symmetry

Article

Certain Inclusion Properties for the Class of g-Analogue of Fuzzy
x-Convex Functions

Abdel Fatah Azzam 2, Shujaat Ali Shah 30, Alhanouf Alburaikan % and Sheza M. El-Deeb *>*

check for
updates

Citation: Azzam, A.A.; Ali Shah, S.;
Alburaikan, A.; El-Deeb, S.M. Certain
Inclusion Properties for the Class of
g-Analogue of Fuzzy a-Convex
Functions. Symmetry 2023, 15, 509.
https://doi.org/10.3390/
sym15020509

Academic Editor: Ioan Rasa

Received: 23 January 2023
Revised: 5 February 2023
Accepted: 8 February 2023
Published: 14 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Faculty of Science and Humanities, Prince Sattam Bin Abdulaziz University,
Alkharj 11942, Saudi Arabia

Department of Mathematics, Faculty of Science, New Valley University, Elkharga 72511, Egypt

Department of Mathematics and Statistics, Quaid-e-Awam University of Engineering, Science and Technology
(QUEST), Nawabshah 67450, Pakistan

Department of Mathematics, College of Science and Arts, Al-Badaya, Qassim University,

Buraidah 52571, Saudi Arabia

Department of Mathematics, Faculty of Science, Damietta University, New Damietta 34517, Egypt

*  Correspondence: shezaeldeeb@yahoo.com or s.eldeeb@qu.edu.sa

Abstract: Recently, the properties of analytic functions have been mainly discussed by means of a
fuzzy subset and a g-difference operator. We define certain new subclasses of analytic functions by
using the fuzzy subordination to univalent functions whose range is symmetric with respect to the
real axis. We introduce the family of linear g-operators and define various classes associated with
these operators. The inclusion results and various integral properties are the main investigations of
this article.
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1. Introduction

The phrase “g-calculus” refers to classical calculus without the concept of limits. g-
calculus has recently garnered a lot of attention from mathematicians due to its applications
in the study of, for example, g-deformed super-algebras, quantum groups, optimal control
problems, fractal and multi-fractal measures, and chaotic dynamical systems. Following the
introduction of the idea of g-calculus, various authors [1-4] have analyzed classical complex
operators in terms of g-calculus. The application of g-calculus involving g-derivatives and
g-integrals was initiated by the author of [5,6]. The class of analytic functions §(@) in the
open unit disk Q = {@ : |@| < 1} is denoted by X(Q}). The class X, contains the functions
f € X(Q) containing a series of the form:

fl@)=0+ Y ama, (@cq). 1)
k=r+1
Forr =1, we have & = X’; the class of normalized analytic functions in (3. We denote
the classes of univalent functions, starlike functions, and convex functions by S, S*, and C,

respectively. For g € (0,1), Jackson [5] introduced and studied the g-difference operator,
which is defined by:

f(@) -

Dyj@) =S5 AL @40 @

We note that lir? Dyf(@) = f'(@), where f (@) is the usual derivative of the function.
q—=1"
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We note that
Dq{ Y ak(ok} = Y [K] qakcok_l, (3)
k=1 k=1
where
1-g* & 4
Ky =5—5= L4 (@) 4)
7 (=0

For the following fundamental properties of g-difference operator, we refer to [7,8].

Dy(xf1 (@) £ yf2(@)) = xDgf1 (@) £ yDgfa ().
Dy (§1(@)f2(@)) = §1(9@) Dg(f2(@)) + §2(@) Dy (f1 (@)).

f1(@)\  Dq(f1(@))f2(@) — f1(@) Dy (f2(@))
Dq< ) F2(q@)f2 (@) , f2(q@)f2(@) # 0.
IngD,(j(@))
Byllog (@) = 7 )ja)

The concepts of geometric function theory and g-theory were connected by introducing
a g-analogue of the starlike functions in [9]. Such functions are called g-starlike functions
and the class of these functions is denoted by S;. The class C; stands for the class of
g-convex functions. g-Mocanu-type functions were discussed by the authors of [10,11]. The
systematic application of the g-difference operator in the framework of geometric function
theory was studied by Srivastava [12] in 1989. Furthermore, beneficial for readers who are
interested in geometric function theory, is the survey-cum-expository review study by the
same author [13]. This review study methodically emphasized several different fractional g-
calculus applications in geometric function theory. For more recent contributions associated
with the g-difference operator, we refer to [14-19]. The study of linear operators plays
a significant role in the theory of functions. Many prominent mathematicians in this
field of study are interested in introducing and studying the linear operators in terms of
g-analogues.

