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Abstract: The algebras of the symmetry operators for the Hamilton—Jacobi and Klein-Gordon-Fock
equations are found for a charged test particle, moving in an external electromagnetic field in a
spacetime manifold on the isotropic (null) hypersurface, of which a three-parameter groups of
motions acts transitively. We have found all admissible electromagnetic fields for which such algebras
exist. We have proved that an admissible field does not deform the algebra of symmetry operators for
the free Hamilton—Jacobi and Klein-Gordon—-Fock equations. The results complete the classification of
admissible electromagnetic fields, in which the Hamilton-Jacobi and Klein-Gordon—Fock equations
admit algebras of motion integrals that are isomorphic to the algebras of operators of the r-parametric
groups of motions of spacetime manifolds if (» < 4).

Keywords: Klein—-Gordon-Fock equation; algebra of symmetry operators; theory of symmetry;
separation of variables; linear partial differential equations

1. Introduction

The Klein-Gordon-Fock equation describes the dynamics of massive spinless test
particles interacting with fields of a gauge nature. It is used to study quantum field effects
in external electromagnetic and gravitational fields for scalar particles, as well as to build
approximate models for fermions. In this case, the problem of finding the exact basic
solutions of the Klein—-Gordon-Fock equation in the external intensive fields is of great
importance. The basic solution is a common eigenfunction of the complete set of symmetry
operators. In order to obtain the exact basic solution, it is necessary to find a commutative
algebra consisting of three linear differential symmetry operators no more than quadratic
in momenta. The problem of constructing such algebras has been sufficiently studied.
Suppose this algebra forms the traditional complete set of symmetry operators for the
Klein—-Gordon-Fock equation. In this case, spacetime admits a complete set of geometric
objects, consisting of mutually commuting vector and tensor killing fields, and belongs to
the set of Stackel spaces.

A Stickel space (V) is an n-dimensional Riemannian space of an arbitrary signature,
in which the free n-dimensional Hamilton-Jacobi equation for a massive test particle is
integrated by the method of the complete separation of variables. The Stdckel space admits
the complete set of killing fields. It is proved that the n-dimensional Klein-Gordon-Fock
equation can be integrated by the method of complete separation of variables, only if it
admits the traditional complete set of symmetry operators.

This is only possible in certain classes of Stiackel spaces. The method for finding basic
solutions based on the complete separation of variables is also called the commutative
integration method. For information on the method of the complete separation of the
variables and results obtained with its help, see [1-16] and the articles cited there.
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In the paper [17,18], a method for the integration of linear partial differential equations
in n-dimensional Riemannian spaces (and also in the Hamilton—Jacobi equation) of an
arbitrary signature admitting noncommutative groups of motions (G,) was proposed (these
spaces are also denoted by V;;) The algebras of the symmetry operators of the Klein-Gordon-—
Fock equation of rank 7(n — 1 < r < n), constructed using the algebras of operators of the
noncommutative group of motions of the space V;;, are complemented to a commutative
algebra by the operators of differentiation of the first order in n essential parameters. Basic
solutions are found using these parameters. By analogy with the method of complete
separation of variables, such algebras are called complete sets, and the integration method
is called noncommutative integration. The methods are related because they both reduce
the problem of finding the basic solution of the test particle equation of motion to the
problem of integrating systems of ordinary differential equations.

The noncommutative integration method is based on the complete classification of
spacetime manifolds admitting groups of motions, as described in the book [19]. The method
made it possible to considerably extend the set of fields in which the construction of a
complete system of solutions of the classical and quantum equations of a charged test
particle motion is reduced to the integration of compatible systems of first-order differential
equations. For the further development of the method and its application in gravitational
theory, it is necessary (using the proposed classification) to make a classification of electro-
magnetic fields in which the classical and quantum equations of motion of a charged test
particle (the Hamilton—Jacobi and Klein-Gordon-Fock equations) admits noncommutative
algebras of symmetry operators that are linear in momenta. Such electromagnetic fields are
called admissible.

For the first time, this problem was formulated and partially solved in [20,21], where
the potentials of all admissible electromagnetic fields in spacetime manifolds, admitting
the transitive action of four-parameter groups of motions, are given. A similar classification
problem was solved for homogeneous spaces with a three-parameter group of motions [22],
as well as for spaces with a two-parameter movement group [23]. Moreover, the problem
is solved for the case when a four-parameter group of motions, with a three-dimensional
hypersurface of transitivity, acts on a spacetime manifold [24]. In the present work, the clas-
sification of admissible fields is carried out when the three-parameter group of motions (G3)
acts transitively on the isotropic hypersurfaces of the space (V) with a spacetime signature.
We have found all relevant admissible electromagnetic fields.

