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Abstract: Chaos-related applications are abundant in the literature, and span the fields of secure
communications, encryption, optimization, and surveillance. Such applications take advantage of
the unpredictability of chaotic systems as an alternative to using true random processes. The chaotic
systems used, though, must showcase the statistical characteristics suitable for each application. This
may often be hard to achieve, as the design of maps with tunable statistical properties is not a trivial
task. Motivated by this, the present study explores the task of constructing maps, where the statistical
measures like the mean value can be appropriately controlled by tuning the map’s parameters. For
this, a family of piecewise maps is considered, with three control parameters that affect the endpoint
interpolations. Numerous examples are given, and the maps are studied through a collection of
numerical simulations. The maps can indeed achieve a range of values for their statistical mean. Such
maps may find extensive use in relevant chaos-based applications. To showcase this, the problem
of chaotic path surveillance is considered as a potential application of the designed maps. Here,
an autonomous agent follows a predefined trajectory but maneuvers around it in order to imbue
unpredictability to potential hostile observers. The trajectory inherits the randomness of the chaotic
map used as a seed, which results in chaotic motion patterns. Simulations are performed for the
designed strategy.

Keywords: chaos; piecewise map; mean value; distribution; randomness; surveillance; path planning;
UAV

1. Introduction
1.1. Chaos and Its Applications

Chaotic systems have become standardized tools in applications where a low-cost
source of high entropy is required. Examples include secure communications [1], pseudo
random bit and number generators [2–6], data encryption [7,8], exploration and
surveillance [9–11], optimization [12–16], and many more [17]. The reasoning behind
their use is that they can generate random-like trajectories, which can be fed into a design
to improve its performance. For performance, different indexes can be measured, relevant
to the application at hand.

For example, in applications related to data security, like encryption and secure
communications [1–8], a chaotic signal is used to hide an information signal. The operations
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used for hiding include addition between the chaotic series and information, permutation
of the information data, and substitution of the data. The resulting encrypted data have a
random-like structure, and reveal no information about the original signal. For this, the
chaotic signal used should have statistical properties similar to a random process so as to,
at least, resist any statistical attacks. So here, uniformity of the chaotic time series chosen is
an important and desired feature in assuring the security of the final encrypted data. For
an overview of recent developments of chaos-based encryption, see [7,8].

In chaos-based optimization [12–16], and especially in evolutionary algorithms, chaotic
time series are used to replace random variables, for actions like selection, emigration, and
mutation. The motivation behind this is to replace the uniformity of a random process
with a chaotic time series, which is still unpredictable, but may showcase different value
distributions on the state space, for different parameter values. So here, the different
statistical characteristics of the maps used may improve or hinder the performance of the
algorithm, which can then be evaluated by further testing.

In chaotic exploration [9–11], an autonomous agent is tasked with either exploring or
surveilling a given area of interest. For this, an additional goal is to impart unpredictability
in the agent’s path, which can improve the security against intruders and adversaries.
For example, the task of trajectory prediction will become hard, making it difficult for an
intruder to trespass a secure space. So here, maps with different statistical properties can
generate diverse trajectories for the agent to follow.

1.2. Design of New Chaotic Maps

Judging from the collection of diverse examples of chaos-based applications, it is clear
that not all of the existing chaotic systems from the vast literature can be utilized in all of
the existing applications. Before considering a possible system to use, it is important to not
only analyze its dynamical behavior for all control parameters of interest but also consider
its statistical behavior. This will facilitate the choosing of the control parameter ranges that
will improve the overall performance of the given design.

Motivated by this, the goal of this work is to investigate the changes in the statistical
measures of chaotic maps, as their control parameters vary. For this, a simple family of
piecewise chaotic maps with three control parameters is proposed. For this family, simple
rules can be followed for appropriately tuning the control parameters in order to affect the
statistical mean of the resulting time series. Piecewise maps are chosen here, as they are
very prominent in applications [3–5,18–23], and their shape is easy to control. They can
also yield chaotic behavior for a wide range of parameter values. Five maps are proposed
and studied based on this general model. One map is a generalization of the skewed
tent map [20], two are modifications of the maps proposed in [18], and the last two are
combinations of the previous ones.