In [20], the authors introduced an operator Ré‘ : X = X defined by:

© [k+A-1],
Ryf(@) =+ 1 prp—qee’s (> 1) -
where f € X and
[k]q! _ { [k1]7[k 1]‘7 ...... [1]q; I;{zt"z"”

For A = m € Ny = NU {0}, we have

@D} (@™ f(w)) '

],

Rgf(@) =
From this, we can easily deduce that:
RYf(@) = f(@) and Ryf(@) = @Dyf(w).

Particularly, for § — 17, the operator R*, known as the Ruscheweyh derivative
operator, is implied, for detail see [21].

The authors in [22] introduced the g-Srivastava—Attiya operator. First, for b € C\ Z,,
s € Cwhen |@| < 1and $(s) > 1 when |@| = 1, they defined the g-Hurwitz-Lerch zeta
function as the following;:

k
$q(s,b; @) = Z [n@ -



Symmetry 2023, 15, 509

30f12

Equivalently, we have
Po(s,b0) = [k+bls{gs(s,b;0) - [0]; }
b]
_ w+2<1+ ) . (6)

‘7

Then, by making use of (6) and (1), they defined the g-Srivastava—Attiya operator,
;b X — X, as

0@ = (s b))
_ w+z<,:z]> o )

In particular, if we take g — 17, then this operator I b

Attiya operator [23]. We use (5) and (7) to define R]q , X = Xby

© [k+A-1 1405 \°
R];\,ff(w) :w+k; [ q![k—l}]:! <[ ]q> 2@~ (8)

reduces to the Srivastava—

The following identities can easily be deduced from (8):
[b], (0],
@Dy (R (@) = (1 o | RIgp (@) = T RIG (). ©

A A
@D, (RJ}5i(@)) = <1+[q] )Rf““f( ) - [q] RJp31(@). (10)

The subordination of analytic functions P and Q denoted by P < Q are defined as
P(@w) = Q(w(w)), where w(®) is Schwartz function in () (see [24]). Moreover, the idea of
differential subordination was introduced and investigated by the authors in [25,26]. G.I.
Oros and Gh. Oros were the first to study fuzzy subordination and differential subordi-
nation. For more information, see [27,28]. The study of fuzzy differential subordination
involved the work of several scholars, for example, see [29-38]. Here, we provide a brief
review of a few key fundamental ideas pertaining to the fuzzy differential subordination
and g-calculus.

Definition 1 ([39]). Let S # ¢. When F maps from S to [0, 1], F is referred to as a fuzzy subset
of S.

The fuzzy subset can also be defined as the following.

Definition 2 ([39]). A Fuzzy subset of S is a pair ((J, F5), where F5 : S — [0, 1] is known as the
membership function of the fuzzy set (J,F5) and I = {x € § : 0 < F5(x) <1} = sup(J, F5) is
called the support of fuzzy set (J, F5).

Definition 3 ([39]). Fuzzy subsets (J,,F5,) and (3,,F5,) of S are equal if and only if 3, = 7J,,
whereas (J,,F5,) C (J,,F5,) ifandonly if F5 () < F5,(y7), 7 € S.

Definition 4 ([28]). The fuzzy subordination of analytic functions § and g is denoted by § <p g (or
f(@) <r g(@) ) if:

f(@0) = g(@o) and F(j(@)) < F(g(@)), @ €D,
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where ® C C and @ are a fixed point in D.

Remark 1. One of the following function §; : C — [0,1], (i =1,2,3,4), may be used as an
example.
@ 1

F1(@) = m/ (@) = g

§3(@) = [sin|@|], Fa(@) = |cos|@]|.

Remark 2. The notions of classical subordination and the fuzzy subordination coincides when
D = O in Definition 4.