The article is organized as follows.

The second section contains the necessary information and definitions required for
the implementation of this classification. The conditions that must be met by admissible
electromagnetic fields are obtained and investigated for compatibility.

In the third and fifth sections, the obtained conditions are used to find the potential of
the admissible electromagnetic field for resolvable groups of motion. The cases of groups
with a singular operator are considered separately.

In the fourth section, unsolvable groups of motion are considered.

In conclusion, possible applications of the obtained results are considered.

2. Admissible Electromagnetic Fields
2.1. Conditions for the Existence of the Symmetry Operators Algebra in the Case of a Charged Test
Particle Motion

Consider a spacetime manifold (V4) on an null hypersurface, on which the three-
parameter movement group (Gs) acts transitively. The coordinate indices of the canonical co-
ordinate system [u!] of the space Vj are denoted by lower case Latin letters: i,j,k = 0,1...3.
The coordinate indices of the canonical coordinate system on the isotropic hypersurface
V3 will be denoted by lower case Greek letters: «, 8, y=1, ...3. A non-ignored variable is
indexed as 0. The repeated superscripts and subscripts are summed within the limits of the
indices change. The papers [20,22] show that, for a charged test particle in an external electro-
magnetic field, with potential A;, the Hamilton—Jacobi and Klein—-Gordon-Fock equations:
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H=g'PP;=m, P;=pi+A, pi=0d¢ @
Ho = (gijpipj)qo =me, 15]- = 1V + A, ()

admit algebras of symmetry operators (in the case of the Hamilton—Jacobi equation, inte-
grals of motion) in the same electromagnetic fields.

Here, Vi is the operator of the covariant derivative corresponding to the operator of
the partial derivative d; = 1p; along the coordinate u'; ¢ is the field of a scalar particle with
mass m.

Therefore, for the implementation of the admissible electromagnetic fields classifi-
cation, the Hamilton-Jacobi equation would suffice. The integrals of motion of the free
Hamilton-Jacobi equation have the form:

Yo = G ®)
where (j{,; are the killing vector fields, satisfying the equations:
8"+ 8Tk — 84 = 0. 4)

&, defines the movement groups (G3) of the space Vj. It can be shown that if the Equation (1)
has r independent integrals of motion of the first order, then these operators have the form
Equation (2). The Hamilton—Jacobi equation Equation (1) admits a motion integral of the
form if H and Y, commute, with respect to the Poisson brackets:

0H Y, JHIY,

HY,))p=——F———
[ ! “]P dp; dx' ox! dp;

= ©)

(8™Th x + 87Tl — 8408 PP} + 28 (EhFji + (§£Aﬁ),i)1’k =0.

It is possible if and only if the potential of the electromagnetic field satisfies the system

of equations:
(EkAj)i = EkEj,  Fi=Aij— A (6)
Unlike the free Hamilton—Jacobi equation, the Equation (1), in a space with a group of
motions, in the general case, has no integrals of motion. The system of Equation (5) defines
the set of admissible electromagnetic fields, in which Equation (1) has the first-order r
integrals of motion, given by the algebra of the group Gs. It can be shown [24] that, since
the vector fields (&) define the movement group of the space (V}), the set Equation (5) can

be represented in the form:
Aup = Cpoha, %)

Agle = —Eip A, (8)

where A, = CQAI-,A,X = AfAﬁ,X‘a = g};(X,i, Agég = 52, Czﬁ—structural constants of the
group G,. For arbitrary r and n, the following statement is true [24]:

If the group of motions (G,) of the space (V};) acts transitively on the subspace (V;,),
Equations (6) and (7) form a completely integrable system. This system specifies the
necessary and sufficient conditions for the existence of symmetry operators that are linear
in momenta.

2.2. Notations and Necessary Information from Petrov Group Classification

Petrov classification of spacetime manifolds (V4,), according to the groups of motions
(Gy), is based on the works of Petrov, Fubini, and Kruchkovich (see [19]). The method of
constructing the classification consists of using the group structural constants to find the
killing vector fields components in the simplest (canonical) holonomic coordinate system.
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Then, the integration of the killing equations allows for determining the components of the
metric tensor. Structural constant groups (G3) are known, due to the classification of real
groups of motions by real non-isomorphic structures for two- and three-parameter Bianchi
groups [25].

According to Bianchi classification, there are nine nonisomorphic structures for three-
parameter movement groups (Gs).

Seven classes consist of solvable groups (containing a two-parameter subgroup (Gy)).

