symmetry

Article

New Results on Fourth-Order Differential Subordination and
Superordination for Univalent Analytic Functions Involving a
Linear Operator

Bassim Kareem Mihsin 1*, Waggas Galib Atshan 2(7, Shatha S. Alhily ! and Alina Alb Lupas 3

check for
updates

Citation: Mihsin, B.K.; Atshan, W.G.;
Alhily, S.S.; Lupas, A.A. New Results
on Fourth-Order Differential
Subordination and Superordination
for Univalent Analytic Functions
Involving a Linear Operator.
Symmetry 2022, 14, 324. https://
doi.org/10.3390/sym14020324

Academic Editor: Ioan Rasa

Received: 10 December 2021
Accepted: 10 January 2022
Published: 5 February 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, College of Science, Mustansiriyah University, Baghdad 10052, Iraq;
shathamaths@yahoo.co.uk or shathamaths@omstansiriyah.edu.iq

Department of Mathematics, College of Science, University Al-Qadisiyah, Diwaniyah 58001, Iraq;
waggashnd@gmail.com or waggas.galib@qu.edu.iq

Department of Mathematics and Computer Science, University of Oradea, 410087 Oradea, Romania;
alblupas@gmail.com

*  Correspondence: basmk3756@gmail.com

Abstract: We present several new results for fourth-order differential subordination and superordina-
tion in this paper by using the differential linear operator I'z ; 5, f (). Relevant connections between
the new results presented here and those considered in previous works are addressed. The properties
and results concerning the differential subordination theory are symmetric to the properties obtained
using the differential superordination theory, and by combining them, sandwich-type theorems
are obtained.

Keywords: fourth-order differential subordination; admissible function; Hadamard product; differ-
ential subordination; superordination; sandwich theorem; dominant; subordinate

MSC Classification: 30C45

1. Introduction

The investigation conducted in this paper uses the well-known concepts of differential
subordination and differential superordination. The concept of differential subordination
introduced by Miller and Mocanu is presented in the monograph published in 2000 [1],
and the concept of differential superordination was introduced by the same authors as dual
concept to subordination in 2003 [2]. Third-order differential inequalities in the complex
plane were considered in 1992 [3], and the concept of third-order differential subordination
was introduced in 2011 by Antonino and Miller [4]. Further investigations were done on
third-order differential subordination results for univalent analytic functions involving
an operator in 2020 [5], and continuing the idea, the concept of fourth-order differential
subordination was introduced and studied in 2020 [6,7]. Further results were published
in 2021 [8] regarding the new concepts of higher-order differential subordinations. The
present paper continues this study.

Interesting results were recently obtained regarding higher order differential subor-
dination involving an operator [9-12], and other interesting results involving operators
emerged as can be seen in papers published in 2020 [13-16] and 2021 [17-19]. These results
motivated the introduction of the new operator, which will be presented at the end of this
first section in Definition 1, and will be used in the next sections to obtain the original
results regarding fourth-order differential subordinations and superordinations.

The usual environment provides the context for the present investigation. Well-known
notations and definitions used for obtaining the original results are next presented.
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K (U) denotes the family of analytic functions in U” that have the form:

Kla,n] = {f € IC(UD> D f(8) = a+ a3 +a,3""! +---},

aeC,neN=1{12..1}

and let U, be the collection of the form:
Bo = {F e K(U): f(5) = 5+ apuyz™ 4],

where U7 = U, the subclass of normalized analytic functions in U’ Further, indicate by M
the subfamily of K (UO) of the form:

f(z)=2z+ ianZ“,zeU‘°, )
n=2

which are univalent in U’. For analytic functions f and F, the function f is said to be
subordinate to F, if

f(2) =F(@(2)), (zeU’),

where ©(%) is analyticand ©(0) = 0, |©(3)| < 1. This subordination is indicated by
f(2) < F(2).

