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Abstract: In this paper, the uniform approximations of the Apostol-Frobenius-Genocchi polynomials
of order « in terms of the hyperbolic functions are derived through the saddle-point method. More-
over, motivated by the works of Corcino et al., an approximation with enlarged region of validity
for these polynomials is also obtained. It is found out that the methods are also applicable for
the case of the higher order generalized Apostol-type Frobenius-Genocchi polynomials and Apostol—-
Frobenius-type poly-Genocchi polynomials with parameters 4, b, and c. These methods demonstrate
the techniques of computing the symmetries of the defining equation of these polynomials. Graphs
are illustrated to show the accuracy of the exact values and corresponding approximations of these
polynomials with respect to some specific values of its parameters.

Keywords: Apostol-Frobenius—Genocchi polynomials; generalized Apostol-type Frobenius-Genocchi
polynomials; Apostol-Frobenius-type poly-Genocchi polynomials; Genocchi polynomials; asymptotic
approximation

1. Introduction

The development of special functions involving the generalizations, extensions, and com-
binations of other special functions has become a flourishing area in mathematics. The estab-
lished properties and identities of these special functions have relevant applications arising
in mathematics and other fields of knowledge. A particular kind of these special functions
is the Apostol-type polynomials, which have been mixed or combined with other classical
polynomials to define new special polynomials. An interesting result in the combination of
these polynomials is the construction of Apostol-Frobenius—-Genocchi polynomials of order a
denoted by G%(z; A; u), which are defined by the generating function (see [1,2]),

(1_u)w azw_ . Kl w" A
<Aew—u> e —ngégn(z,u,/\)ﬁ, lw| < ’log<u>’ (1)

where A, u € CwithA #0,u #1land a € Z.
On setting A = 1, (1) gives the Frobenius-Genocchi polynomials of order «, which
were introduced by Yasar and Ozarslan by means of following generating function [3]:

n

<(1_U>w> P Z‘agz(z;u)%, |w| < \log(u)| 2)

ev —u
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When u = —1, (1) gives the Apostol-Genocchi polynomials of order « defined by this
generating function [4]

n

2w \* o w .
() e = X im0, ful <|mi—1og(A). ®
n=0 :

When & = 1in (1) and (2), GL(z;u;A) = Gu(z;u;A) and G} (z;u) = Gu(z;u), where
Gn(z;u;A) and Gy (z;u) are called the Apostol-Frobenius—-Genocchi polynomials and
Frobenius-Genocchi polynomials, respectively [5].

The Apostol-Frobenius—Genocchi polynomials of order « are A extensions of the Frobenius—
Genocchi polynomials. The Frobenius—Genocchi polynomials are formed by mixing the defi-
nitions of the two classical polynomials, namely the Frobenius polynomials and the Genocchi
polynomials. The Frobenius polynomials and numbers can be traced back to the works of
the great German mathematician Ferdinand Georg Frobenius, who studied the context of these
polynomials in number theory and the relation of its divisibility properties with the Stirling
numbers of the second kind [6]. On the other hand, the Genocchi polynomials, which were
named after Angelo Genocchi, have been studied extensively because of their relevant combina-
torial relations and properties in number theory, complex analytic number theory, homotopy
theory, quantum physics, etc. [7].

The Apostol-type polynomials have various forms which are generalizations of the Ap-
pell family [8]. In sciences and engineering, special polynomials associated with the Ap-
pell polynomial sequences are essential to solve problems involving differential equations.
The solutions satisfying these equations may be expressed using special functions. Genocchi
polynomials, Bernoulli polynomials and Euler polynomials are typical examples of Appell
polynomial sequences. The applications of these sequences are important in other branches of
mathematics to obtain polynomial expansions and approximation formulas both in analytic
number theory and numerical analysis [9]. This motivates the present authors to investigate
the further generalization of these polynomials and their asymptotic approximations.

Corcino et al. produced related studies on asymptotic approximations of some
special polynomials in terms of hyperbolic functions (see [10-12]). It is observed that
there is a resemblance in the generating function of the Apostol-tangent polynomials
in [10] and the Apostol-Frobenius-Euler polynomials. However, the approximation of
the Apostol-Frobenius—Genocchi polynomials parallel to the results of Corcino et al. re-
mains to be unexplored in other related studies. In this study, the uniform approximation
of the Apostol-Frobenius—-Genocchi polynomials of order « for large n valid in some un-
bounded region of the complex variable z are derived using the saddle-point method.
Using the technique of the contour integration in [10], an approximation with an en-
larged region of validity is also obtained. Moreover, the same methods are applied to
obtain the approximations for the case of the generalized Apostol-type Frobenius—Genocchi
polynomials of order a with parameters a,b, and ¢ denoted by g,S"‘) (z;u;a,b,c,A) and
Apostol-Frobenius-type poly-Genocchi polynomials of order « with parameters a, b, and ¢
denoted by gﬁf‘ ) (z; A, u,a,b,c,). Corresponding asymptotic formulas of other special
polynomials are given as corollaries. It is worth mentioning that the methods used in deriv-
ing the asymptotic formulas demonstrate the techniques of computing the symmetries of
the defining equations of Apostol-Frobenius—Genocchi polynomials of order « as well as

their generalizations Q,S’X) (z;u;a,b,¢,A) and Q,S” ) (z;Au,a,b,c,).

2. Uniform Approximation

In this section, the uniform approximation of the Apostol-Frobenius-Genocchi poly-
nomials of order « is explored using the saddle-point method. The following theorem gives
the said approximation.
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gfl‘(nz—l— %;u;)\) =

Theorem 1. For n,a € Z*,u,A € C\ {0,1}, and z € C\ {0} such that |Im z71| < 27 —
Arg(%) or |z71| < |z71 — (27i — &)|, the Apostol-Frobenius—Genocchi polynomials of order
« satisfy

(nz)"(1 — u)* csch® ( %5H Sz 41
Ry ( 2 ) _ (Z:ZZ){ZZ(a—l)—oczcoth< Z;z_ )

+1)coth®( %551 ) —1
(el o4y 0

4

where § = log(%) and the logarithm is taken to be the principal branch.