Gs(I):  Cly=0;

Gs(II): Cly=0, ChL=0 C&=20d

Gs(IIl):  C& =0, Cl=20 C&=0;

Gy(IV):  C =0, CY=34% C& =3+ 08 ©)
Gs(V): Cl, =0, Cfy3 =07 Cy =05

Gs(VI):  Ch=0, Ch=10 Ch=qd (q#01)

G3(VII): Cf,=0, Cfy=0f Ci =20cosa, a = const.

Two classes consist of unsolvable groups:
G3(VIII): Cf,=0f, Cfy =205 C5= —05. (10)
Ga(IX): Ch =8, Chy=-08 C=0f.

Crucial step in constructing the Petrov classification is to find the canonical coordinate
system. Since, in our case, G3 acts transitively on the isotropic (null) hypersurface (V5),
the canonical coordinate system can be chosen as semi-geodesic. In this case, the hypersur-
face itself will be given by the equation:

1% = const.

Groups (G3(N)), except G3(IX), have a two-parameter subgroup (G,). Thus, we can
first construct the operators of the subgroup, and then define the canonical coordinate
system. If the subgroup (G) is abelian and contains a singular operator, it acts on the null

subspace (V') of the hypersurface (V3). In this case, the canonical coordinate system can
be chosen, so that the operators of the group X1, X, have the form:

X1 =p1, X2=ps.

In the case when G, does not contain a special operator, the operators of the group
X1, X3, in the canonical coordinate system, can be reduced to one of the following forms:

A X1 =p2, Xo=ps;
B: X1 =ps, Xo=p1+ulpy (11)
C: X1 = P2, Xy = p2 + uopz.

Subgroups (Gy), in this case, are denoted as G, (K), where K can take the value A, B, C.
Among the unsolvable groups, only the group G,(V1II) contains an (abelian) subgroup
Gy. By choosing the canonical coordinate system, the operators Xj, X, can be reduced to
the form:

X1=pa, Xo=p1+u’py

The operator X3 is found from the equations of the structure, whereupon the killing
equations are integrated.

The group G3(IX) has no subgroup (G,) or special operator. In this case, the operator
X1 can be reduced to the form: X; = p;. The remaining operators of the group and
canonical coordinate system follow from the equations of the structure.

Note that, in all cases, the metric tensor components contain specific functions of the
variables of the local coordinate system [1*] of the hypersurface (V5) (we call them ignored)
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and arbitrary functions of the variable 10 (we call this variable non-ignored). As before, we
will stick to the notations accepted in the work of A.Z. Petrov [19], with minor exceptions.
For example, a non-ignored variable (x*) would be denoted by 10, etc. The letters a, b, «, B,y
(with and without indices) denote functions that depend only on the variable u?).

3. Solvable G3 Groups. Killing Vector Fields Do Not Depend on a
Non-Ignored Variable

When a three-parameter group of motions acts transitively on a null hypersurface,
the components of the vector & may depend on the nonignored variable u. In this
section, we consider groups in which (¢g) 0 = 0. According to Equation (7), this implies:

A = Ap(u?), which is equivalent to the condition:
Ay =0.

This is used in Sections Equations (3) and (4). Each subsection is devoted to integration
of Equations (6) and (7) for specific groups. The metrics and group operators are given in
the canonical coordinate system (taken from [19])).

In addition, the explicit form of equations Equation (6), and its solutions are given,
as well as holonomic components of the vector potential A;, which are calculated in
accordance with the given relations to Equations (6) and (7). Note another fact that dis-
tinguishes the variant considered in this paper from the case with homogeneous spaces.
For all G3 groups (except G3(IX)) acting on isotropic (null) hypersurfaces, there are several
nonequivalent sets of killing vectors, depending on which G, (K) subgroup they contain
(see (11)). Therefore, for each such set, there are several nonequivalent solutions of the
killing equations. Groups G3(N), with a subgroup G,(K), will be denoted as G3(NIK]).
In the following the results of the sets of Equations (7) and (8) integration integration in
the following order. First, using information from work [19], the metrics of the spaces on
which the considered groups, group operators, and structure constants act are presented.
Then, the matrix A, as well as the nonholonomic and holonomic components of the vector
potential of the electromagnetic field (A, and Ay), are given (with explanations of the
integration procedure, if necessary).

3.1. Groups G3(1I) — G3(VI) with the Singular Operators

If the groups G3(II) — G3(V1I) acts on the hypersurface V5, the subgroup G, may
contain a singular operator. In this case, the subgroup G, acts on the null subspace V'
of the hypersurface V5. The metrics of appropriate spaces and group operators can be
represented as:

ds*> = 2exp (—ku®)du®(du' — eu®du?) 4 a; exp (—21u3)du22 + 2ap exp (—1u®)du?du® + agduzz.

