t,x(t)) + Bu(t), te] :=(0,b], « € (0,1),
Ilﬂxx(t)h:o = Xo, 1)
uc uad/

where LD represents the fractional derivative operator of order « in the Riemann-Liouville
sense, and 1% is the (1 — a)-order Riemann-Liouville fractional integral operator, A :
D(A) C X — X generates a compact Cp-semigroup {T(t), t > 0} and X is a reflexive
Banach space. Denote by Y another separable reflexive Banach space, in which u takes
its values. B : Y — X is a linear bounded operator and f : [0,b] x X — X is Lipschitz-
continuous. By utilizing the Schaefer fixed-point theorem and the fractional calculus theory,
Pan et al. proved the existence and uniqueness of mild solutions of (1). The existence of
optimal state-control pairs was also investigated in the case where the mild solution of (1)
is unique.
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Kumar in the Ref. [8] demonstrated the existence theorems of mild solutions and
optimal control of the semilinear fractional system with fixed delay

{CD%O)—AMﬂ+f@xO—M)+Bmum,t€]>-MH, @

x(t) = ¢(t), te[-h0],

where €D* is the fractional derivative operator of order « € (0,1) in the Caputo sense. A
generates a compact Cyp-semigroup {T(t), t > 0} in X. For fixed t > 0, B(t) : Y — X is
a linear operator. X,Y, and u are defined as above. f : [0,b] x X — X is the nonlinear
term and ¢ € C([—h,0], X). When f is locally Lipschitz-continuous, Kumar studied the
existence and uniqueness of mild solutions of (2) by applying the Weissinger fixed-point
theorem. Under the case that the mild solution of Equation (2) is unique, he also discussed
the existence of optimal control.

In the Ref. [9], Lian et al. were concerned with the existence of mild solutions for the
nonlinear fractional differential system in Banach space X

LD%x(t) = Ax(t) + f(t, x(t)) + B(t)u(t), te],
=2x(t)|1=0 = o, 3)
uec Uad.

They firstly proved the existence results of mild solutions of Equation (3) by using the
Schauder fixed-point theorem and the semigroup theory. Then, when f is not Lipschitz-
continuous, a new approach was established to investigate the existence of time-optimal
pairs without the uniqueness of mild solutions. It is worth noting that all these works
consider the case of single-valued mapping. As far as we know, the existence of optimal
state-control pairs for Riemann-Liouville fractional evolution inclusions is still rare.

Inspired by the above-mentioned literature, we deal with the existence of mild solu-
tions as well as optimal state-control pairs for fractional evolution inclusions with nonlocal
conditions

LD*x(t) € Ax(t) + F(t,x(t)) + B(H)u(t), te], ae(0,1),
I37%x(0) + g(x) = xo, 4
u € Uy,

where LD? is the a-order Riemann-Liouville fractional derivative operator. A : D(A) C
X — X is a densely defined and linear closed operator. It generates a Cp-semigroup
{T(t), t > 0} in X. X and Y are (separable) reflexive Banach spaces. u takes values in
Y. For fixed t > 0, B(t) : Y — X is a linear operator. g denotes the nonlocal function.
F:] x X — 2%\ {®} is a u.s.c. multi-valued mapping with compact values which satisfies
some appropriate conditions. The control u € U,;, U,; will be introduced in Section 2.

The main contributions of this work can be listed as follows:

(i) Under the case that the nonlocal function g is Lipschitz-continuous or completely
continuous, the existence of mild solutions of the fractional evolution inclusion (4) is proved
by using a fixed-point theorem of multi-valued operators.

(if) Under the case that the nonlinearity f is not Lipschitz-continuous, the existence of
an optimal state-control pair of (4) is obtained by utilizing an approach established in the
Ref. [9] when the mild solution is not unique.

It is emphasized that the symmetry of operators plays a key role in the present work.
The Lipschitz continuity of the nonlinearity f is not needed in our work. Then, results
obtained in this paper extend some existing research, such as that by the Refs. [6-9], and
so forth.
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2. Preliminaries

Let X be a reflexive Banach space equipped with the norm || - ||. We denote by C(], X)
the continuous function space whose norm is defined by ||x||c = sup ||x(t)||. Let LP(], X)
te]
1
be the p-order Bochner integrable function space with the norm ||x|[;» = fo [x(£)||PdE) P
for1 < p < +o0. Let

Cio(,X)={xeC(,X)|tH*x(t) eC(],X),0<a<1,te]}

Then C;_,(], X) constitutes a Banach space whose norm is given by |[|x||c, , = sup{t!~*
te]
lx(¢)||}. Throughout this paper, we assume that the Cy-semigroup {T'(¢), t > 0}, generated

by linear operator A, is uniformly bounded in X, which means that there is M > 0 such

that sup || T(t)|| < M. For a Banach space X, let
te]