Cho and Kim [20] proposed the multiplier transformation as a linear operator. Let
n be any integer; the multiplier transformation Eﬁ :M — M is given by ﬁﬁ f(B) =2+

B
o (454) s, p 2 0p€Z= (o, ~1,0,1,:- )
The Hurwitz—Lerch Zeta function [21] is

[e0]

Crep(2 ey

- n—l—p

(p e C\Z, ={0,—-1,-2,...}, m € C, where |2|< 1, Re(m) >1, 3 € au°)

By making use of the following normalized function, we have:

Grp(3) = (140)" [Crp(3) —p 7] = z+Z:°_2<1ig> ,zel.

If f,g € M, where f given by (1) and g is defined by

g(3) =2+ Y byz",z2€U,
n=2

then

(F8)(2) =2+ Y anba2" = (g % )(2).

n=2

Using the convolution defined above, a new operator is next introduced as the original
part of the present paper.

Definition 1. Assume f € M,% € 8U0,p e C\zZ, ={0,-1,-2,...}, where |3| < 1,
Re(mt) >1,u >0, B € Z, 7t € C; we define new operator Iy, f(2) : M — M, where

1+ n+u\?
Frppnf (2) = Grpz) % Luf (2 —z+2<n+£> <1+£> nz" @
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After a simple computation, we obtain the relation:

Z(rn,p,ﬁ,yf(z))/ =(1+ V)rﬂ,p,ﬁﬂ,;tf(z) —H rn,p,ﬁ,yf(z)- 3)

2. Problem Formulation

The subcollection of various analytic and univalent functions, which are connected to
differential subordination and superordination in the open unit disk U°, has been initiated
in recent times from a variety of intriguing outcomes and perspectives (cf. [7,22-28]).
Additionally, several authors obtained good results on second- and third-order differential
subordination; e.g., [29-35].

In order to demonstrate the original results, we will need the basic concepts of fourth-
order theory previously introduced, which we present below showing the papers where
they first appeared.

Definition 2. Ref. [4]: Assume that Q is called the set of functions q that are univalent and

analytic on the set UO\E(q), where E(q) = {j :J €U and lim q(3) = oo} are such that
=T

min|q' (J)| = > 0 for J € oU \E(q). In addition, indicate by Q@(a) the subclass of function

q for which (0) = a. Note that @ = Q(1) = {q(z) € @:q(0) = 1}.

Definition 3. See [6,7]: Assume that # is univalent in U and ¢ : C°> x U~ — C. If the analytic
function p fulfills the fourth-order differential subordination

¥(p(2), 20/ (2), 2%p" (2), 2" (2),5p" (2);3) < £(3), @

then the function p is named a solution of the differential subordination (4). A univalent function q
is named a dominant of the solutions of the differential subordination if p < q for all p satisfying
(4). A dominant ©(3) that fulfills q < q for all dominants q of (4) is named the best dominant.

Definition 4. See [6,7]: Assume that q € @ and Q) is a set in C. The admissible functions class
D[, q], (n € N\{2}) consists of those functions 1 : C° x U" — C that fulfill the following
admissibility condition:

V(s t,u,b;3) ¢ Q,

wherever " (o)
— _ t Tq” (7
v=q(t), s = mre/(1), Re(L+1) Zm’Re(l—l— o) ),
21 3o/
R 2 R ) () 2 e (59,

(zel, T€dU \E(q) and m > n).

Theorem 1. See [7]: Let p € K[a,n], (n € N\{2}). Inaddition, let q € Q and fulfill the conditions:

M) (D o

o' (1) o' (7)

where 2 € U, T € oU \E(q) and m > n. If ¢ € &4[Q,q], QisasetinC and
¥(p(2),2p'(2),2%p" (3),3°p" (3),3%p" (2);2) € Q, then p(z) < q(2), z€ U .