The five chosen maps are analyzed numerically through a collection of tools of nonlin-
ear analysis. First, the bifurcation diagrams and Lyapunov exponents are computed, which
are used to identify parameter ranges that yield chaotic behavior. Then, for the parameter
ranges that generate chaos, graphs that depict the mean value are generated. These graphs
help identify the statistical behavior of the chaotic time series, as the control parameters
vary, and follow works that explore the statistical properties of chaotic systems [24–27].

From all the above studies, the main conclusion is that it is possible to tune the mean
value of the proposed maps by appropriately changing the control parameters. This can
result in chaotic time series that are left/right-skewed, or closer to a uniform process, all
while maintaining unpredictability. Due to the structure of the maps being fairly simple,
the tuning guidelines of the control parameters for achieving the desired behavior can
be fairly straightforward. Thus, the proposed family of maps can be a starting point for
designing maps with controllable statistical measures, all while maintaining wide ranges of
chaotic behavior so that the resulting maps can be considered in chaos-based applications.

Another approach to the research problem may be to designate the so-called invari-
ant density. Invariant density shows the distribution of the iterated variable and thus
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determines basic descriptive statistics, such as the arithmetic mean. This measure can
be determined by solving the Frobenius–Perron equation [28]. However, it should be
emphasized that in only certain cases (usually mappings composed of linear functions), it is
possible to determine this measure analytically. In other cases, this density is approximated
by determining histograms.

The problem of finding a mapping with a given density function is thus called the
inverse Frobenius–Perron problem (IFPP) [28]. An overview of solutions to this problem
can be found in [29]. Such a problem is analyzed, among others, in [30], where the tent
map and the cumulative distribution function are used for this purpose. A similar solution
using the inverting of the cumulative distribution function is presented in [31]. In turn
in [32], a method using stationary densities of dynamical systems with input perturbations
is presented. Still, other solutions to this problem can be found in [33,34]. However, it is
worth emphasizing that the mentioned solutions of the inverse Frobenius–Perron problem
may be ineffective in practical applications.

Motivated by this, the goal of this work is to investigate the changes in the statistical
measures of chaotic maps, as their control parameters vary. For this, a simple family of
piecewise maps is proposed and analyzed.

To further showcase their applicability, the proposed chaotic maps are applied to
the problem of surveillance mentioned above. For this, a scenario is developed where
an Unmanned Aerial Vehicle (UAV) follows a predefined trajectory. To introduce chaotic
maneuvering into its motion, the chaotic map’s values are utilized to rotate the UAV in a
circular region around the predefined trajectory. By performing so, the UAVs trajectory
varies as it surveils the area and never repeats itself.

Summarizing, the contributions of this work are outlined as follows:

• A family of piecewise maps with three parameters is proposed. The three parameters
are tuned to control the endpoint interpolations.

• By appropriately tuning the control parameters, the statistical mean value of the
resulting chaotic time series can be changed.

• The studied maps showcase a collection of dynamical phenomena, including wide
uninterrupted parameteric ranges, where chaotic behavior is observed, or self-similar,
fractal-like behavior in transitioning in and out of chaos.

• The maps are successfully applied to the problem of the trajectory of a UAV that
surveils a given area being imbued with unpredictability.

Finally, it must be noted that this work extends the results of the conference work [35]
by studying a wider collection of maps, providing a more in-depth analysis, and the
additional application to surveillance. The remainder of the paper is outlined as follows.
In Section 2, the family of maps considered here is presented. In Section 3, examples of
different maps are presented, and their dynamical behavior is studied. Section 4 presents
the chaotic surveillance application. Finally, Section 5 summarizes the paper, with a list of
future topics of interest.