After the authors of [40] established the idea, numerous prominent researchers
in [41-43] have contributed to this topic by employing the fuzzy subordination connected
to specific operators. We mention here a few recent contributions that are published in
the same direction [32,44—49]. In many diverse areas of study, including engineering,
biological systems with memory, electric networks, computer graphics, physics, turbulence,
etc., the operators connected to fuzzy differential subordination have a wide range of
applications. Using the Caputo—Fabrizio fractional derivative in the context of biological
systems, Baleanu et al. [50] proposed a novel study on the mathematical modeling of the
human liver. Additionally, Srivastava et al. [51] examined the analysis of the transmission
dynamics of the dengue infection in terms of the fractional calculus. The authors in [52] used
a new integral transform to study the Korteweg—de Vries equation, where the fractional
derivative is proposed in the Caputo sense. This equation was developed to represent
a broad spectrum of physical behaviors of the evolution and association of nonlinear
waves. One can refer to [30,35,53] for more applications. Now, by using the concepts of the
g-difference operator and the fuzzy subordination, we define the following classes:

Let T be the class of analytic functions ¢(@) which are univalent convex functions in
Q with ¢(0) =1 and R(¢(®@)) > 0in O and where () is symmetric with respect to the
real axis. Now, for ¢(@) € Tandg € (0,1) with F: C — [0,1],0 #7 € C,s > 0and b € N,
we define the following.

Definition 5. Letf € X, ¢ € T,0 <a < 1landq € (0,1). Then, f € FMy(«; @) if and only if

@Dyf(@) och (@Dgf(@))

) Dyi()

<r ¢(®@).

Moreover, let us denote
FMy(0; ¢) = FSTy(9),  FMy(1;9) = FCy(9).
A function f € X is in FST;(¢) and FCy(¢) if and only if

@D,f(@)
f(@)

Dy (@Dyf())

~<r ¢(@) and D7)

<r ¢(®@),
respectively.

Special cases:

(i) For g — 17, we have the class FM,(«; ¢) = FM,(¢) introduced in [36].

(ii) For ¢ — 17 and a = 0, we have the class FM;(a; ¢) = FS*(¢) studied by Shah
et al. [36].

(iii) If g — 17 and a = 1, then we have the class FM;(«; ¢) = FC(¢) introduced by
Shah et al. [36].

Here, some new classes are defined by applying the g-linear operator given by (8):
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Definition 6. Letf€ X, 9 € T,0<a<1,9€ (0,1),A > —1,b > —1 and s be real. Then,
fe PMQ,’;(M @) if and only sz];\,’hsf(co) € FMy(a; ¢).
Furthermore,
€ EST); () ifand only if RJ£F(@) € FST(9)
and
} € FC4 (9) if and only if R])7§(@) € FCy(@)-
We note that
} € FC); (9) if and only if @ (Dyf) € FST) (9)- (11)

Special cases:
(i) If s = 0 = A, then FM); (a; ) = FMy(«; ), FST,'; (¢) = FST;() and FC,'3 (9) =
FCy(9).

(i) If g — 1~ and A = 0, then the classes FM;,’;(&; ?), FST(%S((p) and FC;"’g((p) are

reduced to the classes F MZ’b(go), FST;(¢) and FC;(¢) introduced by Shah et al. [36].
(i) If g — 1~ and s = 0 = A, then FM,y («; ¢) = FMq(¢), FST, (¢) = FST(9) and
FC;’g((p) = FC(¢), we refer to [36].

2. Main Results

The following lemma is needed to prove our investigations.
Lemma 1 ([54]). Let B,y € Cwith B # 0, and let h(@) € T with
R{ph(@) + v} > 0. (12)
Ifp(@) =14 p1®@ + pa@® + ... is analytic in Q, then

p(@) + m < h(@) implies p(@) <f h(®@),
where F : C — [0,1].
Theorem 1. Let0<a <1,¢9 €T, g€ (0,1),A > —1,sbereal and b > —1. Then,
(i) FM;:;(&; @) C FSTL%S((p) for0<a<1.
(if) FM?”lf(zx;(p) C FST;}S((p) fora > 1.
(iii) FM;‘,’Z(az; @) C FM;\,'g(ocl;q)) for0<wg <ap <1

Proof. (i) Letf € FM;‘,’;(vc; ¢). We set

@Dy (RI}31(@))
RJSH()

= p(®), (13)

for analytic p(@) in Q with p(0) = 1.
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The g-logarithmic differentiation of (13) yields:

D, (qu (R];‘/;ff(co))) Dy (Rl,iff(w)) _ Dyp(@)

@D, (R];\,'bsf(w)) RJ}Ef(@) pl@)
Equivalently,
Dyq (@Dq (Rf;\,'bsf(@))) — )+ @Dyp(@)
Dy (R13H(@) ) p(@)

Since § € FML)I‘/'bS(zx; ¢), we obtain:

2D (RiT@) | Pa(eDa(Rigi@))
RJ}f(@) D, (RJ}5i(@)) '

< pgo(cD) (14)

