symmetry

Article

Some New Fractional Integral Inequalities Pertaining to
Generalized Fractional Integral Operator

Omar Mutab Alsalami !, Soubhagya Kumar Sahoo >3, Muhammad Tariq 50, Asif Ali Shaikh 40,
Clemente Cesarano ¢ and Kamsing Nonlaopon 7*

check for
updates

Citation: Alsalami, O.M.; Sahoo, S.K.;
Tariq, M.; Shaikh, A.A.; Cesarano, C.;
Nonlaopon, K. Some New Fractional
Integral Inequalities Pertaining to
Generalized Fractional Integral
Operator. Symmetry 2022, 14, 1691.
https://doi.org/10.3390/
sym14081691

Academic Editor: Alina Alb Lupas

Received: 25 July 2022
Accepted: 10 August 2022
Published: 15 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Electrical Engineering, College of Engineering, Taif University, P.O. Box 11099,

Taif 21944, Saudi Arabia

Department of Mathematics, Institute of Technical Education and Research, Siksha ‘O” Anusandhan
University, Bhubaneswar 751030, India

Department of Mathematics, Aryan Institute of Engineering and Technology, Bhubaneswar 752050, India
Department of Basic Sciences and Related Studies, Mehran University of Engineering and Technology,
Jamshoro 76062, Pakistan

Department of Mathematics, Baluchistan Residential College Loralai, Loralai 84800, Pakistan

Section of Mathematics, International Telematic University Uninettuno, Corso Vittorio Emanuele II, 39,
00186 Roma, Italy

7 Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand
Correspondence: nkamsi@kku.ac.th

Abstract: Integral inequalities make up a comprehensive and prolific field of research within the field
of mathematical interpretations. Integral inequalities in association with convexity have a strong
relationship with symmetry. Different disciplines of mathematics and applied sciences have taken
a new path as a result of the development of new fractional operators. Different new fractional
operators have been used to improve some mathematical inequalities and to bring new ideas in
recent years. To take steps forward, we prove various Griiss-type and Chebyshev-type inequalities
for integrable functions in the frame of non-conformable fractional integral operators. The key
results are proven using definitions of the fractional integrals, well-known classical inequalities, and
classical relations.

Keywords: Griiss-type inequalities; Chebyshev-type inequalities; non-conformable fractional operator

1. Introduction

Fractional calculus theory gained popularity and was employed as a mathematical tool
in a variety of pure and practical fields. This approach has previously been used in a variety
of industries with some impressive results. It has been used in medicine [1], physics [2],
modelling of diseases [3,4], nanotechnology [5], fluid mechanics [6], bioengineering [7],
epidemiology [8], economics [9], and control systems [10].

In applied mathematics, inequalities and their applications are crucial. Various frac-
tional operators were used to show a collection of integral inequalities and their generaliza-
tions (see [11-17]). To follow this trend, we use a generalized non-conformable fractional
integral operator to show an improved version of the Griiss-type inequality. G. Griiss pre-
sented the well-known Griiss-type inequality in 1935, which was linked to the Chebyshev’s
inequality; see [18].

K 1 0 /QKG(UB(U)du _ (Kiig /Q"@(u)du> (%_Q '/:B(U)du)' < (B—Al& 1)

Provided that & and 3 are two integrable functions on [o, x|, satisfying the condition,

A<Gu)<B, C<3u)<D, ABCDER, ucloxl @)
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For integrable functions, various types of inequalities have been established, but
the Griiss inequality has been the focus of many studies as many scholars have examined it
extensively. Chaos, bio-sciences, fluid dynamics, engineering, meteorology, biochemistry, vi-
bration analysis, aerodynamics, and many other scientific fields benefit from this inequality.
See [19-24] for a steady growth of interest in such a field of study to address the difficulties
of various applications of these variants.