Proof. Applying the Cauchy Integral formula to (1),

G (zu;0) = n! / (1—u)* Nw“ezw dw 5)

27i u®  (edtw —1)a gntl’

where C is a circle about 0 with radius lesser than ‘271 - 10g<%) ‘ and § = log(%) is
a logarithm taken to be the principal branch.
o o
With (20 —1)" = (26 7 s1nh(5+w) ) , it follows from shifting z — z + a/2 that

where f(w) = . Note that f(w) is a meromorphic function with simple poles of

order « at the zeros of sinh” <5+w) which are given by w; = 2jm —4,j = +1,£2,-
By taking z — nz and letting nz — oo with fixed z in (6),

% @ . — n! 1_u / n(zw—logw) 4 dw
gn (nz+ 2/”//\) 27_[1 Zm f w * (7)

Note that on the saddle-point method, the main contribution of the integrand to
the integral in (7) originates at the saddle-point of the argument of the exponential [13].
Thus, if the point w = z7lisnota pole, then the approximations of Gj; (nz + % S U )L) can
be obtained by expanding f(w) around the point. From Lemmas 1 and 2, and Theorem 1
of [14], it follows that

(L= & O ET) pi(n)

a “oa) =
G (”Z Ty A) (nz) (2v/hu ) k);o K (nz)k’ ®
where py(n) are the polynomials
po(n) =1,p1(n) = 0,p2(n) = —n,p(3) = 2n, ©)

pr(n) = (1 = K)pr_1(n) + npx_(n),k = 3.

Computing the derivatives f*) (z=1) for k = 0,1,2 gives

af dz+1
csch (T)

ZlX

7

fOE =
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5z+1)
2z
———Z2 % and

D (-1 =
() = S
a csch® (52‘”) 5 (& + 1) coth? (‘SZH) -1
@1y N2 )} a4y z+1
9=z o {z (a—1) azcoth( % ) + 1 }

Expanding the sum in (8) and keeping only the first three terms gives

« o N _ ) (-wr O e pim) | fPET pa(n) 1

G (”‘HE’”’)‘) T v l R TRt (1212)2 +O<112>
 (n2)"(1— )" csch® ( 221) occsch"‘(‘szﬂ) 5241
= v s T ) zz(zx—l)—zxzcoth( e )

. acothz(‘szjzrl): CSCh2(52+l) } +O(nlz>1

()1~ )" esch” (&H) ll . ) {Zz(tx —1)—az coth(ézzl_ 1)

B (2zv/Au)® (2nz2

. occothz(‘szz;rl): CSch2(5z+1) } +O<nlz>]

Figure 1 shows the accuracy of the approximation obtained in Theorem 1. The follow-
ing corollaries give the uniform approximations of the Frobenius-Genocchi polynomials of
order &, Apostol-Genocchi polynomials of order « and Genocchi polynomials of order «.
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Figurel. (a)n =9,a =8, u =4,and A =5. (b)n = 8,04 =7,u = 4, and A = 6. Solid lines represent

the Apostol-Frobenius-Genocchi polynomials of order a Gj;(nz + 5;u;A) for several values of
whereas dashed lines represent the right hand side of (4) with z = x, both normalized by the factor

(1+]%|")~! where we choose o = 0.5.

Corollary 1. For n,a € Z*,u € C\ {0,1}, and z € C\ {0} such that |Im z7'| < 27 —
Arg(%) or |z71 < |z71 — (27 + v)|, the Frobenius-Genocchi polynomials of order « satisfy

(nz)"(1 — u)* csch® ( 52
Gﬁ<n2+%;u) = L ( 2 )

. (uc+1)cothi(1 zV> 1}4-0(7112)] (10)

© (2n2?

“ ] {zz(vc -1)— oczcoth(1 2sz>
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Gh (nz + %;/\) =

where v = log(u) and the logarithm is taken to be the principal branch.
Proof. This follows from Theorem 1 by taking A =1. O
Corollary 2. Forn,a € Z*,A € C\ {0,1},and z € C\ {0} such that |Im z7'| < 7t — Arg(A)

or |z7Y < |z71 — (7ti — T)|, the Apostol-Genocchi polynomials of order a satisfy

(n2)"(1 = u)® sech® (157

o« 200 Ay 1+zt
1 (2n22){z (x—1) zxztanh( e )

(zv/u)
+(a+1)tanhj(p£§r>—1}+o<1112)] (11)

where T = log(A) and the logarithm is taken to be the principal lunch.
Proof. This follows from Theorem 1 by taking u = —1. O

Corollary 3. For n,a € Z*+ and z € C\ {0} such that |Im z='| < wor |z7!] < |z71 — 7|,
the Genocchi polynomials of order w satisfy

nz)" af L
G,”j(nz—s—g) _ (nz)" sech (2z) [1_( « ){zz(oc—l)—txztanh<zlz>

2 z% 2nz?

+(a+l)tanh2(zlz>_l}+o(l>] (12)

4 n2
Proof. This follows from Theorem 1 by taking A =landu = —1. O

Remark 1. Taking & = 1 in (12), approximation for the classical Genocchi polynomials G, (nz + %)
is obtained similar with that of Corcino et al. (see Theorem 2.5, [11]).

The graphs in Figure 2, Figure 3, and Figure 4 show the accuracy of the asymptotic
formulae obtained in Corollary 1, Corollary 2, Corollary 3, respectively.

30
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(b)

Figure 2. (a) n = 8,0 =5,and u = 2. (b) n = 7,& = 6, and u = 3. Solid lines represent the Frobenius—
Genocchi polynomials of order « Gj;(nz + 5; u) for several values of 1, whereas dashed lines represent
the right hand side of (10) with z = x, both normalized by the factor (1 + |£|")~!, where we choose
o =05.
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(b

Figure 3. (a)n = 10,04 = 7,and A = 11. (b) n = 8,&« = 6, and A = 9. Solid lines represent
the Apostol-Genocchi polynomials of order a Gj;(nz 4 §; A) for several values of 1, whereas dashed
lines represent the right-hand side of (11) with z = x, both normalized by the factor (1 +||")~!
where we choose o = 0.5.

-30 -20"%,-10 10720

@) )

Figure 4. (a) n =7 and & = 5. (b) n = 8 and & = 6. Solid lines represent the Genocchi polynomials of
order & Gj; (nz + §) for several values of n, whereas dashed lines represent the right hand side of (12)
with z = x, both normalized by the factor (14 |%|")~!, where we choose ¢ = 0.5.

3. Enlarged Region of Validity

The validity of the approximations obtained from the previous section using the saddle-
point method is valid in the region |z7!| < |[z7! — wj| with poles w; = 2jm — ¢, j = £1,
£2,---. In this section, approximation with an enlarged region of validity is derived
by isolating the contribution of the poles. Motivated by the study of Corcino et al. [10],
the approximation uses the method of contour integration, which introduces the incomplete
gamma function in the formula. The following theorem describes the said approximation.

