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Abstract: The aim of this work is to discuss some conditions for Touchard polynomials to be in the
classes TB,(p, ) and TRy (p, o). Also, we obtain some connection between Ry, (D, E) and T8 (p, 7).
Also, we investigate several mapping properties involving these subclasses. Further, we discuss
the geometric properties of an integral operator related to the Touchard polynomial. Additionally,
briefly mentioned are specific instances of our primary results. Also, several particular examples
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1. Introduction

We denote by A the class of functions of the following form:
fz)=z+) a7 (zeD={zeC:|z| <1}). 1)
1=2

Additionally, we let T denote the subclass of .4, which consists of functions f with the
following power series expansion:

flz)=z-) a7 (zeD;a >0). (2)
1=2
For the function f(z) involved in (1) and the function g(z) given as follows:
gz)=z+) bz (zeD),
1=2

the convolution (or, equivalently, the Hadamard product) of the functions f(z) and g(z) is
defined below:

(Frg)e) =2+ Y abd,

1=2

(zeD)
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and the integral convolution is (see [1])
(f®@g)(z —Z+Z ZZ’—g®f)() (zeD).

Definition 1 ([2,3]). A function f € S if it satisfies:

Re {1+b(zjffé)) 1)} >0  (zeD;beC* =C\{0}; f(z) € A),

is called star-like of complex order b.

Definition 2 ([4,5]). A function f € C, if it satisfies:

1zf"(z) _ .
R{1+bf,()}>0 (zeD;beCr; f(z) € A),

is called convex of complex order b.

Definition 3 ([6,7]). A function f € Ky, if it satisfies:

Re{1+117(f/(z)—1)}>0 (zeD;beCr; f(z) € A),
is called close-to-convex of complex order b.

Definition 4 (with n = 1 [8]). A function f € B, (p, o) if it satisfies:

1 2ff"(2) _ , . , :
’b<(1—p)f(z)+pf’(z) 1)‘ <o (zeDbeC’h0<p<L;0<c<1; f(z) e A).

Definition 5 (with n = 1 [8]). A function f € R,(p, o) if it satisfies:
‘ll)(f()—kpzf”() )’<a (zeD;beC0<p<1;,0<0<1; f(z) € A).

Further, we denote by

TB,(p,0) = Byp(p,0)NT TRy(p,0) = Ky(p,o)NT

Note that:

(1) TB1-4(p,1) = T(a,p) (0 < a < 1), was investigated by Altintas [9] with n = 1]
(see also [10] [with n = 1]);

2) fBb(O, 1) C Sy, ﬁh(O, 1) C Ky and %b(lr 1) C Cy, (see [2,4,6]);

(3)B1(0,1) = 8~ (see [1]);

(4) B,-is 059(0,1) = S, where S? is the class of spiral-like functions (/6| < Z; 0 is the
real value) (see [11]);

(5) B1-(0,1) = S*(a) (0 < & < 1) (see [12]);

(6) B(1_g)e coso (0, 1) = S%a) (0 < a < 1), where S%(a) is the class of spiral-like
functions of order « (|6] < 7; 6 is the real value) (see [13]);

(7) B (1,1) = C (see [1])

(8) B—iv psp(1,1) = C? where C? is the class of —Robertson-type functions
(18] < 5; 6 is the real value) (see [14]);

(9)B1_4(1,1) =C(a), (0 <a < 1) (see[12]);

(10) T8, (0,0) = TSy(cr) = {f €T ] (Zf(g)> 1)] < a} (see [6]);

(A1) TBy(1,0) = TC(0) = {f € T: [} (5 —1)| < o} (see 6]
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(12) TR,(0,0) = TKy(0) = {f eT: ‘%(f’(z) - 1)‘ < (T} (see [6]);
(13) TR1_4(0,1) = TK(a) ={f € T: |f'(z) —1] <1 —a} (see [15]);
(14) TR1(0,1) =TK ={f € T: |f'(z) — 1] < 1} (see [16]).

Definition 6 ([17]). A function f € R, (D, E) if it satisfies:

D= E)fyl(fé?flm - 1)‘ <t EemmetioisEsbs).