P(X) = {D C2X|D # @},

Py(X) = {D C P(X)|D is a bounded set},

P.(X) = {D C P(X)|D is a closed set},

P(X) ={D C P(X)|D is a convex set}, and

Pep(X) = {D C P(X)|D is a compact set}.
If a set, belonging to X, is nonempty convex and closed, then denote it by P, (X), and the
other cases are the same. Let (Y, || - ||) be another separable reflexive Banach space. Denote
L(Y,X) = {B|Y — X as a bounded linear operator}. Then £(Y, X) is a Banach space with
an operator norm. Let E be a bounded subset of Y. Assume that the multi-valued mapping
U: ] — P.o(Y)is graph-measurable and U(-) C E. Then, U, is defined by

Uy ={ue€LP(],E)|u(t) e U(t),aete]}, p> %.

Clearly, (see [10]), U,y C LP(J,Y)(p > %) is nonempty convex, closed, and bounded.
In this work, we introduce the definition of a mild solution of (4) in the following way
(see [6] for more details).
Definition 1. x € Cy_,(J, X) is said to be a mild solution of (4) if
(i) Iy *x(0) +g(x) = xo.
(ii) there exists f(t) € F(t, x(t)) such that

x(t) = 1T (1) (x0 — g +/ VLT (¢ — 8)[f(s) + B(s)u(s)lds, teJ, (5)

where

To(t) = /Ooo a0% (0)T(6)do,

1 1
1= _Z
Gal6) =20 K6 #) >0,
0 (0) = % 2(—1)"*19*“”*1wsin(nm), 6 € (0,00).
n=1 :

¢a(6), 0 € (0, 00) denotes the probability density function, which satisfies

o B © _ I'(1+v)
/0 Eu(0)d0 =1, /0 08 (O)d0 = o v € [01]

Lemma 1 ([11]). The linear operator family T, (t)(t > 0) has properties:
(i) foreveryt > 0andany x € X,
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M
[Ta(t)x] < Wllx\l-

(ii) fort > 0, the operator Ty (t) is strongly continuous.
(iii) for t > O, if the operator T(t) is compact, T, (t) is a compact operator.

Next, some definitions and basic results of multi-valued mapping are listed (refer
to [11,12] for more details).

Definition 2 ([12]). Let X and Z be two topological spaces, and F : X — P(Z) be a multi-
valued mapping.

(1)  If F(x) is convex (closed) in Z for all x € X, then F is said to be convex (closed)-valued.

(2)  IfF(D) is relatively compact for every bounded subset D of X, then F is said to be completely
continuous.

(3) IfFY(V) = {x € X | F(x) C V} isan open subset of X for every open subset V of Z, then
F is said to be upper semi-continuous(u.s.c.) on X.

(4)  Ifthe graph Gp = {(x,y) € X x Z | y € F(x)} is a closed subset of X x Z, then F is said
to be closed.

(5)  If there is an element x € X satisfying x € F(x), then F is said to have a fixed point in X.

Lemma 2 ([11]). If the multi-valued mapping F is completely continuous with nonempty compact
values, then F is u.s.c. if, and only if F has a closed graph.

Lemma 3 ([11]). Let | be a compact real interval. Suppose that

(i) foreach x € X, F(+,x) : | = Py p(X) is measurable and for every t € J, F(t,-) : X —
Py (X)) is us.c.

(ii) for each x € C(J,X), the set Sp,» = {f € LY(J,X) | f(t) € F(t,x(t)), a.e.t € J} is
nonempty.

If F is a linear continuous operator from L' (], X) to C(], X), then

FoSp: C(]rX) - Pb,c,cv(c(]fx))r X = (]:OSF)(X) = -FSF,X

is a closed graph operator in C(J, X) x C(], X).

Definition 3 ([13]). A sequence { fu}n>1 C L(J, X) is said to be semi-compact if
(i)  there exists a function w € L(J,R") such that

Ifu(O)| <w(t), aete];
(ii) fora.e. t € J, theset {fu(t) | n € N} is relatively compact in X.
Lemma 4 ([12]). Ifa sequence in L'(], X) is semi-compact, then it is weakly compact in L' (], X).

Lemma 5 ([14]). Let X be a Banach space and D be a compact subset of X. Then tono(D) is
compact, where cono(D) denotes the convex closure of D.

Lemma 6 ([14]). In a normed space, the closure and weak closure of a convex subset are the same.
Lemma 7 ([11]). Let 0 < a < band 6 € (0,1], where we have
|a® —1v° |< (b—a)®.