Theorem 2. For A,u € C\ {0,1}, « € Z" and z € C such that |z7| < |z71 — wy] for all
k=1+1,1+2,---,the Apostol-Frobenius—Euler polynomials of order « satisfy

Gy (nz + %;u; A)

o

1—u L& " (n 1) —(j—1+s) [ (1 —5)!

)’X s=0
T(n-— sn+sl+,1wknz)> N (*1])51]% o fk) (Zl)];hz(k) (z7V Pk(”z } (13)
wk wk k=0 : (TlZ)

where the polynomials py(n) are given in (9), h;‘ is the kth derivative of the function h;(w) given
by (21) and

m
T’k].
]:

1 (w— w )l



Symmetry 2023, 15, 876

7 of 24

are the given principal parts of the Laurent series corresponding to the poles wy = 2kt — J, where

6 =log (%) is a logarithm taken to be the principal branch. The entire function h;(w) is determined

by f(w) = w* csch” (‘sg—w>

Proof. Using the Mittag-Leffler theorem ([15,16]), write f(w) = w*/ sinh* (%) as

1 m ®
ZLZer( +g(w)=22 TREICOBCE
== P
where l
fi(w) = kZ gk (w) + g(w), (15)
=1

gx(w) is a polynomial of w, ry; are residues at wy, k = 1,2,- -+, 1. With this, f;(w) has no
poles inside the disk |w| < |wy,1|. Substituting (14) to (7) gives

N n! (1—u 1 & oz dw
G~ (nz+ u)\) i () (z;l]; - wk 7+ fi(w )) S| (16)
= X" (z) +Y,""(2) (17)
where
X (z) = S LW [ g eons 20 (18)
l Y (zm)a C ! wn+1’
o [ .
Yln,uc(z) _ (1_u> n! rk] wnz dw (19)

— [ — e .
(2vAu)* Je 2mi k;]; (w—w)  wrtl

To evaluate (18), repeat the process from the last section using the saddle-point method
to expand f;(w) around the saddle-point w = z~! instead of f(w). It follows from Lemmas
1 and 2 and Theorem 1 of [14] that (18) may be expanded as the infinite sum

(20)

e e )
X?’a(z) = (nz)" ((21\/%))04 k;() : I(c! )r(jflg)lz,

where py(n) are the polynomials in (9). Note that (20) is valid for « € Z*,z € C\ {0}

such that [z < |z7! —wj| for j = I +1,142,---,... given the first 2] poles of f(w).
From (14), the kth derivative of f;(w) is

A9 w) = F9 (W) — b (w),
where
S — (21)

Thus, the expansion of (18) is

(1—w)"

! -
(2v/Au)® kX:% k! (nz)k

valid for [z < [z7! —wj|,j = 1+1,1+2,- - and z # 0. The expansion’s range of validity
is larger than that of the expansion in Theorem 1.

X7 (2) = (nz)" 22)
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On the other hand, similar computations are employed from the methods of Corcino
et al. (see [10]) to derive an expansion for Y;"*(z). The technique involves shifting of
the integration contour by w = wy + t in each integral in (19). Consequently, dw = dt and

1—u)t & & n! etz dt

Y (z) = a-w" ek —/ D 23

1) (2v/Au)® k;; “2mi Jo 0 (wy + ) =

where C' : t = —wj + Re, —7t < 0 < 7 is a circle with radius R and center at —w;.. Note
that 0 is not on the w}s. This C' is the image of C : w = Re' through the shift w = wy + .

To proceed, observe that

etnz nz etx 1 o4

Ho /o R @)

Substituting (24) to (23) gives
T—u) & n! nz et 1 dw
(e = Q0 o ()
() (2v/Au)® k;}; Niomi Jo\Jo BT (wy + £)n 1 @5)

The proceeding part of the computations is expositions from [10]. Note that when
=1,

n! et dw am (i
BT 8 () 2
27i /c’ ti=1 (wy + t)7+1 arn t (26)
=—Wy
is x™. For j > 1, using the Leibniz rule for differentiation, it becomes
A" e (-1) _ v (M s e &
& ptxy=(j-1) n—s tx * ;—(j-1)
ar’ L) t
=—Wy
n . .
_ Z (:) xnfsefwkx(_l)(jfl) <] _ 1>S(wk)7(]71+s) 27)
s=0

where (j — 1)s denote the rising factorial of j — 1 with increment s. Thus, (26) can be
written as

N =i<n>ﬂsew'«x<—1><“><j—1>s<wk>“’”S)- @)

2mi Jo' 1 (wy + 1)L s

It can also be evaluated that

. noo —1)i{j
L/ i dw ‘L( i _ D (29)
2rmi Jo' (wy + )l A w
t=wy k
Now, consider the incomplete gamma function
I'(n—s+1,wz) = / e~ sdt. (30)
Wiz

Lety = wik Then t = ywy and wydy = dt. Moreover, t = 00 <= 1§ = o0; f = wWyz
n = z. Thus, (30) becomes

I'(n—s+1,wz) = / e~ ¥ (wyn )" Swydn. (31)
z
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It can be shown that taking z — nz,

nz_ _ © _ I'(n—s+1,wgnz)
/O e~ =S dy :/0 e WK =Sy — wZ P . (32)
Substituting (28) and (29) to (25) gives
(o) = Dty e i (”)<1><f—1><f1>s<wk>—<f-1+s>
: 2VAu)r (33 s=0 \5
- )/ {j)n
( oy W) ]+n ] (33)
Moreover, substituting (32) into (33), and noting that for n > s,
—wyt (n—s)!
/ s = (34)
results in
n . —3g)!
Y (2) = Eze“’k”z -[Z(”)< DU - s ><f””<(”ni)1'
s=0 5 wk
_ —1)i{i
Il s:si,lwkm L V] 5
wk w{(

Using the values of (22) and (35) in (17) gives

Gy, (nz + %;u;/\)

_ (1 — u)vc L& oWKIZ, < 1)/: (j—1+s) ((n — 5)
- (zm)a{k_zljg kj [sg( ) ] <] 1> ( ) / w]};l s+1

T(n—s+ 1,wknz)> n (=1 {j)n © fB(z71) — hz(k)(z_ ) pi(n) }
k! (nz)k

n—s+1 w]’—i—n
k

Wy

valid for « € Z*,z € C\ {0} such that |z7!| < |z7! —wy| forallk = [+ 1,1 +2,-, where

where the polynomials py(n) are given in (9) and hfk) is the kth derivative of h;(w) given
by 21). O