The group operators can be presented as follows:
Xi=p, Xo=p2, Xz=(ku'+eu?)pi+1ups+ps
From here the structural constants follow:
Cl,=0, Cy=kéf, Cy3=edf~+165.
Matrix A, has the form:
1 0 0

msl={ o 10
—(ku' +eu?) —lu> 1
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Set Equation (6) can be represented in the form:
Aqp = 3pkA1 — Aq = aq (u%) exp (—kud);
Az\ﬁ = —(53!3 (€A1 + lAz);
A3“5 = k515A1 + 52ﬁ<€A1 + lAz)
One can find next solutions of the set:

(A) 1#k
Ay = ayexp (—ku®);

€
A, = (m)«xl exp (—ku®) + a exp (—1u?);

eu?
k—1

The holonomic components of the electromagnetic potential are as follows:

Az = a3+ k(ul + Jag exp (—ku®) + luPay exp (—1u).
A = ApAL (12)
and have the form:

Ay =ajexp (—ku®), Ay = (ﬁ)txl exp (—ku®) +apexp (—1u3), Az = az.

(B) k=1.
The non-holonomic components of the electromagnetic potential are as follows:

Aq = ayexp (—ku®);
— 3 3y.
Ay = (ap —exqu”) exp (—ku®);

Az = a3 + (kagu® + u?(eay + k(ag — eau®)) exp (—ku?).
The holonomic components of the electromagnetic potential are as follows:
Ay =ajexp (—ku®), Az = (ap —eaju’) exp (—ku?), Az = az.

This exhausts the classification of admissible electromagnetic fields for movement
groups of spacetime with a special operator. Groups without a special operator are consid-
ered below.

3.2. Groups G3(III)

The metrics of the spaces and the group operators can be represented as:
dubg + du?(by — agu')

u3

ds® = 2dudu® + 2du’(

)+

1 12 1
— — 2azut +
2d”2d”3(613 30;11/{ ) du22( Ll;z) du32(a1u asu an

2
u u usd

)-
The group operators can be presented as follows:

X1 =p1+upay, Xo=pa Xs=ulps+u’ps
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3.3.

3.4.

From here the structural constants follow:

C%z = C§1 =0, Cﬁx3 = 5&“-

A has the form:
1 —u® 0
o —
=10 10
0 - w

Set Equation (6) can be represented in the form:
Al/,B =0 AZ\ﬁ = —535A2, A3“3 = (52,3A2 —

azuz

19
; Az =a3+ Dt

A =ua1, A= el

The holonomic components of the electromagnetic potential are as follows:

X2

A= (g —w), Ay =2,
1= (0 —a2), Ay = -3

Groups G3(IV[A])

The metrics of the spaces and the group operators can be represented as:
ds* = 2du’du® + 2du® (bodu® + (by — bout)du®)) exp (—ul) + (aldu22—0—

2(az — ajut)du?du® + (alul2 — 2aout + ag)du32) exp (—2ul).
The group operators can be presented as follows:
Xp=p1+ @ +ud)pp+u’ps, Xo=p2 Xz=ps
From here the structural constants follow:
Cl,=0%, ClL=65+6, ChL=0.
Matrix A has the form:
1 —(w?+ud) —ud

Iasi=(o 1 0
0 0 1

Set Equation (6) can be represented in the form:
A1+ A +20%) +1PA3 =0, A1p=Az, Agz=Az+Ag;

A1 = —A1, A2 =Ag3=0;
Az1=—(A2+A3), Azp=A33=0;
= Ar=ap+ W+ ud)Ar FuPAs, Ay = apexp(—ul);
Az = a3 exp(—ul) —u'A,.
The holonomic components of the electromagnetic potential are as follows:

Ay =ay, Ay =agexp —ul', Az = (a3 —apul) exp —ul.

Groups G3(IV[B])
The metrics of the spaces and the group operators can be represented as:
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ds? = 2du’du’ exp u® + 2du’duag+
2du?du® (a3 exp u® — aqu' exp 2u®) + duzzal exp 2u® + dugz(u12a1 exp2u® — 2azu' exp u® + ay).
The group operators can be presented as follows:
Xi=pa+ulpy, Xo=pi,+ulpy Xz =u'pi+u’py—ps
From here the structural constants follow:

12=0, G5 =01, Cy=0+0.

—u? 1 0
|[[ABll = 1 0 0 ].
(w? —u'u®) ul —1.

Set Equation (6) can be represented in the form:

A has the form:

Aip=A11=0, Ai3=A1, Ap=A21=0, Az3=A1+A,

Asp=A1, Az +1uPAzs=A1+ Ay u'Azy+u’Azy —Ass =0.

One can find next solutions of the set:
AL =apexpu’, Ar= (mud+ap)expu®, Az = —az+ (a1 (u?® +ul) + agul) exp .
The holonomic components of the electromagnetic potential are as follows:

A] = agexp w, A= exp u, Az = a3 —aqul exp ud.