To prove our main results, the following two fixed-point theorems concerning multi-
valued operators play an important role.
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Lemma 8 ([15]). Let W be a nonempty closed, convex and bounded subset in the Banach space X,
and ¥ : W — 2W\ {@} be a w.s.c. condensing multi-valued mapping. If for every x € W, ¥ (x)
is convex and closed in W and ¥ (W) C W, then Y has one fixed point in W.

Lemma 9 ([16]). Let W be a nonempty subset of X, which is convex, closed and bounded. Suppose
that ¥ : W — 2W\ {@} is w.s.c. with convex and closed values, ¥ (W) C W and Y (W) is a
compact set, then Y has one fixed-point in W.

3. Existence of Mild Solutions

In order to prove the main conclusions on the existence of mild solutions of (4), we
make the following hypotheses.
(H1) The semigroup {T(t), t > 0} is a compact semigroup in X.
(Hz) The multi-valued mapping F : | x X — Peycp(X) satisfies the following hypotheses:

(i) foreachx € X, F(t,x) is measurable to t and for every t € ], F(t, x) is u.s.c. to x. For
every x € X,
Srx={f €LY, X)| f(t) € F(t,x), ae.t €}

is nonempty.
(ii) There exists a continuous nondecreasing function ¢ : [0,00) — (0,00) satisfying
A= lim &) < feoand m € LP(J,R*)(p > 1) such that

r—oo T

[E(t, x(8)]] == sup{{If ()]l | £(t) € E(t,x(t)), t € J} <m(t)yp([Ixllc,,)-
(H3) The function g : C1_,(J, X) — X and there is a constant M, > 0 such that
18(x) —gW)Il < Mgllx —ylle, ., Vx, ¥ € Cral], X).

(Hs) B € L*(], L(Y, X)), where L*(], L(Y, X)) is a Banach space with norm || - || co-

Remark 1. Combining the definition of U,y with the assumption (Hy), we easily verify that, for
all u € Uy, Bu € LP(], X) with p > 1.

Lemma 10 ([9]). Let the assumption (Hy) be fulfilled. Then for each h € LP(], X) with p > 1,
the operator B : LP(], X) — C1_,(], X), given by

(B)() = [ (=) Tl = 9)h()ds,

0

is compact.

Theorem 1. Assume that (Hy)—(Hy) hold. Then the fractional evolution system (4) possesses one
mild solution provided that

o M p—1 rt
M= F(D{) (Mg+(p[x_1b) 4 HmHLl’A) < 1. (6)

Proof of Theorem 1. Forx € C;_,(J, X), we definean operator ¥ : C;_,(J, X) — 261-«X) py

¥(x) = {@] 9(t) = BT (1) (x0 — g(x)) + '/O'(t —5)* I Tu(t = 5)[f(5) + B(s)u(s))ds, f € g, t€ ] }.

By means of Definition 1, the fixed point of the operator ¥ is equivalent to the mild solution
of the system (4). We will prove that ¥ has one fixed point in C;_,(J, X) by applying
Lemma 8. The proof will be divided into four steps.

Step 1. We will prove that, for each x € C;_,(], X), ¥(x) is convex.
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In fact, if @1, 92 € ¥(x), there are f1, f» € Sp such that

t .
oi(t) = E T (k0 — () + [ (=51 Ta(t=9) i(s) + BsJu(o)lds, 1€ [, (1 =1,2)
For any A € [0,1], we have

A@1(t) + (1= A)ga(t) =t Tu(t) (x0 — +/ )Tt = s)[Mfi(s) + (1= A) fa(s)]ds
t
_ )1 _
+/0 (t— 8)¥ L Ta (¢ — 5)B(s)u(s)ds.
Since F has convex values, it follows that Sg , is convex and Af; + (1 — A) fo € Spx. Then

Apr+ (1= A)gs € ¥(x).

This fact means that ¥ (x) is convex.

Step 2. We will show that, for each x € C1_,(J, X), ¥(x) is closed.