1

o [ st (o [Tetn) (g [(3a), o

where G and 3 are two integral functions that are synchonous on [o, k], given as

(6(u) = &(y))(3(u) —3(y)) =0,

for any u,y € [o, k]; then, the Chebyshev inequality states that T(S,3) > 0.

The interest in inequality (1) has been evoked by the researcher. There are numer-
ous recent studies in the literature on theoretical inequalities. In the approach of unital
2-positive linear maps, Balasubramanian [25] worked on the idea of the Griiss-type in-
equality. Pecaric [26] looked at certain Griiss inequality extensions and applications using
weighted Ozeki’s inequality, which is a supplement to the Cauchy-Schwartz inequality.
Butt [27] contributed a paper on the Jensen-Griiss-type inequality and its application to
the Zipf-Mandelbrot law. The extended generalized Mittag-Leffler function was used by
Akdemir [28] to investigate several Griiss-type integral inequalities for fractional integral
operators. Akdemir [29] also used the generalized fractional integral operator to analyze
several Griiss-type inequalities. Using the generalized Katugampola fractional integral
operator, Aljaaidi [30] investigated and proved various Griiss-type inequalities.

Employing the concept of time scales, Sarikaya [31] wrote a remark on Griiss-type
inequalities. Pachpatte [32] looked at certain differential function Chebyshev—Griiss in-
equalities. In the style of a generalized K-fractional integral operator, Noor [33] explained
various Griiss-type inequalities. Using the Riemann-Liouville fractional integral operator,
Dahmani [34] showed several expansions of the Griiss-type integral inequality. Chin-
chane [35] presented a paper that used the Hadamard fractional integral operator to create
anovel Griiss-type inequality. Sarikaya [36] employed a variation of Pompeiu’s mean value
theorem to develop a Griiss-type inequality. Kalla [37] investigated Griiss type inequalities
for a hypergeometric fractional integral operator. E. Set [38] worked on the novel Griiss
type inequalities via conformable fractional integral operator. The Riemann-Liouville
fractional integral operator was used to solve the following integral inequality given by
Dahmani et al. [34].

T(6,3) =

Theorem 1. Let S and 3 be two integrable functions on (0, 00) satisfying the condition
A< &) <B, C<3(u)<D, ABCDER, ucgx],
on (0, 00); then, Vi > 0, we have

w'l w'l 2
T+ 1) = <2F( )) E-AHP-0. @

3763(w) = 376(w)3"3(w) p 1

The paper is arranged as follows: In Section 2, we give some known concepts. In
Section 3, we obtain some Griiss-type fractional integral inequalities on the basis of new
lemmas with the help of the Cauchy-Schwarz inequality. In Section 4, we investigate some
other fractional integral inequalities involving non-conformable fractional integral opera-
tors with the help of Young’s inequality. Section 5 deals with Chebyshev-type inequalities.
A brief conclusion is given in Section 6.
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2. Preliminaries
Definition 1 ([39]). Foreach S € L[, 0] and 0 < ¢ < 8, we define

X
NG (%) = / 916 (8)d9,
u
for every x,u € [¢, 0] and n € R.

Definition 2 ([39]). For each function & € L[, 8], we define the fractional integrals

Ny 32+ 6(x) = /g “(x— 8)71S(8)d8,

N;Jp- S (x) = / ﬂ(19 —x)1&(8)d?,

for every x € [, 0] and n € R.

Remark 1. In the above definitions, if we put § = 0 then we have the classical integrals, which are
represented by N3ﬁg+6(x) = Ny dh-6(x) = fgﬂ S(8)do.

3. Fractional Inequality of Griiss Type

In this section, first, we prove some new integrable equalities; then, using these
equalities and the Cauchy-Schwarz inequality, our main findings are presented.