Definition 5. See [6,7]: Assume that ( : C> x U — C and # is an analytic function in U". If
p(%) and

y(p(2), 20 (2), 22" (2), 2°p" (2), &'p" (2);%)
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are univalent in U~ and satisfy the fourth-order differential superordination
#(2) < 0 (p(2), 2p'(2),2%p" (2),8°p" (2),3*p" (2);2), ©)

then p(2) is called a solution of the differential superordination. An analytic function a(2) is
denoted a subordinate of the solutions of the differential superordination or more simply a subordinate
if 4(3) < p(3) forall p(2) satisfying (6). A univalent subordinate ©j(2) that satisfies the condition
q(2) < (%) for all subordinates «(2) of (6) is referred to as the best subordinate. We note that
the best subordinate is unique up to a rotation of U .

Definition 6. See [6,7]: Assume q(2) € K[a,n], o (3) # 0and Q is a set in C. The class of
admissible functions @, [(2, q] consists of those functions:

p:CxU —C
that satisfy the following admissibility condition:
U(t,5,tu,b;3) ¢ Q,

wherever

(@) o= L), Re( 1> e 22 )

R(2) 2 hre(THD), (1) 2 e T)),

wheret €9U°, 2 € U and x > n > 3.

and

Theorem 2. See [6,7]: Assume that € @, [Q, q] and q(2) € K[a,n]. If
b(p(2), 29 (2), 2% (2), 2°p" (3), 3'p" (2);2)
is univalent in U" and p(3) € Q(a) satisfy the conditions
22q" (z) z2q" (%) 1
> — ) <
()20 |G e

zelU,Tedl, andx > n > 3, then where

0 {((p(e)2p'(2), 2" (2), 2% (2) " (2);%), s U ) |
thus, q(3) < p(3),z2 € U .

Using those known definitions and results, in the next two sections, we prove new
fourth-order differential subordination and superordination results involving the operator
introduced in Definition 1. Further, in the last section of the paper, we combine the results
for obtaining a sandwich-type theorem.

3. Fourth-Order Differential Subordination Results Using the Operator I',; , 5,f(z)

We give the class of admissible functions, which is required in proving differential
subordination theorems using the operator ', g ., f(2) given by (2).
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Definition 7. Assume q € QN Ky and Q is a set in C. Let 0r[Q,q] be the class of ad-
missible functions that consists of those functions Y : C> x U — C that satisfy the following
admissibility condition:

Y(r,s,xy,83)¢Q,

wherever Ja(z) %)
o _ mJqgi(T + puqg(2
r= 031(;7) 7 3 = 1 + ],[ 7
(1+p)*x — pPr {Jq”(J) }
Red ~—1—"— —2us >mReq ——~+1¢,
{ A+ms—pr [~ o (J)
Re{ (1+4p)s —pr +(2+6y+3y> sze{ o' (J) }
and
Ref () [+ g — (1) (6+4p)y +(1+p) (11+18p+8p% ) x
(1+p)s+ur
_(6$+22y+18y2+8y3]+(6;t+11y2+6y3+3;44)$} o wdRel LT
(T+pu)s+pur =m e{ TdJ) }

wherez € U, y € 90U \E(q), 4 > —1and m > 3.

Theorem 3. Assume that Y € 0r[Q, q). If f € Uand q € Qq satisfy the following conditions:

jz@l"' (j)> ‘ (Fn,p,ﬁ,ﬂf(z)> ’ 2
re( i) 20 @) =" 7
and
{Y(rﬂ,p,ﬁ,yf(z)frn,p,ﬁ+1,;¢f(z>/ rﬂ,p,ﬁ+2,yf(z)rrn,p,ﬁ+3,;¢f(z)/ Fn,p,ﬁ+4,;4f(z)) RS uo} C (8)

then Ty, 6,f(%) < a(2), 3 € u’.