Let {z, },>1 be a sequence in ¥ (x) satisfying z, — zas n — oo. We show thatz € ¥(x).
By the definition of ¥, there is { f, },>1 C Sfx such that

zn(t) = t“_lT,X( t)(xo— g —I—/ Ve 1T,x (t —s)[fu(s) + B(s)u(s)lds, te]. (7)

By (Ha)(ii), we deduce that the sequence { f, },>1 is integral-bounded. Moreover, since
{fu(£)}n=1 C F(t,x(t)), it implies that, for a.e. t € |, { () }n>1 is relatively compact in X.
Hence, the sequence { f, },>1 is semi-compact in L!(], X). According to Lemma 4, { f,;},>1
is weakly compact in L!(], X). Assume that the sequence {f,},>1 converges weakly
to some f € L!(]J,X). Then by virtue of Lemma 6, there is a subsequence {g,},>1 C
co{ fn }n>1 and g, converges to f in strong topology. Since Sr  is convex, we obtain that

{gn}nzl C SF,x/ and f S SF,X'

For fixed n > 1 and every t € ]/, we obtain that

I1(t =) Ta(t =) fu(s)I| < (tS)"‘_lr](Vi)m(S)IP(||x||cu)

and , 1 .
_ a—1 < p_ P P
/O(t o) m(s)ds < (L) 0T Il < 4o

Taking n — oo on both sides of (7), the Lebesgue-dominated convergence theorem guarantees
that

z(t) = t“*lT,x( ) (x0 — —i—/ ) 1T ( (t —s)[f(s) + B(s)u(s)]ds.

Then z € ¥(x).
Step 3. For each r > 0, let

By = {x € Cro(J, X)[lI¥llc,, <7}

Then, B, is clearly a nonempty convex, closed and bounded subset in C;_, (], X). We will
prove that ¥(B,) C B, for some r > 0.
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If it is not true, for any r > 0, there is x” € B, such that [|[¥x"||c, , > r. By assumptions
(Hz)-(Hy) and Lemma 1, there is f" € Sg,+ such that

r < sup{t'" ¥ (x") (1)}

te]
= Sup {11 T 0 () + [ (¢ 9 Tale = 5)7(6) + BN}
1-a _ p—1 pa—1
<t (bl + M+ 151 + e =) 76
bIM p—1 p1 et
+ F({X) (pﬂéfl) rbr ||BM||LP-

According to the above inequality, we obtain that M* > 1, which is a contradiction to (6).
Thus, ¥(B,) C B, for some r > 0.

Step 4. We claim that the operator ¥ is u.s.c. and condensing.

Let ¥ = Y1 + Y5, where the operators ¥ and ¥, are defined by

(1) (1) = 7T () (30— $()
(¥21) =y € C1a1, ) [9(0) = [ (=) Tt = 9)[F(5) + BS)u(lds, f € St € ]}

By Corollary 2.2.1 of [12], we will show that ¥ is a contraction operator and ¥, is com-

pletely continuous.
It is easy to check that ¥'; is a contraction operator. Since for any x,y € B;, by (6),

we have

[F1x —¥yllc,, = Stlg{fl_“llt“_lTa(f)(g(x) -8l

< MMs )y
< r(zx) X = YICi_,

<llx=ylle,_.-

Next, we will show that ¥, is completely continuous. By assumptions (Hp), (Hy),
and Remark 1, we obtain that f + Bu € LP(], X). Thus, in view of the assumption (Hj)
and Lemma 10, we deduce the relative compactness of ¥,(B,). Thus, ¥, is completely

continuous.
Hence, Y is a condensing operator due to Corollary 2.2.1 of [12]. Now, it remains to

prove that ¥; has a closed graph.

Suppose {xy },>1 C By with x, — x,asn — oo, y, € ¥2(x,) and vy, — y« as n — oo.
We shall show that y. € ¥ (x,). It follows from y,, € ¥»(x,) that there is f, € Sg,, such
that

i) = [[ (=T =)o) + Bs)uls)lds.
We will show that there is f. € Sr,, such that

yo() = [ (=9 Mt = 9)[£2(5) + Blo)uls)]as.
When t € ]/, we have

() = [ 6= ) Ta = S)BEO)S — e 6) = [ (¢ =9 Talt = )Bs)u(s)as]]

=0, (n— o).
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Consider an operator F : L!(]J, X) — C;_,(J, X) defined by

(FAO = [ (=9t~ 9)fs)es.

Then F is a continuous linear operator and F o Sr is a closed-graph operator via Lemma 3.
Owing to the definition of 7, we know that

() — /Ot(t — )% 1T, (¢ — s)B(s)u(s)ds € F(Sk., ).

By means of x;, — x4, ¥n — Y« as n — oo and using Lemma 3 again, we obtain that

yolt) = [ (6= ) Tt = 9)BE)u(s)ds € F(Sr,r).

That is, there is f, € Sr,, such that

y*(t)—/Ot(t—s)“*lTaa—s)B(s)u(s)ds:/Ot(t—s)**lT,x(t—s)f*(s)ds.

This fact implies that y. € ¥p(xy).

Hence, ¥, has a closed graph. Therefore, ¥ is u.s.c.

