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Abstract: We prove the modular convexity of the mixed norm L (¢2) on the Sobolev space W7 (Q)
in a domain Q) C R” under the sole assumption that the exponent p(x) is bounded away from 1,

i.e., we include the case sup p(x) = oo. In particular, the mixed Sobolev norm is uniformly convex if
xeQ

1 < inf p(x) < sup p(x) < oo and W&’p(Q) is uniformly convex.
xeQ) xeQ)
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1. Introduction

This work is devoted to the study of a uniform-convexity-like property of the modular
Pp - W) (Q)) — [0, 00), defined as

op(u) = [ [Vu(x)P W, M)
Q

where 0 C R" is a bounded domain, p : 3 — (1,00) is a measurable function and

|v| stands for the Euclidean norm of a vector v € R". We underline the fact that our

work clarifies two distinct points that have so far not been covered in the literature: the

consideration of the Euclidean norm |Vu| in the Sobolev integral above for the full range

1< igf p and the inclusion of the case sup p = . As a by-product, we obtain the uniform
Q

convexity of the Sobolev—-Luxemburg norm in the case where p is bounded away from 1
and oo. To the best of the authors’ knowledge, the uniform convexity of the Sobolev norm
isnew for 1 < igf < p < 2 ([1]). Introduced for the first time in the early 1930s, spaces

of variable exponents acquired a new central role in mathematics after their emergence
as the natural solution space for differential equations with non-standard growth. We
refer the reader to [2,3] for a general treatment of variable exponent spaces and their basic
properties. The consideration of the Euclidean norm in (1) is of particular importance since
the corresponding Dirichlet integral is Fréchet differentiable and its derivative is precisely
the p-Laplacian variable exponent A,,(,).

More specifically, let O C R” be a domain and p be a measurable function on (2, where
1 < p < co. Itis well known that the Luxemburg norm || - ||, on the variable exponent space
LP(Q)) is uniformly convex if and only if 1 < p_ = ,?25 p(x) < sug p(x) = p4+ < oo. Denote

xe

by WP (Q}) the usual variable exponent Sobolev space. There are certainly infinitely many

equivalent norms that can be defined on W7 (Q}). For example, if p is constant [4],
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lJul| 1, = (Z |D"‘u||5) @)

|a|=0

or [2,5]

m

1p= 2, [ID"ullp, ®)

|a=0

[

where || - ||, stands for the L norm. The core ideas can be reduced to the case m = 1; thus,
in the following only the space W (Q) will be considered. In general, if | - | : R" — [0, 00)
is a norm on R”, the functional py , : WLP(Q) — [0, 0] defined by

o1 (1 /|u|de+/|w|de @)

is a left-continuous convex modular, and the corresponding Luxemburg norm

Hu||1p—1nf{)\>0 plp( )<1} ®)
is a norm on W'?(Q). Moreover, all such norms are equivalent. In particular, if p is
constant on ), the functional || - || : W7 (Q) — [0, o] defined by

el = Tlaellp + 11Vl ©6)

is a norm and all such norms on W?(Q) are topologically equivalent. The question of
uniform convexity is considerably more delicate. It is easy to prove that if the variable
exponent p is bounded away from 1 and oo on (), then (2) and (3) are uniformly convex. This
can be seen, for example, by displaying a specific isometry between W7 (Q) (furnished
with either of those norms) and L7 (Q)) for a suitable domain Q) ([2,4,5]). For a general norm

1
of the type (5) (in particular (6)), however, the issue is more subtle. The case |v| = ( ’21 v; )
]:

is of particular interest due to its applications in partial differential equations. In [1], it is

shown that the Luxemburg norm on WS 7 (Q) (defined as the closure of C3*(Q) in W7 (Q)))
corresponding to the modular

- /(;Zl|Dju|2>gdx

Q

is uniformly convex on Wé’p (Q)) provided 2 < p < sup p(x) < coin (). On the other hand,
O

it has been shown in [6] that under the sole condition 1 < p_, the modular p, : LF(Q)) —
[0, oo] defined by
= / |u|? dx
Q

possesses a uniform-convexity-like property. This work aims at obtaining uniform convex-
ity results in the case of an unbounded exponent, i.e., p+ = oo, for the Sobolev modular (4),
in the particular case where the norm | - | is the Euclidean norm. As a by-product, we show

that the Sobolev space Wé’p (Q)) is uniformly convex when furnished with the norm

[|u ||1p—mf{A>0 /i( ) gdxgl}.