Proof.
Put p(2) = I'np p,uf(3) )
Now, by differentiating (9) with respect to 3 and by applying (3), we obtain:

3p'(3) + up(2) (10)

rn,p,ﬂ—l—l,yf(z) = (1 T “ll)

Further computations show that

22p" () + (121 + 1)3p' () + 4?p(3)

Trepranf () = (14 p)? , (11)
3.m 2 2 , 3
T piapnf(2) = wp(z) + (3+3u)z%p" (2) + (1 —23y+3y )zp'(3) + 13p(3) W)
(1+mn)
and
Uropranf (3)
(13)

B (B) 4 (6+41)B°p" (B) +(7+120+42) B p" (B) 4+ (1+4p-+412+43) By (B) +p*p(3)
B (1+p)* ‘
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Now, we present the transformation from C° to C by

5+ pt

]I'(t,ﬁ,f,u,b;Z) = S(’C,S,t,u,b;Z) = 1 —}—‘M ’

t+ (14 2u)s + u’c
(1+p)?
u+ (34 3u)t+ (14 3p +3p)s + pde

v(t, s tub;z) = I ,

x(t,8,t,u,b,%8) =

and
b+ (4p+6)u+ (42 +12u +7)t+ (4> +4p® +4p + 1)s + pe
(1+m*

g(r,s,tub;2) = . (14)

Assume

P(r,s,tu,b;3) =Y(r,8,%x,y,4q,3),

~Y(c st t+(142p)s+p2e u+(3+3p)t+ (1+3u+3p% ) s+pc
RN (1?7 (1+u)® ! (15)

b+ (6+4p ) ut (7+12p+4p% ) t+ (1+-4p+42 +45° ) s+ pte 2
(1+p)* )

We conclude the proof by using Theorem 1, and by using Equation (9) in (13), we
obtain from (15) that

(W (p(2),2p'(2),8%p" (3),2°p" (3), 24" (2);3) =
Y( npﬁyf() npﬁ+1yf() npﬂ+2yf() np,B+3yf(Z) npﬁ+4;tf() )

Therefore, (8) transforms into

(16)

b(p(2),2p'(2), 82" (3), %" (3), %p" (2);%) € Q,

and we observe that

t (1+y)2x—y21r

RNTE I G S 9

5+ (14 u)s —yr #
u  (T+ )[4 p)y — (34 3u)x] + (32 +2p%)1 >
== ey + (24 6p+3p2),

and

b (1+y)[(1+y)3g7(1+y)2(6+414)§”r(1+;4)(11+18y+8y2)x7(6+22y+18y2+8;43)$]+(6y+11;42+6y3+3;44)1r
rFE (1+u)s—ur

Hence, we have the equivalent of the admissibility condition for r[(2, ¢} in Definition 7
with the admissibility condition for { € @, [, q] as known in Definition 4, n = 3. Thus,
by using Theorem 1 with Equation (7), we have p(3) =T, f(3) < a(2). O

The below corollary is the extension of the above theorem for the case where the action
of q(%) on dU" is unknown.
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Corollary 1. Assume the function a(%) is univalent in U with ¢(0) = 1 and Q C C. Assume
Y € 0r[Q, q,] for some v € (0,1), such that q,(3) = q(y3). If the function f(2) € U and
(%) satisfy the following conditions:

Re(jz a” (2 )> >0, <F7fpﬁ+zﬂf(z)

' (%) o'(2)

) ‘ <m? (z cu,Jc BUO\E(%)) (17)

and

{Y(Fmp,ﬁ,uf (2): U piruf (2) Droppiopf (3) Vrpprapf (B), Trpprapf (2)): % € uo} cQ

Then
Tropuf(3) <a(z),z2el.

Proof. By applying the theorem above, we have I' ; g .f(2) < @+(%). Then, we have
the result from ¢, (%) < q(3),z € U . If Q # C is a simply connected domain, then
Q = £(U") considering a conformal mapping #(%) of U onto Q. In this case, the
class O [#(U"), q] can be written as 0r [ %, q]. O

Now, we obtain the next two results from the above theorem and corollary.

Theorem 4. Assume that Y € 0r[#,q, if g € Qq and f € U fulfills the condition (7) and

Y(Fn,p,ﬁ,yf(z)rFn,p,ﬁ+1,;¢f( ) npﬁ+2yf( ) 7tp/3+3yf( ) npﬁ+4;4f( ) )-</?,(Z), (18)

then Fn,p,ﬁ,;tf(z) < q(%),% € u.