Note that: )
(1) B (w, ) = R(w) = {f € A: jﬁgg;}\ <a (ze€D;0<a <)} (see[18]);

(2) Rpiv cosp(1 — 20, 1) = Rg(a) = {f € A:Re(e®(f'(2) —a)) >0 (z€D; 0] <
7; 0 <a < 1) (see [19]).

In 1939, Jacques Touchard [20] studied the Touchard polynomials, also called Bell
polynomials [21-23], consisting of a binomial-type polynomial sequence defined by

where S(k, 1) is a Stirling number of the second kind.
If X is a random variable with a Poisson distribution with an expected value 7, then
its xth moment is E(X") = T (7), leading to the definition:

[e9)

B llK
Te(y) =e VZVT (y>0,x>0).
=0

In order to study the different inventory problems of the permutations when the cycles
have specific features, Jacques Touchard studied these polynomials and generalized the Bell
polynomials. In addition, he developed and researched a class of related polynomials. This
new approach can be used to solve integral equations, both linear and nonlinear. Since it is
difficult to solve integral equations analytically, we must often find approximations for the
solutions. In this situation, the linear Volterra integro-differential equation is solved using
the Touchard polynomial approach. Both linear and nonlinear Volterra integral equations
have been solved using the Touchard polynomial method.

Lately, Murugusundaramoorthy and Porwal [24] introduced and defined a function
Te(7y; z) as follows:

oo 1—1(, __ 1\x
7}(7;2):24—@*72le (zeD;y>0«>0). 3)

= (—1)!

The above series convergence is infinite according to the ratio test. Also, they introduced
Fi(7y; 2) as follows:

o i—1/,_ 1)k
Fi(7:2) :22—T;<(’Y;z):z—e_727 (l(l 1)'1) Z (zeD;y>0;xk>0). (4
1=2 o
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Also, we define the functions

(i, 1:2) = (1= Te(r:2) + uz(Te(v;2)
'y Y= DF
= z+e " Y Q+pu(-1)) L,
and
Qi(n,152) = 22— Dy, 152)
y Y -1)F
= z—e¢ "y N+uti—-1)]——-—"2z
Also, we define P« (7;z) : A — A by the convolution as
1-1 (1—1
Pe(1:2) = Felmiz) * f(2) —z—evz"Y s L
and R«(v;z) : A — Aby the integral convolution as
1— l
-1
Re(1i2) = Rl @ flz) = z-e T L Tl e

Also, we define Qi (p,7;z) : A — A by the convolution as

IS =1/, _ 1\
O 1:2) = @2 (i D)+ fle) =z —e Y 4 (-] D (>0

Ge(p,752) =

Ox(p,v;z)®f(z) =2—e"

= (1—1)!

and Gy (i, 7;z) : A — Aby the integral convolution as

,),1—1(1 _ 1);( a,

\Mg

1

Definition 7. The " moment of the Poisson distribution about the origin is

In our study, we will use the following lemmas.

Lemma 1 ([8] with n = 1). A function f € TB,(p,0) is of the form (2) if and only if

agk:

2

Lemma 2 ([8] [with n = 1). ] A function f € TRy (p, o) is of the form (2) if and only if

2 (1—1) +1]ja,| < o|b] beCh0<p<1,0<0<1).

Lemma 3 ([17]). If f € R,(D, E) is of the form (1), then

|al\§w (1>2,7neC;, -1<E<D<1).

1

[14‘#(1—1)]sz1 (4 >0).

(1 —1)+ 1]t +0olb| —1]|a,| < o|b] beC0<p<1,0<0<1).

(6)

@)

®)
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The important area of study is the use of special functions in geometric function theory.
It is applied in fields including physics, engineering, and mathematics. Several types
of special functions, including generalized hypergeometric Gaussian functions [25] and
references, are cited therein. In fact, after the appearance of Porwal [26], several researchers
familiarized themselves with the the Poisson distribution series [27,28], Mittag-Leffler-type
Poisson distribution series [29], Pascal distribution series [30], generalized distribution
series [31,32], and binomial distribution series [33], and provide applications for certain
classes of univalent functions. In 1939, Jacques Touchard [20] studied the Touchard polyno-
mials. Volterra integral equations, both linear and nonlinear, have been solved using the
Touchard polynomial approach. In 2022, Porwal and Murugusundaramoorthy [23] investi-
gated some conditions for Touchard polynomials to be in the subclasses of analytic functions.