The accuracy of the asymptotic formula obtained in (4) and (13) is shown in Figure 5.
The following corollary gives the approximation with enlarged region of validity for
the Frobenius—Genocchi polynomials.
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[ a
=
—
1= 2=
== ==
== =
l-_=_._‘_‘_l_‘_‘_“_r = =
z 5 o = = 5 &
= &~ %, _é = ~
= ~ Ul = <
s - (Ad - e
- -4 = =
- S -4; = s
=4} = - = =
- - 6L = E
(a) (b)

Figure 5. Solid lines in (a,b) represent Gj;(nz 4 5;u; A) whereas dashed lines in (a,b) represent
the right hand side of (4) and (13) for n = 3,& = 2,u = 9 and A = 6, respectively, with z = x, both
normalized by the factor (1 + |£|")~! where we choose ¢ = 0.5. When the solid and dashed lines in
the subfigures (a,b) did not coincide, it indicates that the corresponding normalized values of z are
located outside the specified range of validity.

Corollary 4. For u € C\ {0,1}, a,n € Z* and z € C such that |z7'| < |z71 — wy] for all
k=141,1+2,---, the Frobenius—Genocchi polynomials of order a satisfy

(1—u)*

G (”ZJFg;”) NG { )3 Zewknsz lz (n)( 1) 0D (j — 1)4(wy) 01+
(n—s)! F(n —s+1, wknz)> . (1)]'(]');1]

n—s+1 n—s+1
Wy Wy

00 f(k) (Zfl) _ h(k)( Pk(”) }

= k! (nz)k

where the polynomials py(n) are given in (9), h¥ is the kth derivative of the function hj(w) given
by (21), and

m

L w—w
are the given principal parts of the Laurent series corresponding to the poles wy = 27ti + v, where
v = log(u) is a logarithm taken to be the principal branch. The entire function h;(w) is determined

by f(w) = w" csch® (“5Y).

Proof. This follows from Theorem 2 by taking A =1. O

wk

4. Generalized Apostol-Type Frobenius—-Genocchi Polynomials
Khan and Srivastasa [17] introduced the generalized Apostol-type Frobenius-Genocchi

polynomials of order a, denoted by g,S"‘) (z;u;a,b,c,A) by means of the following generat-
ing function

a’ —ww\"* L, & w" log (&
<<Abw—)u>c :Z%)g(zuabC/\) |,|w|< ln(<b)' (36)

~—

for parameters A, u € C,u # A and a,b,and ¢ € R* witha # b.
Setting a = 1 and b = ¢ = ¢ immediately reduces (36) to the Apostol-Frobenius—
Genocchi polynomials defined in (1).
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Whena =1,b =¢",c =¢,and A = 1 in (36), this results in the generalized Frobenius-
Genocchi polynomials of order & with parameter m, denoted by Gj(z; u; m), defined by
Belbachir and Souddi [18] by means of the following generating function:

log(u)
oy > =\, (37)

1—uw)w)\" & w"
<( ) ) e = ZGﬁ(z;u;m)W, lw| <

Whena =1,b=¢",c =e,u = —1,and A = 1in (36), this results in the generalized
Genocchi polynomials of order a with parameter m, denoted by Gj;(z; «), defined by
the generating function [18]

20 \" ., & . w" T
(eme) e —r;)Gn(z,m)W, lw| < pt (38)

In this section, the approximations of the generalized Apostol-type Frobenius—Genocchi
polynomials of order « with parameters 4, b, and c are obtained using the methods applied
in Theorems 1 and 2. Approximations for the generalized Frobenius-Genocchi polynomials
and generalized Genocchi polynomials of order a with parameter m are given as corollaries.

4.1. Uniform Approximations

Using the saddle-point method, uniform approximations for the generalized Apostol-
type Frobenius-Genocchi polynomials are derived. The following theorem describes
the said approximation:

Theorem 3. For n,a € Z*,a,b,c € Rt,u,A € C\{0,1}, and z € C\ {0} such that

-1 2m—Arg(3) -1 -1 _ (2mi=s
|[Imz~| < Trgo) O lz7Y < ‘z ( 3 )
Genocchi polynomials of order a satisfy

n(c)i (gl/z _ ) loe (€
Qﬁ(er“;u;a,b,c,A) _ (m) (b)a @ —u) [1_ "‘2{“( og(;)
v (22 Vi /\u) sinh® (%) 2nz 2

2
a'/Zlog(a) B z6+
e +z—2coth< % )

("% — wa'/*log(a) — (a/*log())? _
(al/z _ M)Z

+'Tcsch2<252—;>} -I—O(nlz)] (39)

where § = log (%) and the logarithm is taken to be the principal branch.

, the generalized Apostol-type Frobenius—

+

Proof. Applying the Cauchy integral formula to (36),

n!

Gn(z;u;a,b,c,A) = —/
C

27T

1 ((aw — u)w)a ZWy dw
e (e5wh —1)a € w1’

(40)

where C is a circle 0 with radius lesser than ‘2”25_‘5‘ and § = log(%), B = log(b), and
v = log(c) are logarithms taken to be the principal branch.

o
With (2\/5) (Vb)* sinh® (%) = (e"t®F —1)*, (40) becomes

n! 1 ((a¥ —u)w)~ dw
Gn(zu;a,b,c,A) = o— / : e~y . (41)
27i Jc (2 T\u)lx (VB)rw sinh“(‘”zwﬁ) witl
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Shifting the variable z — 2 + 7 in (41) gives
ofz2 @ n! 1 / L AW
—+ = u; =-—— 42
gn(r)/ + zlu/alblclA’) 27_” (2 Au)ﬂ( Cf(w)e wn+l ( )
where P (d — u)w)
c\ 2 ((@“—u)w
f@)=1\3) " ~—7stws\ (43)
<b) sinhzx (5+2wﬁ>
is a meromorphic function with simple poles of order « at the zeros of sinh”® (%) which
are given by w; = zjﬂé_‘s,j = £1,42,--- . Now taking z — nz and letting nz — oo with
fixed z,
gzx(”z + g‘u'a bc /\) - 1#/ f(w)en(zzu—logw)dﬂ. (44)
"\y 2077777 27Ti(2 /7/\1/{)“ c w