Corollary 2. Assume the function «(%) is a univalent in U ,q(0) = 1 and Q C C. As-
sume Y € Or[#,q,] for several v € (0,1) such that q,(3) = q(y3). If u, satisfies the
condition (17), f € U and

Y(Fn,p,ﬂ,yf(z)/ npﬁHluf() npﬁJrny() npﬁ+3yf() npﬁ+4yf() )<k(z)r

then
Crppuf(2) <a(z),zel.
Now, the next theorem gives the best dominant of the differential subordination (18).

Theorem 5. Suppose Y : C> x U~ — C ; also assume the function # is univalent in U’ , and the
differential equation

Y<q<z), B/ (%)+pua(®) z2q" (Z)+(l+2y)Zq’(z)+},2q(z)

T ’ (1+p)? ’
B’ (2)+(+30Z " (2)+(13u+32)3dl (B) +10a(3) B'a™ (3)+(6+h3a” (3)+ (1)
(1+p)° ' (1)
(+12042) 2 el S EEZ) _ g
(1+p)* B ’

has a solution @(2) with q(0) = 1 and q(3) verifies Equation (7). If the function f € M satisfies
condition (18) and

Y( ﬂpﬁyf( ) npﬁ—i—lyf( ) 7Tp,5+2}lf( ) npﬁ+3yf( ) npﬁ+4yf( ) )

is analytic in u’, then
Irppuf(2) < a(z), and q(3) is the best dominant.
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Proof. By applying Theorem 3, it can be shown that (%) is a dominant of Equation (18),
because q(%) satisfies (19), so that ¢ (%) is a solution of (18) and hence q(2) will be dominant
of all dominants; therefore (%) will be the best dominant. [

Now, we put ¢(2) = Mz, M > 0, and using Definition 7, the class of admissible
functions 6r[(), ], denoted by 6r[(), M], is given below.

Definition 8. Assume that Ml > 0 and that 2 is a set in C. The class of admissible functions
0r[Q, M] consists of those functions Y : C° x U~ — C that satisfy the admissibility condition:

Y(Melﬂ Kb o o ]L+[(2y+1)]k+y] e N+ (3u+3)L+ [3p2+3pu+1) k+p°

7 THu (1+p)? ’ (1+p)° ’ 20)
A+ (4p+6)N+ (42412047 Lot [ (43 +4p2 +4p+1) ket o Mei? ) ¢0,
(14+p)*

suchthat1> —p,z € U, Re(Le ?) > (k — 1)kM, Re(Ne %) > 0 and Re(Ae %) >0
forall ¢ € Randk > 3.

Theorem 6. Assume that Y € 0r[QQ,M|. If f € M fulfills the conditions: ]Fn,prﬁ+2,yf(z)| <
kM, k>3, M >0, and

Y(Fn,p,ﬁ,yf< ) np/S+1;4f( ) rrp/SJertf( ) np,B+3;4f( ) npﬁ+4;4f( ) )EQ,

then |5, f (3)] < ML
Now, taking Q = q(U’) = {w:|w| < M}, the class 0r[Q,M] is simply denoted
by 6r[M].

Theorem 7. Assumek > 3, M > 0, u > —1. If f € M satisfies the conditions ‘Fn,p’ﬁ+2,yf(z)’ <

kZMand\uw) Trppagef (2) = WU+ 1) T peauf (2)] < (114 3p+ 042 + %] +207+
Op + p2|)3M., then | T p g, f (3)| < ML

Proof. Assume that Y(r,s,x,y,8,%) = (14 p)*g — u(1+ )%y, Q = £(U"), such that
£(z) = (‘1 3+ 2 +y3‘ +2]7+9y +(5;42D3Mz, M > 0.