3.5. Groups G3(V[A]) — G3(VI[A])

The metrics of the spaces and the group operators can be represented as:

ds? = 2dudu’ + 2du° (bodui® + (b — bouL)du®)) exp (—ul) + (aydu®>+

2(az — aqut)du?du® + (alulz —2au + a3)du32) exp (—2ul).

ds? = 2dudu® + 2du® (bodu® exp (—u') + bydu® exp (—qu)) + aydu?” exp (—2ul)+
2azdu’du® exp (— (g + 1)ul) + a3du32 exp (2qut).
The group operators can be presented as follows:
Xi=pi+lp+qi’ps, Xo=py, Xz=ps
From here the structural constants follow:
Ch=08, C=4qd, Cx=0

If g = 1, the group of motions is of type G3(V). In opposite case it has type Gz (V).
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Matrix A has the form:
1 —u? —qu3
| |Ag| =10 1 0
0 0 1

Set Equation (6) can be represented in the form:
A+ 1PA13+ 7 uPA13 =0, Arp=As A1z =qA;;
Ar1=—Ar, Ajz1=-—qgA3, Azr=A33=A2=Ar35=0;
— A1 =a1 + qu3043 exp —qul + ua, exp —ul, Ar=a exp —ul, Az=a3 exp —qul.
The holonomic components of the electromagnetic potential are as follows:

Al =wn1, Ax=uajexp —ul, As;=ua3 exp —qul.

3.6. Group G3(VII[A])

The metrics of the spaces and the group operators can be represented as:

ds® = 2du’du® + 2du’du’ (ay cos(u® sin ¢) + ag sin(u3 sin ¢) ) exp(—u> cos c)+

2duldu®((ag sin ¢ — ay cos ) cos(u® sinc) — (ag cos ¢ + ay sinc) sin(u® sinc)) exp(—u> cos ¢)+

2duldu®(ay cos ¢ 4 2a; cos 2(u? sin ¢) + 2a3 sin 2(u® sin ¢) ) exp(—2u® cos ¢) +

du12(2a1 + 2(azsinc + a; cos c) cos 2(u sin ¢) + 2(a3 cos ¢ — ap sin¢) sin 2(u% sin ¢) ) exp(—2u> cos ¢) —

du22(2a1 —2(azsinc — ay cosc) cos 2(u3 sinc) + 2(a3 cos ¢ + ap sin ¢) sin 2(u® sin ¢) ) exp(—2u° cos c).
The group operators can be presented as follows:
_ _ _ 2 1 2
Xl—PL Xz—pz, Xg—p3—|—(21/l cosc+u )pz—u P1
From here the structural constants follow:
ChL=0, C3=105 Co3=—01+25cosc.
where ¢ = const. Matrix A has the form:
1 0 0
gl = { o 1 0
u?  —(u' +2u?cosc) 1
Set of Equation (7) has the form:
A1 =A12=0, Ai3=A; Ay1=A>=0, A3 =2Ajcosc— Aq (13)
A3“3 =0— A3z = a3.
From Equation (12) it follows:
A1 = Dl(u3, uo), Az = D2(u3, MO).

Let us denote:
D, = B(u®,u®) exp(u® cosc).
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Then, set Equation (12) can be present in the form (the dot denotes the derivative, with
respect to u3):

Dy = Bexp(u®cosc), B+ Bsin®c =0 — B = aysin (ap + u®sinc).
Set Equation (6) has the form:
A1 = ay exp(u® cosc)sin (ay + usinc), Ay = ag exp(u’ cosc)sin(sinc + ap + u®sinc),
The holonomic components of the electromagnetic potential are as follows:

A=A, Ary=Ay,

3 1

Az = a3 — ag exp(u® cosc) (ul sin (sinc 4 ay + u®sinc) + u?sin (2sinc + ay + u®sinc)).

3.7. Group G3(V1[B))

The metrics of the spaces and the group operators can be represented as:

a
ds? = 2du0du1u3(1+w) + Zduodu3—g+
u
~1 2 2 2 2 2 32 -1 a
Zduzdu3(a3u3(w ) _ ayut w) + a1 du®” + du® (ayu'u® Y 2a3u1u3(w ) + %),
u
where it is denoted as: w = q%l, q = const.

The group operators can be presented as follows:
Xi=py Xo=pi+u’py Xs=qu'pi+u’pa+(1—q)ps
From here the structural constants follow:
2=0 GC3=20 Cp=20+3.