Thus, ¥ = ¥; + ¥ is condensing and u.s.c. Consequently, ¥ has one fixed point x in
B, due to Lemma 8, and the control system (4) has at least one mild solution. O

Under the case that g is completely continuous in C;_, (], X), we can also prove an
existence theorem of (4).
(H3)" g : C1_4(]J, X) — X is completely continuous.

Remark 2. According to (Hs)', {g¢(x) : x € B, } is completely bounded. Thus, sup ||g(x)|| exists
xX€B,
sup [g(x)]|

and lim **——— = 0.
r—0

Theorem 2. Let assumptions (Hy), (Hy), (H3)', and (Hy) hold. If

M  p-1

p-1
r(Dé)(PlX — 1b) b ||m||U”A <1,

then the fractional evolution system (4) has one mild solution in B,.

Proof of Theorem 2. We only prove that ¥ : B, — 2B\ {@} is u.s.c. Because ¢ : C1_, (], X)
— X is completely continuous, we easily obtain that ¥; is completely continuous. Com-
bining this fact with the complete continuity of ¥, ¥ is completely continuous. By using
the similar proof of Theorem 1, we deduce that ¥ has a closed graph. Furthermore, ¥ is
u.s.c. owing to the fact that ¥ has compact values. Therefore, by applying Lemma 9, we
conclude that ¥ has one fixed point x in B,. This x is the mild solution of (4). O

Let the following condition is satisfied:
(Hz)" F: ] x X = Pey,cp(X) satisfies the following conditions:

(i) For each x € X, F(t,x) is measurable to t and for every t € ], F(t,x) is w.s.c. to x.
For every x € X,

Sra={f € L' X)| f(t) € F(t,x), ae.t € J}

is nonempty.
(ii) There exists a function m € LP(J,R*)(p > 1) and a constant p > 0 such that

IE(t, )| == sup{ll F()| | (1) € E(t,x), t € ]} < m(t) +pt' " x]].
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Then it is obvious that the assumption (H,) is fulfilled. Hence, by Theorems 1 and 2, we
can obtain the following corollaries.

Corollary 1. Let (H;), (Ha)', (H3) and (Hy) hold. If

I(1+a) —aMM,

then the fractional evolution system (4) has one mild solution.
Corollary 2. Let (Hy), (Ha)', (H3)' and (Hy) hold. If
I'(l+a
p< %/ 9)

then the fractional evolution system (4) has one mild solution.

Remark 3. In our existence results, we apply the fixed-point theorems of multi-valued mapping
to prove existence theorems of the considered system when the nonlinearity f is not Lipschitz-
continuous. Hence, our results partly extend [7-9].

4. Existence of Optimal Control

In this part, we will demonstrate the existence of the optimal state-control pair of
(4). Under the assumption that g is completely continuous or Lipschitz-continuous in
C1-4(J, X), we will utilize the technique established in the Ref. [9] to study the existence of
optimal state-control pair of (4). By constructing minimizing sequences twice, we delete
the Lipschitz continuity of the nonlinear term f, which is extensively used as an essential
assumption in existing papers (see [7,8]), and without the uniqueness of mild solutions,
we prove the existence of optimal state-control pair of (4). Hence, our results improve and
generalize some related works.

Lemma 11. Let the assumptions of Corollary 1 be fulfilled, and there is k > 0 such that ||g(x)|| < k
for every x € Ci_o(J, X). Then, for fixed u € Uyg, thereis R > 0 such that ||x"||c, < R, where
x* is the mild solution of (4) associated with u € U,,.

Proof of Lemma 11. Since x* is the mild solution of (4) corresponding to u € U,,, then
there exists fyun € Spu such that

XU(E) = 2 T, (1) (xg — +/ )T, (£ = s)[feu (s) + B(s)u(s)]ds, te].
Forany t € |', by (H), (Hy) and Lemma 1, we have
H ()] = #7T T () (o0 — +/ )" Ta(t = 5)[fxu(s) + B(s)u(s))ds|

< || Tu(t) (x0 = g(x™)) || + £~ "‘/O (= )" M| Tu(t = 5)[fan (s) + B(s)u(s)]1ds

M -1 b p=1
= F(a)“|x0|+k+((p_i P (llml[r + || Bul|Le)]
Mpblfzx

+F(“)/Ot(t—s)"‘lsl"‘|x”(s)||ds.

By employing Corollary 2 of [17], we get that

((P b

ol (1) — )7 (Il + [BullLr)|Ea(Mbp) == R, (10)

I < gkl ++
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®© n
where Ey (k) = ) m is the Mittag-Leffler function. Taking the supremum on both
n=0

sides of (10), we have
1xlle,e = Sulf{flf“llxu(t)ll} <R
te

This completes the proof of Lemma 11. [J

When g is not Lipschitz-continuous, by Corollary 2, similarly to Lemma 11, we deduce
the following lemma.