2
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2. Inequalities

In this section, vector Clarkson-type inequalities are proven. These inequalities will be
of utmost importance in the following. First, the scalar case is discussed, for whose proof
references are given.

Lemmal. Fora, b eR, |a|+|b| #0,1 < p <2([7]):

a+bl?  pp—1) |a—b\2 1
In addition, if p > 2 it holds ([8]):
a+blP |a—b 1
: 22| < o+, ®

Inequalities (7) and (8) in turn, imply their own validity in the complex case.
Lemma?2. For1 < p <2,z; € C,z; €C, |z1]* + |22]> # O, it holds

p(p—1) |z1 — z2?
p+1 2—p
T (aP+ zf?)

z1+2p P
2

< 2 (al + fal?) ©)

In addition, if p > 2, one has, for any two complex numbers z1 and zp,

z1+2zo|P
2

Z1 —Zz
2

(lz1]7 + [z2/7). (10)

N\'—‘

Proof. Let us first focus on the case 1 < p < 2. Before we prove the inequality (9), we will
need the following estimate

0<(P )75 < e, 11)

for1 <p <2 Setg(p)=(p— 1) . Tt is easy to show that ¢(1) = 0 and that g(p) — e~2
when p — 27. Furthermore,

N
'W

gp)=20p-1)272-p)22-p+(p—1)In(p—1)).

Writing h(p) = 2—p+ (p —1)In(p — 1), it follows that h(1) = 1, h(2) = 0 and
W'(p) =In(p—1) <0. Thus, h(p) > 0 on [1,2), and hence g’'(p) > 0, which gives the
estimate. By setting w = zpz; V=rel®, —m<@<mr>0,itis easy to rewrite the target
inequality (9) as

pp—1) [1—re | <

+1 P
2p (1 Ty )

Lagm), (12)

1+rel® |?
2

NI~

Fix r and denote the left-hand side by F(0), i.e

1 5 -1
F(0) = p(1+2rc059+r) +p(p—)2ﬂ<1—2rc059+r2>.
2 201 (14 12) 2

We have

P(o) - 20 <_<1 f2rcoso )it P11
(1+r2)T
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It is readily seen that for —— < 6 < —, it holds

NI
S

A+ (p- D+ 2rc0s8+2) T < (p- DA+ 2P — (14 2) 7

We claim that
(p—1)A+r*P-(1+r)7 <0.

Indeed, it is enough to show that

This follows directly from estimate (11) and the fact that > > 2. Therefore, F increases
on (—E 0) and decreases on (0 E) i.e., on [—E E} one has
2 7 7 2 7 M 4 2 7 2

1+rl|?
2

plp—1) [1-r 13)

2p+1 2-p"

F(6) < F(0) = ‘
(1+7r2)2

On the other hand, on (—n, —g) U (gn} ,one has 1+ 2rcosf + r* < 1 + r2. Conse-
quently,
p—2

(14 2rcos@ +r )pT > (147 )pT >(p-1)(1+r7) 7.

Thus, F(6) increases on (—7‘[, — g) and decreases on ( g, 7r) and the bound in (13)

holds on (—7, 7r]. On account of inequality (7), F(0) is bounded above by the right-hand
side of inequality (12), and this observation proves the desired inequality.
The proof of (10), for p > 2, follows by the same arguments and will be omitted. O

Using the above lemma, we are ready to state and prove the vector version of the
fundamental inequalities of Lemma 1 in any Hilbert space.