Matrix A has the form:

—ud 1 0
gn={ 1 o 0
(u?—qulu’) qu’

1
wB-1) -1 (-1

Set Equation (6):
Ayp = cgaAﬂ,

has the form:
A1p=A11=0, (q— 1)M3A1,3 =Ay;

Arp=A21=0, (9—1)1’Az3 =qAy;
Asp=A1, Asq+ulAzy=qA; qulAsy+u?Azs+ (1—q)ulAs; = 0.
One can find next solutions of the set:

w (w+1) w
Ay = a1, Ay = aou® , Az = —a3 +aquu® + (qay — aq)u

1
1u3w+ )
The non-holonomic components of the electromagnetic potential are as follows:

1 %
Ay = Aﬁ/\f,—> A1 = (a2 —al)u3(w+ ), Ay = oclu3w, Az = u% —alulu?’w.
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3.8. Group G3(VII[B])

The metrics of the spaces and the group operators can be represented as:
ds* = 2du’du'r3S + 2dudu?(ag — u3)r3 'S + 2duldu® (u® — ag)u'r; 1S
2du?du® (azr33S —ayulagrs 71S%) + du22a173_252 + du32(a1u12r3_252 —2a3r373S +aprz4).
The group operators can be presented as follows:
Xi=py Xo=p1+upy Xz= (u?+ul(u® —2cosc))ps + uPulpy +13%p3
From here the structural constants follow:

12=0, C3 =0, Cy=q% 0,

where r3 = (u32 —2ulcosc+1),S = exp(—2ctgcarctg“3;%) a; = a;(u®),c = const.
Matrix A has the form:
—ud 1 0
1A8]] = 1 0 0
wlid(2cosc—u®)  uwl+ul(2cosc—ud) 1
r3 r3 r3’
Set Equation (6):
—_ 7
A = CJ,An
has the form:
A1p=A11=0, 13A13+A=0; (14)
Arp =Ar1 =0, 1r3A3—A1+gA;=0; (15)
Azr = Ay, Azq+ulAzs+ Ay —2coscA; =0; (16)

(u2 +ul (2cosc — u3))A3,1 + u2u3A3,2 +7r3A33 = 0.
From Equations (13) and (14) it follows:
A1 =B’ u®), Ay=-rBs.
The function B satisfies the equation:
r3(r3B3)s +2(r3B3) cosc + B = 0. (17)

Equation (16) has the form:

MS*COSC 3*COSC

. u
B = sin (ap + urctg(siT)) exp (a1 — (ctgc)arctg( e

)
First two equations of Equations (18) have a solution:
Az = ul((u® —2cosc)r3Bs — B) — u?r3B 3 + by (1, u®).

From the last equation of the set it follows: b3 = a3. As a result, we obtain the
nonholonomic components of the potential of the electromagnetic field:

, u® —cosc u® — cosc
Aq =sin (ag + arctg(W)) exp (ay — (ctgc)arctg(v)),
. u® — cosc u® — cosc
Ay = —sin(a) — c+arctg(—————)) exp (ay — (ctgc)arctg(—————))

sinc sin ¢
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u3 — cosc
sinc

)+

. ud — c uw — ¢
ulsin (4 + arctg(ﬁ))) exp (ay — (tgc)arctg(chs)).

Az = a3 — ((1? +ul(2cosc))sin (a; — ¢ + arctg(

sinc
The holonomic components of the electromagnetic potential are as follows:

Ay = —exp (a1 — ctgcarctg(ugs_i%sc)) (sin (a1 —c + “rCtg(Lps_i%SC))—i_
u3 sin (a1 + ¢ + WCtg(u:_i%SC))’
Ay = exp (g — (ctgc)arctg(lﬁs_i%sc)) sin (vp — ¢+ arctgw;%sc))
Ay — a3 5 —ulexp (a; — (ctgc)arctg(ut%sc)) sin (a1 + arctg(ug);i%sc))

(u3 — cosc)? +sinc

4. Insolvable Groups G3(N)
4.1. Groups G3(VIII)
Let us represent operators of the group:

2 2
Xi=p2 Xo=p3+ulpy Xz=expup+ (u> +eexpu® )py +2ups,

where e¢=0,-1,+1
From here the structural constants follow:

Cla =0, Ci3=20, Cp=20-0.

Matrix A has the form:

(u22 —eexp2u’)exp—u® —2ulexp—u’ exp—u’
18]l = 1 0 0
—u? -1 0.