Lemma 1. Let the integrable function on (0,00) be & with A, B € R; then, Vw > 0and n > 0,
the following equality holds true:

2
NI+ () + (N30 () )

= (zs’("_;f’)’7 —Ngzzﬁ(w)) (Ng’he(w) —A“’_Q)") o S (Bos@)EE —A).  6)

Q i Ui ot

Proof. Let A, B € R and & be an integrable function on (0,00) V u,p € (0,00); then,
we have

(B—=6(p)(&(n) —A) +(B—6(u)(&(p) —A)

—(B=6(u)(6H) —A) —(B-6(p)(&(p) —A)

= &% (u) + &% +26 ()& (p). (6)

If we multiply both sides of (6) by (w — 1)7~! and integrate the resultant equality with
respect to y, we obtain

~ (w—o0)" (w— )" .
R e
_N332+((B—G(w))(6(w)_,4))_(3_6@))(6(‘))_“4)(“,_17@):7

=0 62(p) + 265 (), S(w) @)

= NyJgs &7 (W) +
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Upon multiplication of both sides of (7) by (w — p)7~! and integration of the resultant
equality with respect to p, we yield

(N332+6<w> —AW) [ = oy (B-s(e)dp

+ (B e ) [T o (o) - A)de

a

el (B = 8() (&) — A)) [ (w—p)1 (B~ &(p))dp

a

= [ a1 (B - () (S(p) ~ Al
- (“;”)”Naagﬁ%ww

(w—0)"

Ny Jgs &7 (W) + 2n; 37 S (w)n, . 6 (w),
This led us to the proof of Lemma 1. [J

Theorem 2. Let the integrable functions on [0, 00), be & and 3 satisfying the condition

A<Sw)<B, C<3w) <D, AB,C,DeR, we[0,).

Then,
=" (63)(w) = n, 37, S (W) 3 3(w)
” N3+ NaJo+ N3 Vgt
(w—n)")>
< (2;7> (B—A)(D-C). ®)
holds true.

Proof. Let G and 3 be two given integrable function on [0, o), with the condition
A<SWw)<B, C<3w) <D, ABCDER, we|0,x).

If we define
H(u,p) = (&(n) — &(p)) (3(1) — 3(p))-
It readily follows that

H(pu,p) = (6(1)3(1) —S(1)3(p) — S(0)3 (1) +S(p)3(p).

Then, multiplying the above equality by (w — #)7~! and integrating the resultant
equality with respect to y, we have

/aw(w — )" H(p, p)dp

= N333+63(w) — G(p)N3JZ+3(w) — 3(p)N3;,Z+6(W) +6(0)3(p) (w— e)n.

U

)

Again, multiplying the above equality by (w — p)7~! and then integrating the with
respect to p, we have

/aw /:(w — )" = p)T Y H (p, p)dpdp = 2<(W_;7Q)77N3JZ+63(w) —Ns 3Z+G(W)N33g+3(w)>,

Employing the Cauchy-Schwarz inequality, we obtain
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2
. ©3(6) — i S 35) )

77
(w—0) . . A\ (w=0" 3 ’
< ( N8 — (3. 6() )(UQNsd;asZ(w) — (ns30:3(0)) ) (10)
Since, (B — &(w))(&(w) — A) = 0and (D — 3(w))(3() - C) = 0, we consequently
have
O 3 (B = &) () — A)) =0, (1)
and 7
B3 (D = 3(6)(3(6) ~ €)) 0. (12)
Thus,
(w —17Q)'7N332+62(w) — (N3GZ+6(W))2
B(w—o0)" ~ A(w— )"
< (B9 o) (wal s - A2, 13
Additionally,

N N ()

< (P a3 ) (el 3 - ). (14

From Lemma 1 and the above inequalities (10) and (14), we can conclude that

— o) 2
(50 6306) ~ xSl 36

< (P qe) ) (ma (o) - 200

(P 030 ) (w36 - S, 15)

Now, using the inequality 4bc < (b + c)?,b,c € R, we obtain

and
(Pl a3 (a3 - ) < (B g)) )

The proof of Theorem 7 is completed from the above developments
(Equations (15)-(17)). O