We use Lemma 1 to obtain p(@) <r ¢(@). Consequently, f € FSTL;\,EJS((p).
(ii) Suppose that f € FM‘;‘,';(uc; ®). Then,

@D, (RItji@) Dy (oDy(RI31()))

(1—a) 5 +u = p1(@) <r ¢(@).
R H(@) D, (RI31(@)) R
Now,
Dy (@Dq (R];;;f(w))) s a)qu(RI{;‘,'bsf(w)) N Dy (cDDq (R];‘;f(w)))
D, (RJ};1(@)) RJy3H(@) D, (R]}31(@))
@D, (R]™f(@
+(—1) ;(Alq'hf( >)
JoiH(@)
@Dy (R}3H@))
= -1 ’ + p1(@).
(a—1) R]%f(w) p1(@)
This implies

D, (@Dy(R1355(@)) ) ) (1_1)(@Dq(1{];",jf(w)) 1

. +-p1(@)
o () e )R "

(3 -1)pl@) + gri(a)

@D, (R];‘jﬂw))

R @) ~<r ¢(@). This completes the proof

Since p1, p2 <r ¢(@), we can write

of (ii).
(iii) For aq = 0, the result from part (i) is true.
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Now, we suppose that f € F sz\lj (a2; @). Then,
@D, (RIF5(@) Dy (@Dg (RIS (@)
(1-a2) (A,sq' ) +ar ( (Asq' )) =q(®@) <r ¢(@). (15
RJ}i(@) D, (RJ}5i(@))
Now, we can easily write
« «
Jg(a1, (@) = q1(@) + (1 - 1)qz<w), (16)
1% 1%
with
@D, (R}51(@)  Dy(@Dy(RI}i(@)))
Jo(ar, §(@)) = (1 —aq) s + a e ,
RJ}i(@) D, (RJ}5i(@))
where we have used (15) and w?g;()w) = (@) <r ¢(@). (16) implies our required
result. O

Corollary 1. For A = 0 = s, we have FMy(a; ) C FST,(¢@). Furthermore, for g — 17,
FM,(¢) C FST(¢), see [36].

Corollary 2. Forq — 17 and A = 0, we have FMj (a; ¢) C FST;(¢). Moreover, for s = 0 and
a = 1, we have FC(¢) C FST(¢) and FC C FST when ¢(@) = 312, We refer to [36].

T 1w

Corollary 3. For s = 0 = A, we have FM,(«; ¢) C FCy(¢). Moreover, for ¢ — 17, we have
FM,(¢) C FC(¢). We refer to [36].

Corollary 4. For s = 0 = A, we have FMy(a2; ¢) C FMgy(aq; ¢). Moreover, for g — 17, we
have FMy, (¢) C FMy, (@), see [36].

Remark 3. If vy = 1 and letting f € PM:I\,’;(l; P) = FCL;\/’;((p). Then, by Theorem 1(iii), we have:
fe FM‘;‘,’Z(oq;go),for 0<a; <1.
We use Theorem 1(i), to obtain § € FST;;((p). Consequently, FC;"’lf(q)) C FST;;((p).
Theorem 2. Let p € T,0<a <1,q € (0,1), A € Ny, s be real and b > —1. Then,
(i) FST) " (9) C FST,; (@)
(ii) FST) () C FST)3 " (g).

Proof. (i) Letf € FST;tzrl’s(q)) and let fy114(@) = RJ}#§(). Then,

q,
qufA+1,q(w) ~ (P(‘D)
@) F '
Now, let (@)
@Dgfp (@
_PAAN 17
g (@) (@) (17)

for analytic (@) in Q) with #(0) = 1. Using (10) and (17), we obtain

(ODq (f)\,q (“9))
f)\,q (‘D)

o f/\+1,q(c‘7) .
=1+ Lq)ih,q(@) Ly,
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equivalently,
fat1,q(@) (Al

————~ =h(w)+L,;, |forL,= .
@) e (ferte =

The g-logarithmic differentiation yields:

(1+Ly)

qu(fAH,q(‘@)) B @Dgh(@)
@ PO @)+ L, 19
Since f € FST;;LS(@, (18) implies
@Dgh(@)
p(@) + @) + L, <r ¢(@).

We assume that R{¢(®@) + L;} > 0 and we use Lemma 1 to obtain /(@) <r ¢(®).
Consequently, f € FS T;LS ().