The aim of this work is to discuss some conditions for Touchard polynomials to be in
the classes TB,(p, ) and THy(p, o). Also, we obtain some connection between R, (D, E)
and TH,(p,0) and investigate several mapping properties involving these subclasses.
Further, we discuss the geometric properties of an integral operator related to the Touchard
polynomial. In addition, briefly mentioned are specific instances of our primary results and

several particular examples are presented.

2. Main Results

Unless mentioned, let0 < p <1,0<0c<1,beC,ypeC",-1<E<DC<],

¥>0,xk>0zeDandy, =e "X T, =k, k+1, K +2, k+3.

Theorem 1. The function ®; (i, v;z) € TBy(p, o) if and only if

{ WoXrys + [+ (14 po|b])| Xy + [1+01b(0 + )X sy +olblxy < olb]

" [upy? + [+ o+ pupB+olb)]y? + 1+ (u+pp +p) (1 + o|b])]y] < olb]

i[p(l D) +1[i+0olb| = 11+ pu( — 1)]71(11(_1;)!1)"37

= e . o(e =107+ e o1+ plp))a ~ 17+ 1+ 0Pl(p + )G 1) + elel]

k+3 0 — K+2
e—v[ypzw i+ p(1+ polb))] Zz((l)Jr
{1+ olbl(o + ) Z'y()wwwﬁ o )]
1K+3 0 1K+2

+ it p(t+polp))] L T
1=1

=e ”[W)E’Y
1=1

=) ,)/IIK+
+H1+olbllp+ )] Y —;
1=1 :

{ HoXis + [+ (1 + puo|b)xe o + [T+ 0lbl(o + p)lxe 1 +olblxi < olb]

e [upy® + [ﬂgp +pup(B+0lb))]Y* + [1+ (u+ pp + p) (1 + o]b])] 7] < olb]

(i

(k>1),

(x

Proof. To prove that ®;(u,y;z) € By(p,0), from Lemma 1 and (6), we have to prove that

0).

Y- 1)*
e

(k> 1),

(x

0).
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Corollary 1. Let u = 0 in Theorem 1, then T Fy(y;z) € TBy(p, o) if and only if
{ ez + [L+ polbllxi iy + ofblxi < ofb| (c>1),
(10)
e [pv:+ [1+p(1+0clb))]y] < olb| (k = 0).

Remark 1. Puttingb =1—a (0 < a < 1) and o = 1 in Corollary 1, we improve the result due
to Porwal and Murugusundaramoorthy [23] [Theorem 2.2]

Corollary 2. Let p = 0 in Theorem 1, then @y (u,v;z) € T Sy(0) if and only if
{ WX + (L4 plbl] Xy +olblxe < olb] - (k2 1),
e [uy® + [T+ p(1+cb])]v] < ofb] (k =0).
Corollary 3. Let p = 0 and p = 0 in Theorem 1, then T F(y;z) € T Sy(0) if and only if
Xer1 Tolblxe < olbo] (x>1),
{ e’y < olb| (k =0).
Example 1. (1) Letb =1—a (0 < a < 1) and ¢ = 1in Corollary 3, then T F«(y;z) € S*(a)

if and only if

ely<l—ua (xk =0).
(2) Let b = 1 and o = 1 in Corollary 3, then T F(v;z) € S* if

{ Xepr H(I—a)x <1—a (k>1),

Xep1 TXc <1 (k2>1),
{ e’y <1 (k=0).
Corollary 4. Let p = 1in Theorem 1, then @y (u,y;z) € TCy(0) if and only if
WXira + 1+ p(L+alb))Ixs, + [+ ool (1+ @)]xcyy +olblxi < ofb] (x> 1),
{ e[y’ + [+ 1+ p@+olb)y? + 1+ @u+ DA +olb)]] <olb|  (x=0).
Corollary 5. Let p = 1 and p = 0 in Theorem 1, then T F(y;z) € TCy(0) if and only if
Xieva + 1+ albllxi g +olblxe < ofbl - (x> 1),
{ e7[7? + 2+ ofb]]y] < olp] (k= 0).