Lemma 2. Let the integrable functions on [0,00) be G and 3; then, the following identity for all
w<0,7<0and B <0 holds true:
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2
[0, 38 )+ o0, 30— T (e300~ e S0
< <( 1 o Nsdo+ 2(w) + L B 2 N332+62(W>_2N33§*6( R )> i
w— w—o)f
X (( nQ)WN33Q+32(w) + (ﬁQ)N33Q+32(W) _2N3‘~SZ+3(W)N3J§+3(W)>'

Proof. Multiplying (9) by (w — p)P~1, then integrating the resultant with respect to p, and
applying the Cauchy-Schwarz inequality, we have the desired inequality (18). O

Lemma 3. Let the integrable functions on [0,00) be & and A,B € R; then, for all w < 0,
alpha < 0and B < 0, the following equality holds true:

(w 17 N3, &2(w) + (w_ﬁ Q)ﬁNgsme (9) + 20,37, S (), 3 S (w)
= <B(w_ﬂ@) — 30 >< 3. &S A(W—ﬁg)ﬁ>
(W_Q) n (W—Q)”
+ (B ,3 N3J )( U 6 An>
wW— W— IB
B0 b (B s)e) - A) - T (5 - e)e) - A,

Proof. Multiplying (7) by (w — p)#~! and then integrating the resulting identity with respect
to p, we have

w—o0)F W— -
= B 67w + U0 60 + 20 ST S ()
The above developments completes the proof of Lemma 3. [

Theorem 3. Let & and 3 be two integrable function on [0, c0) satisfying the condition
A<Sw)<B, C<3w) <D, AB,C,DER, we[0,0),

we have
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2

[(W nw ndf &30 + [sg) e 83(8) = Ny Ty S (e 3(0) = T S (T 3(4)
Ww— v—0)f
< (B2 3 em) (wah ot - 420
- <B (v _ﬁ@ﬁ - ng@e(w)) <N332+6(w) Al _ﬁ‘\’)ﬁ>
Ww— v—o)f
X (D( WQ)” _N3:‘2+3(W)) <N33Q+3<w) - C( ﬁg) >
w—o0)P w— )P
+ (D( 'BQ) _N33Q+5(W)> (N332+3(W) _C( ,BQ) )
Proof. Since (B —&(w))(S(w) —.A) > 0and (D — 3(w))(3(w) —C) > 0, then we can write
w—0) .5 w—0Ff
— N (B=8()(8(w) — A) = =—=n3y (B = 6(w)(8(w) = A) <0, (19)
and
Ww— w—0)F
N <17Q)'7N3‘~,5+((p —3(w)(3(w) - C)) — ( ﬁg) Ny T (D = 3(w))(3(w) = C)) < 0. (20)

If we apply Lemma 3 for & and 3, with Lemma 2 and Equations (19) and (20), we
have the desired Theorem 3. [

4. Certain New Fractional Integral Inequalities

Here, we present some new type of inequalities (Theorems 4-6) pertaining to non-
conformable fractional integral operator.

Theorem 4. Let the positive functions defined on [0,00) be & and 3. Then, the inequalities holds:
. ~ ~ w1171 . ~
() I3l (8)7 + I3l (3)7 > [S520 ] 30 (6)n, 30 (3):
2
(i) a3 (8)P,30 (3)7 + I3l (8) 1,30, (3)7 = (w330 (83))

(iii) 5Ny T g (8)Pngdys (3)7 + na Ty (6) Ny Ty (3) 2 Ny T (63P 71y Ty (63171,

(iv) N333+ (6)pN33Z+ (3)7> N33Z+ (63)1\1332+ (6”713%1), where for p,q > 1, % + % =1,

Proof. From Young's inequality, we have
1 1 1 1
—uP+ =07 >uv, forall uv>0, pg>1 —+-=1
p q p 9