Lemma 12. Let the assumptions of Corollary 2 be fulfilled, and there is k > 0 such that ||g(x)|| < k
for every x € Ci_o(J, X). Then, for fixed u € Uyg, thereis R > 0 such that ||x"||c, < R, where
x* is the mild solution of (4) associated with u € U,,.

Denote S(u) := {x* € Bg : x* € ¥(x") as the mild solution of (4) associated with
u € Uy in Br} and Ay = {(x*,u) : u € Uy, x* € S(u)}. We call A,; the set of
admissible state-control pairs.

To consider the optimal control problem of (4), we investigate the limited Lagrange
problem (P):

Seek a pair (%0, 1) € A,; such that

J (&0, up) = inf{ T (x",u)|(x¥,u) € Ay}, Yu € Uy, (11)

where J (x*, u) is the integral cost function given by

b
J (", u) :/O Lt %" (8), u(t))dt.

If a pair (%0, uy) € A, satisfies the formula (11), then the limited Lagrange problem (P)
is solvable. In this case, we call the pair (¥, 19) € A,; the optimal state-control pair of (4).
To study the limited Lagrange problem (P), let £ : ] x X x Y — R U {co} satisfy the
following condition:
(Hp): (1) L : ] x X xY — RU{co} is Borel measurable;
(ii) For each x € X and a.e.t € J, L(t,x,-) is convex on Y;
(iii) For a.e.t € J, L(t,-,-) is sequentially lower semi-continuous on X x Y;
(iv) There are constants ¢; > 0,cp > 0 and a function 7 € L'(J,R*) such that

L(t,x,u) > n(t)+cpx]| +oullf, Vte,xeX, uey.

Theorem 3. Let (Hy), (Hz)', (H3), (Hy) and (Hy) hold. Moreover, the inequality (8) is satisfied
and there is k > 0 such that ||g(x)|| < k for every x € C1_, (], X). Then the limited Lagrange
problem (P) has one optimal state-control pair. That is, there is one pair (£*°, uy) € A,4 such that

J (&0, up) < J(x*,u), (2%, u) € Ay.

Proof of Theorem 3. For fixed u € U, let J(u) := Héf( )j(x”, u). The proof is com-
xteS(u
pleted in two steps.
Step 1. We will show that there is ¥ € S(u) such that

J(&,u)= inf J(x*u)=Ju).
xHeS(u)

We suppose that S(u) has infinite elements. if 1r§f( : J (x",u) = +oo, there is nothing
xteS(u

to prove. Thus, let J(u) = 1réf( )j(x”, u) < 4o0. Owing to (Hp)(iv), we have J (u) >
xteS(u
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—co. Employing the definition of the infimum, we get a sequence {x};},~1 C S(u) such
that
lim J(xp,u) = T (u).

n—oo

We will first prove that for fixed u € Uy, {x!},>1 is relatively compact in C1_ (], X).
For fixed n > 1, since (x};, u) € Ay, there exists fyu € Sp ,u such that

xp(£) = #71T(8) (0 — g (7)) + /Ot(f —5)" M Ta(t — ) fuy () + B(s)u(s))ds

= Tyx(t) + Toxl(t), Vte].

(12)

From Lemma 10, {Z,x}; },,>1 is relatively compact in C1_ (], X).

In the following, the relative compactness of {Z;x%},>1 in C1_, (], X) is proved.

(i) We verify that {-!1=%Z;x!},>1 is uniformly bounded for every n > 1. In view of
Lemma 1, we have

ITu(t) (x0 — g(x2))| < %(onn +K),

that is,

M
d—a Ul <
” lenH = F(OC)(HXOH +k)
Therefore, {-17*Z;x!},,>1 is uniformly bounded.
(ii) We show that {-!7%Z;x!},>1 is equi-continuous for every n > 1.
When t; = 0and 0 < £, < b, by the strong continuity of T,(t) for t > 0 (see Lemma 1),
we have

ITa(t2)(x0 — g(xn)) — Ta(0) (x0 — g(an))[| = 0 (t2 = 0).
When 0 < t; < tp < b, by using the strong continuity of T, (t)(t > 0) again, we have
ITe(£2) (x0 = g(x)) = Tu(t1) (x0 — ()| = 0 (k2 =t = 0),

These facts imply that {-1=*Z;x%},> is equi-continuous for every n > 1.
(iii) For each n > 1, we prove that V(t) = {w(t) | w(t) = t'1=%Zyx¥%(t) },,>1 is relatively
compact in X.
The relative compactness of V(0) in X is obvious. Next, we prove the case of t > 0.
Let 0 < t < b, for any § > 0, define V°(t) = {w’(t)},>1, where

W (1) = o [ 0E(OT(140) (x0 - g(xi))d0
= aT(t5) /{5 " 02 (0)T (16 — 1%5) (xo — g(x))db.