With the used of the saddle-point method from Section 2, it can be noted that the main
value of the integrand to the integral in (44) originates from the saddle-point of the argu-

ment of the exponent. Thus, the approximations G (”72 + % ;u;a,b,c, /\) are obtained by

expanding f(w) around the saddle-point w = z 1. It follows from Lemmas 1 and 2 and
Theorem 1 of [14] that

n oo (k) (,—1
(4 Snbn) - L £ D, .
gn('}’ + > u,a C <2m>ak§) k! (I’lz)k ( )

where py(n) are the polynomials in (9). Computing the derivatives f*)(z~1) for k = 0,1,2
gives

o 1/z ®
FOE = f) = (§)F 1

z“sinh"‘(%),
e (12— \" c .
FO( 1y = «(5) (a u) log (§) +ﬂl/ log(a) v Poom (PR g
N z"‘sinh“(%i) 2 al/z —y 2 2z ’
V4

c\2z= /z _ @ c . 2
o Ot (29)

. 1/z _
z% smh"‘( - al/z —u 2z

+

(1/2_ )1/21 2()_(1/21 ())2 ﬁ2 5+ﬁ
o) Iz, B e (218)]

Expanding the sum in (45) and keeping only the first three terms give

gl (nz + g;u;a,b,c,)\>

Y
C m2" [  fOE ) ) | fAET pan) 1
_(zm)“_ o 1nz+ 2! (1212)2+O(n2)]

Ca(p)E (o)

X
z% sinh® (Z‘Sg ) 2nz%+2 sinh® (252?3 )

(nz)" (C)z“z (a7 — u)®

vy [l
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2 al/z —y 2 2z

log(§) a'/%log(a) B z0+ B ’
{zx( b/ & —I—Z—Coth< )>

(a2~ w)a'*log*(a) — (0" log(@)* _
(al/z _ u)z

+ ‘[chsch2<Z52—iz_’B) } +O(nl2>]

(nz)"(§) % (al/% — u)® « {{X(log(i) | at/*log(a)

(ZZMY sinh® (Z""jﬁ) 2022 2 Az —y
Z
2
_é Z5—|—,3 (ﬂl/z—u)al/zlogz(a)— (al/zlog(u))2 i
+z 5 coth = + (al/z — )2 z

+ ‘lfcsch2<252—'z—ﬁ) } +O(nlz>]

Remark 2. Takinga = 1,b = e and c = e, Theorem 3 gives a uniform approximation, which is
similar with that obtained in Theorem 1 for the Apostol-Frobenius—Genocchi polynomials of order .

O

The graphs in Figure 6 show the accuracy of the asymptotic formula obtained in
Theorem 3.

Figure 6. (a)n = 5,0 = 4,u =2,a =2b=3,c=4and A =3. (b)n = 7,04 =5u =3,
a=4,b=2,c=23and A = 4. Solid lines represent the generalized Apostol-type Frobenius—-Genocchi
polynomials of order « g;’;(%z +5ua,b,c, A) for several values of 1, whereas dashed lines represent
the right hand side of (3) with z = x, both normalized by the factor (1 + |£|")~!, where we choose
oc=0.5.

The following corollaries give the uniform approximations for the generalized Frobenius—
Genocchi polynomials and generalized Genocchi polynomials of order « with parameter 1.

Corollary 5. Forn,a € Z*,m € RY,u € C\ {0,1}, and z € C\ {0} such that |Im z71| <
2R op 1271 < |21 — ZER)| the generalized Frobenius—Genocchi polynomials of order a

with parameter m satisfy

Gh (nz + %;u;m)

_ (nz)”(el_m)% (1—u)" w (1—m) m m—z\\’
= (2z\/ﬂ)“sinh“(m2;j") [1—21122{&( > —|—z—2coth< = ))
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—zz—l—rfcschz(mz_zzv)}—i—O(an)} (46)

where v = log(u) and the logarithm is taken to be the principal branch.

Proof. This follows from Theorem 3 by takinga =1,b =¢",c =eand A =1. O

Corollary 6. For n,a € Z*,m € R" and z € C\ 0 such that |Im z7'| < Z or |z7}| <
|z71 — 2|, the generalized Genocchi polynomials of order « with parameter m satisfy

Gh (nz + ﬁ;m)

2
o 2
- O () {1 o5 - ()
—zz—rfsech2<2n;)} —i—O(an)] (47)

Proof. This follows from Theorem 3 by takinga =1,b =e",c =¢,u = -land A =1. O

The graphs in Figures 7 and 8 show the approximations of Corollaries 5 and 6,

respectively.

-30 30

LTI TTIT) —
"""P
’O

(a)
Figure7. (a)n =8,a =5and u = 2. (b) n = 7,« = 6 and u = 3. Solid lines represent the generalized
Frobenius-Genocchi polynomials of order & with parameter m G (nz + 5;u; m) for several values
of n, whereas dashed lines represent the right hand side of (46) with z = x, both normalized by

the factor (1+ |£|")~! where we choose o = 0.5.

w 'Illlllllllllllll

Ihlll'lélllll LRLE CRLLRTCLEL] S

Figure 8. (a) n =
the generalized Genocchi polynomials of order « with parameter m Gj; (nz + %;m) for several values

of n, whereas dashed lines represent the right hand side of (6) with z = x, both normalized by

10,0 = 7and A = 11. (b)n = 8,4 = 6 and A = 9. Solid lines represent

the factor (1+ |%|")~! where we choose o = 0.5.
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nz

Q,i‘(+“
v

;upa,b, c,)\) ek
2 (2\//\14 { L 2 L

4.2. Enlarged Region of Validity

In Section 4.1, the use of the saddle-point method resulted in an approximation valid
in the region |z7!| < |z7! — wj| with poles w; = 27— 5,]' = £1,42,---. In this subsec-
tion, an approximation with enlarged region of vahdlty for the generahzed Apostol-type

Frobenius-Genocchi polynomials of order a with parameters 4, b and c is obtained following
the process used in Section 3. The following theorem contains the said approximation.