Now, by applying Theorem 6, we show that Y € 0r1[Q2, M]. Because

|Y(M it Kt it L+[(2y+1)k+y] e® N+ (3+3p) Lt [143p+3p2 ) k4

* 14y (1+p)* ’ (1+p)° ’
A+ (6+4p)N+ (7+12u+412 ) LA [ (14+4p-+4 2 +4p5 ) k+ pt | Met? .3)|
(1+p)* ’

= [A+ (6+3pu)N+ (749 + p?*)L+ (14 3p + p® + p®) kMe'®|
= [Ae™® + (64 3pu)Ne ™ + (749 + p2)Le ™% + (1 + 3y + ) kM|
> Re(Ae ) +[(6 4 3u)|Re(Ne ™) + | (7 + 9 + u?) |Le ™™ + | (1 +3p + > + %) | kM,
> (14 3+ 2 4 %) [KMA+ 2 (7 4+ 9+ 3e2) [ (ke — 1)M
> (|(L+3u+pu?+u3) | +2[(7+ 9+ p2)|)3M,
such that

Re(Ae™?) >0, Re(Ne™®) > 0and Re(Le”ﬂ) (k — 1)kMa
forall € R, 3 € U and k > 3.

The proof is complete. [



Symmetry 2022, 14, 324

9of 12

4. Fourth-Order Differential Superordination Results Using the Operator I',; , 5 ,,f(2)

In this section, we introduce fourth-order differential superordination by using I'; 5., f (%)
defined by (2). For this main aim, the class of admissible functions is given by the defini-
tion below:

Definition 9. Assume o (2) # 0, q € Ky and let Q be a set in C. The admissible class
Y}[[Q,q] consists of those functions Y : CO x U — C that satisfy the admissibility condition

Y(r,s,x,y,8J)€Q,

where
3749 (%)+mq(2
r=q(2), s= ((lJr)y)m ( ),
144 x—p?r Zq’ (3
Re{w —ZV} > ,11736{ q,(g)) +1¢,
(1+V)2[(1+P‘)y*(3+3P‘)X}+(3;12+2y3)r 5 1 qu’” (Z)
Re{ (14+u)s—pr + (2+6V+3V ) > FRe W ,

and

Re{ A1) [(1+1)°g— (1+p)? (6-+4p) y+(1+10) (11+18p+8p2 ) x
(1+p)s+pur

— (6422182 +8% )] + (611 +6p7+ 3yt ) | 1R 2y (3)
(I+p)s+ur = e ’

wherez e U, J € au°,y € C\Z5,Z5 ={0,-1,-2,...} and m > 3.

Theorem 8. Assume that Y € 01[Q, q]. If f € Mand Ty 5, f (%) € Q satisfy the conditions

Re(#q’”(z))zo, ’(W>’§1 @

o' (2) o/ (2) m?

and
{Y(Fﬂ,p,ﬁ,yf(z)rrn,p,ﬂ—i—l,yf(z)r rn,p,ﬁ—&-Z,yf(Z)/rn,p,ﬁ+3,yf(z)/ Fn,p,ﬂ+4,yf(z)) RS uo}

is univalent in U , and

Qc {Y(rﬂ,p,ﬁ,yf(z)r rﬂ,p,ﬁJrl,yf(Z)/rn,p,ﬁJrZ,yf(Z)rrn,p,ﬁ+3,yf(z)rFn,p,ﬁ+4,yf(z)?z € uo)} ’ (22)

then q(z) < rn,p,ﬁ,;tf(z)-

Proof. Define the functions p(%) and V by (9) and (15), respectively. We have Y € 07[Q), q ].
Therefore, from (16) and (22), we obtain