If we choose, u = &(u) and v = 3(p), u,p > o, then

;(G(ﬂ))” + }7<3<p>>q > &(1)3(p), ¥ &(1)3(p) > 0. 1)

Multiplication of inequality (21) by (w — #)7~!, and integrating the resultant inequality
with respect to i, we get

;/aw(w— WS () du + ;S(P)q /ﬂw(w_ W11y > 3(0) /ﬂw(w_ DS (). (22)
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Consequently,

[ (w—n)" ~
NS (S()7 42 B3 (0)" > 3(PIng T (S (). (23)

Analogously, multiplying inequality (23) by (w — p)7~! and integrating the obtained
identity, we obtain

— )" — )"
I () + TG (3(60)1 2 0, ST 30
This readily follows:
-1 1
(W/) NS (S TNy (3(0)T| 2 Ny S (N, 3 3(w)- 24)
Additionally,
1 1 w—n)" -1 ~ ~
PO SO Tl G0 = [ESEE] sl ow, @

which implies (7). Similarly, we can prove the rest of the inequalities by making the correct
choice of parameters as follows:

For (i) U=6(u)3p), v==06(p)3H).
For (iif) u=3St, v="58, 3(),3() #0.
For (iv) u= gg%, v = %/ 3(1),3(p) #0. O

Theorem 5. Let the positive functions defined on [0, c0) be & and 3. Then, the following inequali-
ties hold true:

(i)
1 1 2 2
;Nsa'@(e)'”ms& (3)%+ 5N3SZ+(6)2N333+ (3)7 = Ny J0 (S3)n, 30 (8737).
(if)
1

- - 1 - - 2.2 o
;NSJZ+(G)2N3JZ+ (3)7+ 6N33Z+(6)qN3JQ+ (3)? > N3JZ+(G”3P)N3JZ+(6P 139-1),

(i)

e A (Lar e s A i AT (&
NS"Q* (6) N3JQ+ 53 + 63 = N339+(6p3)N3\SQ+ (643)’
for p,q > 1 satisfying % + % =1

Proof. We can prove the results following similar procedures as in the previous Theorem 4
with an appropriate choice of parameters:

(1)

(if)
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(iif)

O

Theorem 6. Let the positive functions defined on [0, 00) be & and 3. For w > 0 with conditions

. 6(p) B S(p)
A< min Sty BT @30 (26)

the following inequalities hold true:
(i)
. " A+B)? 2
0 < a3 (8P (37 < AT BN (3 (3))”

(i)

0< /N30 (80,30, (3)7 — ny 30 (83) < =2 (w30 (83)).

B— A)? 2
0 < N30+ (8) N30 (3)% — Na 0 (83) < ﬂ(NﬂZdGS)) :

Proof. From (26) and

Sy _ _ 61 22 Y
(5 ) (-5 )Fw =0 0psw 7
we have

&% (p) + AB3*(u) < (A+ B)S(u)3(p). (28)

Multiplying the above inequality (28) by (w — )71 and then integrating the obtained
result with respect to y, we get

| =0 S i+ AB [ = w113 0y < (A+B) [ = 07 S &),
This implies
N+ (8)2(W) + ABN, 35 (3)%(w) < (A + BN, 3y, (63) (W), (29)

On the other hand, it follows from
~1 2 ~N 2 2
AB > 0,and (|/n,0 (87— [ABT1.(37) 2 0

= 2(1/ny 30 (8)2\JABN,TL. (3)7) <, 0 (8)2 + ABN, 3, (3)2. (30)

Then, from the last two inequalities (29) and (30), we obtain

2
4ABN, 3], (8)N,30, (3)° < (A+ B (n,30 (83))

which readily follows (i); using the same operations as of (i), we can prove (ii) and (iii). O