Theorem 4. For n,a € Z*,a,b,and c € R, A,u € C\{0,1}, « € Z" and z € C such that
lz7! < |z7' —wy| forallk =1+ 1,1+2,- - -, the generalized Apostol-type Frobenius-Genocchi
polynomials of order « with parameters a, b, and c satisfy

3 (2) (DU~ st 0149

—o \5
n—s)! I'n—s+1,wnz
<(wlil—s+)1 o ( n s+1 : )> + w]Jrn ‘|
o (k) ( ) (—1)
+ (nz)nlg)f (z~ )k' (z~ (ni)]z } (48)

where the polynomials py(n) are given in (9), h¥ is the kth derivative of the function hy(w)given
by (21) and

m Tk

=1 (w— wk)j

where

are the given principal parts of the Laurent series corresponding to the poles wy = 27‘73 g

b= log(g), B = log(b) and log(c) are logarithms taken to be the principal branch. The entire
function hy(w) is determined by f(w) = (§) 7 ((a® — u)w)® csch® (H;oﬁ).

Proof. Recall the generalized Apostol-type Frobenius—Genocchi polynomials of order a
with parameters 4, b, and c in (44)

af 2 & n! 1 n(zw—lo w)dﬁ
gn<7+2uabc2\> 2m(zm) /f(w>e BV) = (49)
where w /o .
flw) = (%) Fa —ww)? (50)

sinh® ( % )

and § = log(%),’y = log(c), and B = log(b) are logarithms taken to be the principal
branch. Substituting the Mittag—Leffler expansion of f(w) in (14) to (49) gives

9 (nWZ + %?u; a,b, c,?\) = 5/"(2) + ;" (2). S
where . 1 d
na n. 1 wnz 9W
S/"(2) = 5~ o '/sz(w)e Y (52)

(53)
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To determine (52), repeat the process of the saddle-point method in Section 3 to expand
fi(w) around the saddle-point z~!. The expansion is given as
(k) (,—1 (k) (,—1
1 (z7) =7 (z7) pi(n)
S (z) = (nz)" l 54

and z # 0. The expansion’s range of validity

valid for |z71| < [z71 — ilbji=1+11+2,--

is larger than that of the expansion in Theorem 3.
On the other hand, an expansion for T)"(z) can be derived by performing the method

of contour integration used in Section 3 to evaluate the integral Y"*(z) in. Thus, the expan-

sion is given as

1,0 . wynz,, = (n i—1) /5 —(j—1+s (1’1 _ S)!
Tl ( zm Z Ze i LZO (S) (_1)(] 1)<] - 1>S(wk) (] 1+5) (wz—s—!—l
T —;Z+s1+,1wknz)> . (—:};@1 55)

Substituting the values of (54) and (55) to (51) gives

Gn (ZZ + g;u; a,b,c, A) (Zm { ) Zewwz , Lio (Z) (=1)U=D (= 1) (wy) ~U1+9)

((ns)' F(n—s+1 wynz) +(1?f<j>n]

valid for a« € Z*, z € C\ {0} such that |z7!| < |z7! —wy| forall k = [ +1,1+2,-,
where the polynomials py (1) are given in (9) and hlk) is the kth derivative of 1 (w) given

by (21). O
The accuracy of the asymptotic formula obtained in (39) and (48) is shown in Figure 9

40

20r
20+

\\umuml
\)

UL

)
-
-
-
-
-
-
-
-
-
-
-
-
-
=
-
-
-

Figure 9. Solid lines in (a,b) represent Gy, % + % ;u;a,b,c, /\) whereas dashed lines in (a,b) represent

the right-hand side of (39) and (48), respectively, forn = 3,a4 = 2,u = 2,4 = 5,b = 3,c = 4 and
A = 3 with z = x, both normalized by the factor (1+ |£|")~!, where we choose ¢ = 0.5. When the
solid and dashed lines in the subfigures (a,b) did not coincide, it indicates that the corresponding

normalized values of z are located outside the specified range of validity.
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5. Apostol-Frobenius-Type Poly-Genocchi Polynomials of Order « with Parameters a,
b, and c

Kim et al. [19] introduced the poly-Genocchi polynomials, which are a generalization
of the Genocchi numbers formed by mixing these numbers with the following definition of
polylogarithm Li, (z)

© n

. z
Liy(z) =) — M e Z. (56)

n=0 "
In the study of Corcino et al. [20], the definitions of Apostol and Frobenius polynomials
were mixed, leading to the construction of a new variation of poly-Genocchi polynomials
called the Apostol-Frobenius-type poly-Genocchi polynomials of order « with parameters

a,b, and ¢, denoted by g,ﬁ” ) (z;A,u,a,b,c), defined as follows:

n

Y G (z A, u,a,b,0)
= n!

AbY — ug=w |log(a) +log(b)| 57)

_ (Lw— <ab>—<1—“>zv>>“czw, 1] < V (IOg(ﬁ))2+4ﬂ2_

Using the fact that
Liy(z) = —log(1—2z),

when y =1, (57) gives

i Q,ga)(z;/\, wa, b,C) w" . <(1 — M)WIOg(ab)> cZw (58)

1 W 3 g—W
o n! ALY — ua

where the polynomials g,ﬁ“) (z;A,u,a,b,c) = g,ﬁl"” (z;A,u,a,b,c) are called the Apostol-
Frobenius-type Genocchi polynomials of order a with parameters 4, b, and c.
Settinga = 1,b = c = ¢, (57) yields

) n ; _ —(—wwy\ *
Yy G (z; A, u,1,e,0) 2 = (LZ” (1-e )> e (59)

=0 n! AeW —u
where the polynomials QT(Z” ) (zAu,1ee) = Q,(f‘ ) (z; A, u) are called the Apostol-Frobenius-
type poly-Genocchi polynomials of order a. When u = 1, (59) gives the Apostol-Frobenius—
Genocchi polynomials of order « equation defined in (1).
In this section, approximations for the Apostol-Frobenius-type poly-Genocchi polynomi-
als of order & with parameters a, b, and c are obtained using the methods in Theorems 1 and 2.

5.1. Uniform Approximations

Using the saddle-point method, uniform approximations for the Apostol-Frobenius-
Type poly-Genocchi polynomials of order a with parameters a, b, and c are derived. The fol-
lowing theorem satisfies the said approximation.