Theorem 1. Let u, v be vectors in a Hilbert space (H, || - ||). If1 < p < 2, it holds that

utv P p(p_l) Hu_VHZ 1 [4 p
provided ||ul| + ||v| # 0. In addition, if p > 2, it holds that
utv|l Ju-v]f 1
' V1< 2 + i) 5

Proof. If the vectors u, v are linearly dependent, the two inequalities reduce to the scalar
case. Assume that u and v are linearly independent. Set W as the subspace of H spanned
by these two vectors. Using Gram-Schmidt, there exists an orthonormal basis {I,J} of W.
We have

u=xI+y] and v=al+1D],

for (x,y) € R? and (a,b) € R% Setz; = x+iyand zp = a+ib in C. Clearly, the
following hold
[ul> = |z=]> =2 +y?,
Ivl*> =z =a+1?
lu+v|? =z +2 = (x+a)2+ (y+b)?
[u—v|? =z -z =(x-a’+@y-b7>
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Lemma 2 implies

plp—1) |z —2z)?

p+1 2-p —
7 (|aP + 1)

z1+2zo |7

4 P
! (2117 + [2217),

<1
=3

for1 < p <2, and for p > 2, we have

z1+ 2P lz—zP 1
< 2(1z|P p
! 2l < L 41,
which obviously implies
utv|f plp-1) fu—v|? Lo p p
2| (v = 2l M

for1 < p <2, provided |lu|| + ||v|| # 0. Additionally, if p > 2, it holds that

u—vl/?
2

u+vl|?
2

+ (rallP =+ fiv(I7)-

<1
=32

The proof of Theorem 1 is complete. [

3. Variable Exponent Spaces

It is by today’s standards abundantly clear that the normed space structure is much too
stringent to completely capture certain mathematical subtleties that are only visible under a
more flexible lens. To name an example (in fact, it may be the most important to understand
the aim of this work), the variable exponent p-Laplacian is modular in nature. With this
in mind, we set out to a present brief summary of definitions and known results. The
reader is referred to [2,3,9,10] for a more detailed discussion of the topics briefly outlined
in this section.

Definition 1. [10-13] A convex modular on a real vector space X is a function ¢ : X — [0, 0]

satisfying the following conditions:

(1)  o(x) =0ifand only if x = 0;

(2)  olax) = o(x) if[a| = 1,

(3) olax+ (1 —a)y) <wo(x)+ (1 —wa)o(y), forany a € [0,1] and any x,y € X.
Furthermore, it is considered that ¢ exhibits left-continuity when, for all x € X,

lim o(rx) = o(x).

r—1-

A modular function defined on a vector space X naturally gives rise to a modular space.

Definition 2. When a convex modular function ¢ is defined on the vector space X, the resulting
modular space consists of the following set:

Xo = {x € X; lim g¢(ax) = 0}.
x—0

The Luxemburg norm, denoted as || - || 0 and defined on the vector space Xo, is given by the
following expression:

Il —1nf{oc>0 g( )<1}

In preparation for the next section, a concept related to the geometry of modular spaces
is introduced [14]. Specifically, for x € X and r > 0, it is a natural and, as shall be seen in
Section 5, relevant question, whether the modular ball {y € X : p(x —y) < r} is uniformly
convex in the modular sense. Though an exhaustive discussion of this subject is beyond
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the scope of this work [2,10], the following type of uniform convexity introduced in [14]
will have far reaching consequences in the applications to be discussed in Section 5. Notice
that one can routinely verify that Definition 3 generalizes the idea of the norm-uniform
convexity of a ball in a normed space.

Definition 3 ([14]). Given a modular o on a vector space X, we introduce the following uniform
convexity-type properties of o:
(1) Letr > 0ande > 0 be given. Define

Da(re) = { (5,00 %0 € Xoro() <10 < r,0( 252 ) 2 or.

Set

a(r,0) =int1- L o(*7Y); (x) € Do)

if Dy(r,€) # @ and write 5y(r,€) = 1 otherwise. ¢ is said to satisfy (UC2) if for every r > 0
and € > 0, one has 5,(r,€) > 0. Observe that given r > 0, ¢ > 0 can be chosen small enough
so that Dy(r,e) # @.
(b) o is said to satisfy (UUC2) if for every s > 0 and € > 0, there exists 1j5(s, €) > 0 depending
on s and € such that
0a(r,€) > n2(s,€) > 0 forr >s.

Definition 4 ([2]). A convex modular p on a vector space V is said to be uniformly convex (in
short (UC*)) if for every e > 0O there exists 6 = 6(e) > O such that for everyu € Vandv € V:

p<u;v) >sw implies p(uzﬂ)> <(1-9) P(u)zﬂ

Notice that if p happens to be a norm, then the preceding definition is the usual
uniform convexity for norms.