2. Proposed Family of Maps

Consider the general family of piecewise maps with two subfunctions of the form

xi = g(xi−1) =

{
g1(xi−1, a, b) 0 ≤ xi−1 ≤ b
g2(xi−1, b, c) b < xi−1 ≤ 1

, (1)

with g(x) ∈ [0, 1], so the mapping interval is xi ∈ [0, 1]. The function g1 is increasing,
and g2 is decreasing. The maps (1) have three control parameters a, b, c ∈ [0, 1]. These
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parameters are used to control the shape of the functions g1, g2 so that they interpolate to
the following three points:

g1(0, a, b) = a, (2a)

g1(b, a, b) = 1, (2b)

g2(1, b, c) = c. (2c)

Each subfunction can either be linear or nonlinear, as long as the above conditions
hold. These conditions are imposed in order to affect the mapping on the interval [0, 1]
and change the map’s distribution in the state space. The general rules for tuning each
parameter are the following:

1. Parameter a ∈ [0, 1]. Increasing a affects the mapping interval of the first subfunction
to g1(xi−1, a, b) ∈ [a, 1]. Thus, the first subfunction will only map to a subset of [0, 1],
which will result in a skewed distribution of the resulting time series.

2. Parameter b ∈ [0, 1]. Changing the parameter b will bend the piecewise function
g to the left or right, with b = 0.5 being the symmetric instance. This again can
affect the skewness of the resulting time series. For example, increasing the value
of b ∈ [0.5, 1], will result in the subfunction g1 : [0, b] → [a, 1] having a wider input
domain [0, b] ⊇ [0, 0.5], while also mapping to a smaller interval [a, 1] ⊆ [0, 1], which
can result in a right-skewed distribution.

3. Parameter c ∈ [0, 1]. Increasing c changes the second subfunction to g2(xi−1, b, c) ∈
[c, 1]. Similar to g1, this change can affect the distribution of the map, but it can also
change the mapping interval of the whole mapping to a subset of [0, 1] as will be
shown through an example in the next section. Thus, in our upcoming analysis, the
parameter c will be set to its default value c = 0.

The above general rules can be used to design numerous maps, as almost any function
can be appropriately mapped to satisfy the conditions (2). Of course, the additional desired
property would be to obtain maps that will showcase chaotic behavior for a wide range of
parameter values. Such examples are studied next.

3. Considered Maps

In this section, several maps are considered and studied, with respect to the parameters
a, b. In all cases, the initial condition is fixed to x0 = 0.111.

3.1. Skewed Tent Map

Based on the well-known skewed tent map [20], the following generalization is proposed:

xi = g(xi−1) =

{
1−a

b xi−1 + a 0 ≤ xi−1 ≤ b
1−c
b−1 xi−1 +

bc−1
b−1 b < xi−1 ≤ 1

, (3)

where a, b, c are the map’s parameters. The parameters a, c control the two endpoint
interpolations g(0) = a, g(1) = c, and parameter b controls the skew between the two
subfunctions.

In Figure 1 (top), the function g(x) is shown for different parameter values. The
effect of changing the values of a, b, c on the shape of the curve is clear. As discussed
in the previous section, changing the parameters a, b can result in the right-skewness
of the resulting time series, while changing c can affect the overall mapping interval.
Such examples are shown in Figure 1 (bottom), where the corresponding histograms for
105 values of xi are plotted. This is why in subsequent simulations for all maps, the choice is
c = 0. In the symmetric case a = 0, b = 0.5001, the histogram is uniform. When increasing
the values of a, b, the histogram becomes right-skewed as a result of the first subfunction
having a wider domain, and mapping in a smaller interval. So, tuning a, b will have a direct
effect on the statistical properties of the time series {xi}. The value of parameter c will be
kept to c = 0, as we want the mapping interval to be [0, 1]. Note that in the symmetric case,



Symmetry 2023, 15, 2138 5 of 20

the parameter is set to b = 0.5001 instead of b = 0.5 since with complete symmetry, the
generalized tent map (3) is identical to the tent map, which falls into periodic behavior due
to round-off errors.

Figure 1. (Top) The graph of g(x) in (3) under different parameters. (Bottom) Corresponding
histograms for a time series xi of the skewed tent map (3) of length 105. The parameter values (a, b, c)
from left to right are (0, 0.5001, 0), (0.4, 0.5, 0), (0.4, 0.8, 0), (0.4, 0.8, 0.3).