Theorem 5. For n,a € Z",u € Z,a,b,c € R*,u,A € C\ {0,1}, and z € C\ {0} such that
_ 2m—Ar % _ _ -
|[Imz71| < 7Arg(§£) ) or |z7Y < |z71 — (—2”&] 5)

polynomials of order « with parameters a, b, and c satisfy
(wo) (N2 &,
gn ("}/ +2,/\,M,€l,b,C>
_ (nz)”(“—lf)%(Liy(l _ (ab)—(l—u)/z))a |‘1 B 1 { (alog(%f)
o
(2vAn)" sinh® (522 2n2? 2

, the Apostol-type Frobenius poly-Genocchi




Symmetry 2023, 15, 876 18 of 24

a(l—u) 108(‘117)(“{7)7(1*”)/2141'”,1 (1- (ab)*(lfu)/z)
(1— (ab)~(=0)/2)Li, (1 — (ab)~(1-)/z)

By z20+ ¢ 1
— ZCOth<ZZ>> + = (ab)*u*”)/z)Liﬂ(l — (ab)*(k“)/z))z X

{a(l—u>2<log<ab>>2<ab>-<l ( (ab)~ 10 (Liy 4 (1 - (ab)~1-/%))’

+ Liy(l - (ab)*(lfu)/z) ((ﬂb)(lu)/zLi},z(l _ (ab)—(l—u)/z>

2
B LiH,1(1 . (ab)_(l_u)/z)>> } + % CSCh2 (ﬂ;;z‘tl)) } + O(nlz)] (60)

where § = log (%) ,v = log(c), and ¢ = log(ab) are logarithms taken to be the principal branch.

Proof. Applying the Cauchy integral formula to (57),

G\ (z; A, u,a,b,c) =

n! / 1 (aw)"‘(Liy(l—(ab)_(l_“)w))"‘ezm dw 61)
o

E ﬁ (65+1/Jw _ 1)04 wht1

where C is a circle 0 with radius lesser than ‘%’ and § = log(%), ¢ = log(ab) and
= log(c) are logarithms taken to be the principal branch.

o o
With (2\/5) (v/ab)*® sinh® (%) _ (65+¢w _ 1)06, (61) becomes

L (8) % (L1 = (ab) 7)) L, dw
 (

(1)

Gi "z A 0, b,¢) = 27i 2@)11 sinh"‘(“zww) ¢ w1 (62)

From (62), the shifting of z — % + 5 results in

! 1 dw
Q(M)< + = Auabc)zn,/ w)e? 63
n ,)/ 27_[1 (ZW)‘X Cf( ) wn+1 ( )
where
)2 (Liy (1 — (ab)~(-wwy)e

f(w) — (b) ( 14( ( ) )) (64)

sinh® ( MTW )

is a meromorphic function with simple poles of order « at the zeros of sinh” ((5+wzp) which

are given by w; = 2]7'(1 5,]' =4+1,£2,-
Note that takmg z — nz and lettlng nz — oo with fixed z,

dw

g(ﬂﬂé)<7 +=:Au,a,b,c n(zw— logw)?‘ (65)

2’ >_27;(2\/E /f

Using the saddle-point method, it can be similarly observed that the approximations
of (65) can be derived by expanding f(w) around the saddle- point w = z~!. Thus,
it follows from Lemmas 1 and 2 and Theorem 1 of [14] that

() (12, & _ (2" & fOET pr(n)
Gn <7+2,u,a,b,c,)\>—(2m)alg M () (66)
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where py(11) are the polynomials in (9). Solving the derivatives f(¥) (z~1) for k = 0,1, 2 gives

acy & (Li, (1 — (ab)~(-u)/z))a
f(O)(Zfl) _ f(Zil) _ (?) (L V(l ( b) ))

sinh”‘(z‘sz—?p) '
A0ty CEVE (L1 (@) () f alog(5)
a nhtx<2(5+l/7> 2
a(1 —u)log(ab)(ab)~=")/2Li, 1 (1 — (ab)~(170)/2)  ap 26+ ¢
T (@) )L (1~ (ab) (75 ‘2“’“( 22 ) '
ac 2i i —(a (I—u)w\\a P ac
f(z)(z_l) (b) Lsin;a(iézp) ) {( 10&;(”
a(1— u)log(ab)(ab)~(1=1/2Li, 4 (1 — (ab)~(1=1)/2) 4y 26+ ’
(1 _ (ab)—(l—u)/z)uy(l i (ab)—(l—u)/z) 5 Coth( e )

1
T (@) O L (1 (ab) 0072

{a(l — u)*(log(ab))?(ab)~(17)/= ( - (ab)*“*u)/Z(Liy_lu - (ab)*(lfﬂ/Z))z

+ (ab)_(l—u)/ZLiy(l — (ab)~ (1- u)/Z)L »(1— (ab)™ (1—14)/2)
— Li,(1— (”b)_(l_“)/Z)LiM_l(l . (ab)_(l_”)/z)> } + "‘Tl/)2 csch? (252‘12' 4’) }

Expanding the sum in (66) and keeping only the first three terms give

(n2)" (5) = (Liy (1 — (ab)~(7/%)) [1 1 { (alog(”ﬁ
(%/H) " sinh® (Z‘SZJ;P> 2nz2 2

) log(ab)(ab) "1~/ Liy (1 — (ab)"(17)/%)

1— (ab)~(1=0)/2)Li, (1 — (ab)~(1-1)/2)

.,_.

AUQ
A
@‘

2
Cap 26+ ¢ 1
2 “’th( 2z )) = (@b) (=072 Liy (1 — (ab) (=01 72))2

{zx(l — u)z(10g(ab))2(ab)*(1*“)/z ( _ (ab)f(lfu)/z (Liy,1(1 B (ab)f(lfu)/z)>2
+ (ab)*(lfu)/ZLiy(l — (ab)*(lfu)/Z)Li}hzu _ (ab)f(lfll)/Z)

— Li, (1 - (ab)*(lfu)/Z)Liy_l(l _ (ab)(lu)/z)> }

NP -7 ) 1
+4csch< s )}—I—O(nZ)]




20 of 24

Symmetry 2023, 15, 876

The following corollary gives the uniform approximations for the Apostol-Frobenius-

type poly-Genocchi polynomials of order a.

Corollary 7. Forn,a € Z+,u € Z,u,A € C\ {0,1}, and z € C\ {0} such that |Imz~'| <
2m— Arg(2) or|z7!| < ‘z‘l — (2mi —6) ‘, the Apostol-Frobenius-type poly-Genocchi polyno-

mials of order w satisfy

(na) &,
(N (nz+ 2,A,u)
 (nz)"(Liy (1 — e~ (1-1/z))a [1

() ()

1 [ (a(@—u)e0=0/7Li, 4 (1—e(-0/2) WEES
T2\ (I—e O/ Li,(1—e 0z 20\ 2

1
1 — y)2e—(1-1)/z
i (1 — e~ (-w/2) Ly, (1 — e~ (1-0)/2))2 {"‘( u)’e

(_ e (1-u)/z (Liy—l (1- e—(l—u)/Z))2
+ Liy(l — e*(lfu)/Z) (6(1”)/2Liy_2(1 _ e*(lfu)/Z) _ Liy,l (1- e(lu)/2)>> }

—i—gcsch2 2+l +0 i
2z n2

4

(67)

where § = log (%) and the logarithm is taken to be the principal branch.
The graphs in Figures 10 and 11 show the approximations of Theorem 5 and Corollary 7,

respectively.