Set Equation (6) has the form:
A12=0, Aiz=—-A1, Ay;=2(u?A;— Az)exp—u’;
Ay = A1, Ags = —12A1, Agqexpu®+ (12 — cexp2u®)Ag + Az = 0;
Asp =2A;, Ass=A;—2u2A; Asgexpid +2(u2” + eexp2u®)Ag + 2u2Ass = 0.
This implies:
Ay =2B(ul,u)exp —u®, Ay =2Buexp(—u’) — B,
Az = (B —2¢eB)exp(—u®) — 2uB + 2Bu?* expu?),
where B is a function of (1, u!), satisfying the equation:
By =4¢B  — B =a+4eB. (18)

Dots denote the derivatives, with respect to u!. The holonomic components of the
electromagnetic potential are as follows:

Ay =w, Ay=2Bexp(—u®), Az;= —B.



Symmetry 2022, 14, 346 13 of 18

Depending on the value of ¢, the function B and metric of the space admitting this
group have the form:
1. fore = 0: )
B =cul” + pul ++;
ds® = 2du’du’ + 2du’du®(ag — 2utay — ulz) exp —u® + 2du’du(ay — u)+
ZduzduB(Zalul +ap) exp —u® + du22(4a1u12 + dayu' + az) exp —2u® + du32a1.
2. fore = —1:

B =a;sin2(u! +ay) + %;

1
ds* = 2du®du® + 2du’du® (a4 cos 2u* + ag sin 2u! — E) exp —u® + 2du’du®

(ag cos2u' — aysin2ut) + 2du*du’ (a3 cos4u' — ap sin4u') exp —u® + duzz(az cos 4u' 4
azsin4u® — 112—1) exp —2u> — du32(a2 cos4u' + azsin4u' + %1)

3.fore =1:

B = aysh2u® + apsh2u' — %.

ds* = 2du’du’ + 2du°du® (ag exp —2u' + agexp 2u' + %) exp —u® + 2du’du® (ay exp —2u'

—agexp 2ut) + 2du*du’(as exp —4u' + azsindu') exp —u® + du22(a2 exp —du'+
azexp 4u® + %) exp —2u> + du32(a2 exp —4u' +azexpdu' — 112—1)
4.2. Groups G3(IX)

The metrics of the spaces and the group operators can be represented as:

2, .
ds? = 2du’du + du? (a1 sin2u’ — ay cos 2u' + a3)cos?u®—
2
2du*du®(ay cos2u® + ap sin2u') cos u® + du®" (ay cos 2ut — ay sin2u' + a3)+

U g4cosul).

2du’du? (sin u® + (ag cos u' + agsinu') cos u®) + 2du’du’(ag sinu
The group operators can be represented as follows:

os u?

Xi=p, Xp= ¢ p1— tgu3 cos u2p2 + sin ung,

sin u3

mu2

.
X3 =02(X2) =~ ——3

p1 + tgu® sinu®p, + cos u?p3

From here the structural constants follow:

n _ SK o o o S
Cp =203, Ciz=-0, Cp=90.
Matrix A has the form:
in 1.3’ 2003 N
SIME_ cosu“sinu®  —sinu“sinu
)La o cosu
gl =1 1 0 0
0 sin u? cos 2.

Set Equation (6) has the form:
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2
cosu .
A1,2 =0, A1,1 Sl + A1,3 sin u2 + A3 =0;
Sin Ll2 2
Ar1— 3~ Aizcosu”+ Ay =0;
SINu
cos u? 3 2 . 9
Arp = A3z, Ajs il Antgu’ cosu” + Apzsinu® = 0;
Sin u2 3 . 2 2
—A21 -3 + Apotgu’sinu® 4+ cosu“Azz + A =0;
cos u? 3 2 . 9
Az, =—Az, Ajzg i Ajzptgu’ cosu” + Azzsinu” — A1 = 0;
Sil’l uz 3 . 2 2
—Ajsq p— + Az tgu’sinu” + cosu“Azz = 0.
This implies:
Aq — 3 _ 2 3 _ 3 i 2
1 =w1sinu’, Ap =wqcosu”cosu’, Az = —ajcosu’sinu’.

The holonomic components of the electromagnetic potential are as follows:

Al = altgu?’, Ay =y cosu’cosu®, Az =0.

5. Killing Vector Fields Depend on the Non-Ignored Variable U°

5.1. Group G3(1I[C))
The metrics of the spaces and group operators can be represented as:

ds? = 2du® (apdu® 4 e(2au' + a3)du?) + (ay + £(2a2u12 + Bazul + ag)ul)du®)+
eul (azu13 +2a5ul® gt + 2a1)du02 + 4(a3 + 2aut)duddu® + daydu®® + (a4 + 4azu® + 4a2u12)du32.
The group operators can be presented as follows:
Xi=py Xa=ps, Xs=-pi+uw’prte’ps, =01
From here the structural constants follow:

Cirz = C173 =0, C§3 = ‘5%‘

Matrix A has the form:
w e —1
gli={1 0 o
0 1 0

From Equation (6):
Ags = ChoAn

it follows:
Al‘ﬁ:O —)Al,ﬁ:0—>A1:2061;

A2|ﬁ = _53;9A1/ — Ay = 20(1111 + o,

Az = 0opA1,— A3p =0, Asz=Aq, Asy=eu’Ay — Az =20 (® +euu') — as.
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The holonomic components of the electromagnetic potential are as follows:
Av=ApME, 5 Al =3+ mped®, Ay =201, A=y + 20qul.
The holonomic component Ay can be found from the equation:
Agle = —§f,OAﬁ,—> Ag = e(aqul + a)ul + ay.