4. Modular Uniform Convexity in Variable Exponent Lebesgue—Sobolev Spaces

The class of variable exponent Lebesgue spaces was first introduced in 1931 [15]. The
interested reader can consult [2,3,9] for an exhaustive treatment of these spaces. This section
will focus on the modular uniform convexity properties of such spaces. We open the section
with standard definitions.

Definition 5. Let Q) C R" be a domain. The notation M(Q) will be used for the vector space of
all real-valued, Borel-measurable functions defined on Q). Let P (Q)) be the subset of M consisting
of functions p : QO — [1, c0]. For each such p, define the set Qe := {x € Q: p(x) = c0}. The
function ¢ : M(Q) — [0, c0], defined by

o) = [ u()lP¥du+ sup [u()]
0\ O X€Nw

is a convex and continuous modular on M(QY). The associated modular vector space is denoted by
LPO)(Q) or simply LP(Q) if no confusion arises.

Definition 6. For Q and p as in the preceding definition, WP (Q) will stand for the vector
subspace of LP(Q)) consisting of functions whose weak derivatives also belong to L¥(Q). The
Sobolev space WP (Q)) will be equipped with the convex modular p : WY (Q) — [0,00]
defined as:
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N
p() = o(u) + o(|Vul) = o(u) + o (Z@]) )

j=1
and the corresponding Luxemburg norm introduced in Definition 2 will be denoted by || - ||p.

The following result follows easily from Theorem 1.

Corollary 1. Set Q) = {x € Q: p(x) > 2}. For u € W'?(Q), v € W'P(Q) it holds that

P _
/ w dx+/‘v(u2 ?) d < (ﬂ/IVulpdan/IVdex)
o o
and

_ 2 :
/ ‘V(u;v) dx+ D[V (u U)|p,2 de% / (VulP dx
o\, o\, 2P+1(|Vu|2+|Vv|2) ? o\,

= / |VolP dx.

O\

The next result will be crucial to establish the main result of this work.

Theorem 2. Let Q C R" be a domain and p € P(Q) finite a.e. The functional o : WP (Q) —
[0, o] defined by
p(x)

_!@;u})zdx

(here u; denotes the jt" partial derivative of u) is a convex pseudomodular (i.e., it has all the properties
exhibited in Definition 1, except (1)) and is (UC*) provided p— > 1. Moreover, when restricted to

Wé’p(Q), 0is (UC*) when p— > 1.

Proof. This proof follows along the same lines as that of Theorem 3 in [6]. We provide the
details in the interest of completeness. It is obvious that ¢ is a convex modular on L” (Q2).

" 2
In the course of the proof, it will be understood that |(x1, xp, ..., x,,)| = ( Y x]2> and for a
i=1

subset A C ), we set 04 (u f |u|Pdx. Lete € (0,1]. Assume

Q(u;v) (20 et

Set ) = {x € O : p(x) > 2}; then, necessarily, either

[ =55 "
) [P =5 () v
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In the first case, by virtue of Theorem 1, it is readily concluded that

[ (h/lvul”dw/wvwx) (();Q(V))

M

Vu—i—Vv

which implies

P
/‘W < 1(ﬂ/|vu|pdx+/|VV|pdx> _€<Q01<u)+901(v)>'
=5 5 .
1 01
In all,
utv Vu—i—VV pdx
Q > —
Q\Q1
_ WWV o [ [TV
O\
<z (ﬁ/Vu|de+/|vadx) _§<Q(“)2+Q(V)>
o[ [T
O\
<

;Q Ve + O/de) (e

wa| [ varas [ vvras
o\, o\,

(o(u) +o(v) — 5 (Q(U)ZH’(V))
= (1—¢/2) (Q(u)z—i-g(v)>

The last statement settles the issue in case (16) holds. If instead (17) holds, define

N =

1
Qz—{er\Ql [Vu—Vv| < = (|Vu|2 |Vv|2)2}.

It follows

N—

|Vu|2+|Vv\ )

Q/’Vu—VV

2 (97}
E/,

—4) 12
M

< < (o(w) +o(v)).

p
(IVul +Vv|)

A
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Set O* = O\ (O U Q). On account of inequality (17), it is readily obtained that