To gain a first impression of the map’s (3) behavior, its bifurcation diagram is com-
puted. This is shown in Figure 2, with respect to parameter b, and a = 0.5, c = 0. The map
behaves chaotically in this interval. This diagram gives some insight into the behavior of
the map for a fixed a. But since the map has two parameters of interest (the third being
fixed c = 0), a more practical approach is to study its behavior under all possible parameter
pairs (a, b), see when the map behaves chaotically, and what is its mean value in each case.

Figure 2. Bifurcation diagram of the skewed tent map (3) with respect to parameter b, for a = 0.5,
and c = 0. The parameter iteration step is 0.0005.

Thus, to investigate the impact of the parameters a, b on the mean value, the parameter
ranges of (3) that generate chaotic behavior are computed. For this, the Lyapunov exponent
(LE) of the map is computed for all parameter pairs (a, b) ∈ [0, 1]× [0, 1]. The result is
shown in Figure 3a, where the colormap corresponds to the LE value achieved, with zero
or negative values, that is, the non-chaotic cases, noted in black. The map exhibits chaos for
a wide and uninterrupted range of parameter pairs, which is a desirable property, as it can
facilitate easier parameter choice.
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For the parameter pairs that yield chaotic behavior, the diagram in Figure 3b depicts
the mean value obtained for a time series of length 105. From this diagram, it can be
deduced that for lower parameter values, the mean is around 0.5, indicating a uniform
histogram. As the parameters take higher values, the mean value also increases, indicating
that the histogram of the time series becomes right-skewed. So with this diagram, changes
in the statistical behavior of the map can be identified, which are not depicted in either the
bifurcation diagram, or the LE diagram.

(a) (b)

Figure 3. Diagram depicting the LE values (a) and the mean values (b) of the skewed tent map (3)
for different values of parameters a, b, and c = 0. The parameter iteration step is 0.0025.

3.2. Cosine Skewed Piecewise Map

In [18], various piecewise chaotic maps are proposed. Here, one such map is chosen,
and a generalized version is proposed as:

xi = g(xi−1) =


f
( xi−1

b

)
− f (0)

f (1)− f (0) + −a
b xi−1 + a 0 ≤ xi−1 ≤ b

f
( xi−1−1

b−1

)
− f (0)

f (1)− f (0) + −c
b−1 xi−1 +

bc
b−1 b < xi−1 ≤ 1

, (4)

where f (x) = cos(ex−1). In the original map, the boundaries of the function g were mapped
on g(0) = 0 and g(1) = 1. In the proposed map, g(0) = a and g(1) = c, so the original map
is modified to satisfy conditions (2). A graph of the function g, for a = 0.1, b = 0.8, c = 0.2,
is shown in Figure 4. In contrast to the tent map (3), each subfunction is now nonlinear.
The functions are also convex.

Figure 4. The function g(x) of the map of (4), with f (x) = cos(ex−1), for a = 0.1, b = 0.8, and c = 0.2.

Figure 5 shows the bifurcation diagram of the map with respect to parameter b, and
a = 0.5, c = 0. The map shows a very intricate behavior, as it traverses in and out of chaos,



Symmetry 2023, 15, 2138 7 of 20

following a period-doubling cascade, or a period-halving behavior. More impressively, we
can observe multiple patterns of period-halving transition from chaos for lower values of
b, and period-doubling transitions to chaos for higher values of b. A detailed view of this
is shown in Figure 6 as well. This complex self-similar, fractal-like behavior will also be
visible in the LE graphs shown next.

Figure 7a shows the LE value achieved for each parameter pair. Most parameter pairs
generate chaos, but now there are non-chaotic regions appearing, which have a fractal-like
structure, the so-called “shrimps”. Figure 7b depicts the mean value of the time series for
the parameter pairs that generate chaos. Lower and higher values are both achieved, so the
histogram shifts from left- to right-skewed.

Figure 5. Bifurcation diagram of the map (4), with f (x) = cos(ex−1), with respect to parameter b, for
a = 0.5 and c = 0. The parameter iteration step is 0.0005.