Example 2. (1) Letb=1—a (0 < a < 1)and o = 1in Corollary 5, then T F(y;z) € C(a) if
and only if
{ Xep2 T R—alteq + (- <1—a (x>1),

Y +B—aly] <1-a (k =0).
(2) Let b = 1 and o = 1 in Corollary 5, then T F(y;z) € C if

{ X2 T2 tXxc <1 (k>1),

e'[y*+37] <1 (k =0).
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{ WoXyi3 + [+ oL+ X o+ 1+ 0+ uxe 1 + X < olb] (k>1),

Theorem 2. The function @} (y,v;z) € TRy (p, o) if and only if

(11)

poy® + [dpo + p+ ol + 1+ 2(p +p(u+ 1))y + (1 —e77) < olb| (x = 0).

Proof. To prove that ®} (1, v;z) € TH,(p,0), from Lemma 2 and (6), we have to prove that

-1
r}’l (l — 1)Ke—'y

Ylote — 1)+ 1+t~ 1)

171(1 _ l)K

= e Eple =0+ o1+ 0o 0+ [+ p =) 1] T

=e " l#PZMJF [+ p(1+p)]
(1—1)!

z"]
{ oXers + I+ + )X +1+p+ u]xm + xk < olb| (k>1),

,
Lo TR e

1 — 1)K+3 1 (l )K+2

71
;=1

S Ut

agk

00 zfl(l _ 1)K+l

1,43 00 1 K+2 00 z K+1

+[u+p(1+p)] 2 1+p+yz

=1 ! 1=1

OO,)/l
g 1!

poy® + [4%9 a1+ 2 +o(u+1)]y+ (1 —e7) < ofb| (k= 0).

Corollary 6. Let y = 0 in Theorem 2, then T F(y;z) € TR (p, o) if and only if

PXcy2 + 14 plXGr + x5 < 0B (k> 1), \
{ Py’ +[1+20]7+(1—e) < olp] (k= 0). "
Corollary 7. Let p = 0 in Theorem 2, then @ (u,v;z) € TKy(0) if and only if
Mo T 1+ Ml + x5 < bl (k> 1), ,
{ uy+ [+ 2uly+ (1—e) < ofp] (k= 0). "
Corollary 8. Let p = 0 and p = 0 in Theorem 2, then T Fy(y;z) € TKy(0) if and only if
{ Xep1 +Xxx < olb| (x> 1),
(14)
v+ (1—e) <olb| (k=0).

Example3. (1)Letb =1—aando =1, (0 < a < 1) in Corollary 8, then T F(y;z) € TK(«)
if and only if
{ Xer1 TXcS1—a (k=1),

rY+1—-e")<1—un (k =0).
(2) Let b = 1 and o = 1 in Corollary 8, then T Fy(y;z) € TK if and only if

{ X1 T X <1 (x> 1),

T+l —-e7)<1 (k =0).
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Theorem 3. Let f € Ry (D, E), Qx(p, 7, z) defined by (7) be in TRy (p, o) if and only if
{ (D = E)lnl [poxiesn + 1+ 0lX51 + x5 < 10| (x> 1),
(D = E)lyl[por® + o+ p+ply + (1 —e™)] < ofp| (x =0).

Proof. From Lemmas 2, 3, and (7), we have to prove that

z l 1 —
l;l[P(l—l)+l][1+‘u(z—l)]{(D ZE)W} (11)‘1) -

oo =1, _ 1\«
= (D= E)lyle™ Z[ﬂp(lfl) [V+P}(11)+1W(z(—11)!1)

B ,)/1 1( 1)K+2 ,)/l 1(1 1)K+1 00 ,),1—1(1_1)1(
= (D=l [ ot T A L T
0 1K+2 00 1K+1 ’YZlK
=(D- Elnle‘“’[ ; + [+ p] 21 Z ]
{ (D = E)|nl[poxsn+ 1+ 0lXiey1 + X6 < olb] (k>1),
(D—E)\g]\[ﬂm“r [mo+p+ply+(1—e7)] <ofp| (k=0).

Corollary 9. Let y = 0 in Theorem 3 and f € Ry (D, E), then Px(;z) is in TRy (p, o) if and

only if
{ (D = E)lnllpxc1 + xx] < olb] (k>1),
(D=B)lyllor+ A —e ] <olb]  (x=0).
Corollary 10. Let p = 0 in Theorem 3 and f € Ry (D, E), then Qx(p, y; z) be in T Ky (o) if and
only if
{ (D= E)nl[mxess + xi] < b (k> 1),
(D-E)ylluy+ (1 —e ] <ol (x=0).
Corollary 11. Let p = 0and y = 0 in Theorem 3 and f € R, (D, E), then Py (y; z) is in T Ky (o)
if and only if
{ (D —E)lylxe < olb| (x>1),
(D—=E)[n|(1 —e7) < clb] (k= 0).