To prove part (ii), we follow a similar technique to that used in part (i) by taking
f;’b(a)) = R];‘,';f(w) along with identity (9). O

Corollary 5. For A = 0 and q — 17 in part (ii) of the above theorem, we obtain the inclusion
relation as Theorem 2.5, proven in [36].

Theorem 3. Let o € T,0<a <1,q€ (0,1), A € Ny, sbereal and b > —1. Then,
. A+1, A,
(i) FC)y " (¢) € FC3 (p).
(if) FCy3(9) C FCy3 " (g).

Proof. (i) Letf € FC)"*(¢). Then, by (11),
@(Dyf) € FST) ' (9).
We use (i) of Theorem 2 to obtain:
o(Dyf) € FST; (9)
Again, by using relation (11), we obtain
J € FC3(9)-

In similar way, one can prove part (ii) by applying part (ii) of Theorem 2 along with
the relation (11). O

Corollary 6. For A = 0 and q — 17 in part (ii) of the above theorem, we obtain the inclusion
relation as Theorem 2.6, proven in [36].

Remark 4. From Theorem 1, Theorem 2 and Theorem 3, we can extend the inclusions as the
following.
Als, . A+1, A,
FM, " (a;9) C FST, ;" (9) C FST3(9) C ... C FST,,(9).

FC)(9) C FCyp(9) C .. C FC (@)
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Theorem 4. Leta functionf € X. Then, § € FM;"bs(tx,‘ @) if and only if there exists g € FST;‘;)S((;))
such that ) .
_ |1 @ 1.4(g(7)\*
Ho) = [aLUo T (T dyt| (@ #0). (19)

Proof. Letf € FM;\ZFLS(&; ¢). Then, by Definition 6,

@D (R5i@)  Dy(@Dy(RIj7H@)))
’ R]?,’;ff(@) o Dq(R]‘;\,’bsf(w)) =<r ¢(@). (20)

By some simple calculations in (19), we obtain:

@Dyf(@).(af(@))s ! = (g(@))* (21)

We use the linear operator given by (8) in (21), and then take g-logarithmic differenti-
ation to obtain:

@Dy (RI;1(@)) LD (@Dy (RI}i(@)) ) _ @D (RIyss(@))

(1—a) p 5
RJSH() D, (R];;;f(w)) R]}va(@)

(22)

From (20) and (22), we conclude our required result. [
Corollary 7. For A = 0and g — 1=, we obtain Theorem 2.7, proven in [36].
Theorem 5. Let f € FM;‘,'Zf(oc,‘ ®). Then,

[m+1],

Fing(@) = ——5 /OcO () dgt (23)

. A,
is in FSTq,bs(q)).
Proof. Letf € FM;‘,'E(zx; ¢). If we set, for Fj, (@) = R]qA/'bs (Fng(@)),

@D, (F,f;lq (w))

Fiﬁ,q(w) = Q(@)/ (24)

for analytic q(@) in Q with q(0) = 1.
Simple calculations (23) imply that

Dy (@™ Fyq(@)) _

9 mq — om—1
ey, @
This implies

_ [m], q
@DgFy (@) = | 14+ ——= |f(@) — —Fnq(@). (25)

From (24), (25) and (8), we obtain

7(@) = <1+ [qu> 2ha(@) 2
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where F,;\W(co) = R];‘,;JS (Fug(@)) and §) 4(@) = R ];bS (f(@)). We take g-logarithmic differ-

entiation: ( ) -
@Dy (fpq(@) @Dyq(@) mi,
) )+ I (o, = — 1 ). (26)
@) @)y T
Since f € PMQ;(“; p) C FSTQ;((,)), (26) implies
@Dgg(@)
— T < .
A
Now, we apply Lemma 1 to conclude q(@) <r ¢(@). Consequently, % ~<F

¢(@). Hence, Fy 4 € FST%(G”)‘ [

Corollary 8. For A = 0and g — 1=, we obtain Theorem 2.8, proven in [36].

3. Conclusions

We successfully defined and studied the class of fuzzy g-Mocanu-type functions
associated with the family of linear operators. The main results of our work are the
generalization of various classical results in terms of the fuzzy subordination and g-theory.
In this article, we studied the concepts of a fuzzy differential subordination associated
with g-theory. First, we introduced the g-linear operator by combining two well-known
g-operators and then, by using this operator, we defined various subclasses of analytic
functions. For the newly defined classes, we investigated certain inclusion results and
integral properties. As corollaries, some well-known conclusions were also mentioned.
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