Owing to the compactness of T(#*5) for t*5 > 0, the set V°(¢) is relatively compact in X.
Moreover, we get that

lw(t) = ()] = IIIX/(;s 0Ca(6)T(°0)(x0 — g(xy))db||

< (ol +) [ 02 (0)as
=0 (6—0).

Hence, for t € ]/, the set V (t) is relatively compact in X due to the fact that the relatively
compact set VO(t) is arbitrarily close to it in X. Thanks to the Arzela-Ascoli theorem,
{1787 x},>1 is a relatively compact subset in C(], X), which means that {Z;x%},>1 is a
relatively compact subset in C1_,(J, X), Thus, {x} },>1 is a relatively compact subset in
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Ci—a(J, X) for fixed u € U,;. Without loss of generality, for fixed u € Uy, let lgn xp — xt.
n—oo
The assumption (H;)" and Lemma 1 yield that

1t — ) Tt — 8)[fux(s) + B(s)u(s)]| < r](\i)(t — ) [m(s) + pR + | B(s)u(s)|]
and
=) + B < (L) 70 il + [Bulr] < +oo

Since the operator ¥ has a closed graph, taking n — oo on both sides of (12), by the
continuity of g, we deduce that

() = 1T, (1) (xo — g(F)) + /Ot(t —8)* AT (t — 8)[fru(s) + B(s)u(s)]ds,

where fzu € Sg z«. This fact yields that ¥ € S(u).
It follows from (H}) and the Balder theorem [18] that

J(u) = lim J(x;,u)

n—oo
b
= lim [ L(tx;(t), u(t))dt

n—oo Jo
b
2 ),
—Jo
> J(u).
Therefore, J(¥%,u) = J(u) = Héf( )j (x*,u), which implies that, for each u € U,
xteS(u

J (x",u) attains its minimum at ¥ € S(u).
Step 2. We will prove that there is ug € Uy, satisfying J (1) = irbf J ().
uelyg

L, (8), u(t))dt

T, u)

Let inf J(u) < +oo. By Step 1, we have inf J(u) > —oco. According to the
ucl,y uclyy

definition of infimum, there is {u, },>1 C U,y satisfying nlgn T (uy) = irbf J (u). Since
- S uel,y

{tnhz1 € Ung CLP(LY) (p> )

is bounded and LP(],Y) (p > 1) is a reflexive Banach space, it follows that there is a

subsequence, still denoted by {u, },,>1, such that
w
Uy —> gy (n — c0),
for some ug € LP(J,Y). By utilizing the closedness and convexity of U,;, we obtain that
ug € Uyy.

For every n > 1, by Step 1, we can find 7 € S(u,) satisfying J ("7, u,) = J (un).
Therefore, (%7, u,) € A, and satisfies

T (t) = 1T (1) (xo — g(247)) + /Ot(t — ) LT (t — 8)[fun (5) + B(s)un(s)]ds

= P1x"n(t) + Poxn (1),

(13)
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where frun € S zun. By employing the technique used in Step 1, we know that {P1x""(-) },,>1
is relatively compact in C1_,(J, X). By Lemma 10, {P>x""(-) },,>1 is relatively compact in
C1-4(], X). Consequently, {x"},,~1 is relatively compact in C1_, (], X).

Without loss of generality, we suppose that there is a subsequence of {%"" },,>1, labeled
by itself, satisfying nh_r};o x#n = x"0. Hence, taking n — oo in (13), since the operator ¥ has a

closed graph, it follows from the continuity of g that

(1) = £ Ty (1) (x0 — g(3™)) + /Ot(f = 8)* T (t = 5)[feo (5) + B(s)uo(s)]ds,

where fruy € Sg zuo. This fact implies that (£, 1) € A, is an admissible state-control pair.
According to the Balder theorem [18] and (H] ), we obtain that

inf J(u)=lim J(u,) = lim J(x"",uy)

uell,y n—00 n—00
b
—1; zln
_n]gxf‘)lo o E(t,x (t),un(t))dt

> [ 20,200, uo() et

=J (2", ug) = J (uo)
> inf J(u).