V(u—v)|F u—v)
/’ 2 / / ‘ i
Q* O\, O
(u) +o(v) (u) +o(v)
i e
e (o(u) +o(v)
_4(2).
By definition of (2%, one has
e|lVu-—v)|" _pp—1) e\2r|V(—v)|’
(- =157 =73 (4) 2
<p<p1>< [V (u—v]) >pV(uv)”
— 2 \(IVuP+|vvp) 2 I
which implies
u+tv)l? e|lViu—v
T - - YO < Javur 1w,

on account of the first part of Theorem 1. Integrating the above inequality and taking into
consideration (17), it follows that

V(u+wv) | . » & (o(w) +o(v)
/f dx < = /|Vu| dx + = /|vV|—(,—1)3f2f.
O 8
Finally,

dx

Q(u+v) (“{ Q/)’ (utv) |
g% / Vul? dx + /2|Vv|pdx)

1UM MUQ

+<ﬂ/|Vu|”dx+/Vv|P) — __1>§22<Q(11)42FQ(V)>

If we set

6= min{;, (1 —(p- — 1);2) },

then § > 0 since p_ > 1, and the following holds

Q(U;‘V) <a 5)<Q(U) J;Q(V))/

ie., 0is (UC*) as claimed. O
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Using Lemma 1 and along the same lines, the following theorem can be proven (see
also [6]).

Theorem 3. If1 < p_ < p < o0 in Q, the modular p : LP (Q)) — [0, co] defined by
o) = [ [ul? dx
Q

is (UC*).
The following is the main result of this section.

Theorem 4. For 1 < p_ < p < oo, the modular p : WP (Q) — [0, co] defined by

p(u):/ <|u\pdx+\Vu|7’) dx
0

is (LIC*).

Proof. The proof follows immediately from Theorem 2, Theorem 3 and the fact that uniform
convexity is preserved under sums ([2], Lemma 2.4.16). O

5. Uniform Convexity of the Luxemburg Norm on Wg’p (Q)

This section is devoted to the proof of the fundamental result that for a variable
exponent p bounded away from 1 and oo, the Luxemburg norm on the Sobolev space

W& 7(Q) is uniformly convex. The originality in this section is the range 1 < p < 2. A few
well-known facts about the modular spaces L7 are summarized below.

Theorem 5 ([2,14]). Assume py < oo. In the notation of Definition 5, for any u € LP(Q)),
() o(u) = 1ifand only if [ull, = 1.

(id) min{{Julg", ullg™} < e(u) < max{[ullg", llull}
Let us recall the following definition.

Definition 7. Let O C R" be a domain and p € P(Q) be an admissible exponent. Denote the
closure of C3*(Q)) in WYP (Q) (Definition 6) by W&’p(Q).

The following theorem is well known.

Theorem 6 ([3,16]). For1 < p_ < p4 < oo, then on Wé’p(Q) the norm |||V ul||, is equivalent
to the Luxemburg norm ||ul|,. Specifically, there exists « > 0 depending only on Q) and p such that

forallu Wé’p(ﬂ),

1
el < [[1Vulllo < afull, -
The following result holds.

Theorem 7. Let Q) C R" be a domain and p be an admissible exponent with1 < p_ < p; < oo,
Then, the Sobolev—Luxemburg norm | - ||, on WP (Q) is uniformly convex. Likewise, the norm

u — |||Vul||, defined on W&’p(Q) is uniformly convex.

Proof. Let 0 < & < 2 and take u and v with [|ul|, = |[v]|, = 1, ||[u — v||, > & that s, by
virtue of Theorem 5, p(u) = p(v) = 1 and p(%52) > (§)”". On account of Theorem 4
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for some 17 > 0 it holds p(%4%) < 1 —#. On account of (ii) in Theorem 5, it follows that
||MTH7||F, <1-6,forsome0<6<1. O

The rest of the claim follows along the same lines from a direct application of Theorem 2.

6. Conclusions

In conclusion, we proved the modular uniform convexity of the Sobolev space

WLP(¥)(Q) in the case sup p(x) = p; = co. We have also proven that the Luxemburg
xeQ)
norm in W7 (Q) is uniformly convex even for 1 < p_ < 2. To the best of our knowledge,

both results are new and have concrete applications in the study of the solvability of bound-
ary value problems involving partial differential equations with non-standard growth.
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