Figure 6. Detailed view of the bifurcation diagram of the map (4) showin in Figure 5, with
f (x) = cos(ex−1), with respect to parameter b ∈ [0, 0.2], for a = 0.5 and c = 0.

3.3. Secant Skewed Piecewise Map

An additional variation of Equation (4) is also studied, with the nonlinear function
chosen as f (x) = sec(ex−1). Figure 8 shows the graph of g(x) for a = 0.1, b = 0.8, and
c = 0.2. The functions are again convex in shape.

Figure 9 shows the bifurcation diagram of the map with respect to parameter b, and
a = 0.5 and c = 0. As with the previous map, this map also showcases intricate self-similar,
fractal-like behavior in its transitions to and from chaos. As parameter b increases, the map
falls into a period-1 behavior.
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(a) (b)

Figure 7. Diagram depicting the LE values (a) and mean values (b) of the map (4), with
f (x) = cos(ex−1), for different values of parameters a, b, and c = 0. The parameter iteration step
is 0.0025.

As with previous maps, Figure 10a depicts the LE values for all parameter pairs (a, b).
The chaotic regions follow a pattern similar to the Cosine Skewed Piecewise Map, with non-
chaotic, self-similar fractal-like patterns appearing. For the chaotic regions, in Figure 10b, it
can be observed that similar to the previous map, the mean value ranges from around 0.2
up to 0.8.

Figure 8. The function g(x) of the map (4), with f (x) = sec(ex−1), for a = 0.1, b = 0.8, c = 0.2.

Figure 9. Bifurcation diagram of the map (4), with f (x) = sec(ex−1), with respect to parameter b, for
a = 0.5 and c = 0. The parameter iteration step is 0.0005.
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(a) (b)

Figure 10. Diagram depicting the LE values (a) and mean values (b) of the map (4), with
f (x) = sec(ex−1), for different values of parameters a, b, and c = 0. The parameter iteration step
is 0.0025.

3.4. Tent-Cosine Skewed Piecewise Map

Combining the previous maps, two combinations can be derived. The first map is the
Tent-Cosine Skewed Piecewise Map, described by

xi = g(xi−1) =


1−a

b xi−1 + a 0 ≤ xi−1 ≤ b
f
( xi−1−1

b−1

)
− f (0)

f (1)− f (0) + −c
b−1 xi−1 +

bc
b−1 b < xi−1 ≤ 1

, (5)

where f (x) = cos(ex−1). So the first subfunction is taken from the tent map (3), while the
second subfunction is taken from (4). The plot of this function in Figure 11 makes this clear.

Figure 12 shows the bifurcation diagram of the map with respect to parameter b, and
a = 0.5, c = 0. The map shows wide regions of chaotic behavior, similar to the tent map (3).
As parameter b increases, patterns of transition between chaos and periodic behavior start
to emerge, as will be more evident from the next Figure 13a.

The diagram of LE values for the map (5) is shown in Figure 13a. Here, it can be
observed that the behavior of this hybrid map is similar to that of the tent map (3) shown in
Figure 3a, as the map exhibits wide parameter ranges of uninterrupted chaotic behavior, in
contrast to the rest of the maps that exhibited self-similar, fractal-like, non-chaotic regions.

The same similarity between the tent map (5) also holds for the mean value. In
Figure 13b, it can be seen that the map’s behavior ranges from a mean of around 0.5, to
higher values of around 0.85, which is similar to the behavior shown in Figure 3b.

Figure 11. The function g(x) of the map (5), with f (x) = cos(ex−1), for a = 0.1, b = 0.8, and c = 0.2.
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Figure 12. Bifurcation diagram of the map (5), with f (x) = cos(ex−1), with respect to parameter b,
for a = 0.5, c = 0. The parameter iteration step is 0.0005.

(a) LE values diagram. (b) Mean values diagram.

Figure 13. Diagram depicting the LE values (a) and mean values (b) of the map (5), with
f (x) = cos(ex−1), for different values of parameters a, b, and c = 0. The parameter iteration step
is 0.0025.