5. Chebyshev-Type Inequalities

+

70 [0, k|, which are synchronous on [0, x|. Then,

Theorem 7. Let the integrable functions be L

e |
N3 (83) (k) [Wl—_@;”} N3 (8) (0,3 (3) (). @31)
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Proof. Since & and 3 are synchronous on [, k], we have
(S(a) —&(0))(3(a) —3(b)) =0 a,b € [ox],

or equivalently

&(a)3(a) +6(b)3(b) > &(a)3(b) + &(b)3(a).
If we multiply both sides of the above inequality by (x — a) ", we have
&(a)3(a)(k —a)™ +&(b)3(b)(k —a)™" > &(a)3(b)(x —a)~" +&(b)3(a)(x —a)~".
Upon integrating the inequality obtained with respect to a, one has
K

/K(K —2)716(a)3(a)da + S(b)3(b) / (k —a)~"da
Q

¢

> 3<b)/

0

(x — a) "6 (a)da + & (b) /QK(K — a)""3(a)da.

From the above developments, we have

(k— )7

Nl (©3)06) + | ETE S (0)3(6) > 30003 () + (I3 (3)(6). (32

Multiplying inequality (32) by (x — b) " and integrating the resultant inequality with
respect to b, we obtain

)

“(c— by db + [(’CI_QU} /QK(K )16 (b)3(b)db

> 330 806) [ (6= D) 1300+, 3030 [ (b))

N3 (83)() |

Q

This readily gives

_ »\1-7
2 [(Kl_g),7] Ny (63)(%) > 2n, 371 6 (1), 37 3 (1)

and we have the desired inequality ((31)). O
Remark 2. Let 6,3 € ﬁ;;,o be synchronous functions on [, k|; then, we have
-1

—o)1—
NgJZ<63)(e>2{W} Ny T, 6 (0)n,37-3(0)- (33)

Remark 3. If we take 1 = 0 in the above Theorem 7 (or in Remark 2), then the inequality (31) or
inequality (33) reduces to the classical Chebyshev inequality.

Theorem 8. Let & and 3 be two function from E;O[Q, k] N E;{O [0, k], which are synchronous on
[0, k|; then, the following inequality holds true:

x—o0)lB K —o)l-
(1_Q)ﬁN3JZ+ (63)(x) + %Nﬁ@ (63)(x)

> NyJgr (8) (1), T+ (3) (1) + Ny T (3) ()N T () (1) (34)
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Proof. Multiplying the inequality (32) by (x — b) ~# yields
B Al (k—o)'" -B
(=) Pl (©3)0) + ET L e b) P30

> Ny dg+ (8) (k) (5 = B)7P3(b) + Ny 3y (3) () (x — b) P& (b).
Integrating the above inequality with respect to b yields inequality (34). [
Remark 4. If we take y = B, then we obtain Theorem 7.
Theorem 9. Let {S;}i—1234,. , be a positive function E:;’O lo, k], then, we have

x— o)1~ - fn+1
> [W] <1:T1 &) (x). 35)

i=1 Ui

n
N332+ (H Gi6n+1>

Proof. The theorem can be proven by the method of induction on n € N. For n =1,
the above inequality trivially holds. For n = 2, since &; and &, are synchronous and
positive functions and by the hypothesis of theorem 7, the inequality (35) readily follows.
Now, let us assume that the inequality (35) holds true for n € N. Let & = []_;6; and
3 = 6,41, as G and 3 be increasing functions on [, «|; therefore, under the assumption of
the inequality (31) and induction hypothesis, we have

N333+ <ﬁ6i6n+l> > |:(K1__Q>117} N3 Q+ <H6> N3 Q* 6n+1)(K)
i=1

U

_ A\1- -1 n+1
> [("1 _9)17 ”] Ngag+<lﬁ6i> (x)

This concludes the desired proof. O

Theorem 10. Let &,3 : [0,00) — R and 6,3 € L] [o,x], be increasing and differentiable
functions, respectively. 3, is bounded below by m = infwe[o,oo) 3/ (t); then, we have

-1
N3 (83) (k) 2 [<K1—_e>” N () () n,3 1, (3) ()

K — o)1t ~ R N
- [(1—@17] N3‘jz+ (6)(x) N3JZ+ (w)(x) + mN3JZ+ (wS) (%),
where w(x) = x is the identity function.