Theorem 4. The function Qx(p,y;z) maps f(z) € S* to TBy(p, o) if and only if

#oxXrra + [on(L+a|b) + p+ plxs s + 1+ olbl(op + o + 1) + 0 + HlxXsi2
+[1+0olbl(o+pu+1)|xe g +olblxe <olb]  (x>1),
(15)
eTlppy* + [on(7 + o|b]) + p + pl7° + [op(10 + 4o |b]) + (o + p) (4 + o|b]) + 1]9*
+ [20p(1 +0cb]) +2(p+p)(1 +o[b]) +2+0lb|]y] < ofb]  (k=0).

Proof. From Lemma 1 and (7), we have to prove that

1—1 1 — 1)
oo =1+ 1+ ol = 11+ = D1 e < o

agh
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Since f(z) € §*, then |a,| < 1.So

) 1—1 1 — 1)«
LIt~ 1)+ 1+ ol = 1+ o= 1) e
< Lotlpte =1+ 1l ol 1+ e 1) T e
< e L ot~ )%+ on(1 -+ 0l) -+ pl(e =17+ 1+ 0l(on -+ 4) -+ (e 12
1 1(1_1)1(
HL+ bl o+ 1)) =) + ol T
) =1(; _ 1)¥ 00 =1, _
<o Eto - 1 GG o1+l + o+l B - 10 S
+L+olblpp +p +p) +p+p] fz(l—ﬂzm
) 1—1 =1, _1\x
+[1+0|b|(p+u+1)]122(1—1)7(1(_11))+‘T|b|27(11)!1)1
1—1 K+4 © =10, K+3
<e HPZW + [ou(1+alb]) + p + p] Z;(—ll)?+

0 zl(l 1)K+2
+1+olbl(op +p+p) +p+ 1] ZT

; =y - )t b""v"lﬁ—ﬂ
i+ olblle+p+ D] Y g+l L g,

0 ’)/IZK+4 00 ’711K+3
wo ), —— +lon(1+olbl) +p+pl )
: =1

|
—1 1.
00 z K+2
')/llK
1!

1+l (op+p+m) +o+u YT
1=1

X+ [on(L+a|b]) + p+ plxs s + [1+ bl (op + o + 1) + 0 + HlXsi2

+[1+abl(p +p+1)]xysq +olblxi < olb] (k> 1),

<e 7

0o 1,Kk+1

7' =
+[1+U|b|(p+}l+1)]2 , +cr|b|2
1=1 : 1=1

IN

e"[upy* + [op(7 + alb]) + 1+ pl7* + [ (10 + 4cb]) + (o + o) (4 + b)) + 17
+ [épﬂ(l +afbl) +2(p +p) (1 +0b]) + 2+ fbl]ly] <ofb| (k= 0).
Corollary 12. Let y = 0 in Theorem 4, then Py (y;z) maps f(z) € S* to TBy,(p, o) if and only if
{ OXera + [1+p(1L+0bD)]xc i + [T+ 0l (0 + DX yy +olblxi < ofb] (k>1),

e’ oy + [p(4+alb]) + 1] + 20(1 + o|b]) + 2+ o|b[}y] < olb] (x=0).
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Corollary 13. Let p = 0 in Theorem 4, then Qx(u,7y;z) maps f(z) € S* to TSy(0) if and

only if
{ WXoers + [1 4 o [b] )X n + (L4 01b] (1 4+ 1)]x0e40 +olblxi < b (x> 1),
e [y + [u(4 + b)) +1]9* + 2u(1 + [b]) + 2+ lb[]y] < olb| (x = 0).
Corollary 14. Let p = 0 and p = 0 in Theorem 4, then Py (y;z) maps f(z) € S* to TSy(0) if
and only if
{ X2 + (1 01bllx sy + olblxi < ofb] (k>1),
e?'[y? + 2+ albl]y] < olb] (x = 0).