T uely
Thus,
T(uo) = inf T (u).

ucl,y

Therefore, we have

_u(], = inf = inf inf u’ :
J (%, ug) ugbﬂdj(u> ugbadxérsl(u)j(x Y

That is, the limited Lagrange problem (P) has one optimal state-control pair (0, 1) in
Ay O

Similarly, we can prove the following theorem when g is completely continuous.

Theorem 4. Let (Hy), (Hz)', (H3)', (Hy) and (Hy) hold. Moreover, the inequality (9) is
satisfied, and there is k > 0 such that ||g(x)|| < k for every x € Cy_4(J, X). Then the limited
Lagrange problem (P) has one optimal state-control pair.

Remark 4. In Theorems 3 and 4, we demonstrate the existence of optimal state-control pair of (4)
when the nonlinearity f is not Lipschitz-continuous. By constructing the minimizing sequence
twice, we prove that the limited Lagrange problem (P) has one optimal state-control pair without the
uniqueness of mild solutions of (4). The obtained theorems extend the main results of [7,8].

Remark 5. In the present work, by using the fixed-point theorems of multivalued mapping, the
existence theorem on mild solutions as well as optimal controls are investigated for (4) under the
assumption that g is completely continuous or Lipschitz-continuous. The obtained results are
natural improvements of [9,14].
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5. An Application
Example 1. We consider the fractional partial differential inclusion

LDix(ty) € Rx(t,y) + E(tx(L,y)) —i—/onq(y,'r)u(r,t)d'r, e (01],ye0n]
x(t,0) =x(t,71) =0, te€(0,1],

1 n
Ix(ty)le=o + ,ZOkgx(ti,y) =x(y), ye[on],
1=
(14)
where LD3 stands for the f—order fractional derivative operator in a Riemann-Liouville sense,

and I3 represents the g—order Riemann-Liouville fractional integral operator, g € C([0, 7] x
7T
[0, 7], R), kep(y) = /0 k(y, T)p(t)dT, u € L2([0,71],R), 0 < tg <t < --- < t, < 1.
Let X =Y = L%(]0, ], R). We define A : D(A) C X — X as follows:

9%x

=5

where D(A) = {x € X | x” € X, x(0) = x(7) = 0, x and x’ are absolutely continuous}.
From [9], A generates a compact analytic semigroup {T(t),t > 0} in X. This means that

(Hp) holds. Let
2 2
(x,u) // ty|dydt+// u(t,y)| dydt.

Forany t € [0,1], let
x(H)(y) == x(ty),

BOut) = [ g, 0u(z i,
F(t, (1)) (y) = E(t,x(t,1)),
= ékgx(fi,y).

Then the differential inclusion (14) can be transformed into the form of abstract fractional
evolution inclusion (4) and

) = [ (Ol + ()]

Now we take

N\'—'

Mg = (n+1)( / / K (y, T)dtdy)?.

Then, the assumption (Hj) is satisfied. Let multi-valued mapping F(t, x(t, y)) satisfy the
following condition:
(P) The multivalued mappmg E(t,0):]0,1] x X — Py, cp(X) is satisfied:

(i) For every ¢ € X, F is measurable to ¢ and for each t € [0,1], F is u.s.c. to 9. For
every ¢ € X,

Sre = {f € LY([0,1], X)|f(t) € E(t,0), t € [0,1]}
is nonempty.
(ii) There are m € L?([0,1],R*) and 0 < p < I'(3) — M, such that

IE(t x(ty))I| < m(t) +pt'=x].
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Thus, the assumption (Hz)’ is satisfied. According to Theorem 3, let (H.) hold, then
the fractional partial differential inclusion (14) has at least one mild solution, and the
corresponding Lagrange problem (P) has one optimal state-control pair.

Remark 6. Clearly, if we take g(x)(y) := i Cix(t;,y) where C; > 0 are constants for i =
i=0

n
1,2,-- - ,n, then the assumption (Hs) is satisfied with Mg = Y C;.
i=0

Remark 7. In applications, we can give the multi-valued mapping F(t, x(t,y)) the specific expression,
which satisfies the assumption (P). Then the assumption (Hy)' can be satisfied.

6. Conclusions

In this work, we first proved the existence theorem on mild solutions of (4) by using
the theory of operator semigroups and fixed-point theorems of multi-valued mapping.
Then, by constructing the minimizing sequence twice, the existence theorem on optimal
state-control pairs is also obtained. It is worth emphasizing that we delete the uniqueness
of mild solutions, which is an essential assumption in some existing papers. Hence, our
work improves some of the existing literature. If the Riemann-Liouville fractional evolution
inclusions involve time delays, it is difficult to prove the existence of mild solutions as well
as the optimal control because the Riemann-Liouville fractional derivative is singular at
t = 0. It is a valuable topic which we will study in the future.
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