Proof. If & is differentiable and increasing on [0, c0) with P(u) = mu and h(u) = 3(u) —
P(u). Then, applying the results of Theorem 31, we have

Z* 1—7 ot ~Q*
k— o)1t c— o 1177t
=[] )0 w300 - [ETL ] @006 w3l () 6)

since ) (P)(6) = gl ()(x) and ). (6P)(x) = i) (46) ().
From the above developments, we have
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_p)1-n1™
N O)06) Tl (90— [ ST | (@000 ()00 + . (P

. 1—5 -1 . 1—5 -1
> [P @) a0 (310 — | ST T ()00 - (00) -+ 3 (1))
This completes the desired proof. [J

Theorem 11. Let G,3 : [0,00) — Rand G,3 € £Q+ [0, k], be increasing and differentiable
functions, respectively. 3’ is bounded below by m = infyc (0,00 3 (t); then, we have

Let 6,3 : [0,00) — R and &,3 € L [0, «] be two differentiable functions. If &' bounded
below by my = infye g co) &' (w) and 3" bounded below by my = infye(0,00) 3'(w). Then we have

-1 -1

kK —o)t~ K—o)'~
N332+(63)<K) > [W] N33Z+ (&) (x) N337] (3)(x) —my {(19)77’]} N333+ (6)(x) N3377 (w) (xc)

_ _ _ -1
] e B G N Bt N TSI T

+my N, 3 (W) (k) + 1 N3 (w3) () — mamz N Ty () (i),

where w(u) = u is the identity function.

Proof. Let h; and h;, be differentiable and increasing functions on [0, c0) with P; (u) = mqu
and h1(u) = 3(u) — Py (u); similarly, P (u) = mpuand hp(u) = 3(u) — P>(u). Then, applying
the results of Theorem 7, we have

-1

(K_Q)lq N33Z+(h1)(1c) N332+(h2)(’<)

- () (6) > |2

-1

o)1
> [(1_@,," (N30 (8) () = w30 (P ()] N30 (3) () = 30 (P2) ()|
k—o)=17 7" A
> [CTO ] @0 w3006 = e[ CT L] (©)0) 00l ()

[ 5160 o) - [T 00 L e 59
Moreover,

N T 1 P2) () = man 3, () () = o 31 (69) () — mamane 30, (62) () (39)
Similarly,

NyJ g (12Pr) (1) = ming 3y (w3) () — mymang 3y, (w) (1), (39)

and
Ny Ty (PLP2) (x) = myman 3y (%) (1) (40)

From the equality,

&3 = (hy + Py)(hy + Py) = hihy + 1Py + hyPy + P Py,
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we have

N3ﬁg+ (63)(x) = N33Z+ (hiho)(x) + N3ﬁg+ (h1P2)(x) + N3JZ+ (Prh2)(x) + N31~JZ+ (P1P2)(x),
and this equality together with (37)—(40) implies the required result. [
Remark 5. If we take mq = 0, then we obtain Theorem 10.

Remark 6. If we consider —& and 3, or G and —3 instead of & and 3, under the assumptions of
the synchronous functions, we will have new results with changes in the direction of the inequalities.

6. Conclusions

The Griiss inequality and the Chebyshev inequality have been extensively studied,
and numerous generalizations, extensions, and variants of these two valuable inequalities
have been established. Using a generalized integral operator, namely the non-conformable
operator, several generalizations of the Griiss inequality as well as the Chebyshev-type
inequality are presented in this paper. The findings provide novel approaches to the
Griiss inequality thanks to the peculiarities of the fractional operator and some inequalities
employed in the proofs. In future research work, different forms of fractional integral
operators can be used to enhance the outcomes of researchers working on this topic.
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