Corollary 15. Let p = 1 in Theorem 4, then Q(u,y;z) maps f(z) € S* to TCy(0) if and
only if

WXiia + Q2+ 0lb]) + 1 x5 + 2+ 0[b] (21 4+ 1) + plxei2
+ [1+01b[(2+ )] Xy s 1 + olblxy < o] (k>1),

eV [ur* + [u(8+ afb]) + 1]7° + [u(10 + 4o |b]) + (1 + ) (4 + o|b]) + 1]
+ 2u(1+olb|) +2(1+u)(1 +olb|) + 2+ o|b|]y] < o|b] (k =0).

Corollary 16. Let p = 1 and y = 0 in Theorem 4, then Py (7y;z) maps f(z) € S* to TCy(0) if
and only if

{ Xirs T R+ 0lbllx o + [1+201b]lxy 14 + olblxy < olb| (k> 1),
e[y + [54 bl + [4+30]b[]y] < o|b] (k =0).
Theorem 5. The function Qx(p,y;z) maps f(z) € S* to TR (p, o) if and only if

HoXoera [+ 01+ 21)]Xpis + 14+ 2(0 + 1) + pp] X2
+lo+u+2xe +xe<olpl  (x>1),
(16)
port + [+ p(1+8u)]7> + [1+5(p + p) + 14pu] 7>
+ B(up+p+p) +3ly+ (1 —e7) <olbl (k=0).

Proof. From Lemma 2 and (7), we have to prove that

- to6 =) + 10+ - 1 e < o
1=2 t—1)
Since f(z) € 8*, then |a,| < 1. So
Y- ilol— 1)+ 11+ e — 1)) D g o
1=2 (1_1>!
o 1—1 1—1)%
< ¥ 2lo(— 1) + 11+ (e — 1)) D e
1=2 (Z 1)'
< e Y ol = 1F 4 [t p(14+20)] (1= 1)+ [1+ 2(0 + ) + oyl (1 = 1)2

1=2
] ’Ylil (l B 1)K

+o+p+2)—-1)+1 )
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©0 1—=1¢, _ 1\x 00 1—1¢, _ 1\
zw}%@—lfvﬁgli)+{u+m1+hM§%0—1P7@81;)

00 111_ K 00 1711_ K
+[1+2(0+u)+pu] Y (1 — =1 +[p+;4+2]2(z—1)M

1=2 (=1t = (1—1)!
1— l 1 —
LT ]

<e 7

1—1 K+4 ) — K+3
Y -1) -1
<e LA St A YRS I 170) ) DL A Gl i
VPZ o T2 1_22 ( il
o . 1—1 1 1 K+2 0 . 1—1 1 x+1 oo . 1—1 1—1)%
+[1+2(p+u)+pu12% +lp+p+2 Zu+2%
L - D R I S e
[} ’711K+4 0 ZK+3
<e lup)’ o el +2u)] Z
1=1 : =
o) 1K+2 0 ZK+1 0 "}’ZIK
+[142(p +py2 p+y+22 l,
= = z:l :
HoXoera + [+ 01+ 21 Xieps + [1+2(0 + 1) + pH] X s2
+lo+u+2xea +xe<olpl  (x>1),
<
port + [+ p(1+8p)]7> + [1+5(p + p) + 14pu]y?
+4(po+p+u) +3ly+(1—e7) < olb] (x =0).

O

Corollary 17. Let yu = 0 in Theorem 5, then Py (7y; z) maps f(z) € S* to TRy (p, o) if and only if

PXoers T [1+ 2000 + [0 + 21 + X < 01b] (k> 1),
7> + 1450177 + [4p + 3]y + (1—e77) < D] (k= 0).
Corollary 18. Let p = 0 in Theorem 5, then Qy(u,;z) maps f(z) € S* to TKy(0) if and
only if
{ PXira + (120 X0 + [0+ 20X + X0 < 0P (k> 1),
W+ (1457 + [+ 8]y + (1 —e77) < olp| (x =0).
Corollary 19. Let p = 0 and y = 0 in Theorem 5, then Py (y;z) maps f(z) € S* to TKy(0) if
and only if
Xicra T 2Xei1 + Xic < olb| (k> 1),
Y43+ (1—e) <olb| (k= 0).

Theorem 6. The inequality (11) satisfies if and only if
(i) the function Qx(p,y;z) maps f(z) € C to TKy(p,0);
(ii) the function Gy (u,y;z) maps f(z) € S* to TK,(p, o).