5.2. Group G3(I1I[C])

The metrics of the spaces and group operators can be represented as:

ds* = (ag + sazulz)duoz + 2(aydut — eul (az exp (—ub)du® + axdu®))du® + azdu22+
2az exp (—ul)du?du® 4 ag exp (—2u1)du32.
The group operators can be presented as follows:
Xi=pr+el’p+u’ps, Xo=ps Xz=p3, e=0,1
From here the structural constants follow:

ChL=0, Ciy=-8, Cy=0.

Matrix A has the form:

1 —eu® —ud
as={o 1 o
0 0 1

Set Equation (6) has the form:
Aqg = 63pAs — A3 = Ag;
Ay =0,— Ay = o (u0);
Az = —01pA3,— Az1 = —A3 — Az = w3(u) exp (—ul) = Ay = ay + ulazexp (—ub).
The holonomic components of the electromagnetic potential are as follows:
Ay =a; —aerl’, Ay =y, Az = —eapul.
The holonomic component Ag can be found from the equation:

Agle = —@froAﬁ,% Ag = e(1lay — ay)ul.

5.3. Groups G3(V[C]) with the Singular Operators

The metrics of the spaces and the group operators can be represented as:
ds® = du02a1u12 exp 2u® + 2du® [dut exp u® — dulajul exp 2u®+
(ag — ayut exp u®)du®] + du22a1 exp 2u® + 2du’dua; exp u°.
The group operators can be represented as follows:
Xi=py, Xo=pi+u'py, Xs=u'pi+u’pr—ps

where a; = a;(u?),
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From here the structural constants follow:
Y _ _ Y o_
Cp=0, 13 =01, Cp = 3.

Matrix A has the form:

—u0 1 0
1A%1] = 1 0 0
w? — Ol ot -1

From the set Equation (6):

Ags = Cp A,

it follows:
A1|ﬁ = —53/3A1 — A1,3 = vcl(uo) exp u3;

Ay = —03pA2, = Ap = ap (u®) exp u?;
Az = 015A1 + G2pAz, — Az = —az3(u®) 4 (au® + (ap — a;u®)ul) exp .

The holonomic components of the electromagnetic potential are as follows:
— p — (ar — 11 3 — 3 —
Ay = Ay, — Ay = (a2 —aqu”) expu’, Ay =wexpu’, Az =as.
The holonomic component Ag can be found from the equation:
Agje = =& (A — Ag = 3
Ol ‘:a,o p— Ap=wmexpu’.

6. Conclutions

All admissible electromagnetic fields of greatest interest to gravitational theory have
been found. The metric tensor for these admissible fields contains arbitrary functions
of nonignorable variables, so that considerable arbitrariness is preserved for them. This
arbitrariness can be used, for example, in the search for self-consistent solutions of the
gravitational field equations in the general theory of relativity, Brans—Dicke scalar-tensor
theory (see, e.g., [16]), or other alternative theories of gravity. The non-ignored variable is
either temporary (for homogeneous spaces) or (as in this article) isotropic (null). This is
important when considering cosmological problems and obtaining and studying models of
spaces with gravitational waves. Let us mention other directions for further research in the
framework of the obtained classification.

First, it is possible to consider a similar problem of admissible electromagnetic fields
classification for the Dirac-Fock equation, since the method of noncommutative integration
is also applicable to this equation (see, e.g., [26]). At the same time, from the physical
point of view, the construction of this classification is most justified in the framework of the
already obtained classification of admissible electromagnetic fields for the Klein-Gordon—
Fock equation.

Second, a complement to the classification carried out in this work will be the classi-
fication of generalized privileged coordinate systems, in which the basic solutions of the
Klein-Gordon-Fock equation can be found by the method of noncommutative integration.

Third, the resulting classification can be used to find the basic solutions of the Klein—
Gordon-Fock equation and other quantum-mechanical equations of motion by the method
of noncommutative integration. Note that this problem attracts the attention of many
researchers (see, e.g., [27,28]).

Note that group approaches remain the most effective methods for constructing and
studying realistic quantum mechanical models in linear and nonlinear physics [29,30].
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