3.5. Cosine-Tent Skewed Piecewise Map

The second combination considered is the Cosine-Tent Skewed Piecewise Map, de-
scribed by

xi = g(xi−1) =


f
( xi−1

b

)
− f (0)

f (1)− f (0) + −a
b xi−1 + a 0 ≤ xi−1 ≤ b

1−c
b−1 xi−1 +

bc−1
b−1 b < xi−1 ≤ 1

, (6)

where f (x) = cos(ex−1). So the first subfunction is taken from (4), while the second
subfunction is taken from the tent map (3). The graph of the function shown in Figure 14
illustrates this.

Figure 15 shows the bifurcation diagram of the map with respect to parameter b, and
a = 0.5 and c = 0. This map is more similar to the modified map (4), as it shows self-similar,
fractal-like patterns in its transitions to and from chaos, with a period-1 behavior emerging
for higher values of b.

The chaotic behavior and statistical behavior of this map are more similar to the
modified map (4). Its chaotic regions shown in Figure 16a showcase periodic interruptions
of the fractal-like shape, and the mean value shown in Figure 16b ranges from low to high
values. Comparing these two hybrid maps (5) and (6), it seems that the first subfunction is
more influential to the behavior of the map.
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Figure 14. The function g(x) of the map (6), with f (x) = cos(ex−1), for a = 0.1, b = 0.8, c = 0.2.

Figure 15. Bifurcation diagram of the map (6), with f (x) = cos(ex−1), with respect to parameter b,
for a = 0.5, c = 0. The parameter iteration step is 0.0005.

(a) (b)

Figure 16. Diagram depicting the LE values (a) and mean values (b) of the map (6), with
f (x) = cos(ex−1), for different values of parameters a, b, and c = 0. The parameter iteration step
is 0.0025.

3.6. Discussion

From the five different maps considered, rich dynamics were observed overall. The
Skewed Tent map (3) and Tent-Cosine map (5) exhibited wider regions of uninterrupted
chaotic behavior in contrast to the other three maps. They can thus be considered more
suitable for applications, as their acceptable parameter range is easier to define. The Cosine
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and Secant Skewed maps (4), and Cosine-Tent map (6) on the other hand exhibited rich
dynamics, especially with respect to transitioning in and out of chaotic behavior.

What can also be observed from the bifurcation diagrams in Figures 5, 6, 9, 12 and 15
is that for some parameter pairs, the mapping interval consists of subregions of [0, 1]. Still,
for all parameter pairs, as parameters are increased, the general trend of an increased mean
value is observed from the mean value diagrams.

4. Application to UAV Surveillance Mission
4.1. Motivation

In this section, the application of chaotic surveillance will be considered for a patrolling
agent. As mentioned in the introduction, the goal in chaotic surveillance is to impart an
unpredictable element to an agent that patrols a given area and follows a predefined path,
either for ground vehicles [9,36–38], or UAVs [10,11,37,39–41]. With the trajectory being
non-repeating, the space can be more secure against intruders. Of course, such techniques
can also be of use in more offensive scenarios, with an agent performing maneuvers to
avoid adversary observers who want to predict its future location.

As examples of recent developments, in [42], two continuous chaotic systems were
used to generate trajectories for monitoring around a predefined set of arbitrary many
locations. In [37], a 2D Hénon map is used to maneuver chaotically in a closed curve in the
2D space. In [11], a chaotic and bioinspired method is used for 2D space as well. In [10], the
problem is considered in the 3D space by mapping the Hénon map to the frame of reference
of a UAV following a closed curve. An alternative approach to the problem is addressed
using a chaotic camera mounted on a UAV, which follows a deterministic trajectory, in
order to make the design more energy efficient [43].

4.2. Description of the Technique

The method proposed in this work is inspired by [10], but with several modifications.
Its schematic is shown in Figure 17. In the designed scenario, an autonomous agent is set
to follow a predefined path in the 3D space. This path is chosen as a circular one in the
simulation scenario, and is denoted by the black circular curve in the figure. Instead of
following this exact path, the agent performs a set of maneuvers on a toroidal area formed
around the main path. The maneuvers are performed a predefined set of times to reduce
redundant movement. In a realistic situation, this parameter can be set according to the
given requirements.