Proof. (i) From Lemma 2 and (7), we have to prove that

1—1 1—1)%
ipte = 1)+ 10+ = D e < el

agk

1
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Since f(z) € C, then |a,| < 1. The proof of Theorem 6 is similar to Theorem 2, so we omit it.
(ii) The proof is similar to Theorem 2, using |a,| < 1 and (8), so we omitit. []

Corollary 20. Let y = 0 in Theorem 6, then
(i) the function Pc(7y;z) maps f(z) € C to TKy(p,0);
(ii) the function Ry (7y;z) maps f(z) € S* to TKy(p,0),
if the inequality (12) holds.

Corollary 21. Let p = 0 in Theorem 6, then
(i) the function Q(p,y;z) maps f(z) € C to TKy(0);
(ii) the function Gy (u,y;z) maps f(z) € S* to TK,(0).
if the inequality (13) holds.

Corollary 22. Let p = 0 and y = 0 in Theorem 6, then
(i) the function Pc(7y;z) maps f(z) € C to TKy(0);
(ii) the function Ry (7y;z) maps f(z) € S* to TKy(0).
if the inequality (14) holds.
Theorem 7. The function G (p,y;z) maps f(z) € C to TRy (p, o) if and only if
{ HOXoer2 + [+ Pl + Xk < 0lD] (k> 1),
(17)
o + lop + ptply + (1 =€) < ofp| (k= 0).

Proof. From Lemma 2 and (8), we have to prove that

S 1o —1) 4 [t 4 o — 1) T DAl
— @-=1)! 1
Since f(z) € C, then |a,] < 1. So
s A Ul Y
Z;[P(l—l)“‘l“l‘*‘ﬂ(l—l)]we i
[eS) 1—1¢, K
<o L[l 02 okl 1) 1] Tl
Se—'y pthz—lzry ( )K [P[+P]§:(l—1)711171 +Z71111)]
L 1=2 (l ) 1=2 (1_ ! — 1—1)!
B 00 ( 1)K+2 00 71—1(171)1(—',-1 00 ,),1—1(171)
<”_”p172 R L AP D v i Wy rpy 1 1
B 00 1K+2 o) 1K+1 o] ,-YIIK
<eMpp ) i+t Z +) ]
L =1 : =1 ! 1=1
{ WOXir2 + [+ pIXsq + Xk < 01D (k> 1),
<
poy* + (o +u+ply + (1 —e™7) < olb| (x =0).
]

Corollary 23. Let y = 0 in Theorem 7, then Ry (7y;z) maps f(z) € C to TRy (p, o) if and only if

PXryq + Xi < 0D (k>1),
(18)

py+ (1 —e7) < o|b] (k =0).
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Corollary 24. Let p = 0 in Theorem 7, then G (u,7y;z) maps f(z) € C to TKy(0) if and only if

HXieyq + X < 0b] (k>1),

puy+(1—e ) < olp (k =0).

Corollary 25. Let p = 0 and p = 0 in Theorem 7, then R (7y;z) maps f(z) € C to TKy(o) if
and only if
Xx < ol (k> 1),

(1—e77) <olb] (k=0).

Theorem 8. The function £(v;z) = [y {2 - M} ds is in TRy (p, o) if and only if (18) holds.

S
Proof. It is easy to see that

oo . 1—1 T L
Le(7:2) 22—27(1!)6 7.
1=

Using Lemma 2, we only need to show that

agh

=1/, _ 1\k
o1 —1) +1]%e’7 < o).

1=2

The proof is similar to Theorem 7, so we omitit. O

3. Conclusions

Several applications of analytic functions have been studied by several authors. In
our study, we apply some applications to investigate some conditions of a power series
associated with Touchard polynomials belonging to classes of analytic functions of complex
order b, such as B, (p, o) and TKy(p, o). Next, we obtain some inclusion relations between
the classes R, (D, E) and TH(p,0). Also, we investigate several mapping properties
involving these subclasses. Further, we discuss the geometric properties of an integral
operator related to the Touchard polynomial. Additionally, briefly mentioned are specific
instances of our primary results. Also, several particular examples are presented. In the
future, we can study Touchard polynomials with several subclasses of analytic functions.
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