Figure10. (a)n = 6,a =4, A =2,u=7a0=3,b=4c=3,andu=2. (b)n =504 =41 =2,
u=4,0=23,b=4,c=3,and y = 2. Solid lines represent the Apostol-Frobenius-type poly-Genocchi

polynomials of order « with parameters a,b, and c g,(l" «) % + % ;A,u,a,b,c) for several values of n,
whereas dashed lines represent the right hand side of (60) with z = x, both normalized by the factor

(1+]%|")~! where we choose o = 0.5.
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(a)

Figure1l. @)n =6,a =4, A =2,u =8, andy =2. (b)n =704 =51 =2, u =4, and u = 2. Solid
lines represent the Apostol-Frobenius-type poly-Genocchi polynomials of order « QV(,” “(nz+ 5iA,u)
for several values of 1, whereas dashed lines represent the right hand side of (67) with z = x, both
normalized by the factor (1 + |£|")~1, where we choose ¢ = 0.5.

5.2. Enlarged Region of Validity

In this subsection, an approximation with enlarged region of validity for the Apostol-
Frobenius-type poly-Genocchi polynomials of order a with parameters 4, b, and c is ob-
tained following the method of contour integration employed and discussed in Section 3.
The following theorem contains the said approximation.

Theorem 6. For n,a € Z*,a,b,and c € RT, A,u € C\{0,1}, a € Z* and z € C such
that |z7Y| < |z7' —wy| forallk =1+ 1,1 +2,- -, the Apostol-Frobenius-type poly-Genocchi

polynomials of order « with parameters a, b, and c satisfy

nz
gﬁ”’”(,y +2 Auabc)
n

(zm { D Zewk”sz [Z (’;)(1)<f—1><]- 1Y, (a) 0149
<(” o) Mot wknz)> + (—1)J'<]'>”]

n—s+1 n—s+1 j+n
wy wk

0 (k) (k) (—1)
Z (2~ ) UG ;E»zg;z} )

where the polynomials py(n) are given in (9), h;‘ is the kth derivative of the function h;(w) given
by (21), and
m
; (w— wk
2kmr—9

are the given principal parts of the Laurent series corresponding to the poles wy = = where
J= log( E)/ v = log(c), ¢ = log(ab) are logarithms taken to be the principal branch. The entire
function hy(w) is determined by f(w) = (§) 7 (Liy(1 — (ab)~(1=1)@))& csch® (HTWlI’)

Proof. Recall the Apostol-Frobenius-type poly-Genocchi polynomials of order a with
parameters a, b, and c in (65)

!
g]gl‘,l’l) (TlZ + gl- A, u,a, b/ C) — L%/ f(W)en(Zw_logw)dﬁ. (69)
v o2 27i (2\/@) C w
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where @ (Li, (1 — (ab)~(A-w)w))a
)= (5)" = e (59

(70)

and ¢ = log(%),’y =log(c), and ¢ = log(ab). Substituting the expansion of f(w) in (14)

to (65) gives
o NZ 14 n,0 n,n
Gi (5 + Srwabod) = U () + VP (a), 7y
where | 1 d
n,n n: wnz w
’ - - 72
U @) = 2 /e Jo e 7
[ Tk;
Vln’a (Z) _ 1 n: j wnz dw (73)

(Zm)ﬂc Cka:Zl]; ('w_'wk)] wh+1’

To evaluate (72), repeat the process of the saddle-point method in Section 3 to expand
fi(w) around the saddle-point z~!. This gives the expansion of

L g A0 W )
(2vVAu)x (= k! (nz)k’

U (2) = (nz)" (74)

valid for |z71] < |z71 — il,j=1+1,1+2,--- and z # 0. The expansion’s range of validity
is larger than that of the expansion in Theorem 5.

On the other hand, perform the technique of contour integration discussed in Section 3
to derive the expansion of V;"*(z). Thus, the expansion is given as

V) = o zzewkmrk[z(S)<—1><f-”<j—1>s<wk>-<f-l+s)<(”[si)f

Wy

Tn-s+ 1,wknz)> . (1)f<j>n], 75)

n—s+1 j+n
wk wk

Substituting the values of (74) and (75) to (71) gives
g (nj + 5;/\, u,a,b, C>

- a7 {ZD”’W [é(ﬁ)(—n@”q—l%(wk)<f1+s>
((n—s)' T(n—s+1, wknz)> . (—1)1'(]')”]

w;z—s+1 w;z—s+1 w;‘jn
o — k) 71)
FO ) —hM D ()
n
+ (n2) kg%) k! (nz)k

valid for « € Z*, z € C\ {0} such that |z7!| < |z7! —wy| forall k = [ +1,1+2,-,
where the polynomials py(n) are given in (9) and hl(k) is the kth derivative of h;(w) given
by (21). O

The accuracy of the asymptotic formula obtained in (60) and (68) is shown in Figure 12.
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References

Figure 12. Solid lines in (a,b) represent gf," “) % +5:Au,a, b,c) whereas dashed lines in (a,b)
represent the right hand side of (60) and (68), respectively, forn = 3,a = 2,u =4,a =3,b =4,
¢ =3,A = 2and u = 2 with z = x, both normalized by the factor (1 + |£|")~! where we choose
o =0.5.

6. Conclusions

Uniform approximations for the Apostol-Frobenius-Genocchi polynomials of order
« in terms of the hyperbolic functions are obtained using the saddle-point method of
Lopez and Temme in [14]. In addition, another approximation with enlarged region of
validity is also obtained for these polynomials using the technique of contour integration
of Corcino et al. in [10]. Moreover, these methods have shown to provide approximations
for the generalized Apostol-type Frobenius-Genocchi polynomials and Apostol-Frobenius-
type poly-Genocchi polynomials of order # with parameters a,b, and c. By considering
the different values of the parameters, corollaries are established as corresponding special
cases of these polynomials. These corollaries can be used as check formulas of the general
cases. It is interesting to further explore the applicability of these methods with other special
polynomials arising from combinations and generalizations of other classical polynomials.
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