To perform a maneuver, any of the chaotic maps proposed in the previous section can
be used. So each time a maneuver must be performed, the value of the chaotic map xi is
mapped in the angle interval φ ∈ [−90, 90]. This angle value corresponds to the amount of
clockwise or counter-clockwise rotation that the agent will perform around on the circular
area, defined from the frame of motion of the agent, intersecting the torus it moves on. The
angle of rotation is limited to half the circular area to reduce redundant maneuvering, and
it is motivated by [38], where a similar limitation is imposed to the turning of the agent.
A schematic of this is shown in Figure 18. The advantage of using the proposed maps is
that for longer simulations, it is possible to switch between parameter pairs (a, b) so that
the chaotic time series changes its statistical behavior over time, leading to an even more
unpredictable trajectory.

This process repeats any time a maneuver is set to be performed, and can be repeated
for any number of times that the agent will perform a full crossing along the path of interest.
The outline of this process is given in the Algorithm 1 below.
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Algorithm 1: Chaotic Maneuvering Algorithm

Input. A closed surveillance path of interest.
A toroidal surface around the closed path.
A starting position on the torus, for the autonomous agent.
A choice of N, denoting the amount of maneuverings performed as the agent
moves along the torus.
A chosen chaotic map from the above, with set parameters a, b, c and initial
condition w0.

Loop For i = 1 : N.
Step 1. Compute wi.
Step 2. Map the value of the chaotic map into an angle as

φi = 180wi − 90. (7)

Step 3. Rotate the agent along the circular frame of reference φi angles as in Figure 18.

End of loop. If the traversing around the surveilled path needs to be repeated, then
the loop is repeated.

Figure 17. Outline of the surveillance path with chaotic maneuvering.

Figure 18. Frame of reference for the UAV agent. The map’s values are mapped into angles in the
unit circle.
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4.3. Simulation Results

To showcase the proposed technique, a series of simulations are performed on a
circular area of diameter 20 points, and a toroidal area of diameter 2 points around it. The
points here may represent meters, or any other measure, depending on the size of the
path considered. For this trajectory, a change of direction is performed at N = 100 equally
spaced intervals. The initial position of the agent is on (X, Y, Z) = (9, 0, 10). For the chaotic
maps used, w0 = 0.111.

4.3.1. Periodic Motion

Initially, two examples are considered, where the motion is periodic. In Figure 19a, a
scenario is shown, where in each iteration the agent rotates five degrees counter-clockwise.
The motion here is smooth, but also very predictable. Figure 19b also shows the coordinates
of the agent, as it progresses on the torus trajectory. Similarly, Figure 20a,b show a periodic
motion, where in each iteration the agent rotates 15 degrees counter-clockwise. These two
examples of periodic traversing can be considered a standardized approach to surveilling
maneuvers. They are smooth but predictable.

(a) (b)

Figure 19. Periodic motion of the UAV agent, with a rotation of 5 degrees per iteration. (a) Trajectory
of the UAV agent. (b) Coordinates of the UAV agent.

(a) (b)

Figure 20. Periodic motion of the UAV agent, with a rotation of 15 degrees per iteration. (a) Trajectory
of the UAV agent. (b) Coordinates of the UAV agent.
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4.3.2. Chaotic Motion

To counter this predictability, we now consider a chaotic maneuvering. The first such
example is shown in Figure 21a, where the tent map (3) is used with parameters a = c = 0,
b = 0.5001. The trajectory now becomes much more erratic than before. This can be seen as
well from the coordinate graph of Figure 21b. The degrees of rotation fed from the chaotic
map in each iteration are shown in Figure 22, where it can be seen that there is a balanced
amount of positive and negative rotation commands.

(a) (b)

Figure 21. Chaotic motion of the UAV agent, using the map (3) for a = 0, b = 0.5001, and c = 0.
(a) Chaotic motion trajectory of the UAV agent. (b) Coordinates of the UAV agent.

Figure 22. Rotation angles generated for the chaotic motion trajectory, using the map (3) for a = 0,
b = 0.5001, and c = 0.