Oc {11) (p(z),zp’(z),zzp"(z),z3p'” (),84p" (3);5 € UO) }

Now, from Equation (14), note that the admissibility condition for Y € 07[Q),q ] in
Definition 9 is the admissiblity condition for 1\ as defined in Definition 6 with n = 3.
Therefore, by applying (7) and Theorem 2 and knowing \ € 6p[(), q ], we obtain

u(2) <p(2) = Trppuf(2)-
Hence, the proof of theorem is complete. [J
Now, if Q = #£(U") for a conformal mapping #(3) of U onto Q and if Q) # Cisa

simply connected domain then the class 0} V& (UO ) ,q } is written as 01 [, q |.
The below theorem is direct consequence of the theorem above.
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Theorem 9. Consider the analytic function #(z) in U and Y € 0r[£(U ),q]. If f €
M, Iy ppuf(3) € Qand q € Ky satisfies the condition (21),

Y (T pf (3), T piruf (3), Trppionf (2), Tnppeanf (2), Trppranf (3) 13 € U}

is univalent in U , and

#(3) € {Y (Tnppif (2), Tuppinf (3), Trppsanf (2 Tnppianf (3), Tepprapf@iz e )}, (23)
then q(z) < rn,p,ﬁ,;tf(z)-

Proof. The proof of theorem is similar to that of Theorem 3 and is omitted here. [

Theorem 10. Assume that Y : C3 x U — C, the function #(%) is analytic in U, and ¢ is
defined by (15). Assume that the differential equation

{#(p(2), 20/ (2), 2%p" (2), 2°p" (2), 2*p" (2); 5 € U') | = £(3), 4)

has a solution q(3) € Q. If I, 5,f(2) € @, q € Ky, o' (3) # 0and f € M satisfy the
conditions (7) and (21),

{Y( n,pﬁyf( ) ,p,ﬁ—&-l,yf( ) ,p,ﬁ+2,yf( ) 7,0, ﬁ+3,;4f( ) n,p,ﬁ+4,;4f(z)) RS UO}

is univalent in U , and

k(z) C {Y<Fn,p,ﬁ,yf(z)/ rﬂ,p,ﬁ—&-l,yf(z)/rn,p,ﬁ+2,yf(z) 0, ﬂ+3,yf( )r T,0,B+4, yf( ) 3 e uo)}r
then a(2) < I ppsf(3), and q(3) is the best subordinate of (23).

Proof. The proof of theorem is similar to that of Theorem 5 and is omitted here. [J

5. Sandwich-Type Results

Now, by using Theorems 5 and 9, we have the sandwich-type result.

Theorem 11. Consider two analytic functions #1(2) and q1(3) in U, and ap(2) € @
with q1(0) = ap(0) = 1. In addition let the function #,(%) be univalent in U and Y €

Or[ #2,a2] NOF[#1,an]. If Trppuf(3) € @ NK, feM,

{Y( npﬁyf( ) np/S+1]Af( )/ npﬁ+2;4f( ) 7rp/3+3yf( ), Fn,p,ﬁ+4,yf<z)> :Zeuo}

is univalent in U, and the two conditions (7) and (21) are satisfied as

kl(z) = {Y(Fﬂ,p,ﬁ,yf(z)r np/S+1;4f( ) npﬁ+2yf( ) np,B+3yf( >’ Fn,p,,6+4,yf(z);z€ uo)} = kZ(Z)/

then
a1 (Z) = Fn,p,ﬁ,yf(z) =< a2 (Z)

6. Conclusions

A new differential operator is introduced in the present paper in Definition 1. Using
the concepts of fourth-order differential subordination and superordination, the classes
of admissible functions are defined related to each of the two concepts, and using those
definitions, several theorems are proved involving the newly defined operator regarding
fourth-order subordinations in Section 3 and regarding fourth-order superordination in
Section 4. By applying a well-known technique, a sandwich-type theorem is stated in
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Section 5 of the paper combining the subordination and superordination results obtained
before. The results presented here could inspire future work involving other operators for
obtaining fourth-order differential subordinations and superordinations. Certain special
classes of univalent functions could be introduced using the operator defined in this paper,
and studies for obtaining properties of those classes could be done invoking the notions
of fourth-order differential subordination and superordination using the admissibility
conditions given here in Definition 7, Definition 8 and Definition 9 and the best dominant
obtained in Theorem 5.
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