As a second example, the same map is used, this time with parameters a = 0.4, b = 0.8,
and c = 0. The simulation result is shown in Figure 23a, and the coordinates of the agent
are shown in Figure 23b. The motion is again unpredictable, with significant maneuvering.
The chaotic degrees of rotation are shown in Figure 24, where it can be seen that there is an
inclination towards positive rotations.

This was expected, as from the diagrams of Figures 1 and 3b, we know that the
tent map becomes right-skewed for higher values of a, b. Still, this does not affect the
unpredictability of the motion. More importantly, this skewness can be of advantage to the
trajectory design, when the parameter pairs vary over time.
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Finally, an example of two consecutive rotations is considered, shown in
Figures 25a,b and 26. In Figure 25, the first rotation is shown in blue, and the second
in green. Clearly, due to the inherent sensitivity of the chaotic map, the two trajectories are
unrelated to each other; thus, knowledge of the first rotation points will in no way yield
information about the possible future transitions performed during the second rotation.

Overall, it is clear that the use of the chaotic maps proposed can easily be adopted as
computationally light sources of randomness to introduce unpredictability in the motion of
an agent traversing through a predefined path. Of course, what must be noted here is that
in the simulations above, the dynamics of a UAV agent were not taken into account, but
rather, a series of chaotic trajectory positions around a torus were generated. These can then
be followed by a UAV agent by applying appropriate control techniques. So the technique
proposed here is a general architecture, which can be further adopted by specialists when
considering specific UAV dynamics and limitations. For example, the amount of rotation
in each iteration can be reduced from [−90, 90] degrees to a smaller interval, depending on
the efficiency of the agent.

(a) (b)

Figure 23. Chaotic motion of the UAV agent, using the map (3) for a = 0.4, b = 0.8, and c = 0.
(a) Chaotic motion trajectory of the UAV agent. (b) Coordinates of the UAV agent.

Figure 24. Rotation angles generated for the chaotic motion trajectory, using the map (3) for a = 0.4,
b = 0.8, and c = 0.
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(a) (b)

Figure 25. Chaotic motion trajectory of the UAV agent, using the map (3) for a = 0.4, b = 0.8, and
c = 0, when performing two loops around the set trajectory. (a) Chaotic motion trajectory of the UAV
agent. (b) Coordinates of the UAV agent.

Figure 26. Rotation angles generated for the chaotic motion trajectory, using the map (3) for a = 0.4,
b = 0.8 and c = 0, when performing two loops around the set trajectory.

5. Conclusions

This work considered a family of piecewise chaotic maps. The maps consist of three
control parameters that are used to interpolate the endpoints of each subfunction at the
desired positions in order to tune the distribution of the resulting time series. By considering
five different chaotic maps from this family, it was deduced that it is possible to affect the
statistical mean of the map’s chaotic time series, by changing the control parameters, in
order to affect the domain and mapping interval of each subfunction. This capability can
be of use in many chaos-based applications, like optimization, secure communications,
and surveillance. For that matter, the application of chaotic surveillance was considered,
by proposing a strategy for maneuvering a UAV chaotically on a toroidal area around a
predefined trajectory.

There are several research topics that can extend the results of the current work.
Although this work considered a numerical approach for the tuning of the statistical
behavior of the map based on the geometric properties of each subfunction, it is of interest
to derive a theoretical proof for the effect of parameters a, b to the statistical properties of
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the map. Moreover, another interesting topic is to evaluate the use of the proposed maps
in chaos-based optimization algorithms. It would also be interesting to study the use of
the proposed maps in chaos-based communications for hiding an information signal and
transmitting it through a public channel.

In addition to the above, there have been recent developments for two families of
piecewise chaotic maps. The first family is that of maps composed of functions based
on fuzzy numbers [44,45]. The other family of piecewise maps is that of no equilibria
maps [46,47]. It would thus be of interest to study the aforementioned families of maps,
with respect to the ability to tune their statistical characteristics.

Finally, it is of interest to develop an experimental realization of the proposed chaotic
trajectory using a UAV in a real environment. For the aforementioned topics, there are
some undergoing studies from our research group.
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