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Abstract: Safe life extension work is demanded on an aircraft’s main landing gear (MLG) when
the outfield MLG reaches the predetermined safe life. Traditional methods generally require costly
and time-consuming fatigue tests, whereas they ignore the outfield data containing abundant life
information. Thus, this paper proposes a novel life extension method based on statistical inference of
test and outfield life data. In this method, the MLG'’s fatigue life is assumed to follow a right-skewed
lognormal distribution with an asymmetric probability density function. In addition, the MLG’s
new safe life can be inferred through the Bayesian approach in which the test life data and outfield
life data are used for prior information acquisition and Bayesian update, respectively. The results
indicated that the MLG's safe life was significantly extended, illustrating the effectiveness of the
proposed method. Numerous simulations also demonstrated that the extended safe life can meet the
requirements of reliability and confidence and thus is applicable in engineering practice.

Keywords: main landing gear; safe life extension; lognormal distribution; statistical inference; test
life data; outfield life data

1. Introduction

Flight hours, flight cycles, and calendar time are three life indicators for aircraft, and
flight-cycle life is mainly determined by the landing gear (LG) [1]. The LG is one of an
aircraft’s main load-bearing structures and the most critical component in the aircraft’s take-
offs, landings, and ground activities [2]. During service, the LG are repeatedly subjected
to loads caused by landing impact, ground roll, wheel braking, aircraft turning, and other
sources, making structural fatigue the primary failure mode [3,4]. Especially for the main
landing gear (MLG), it may bear hundreds of tons of aircraft weight or landing shock during
service. Once fatigue fracture occurs in critical parts, it will cause serious consequences
such as crash accidents. According to surveys, about 60% of aircraft failures are related to
the LG, and fatigue is the primary failure type [5]. In addition, in the maintenance accident
statistics of transport aircraft from 2003 to 2017, the LG failure is also listed as one of the
most common aircraft failures [6]. Therefore, it is essential to ensure the LG’s safety and
reliability during its service life.

Due to the characteristics of the single force transmission path, no redundant structure,
and heavy load, the MLG is generally constructed with high-strength materials such as
high-strength steel and titanium alloy. The fatigue critical crack length of the material is
small, and the crack propagation time is short [7,8]. Thus, most countries adopt the safe
life design concept for the MLG’s service life determination [9,10]. Since metal structures
present obvious individual differences in the fatigue crack initiation time and the time data
do not satisfy the symmetry assumption of a normal distribution, the MLG’s fatigue life
is generally assumed to follow the lognormal or Weibull distribution [11-14]. During the
MLG's safe life, it should be ensured with high confidence and reliability (i.e., survival rate)
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that no fatigue crack occurs [11]. In engineering practice, conducting full-scale fatigue life
tests is the most direct and effective way to determine the safe life of aircraft components,
including MLG [15-17]. The MLG’s safe life is obtained by dividing the test life by the
fatigue scatter factor [12], where the scatter factor is related to the life distribution form,
reliability requirement, confidence requirement, and the test sample amount [1,18]. For
example, in the GJB 67.6A-2008 “military airplane structural strength specification” from
China, a full-scale fatigue test with at least four times its service life is required before
delivery for the MLG’s verification [19].

In statistics, the MLG’s safe life takes the one-sided lower confidence limit of its reliable
life with the required confidence of 7y and required reliability of R [20]. In other words, the
safe life is an estimate of the reliable life. It is related to the test sample and demanded to
be less than the actual value of reliable life with the probability of . During the MLG'’s
safe life determination, the life test amount is small (generally only one), and the test
sample may not even fail. Thus, the estimated safe life is generally far lower than the actual
value of the reliable life, resulting in a significant waste of service life potential [21]. When
numerous MLGs reach this safe life, safe life extension work has to be performed to improve
economic efficiency.

Nowadays, the MLG’s safe life extension in engineering practice is still commonly
realized by conducting a full-scale fatigue test on one outfield MLG [17], leading to a costly
and time-consuming process [21-23]. For example, a full-scale fatigue test of 44,000 flight
cycles over eight years was conducted to verify the safe life (11,000 flight cycles) of the
Y-8 aircraft [24]. In fact, hundreds of sorties are in service for many types of aircraft, and
large amounts of MLG life data will be accumulated during their service. These data
also contain much statistical information on reliability assessment. Especially with the
rise of individual tracking technologies such as load monitoring, for the landing gear,
the outfield life data can be conveniently recorded and converted with the equivalent
damage principle [15,25,26]. Since the outfield life data are generated in actual service,
they are even more authentic than the test data in the lab before delivery. However, these
outfield life data have neither been developed in the MLG’s safe life determination nor safe
life extension.

Therefore, as shown in Figure 1, if the MLG’s life data before delivery and in outfield
service can be comprehensively developed, a new lower confidence limit of the MLG’s
reliable life can be statistically inferred, and the new estimated safe life will be closer to
the actual value of reliable life than the safe life determined before delivery because of
the added information. In this case, the MLG’s safe life extension can be realized without
additional full-scale life tests. Therefore, this paper aimed to achieve the MLG’s safe life
extension based on the statistical inference of these life data.

Test life data Qutfield life data
Evaluate | Evaluate
Lower confidence limit Lower confidence limit
of reliable life of reliable life (new value)
Safe life determination Safe life extension

—

Figure 1. The schematic diagram of the MLG’s safe life extension method.
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This paper is organized as follows. Section 2 illustrates the MLG’s safe life extension
method in detail. On this basis, Section 3 provides a safe life extension example, and
Section 4 conducts the simulations for the method’s verifications. Finally, Section 5 presents
a summary of the research in this paper.

2. Safe Life Extension Method for MLG
2.1. MLG'’s Safe Life Determination by Test Life Data

In general, the MLG’s full-scale fatigue life test consumes a great deal of test time and
costs. Thus, only one full-scale life test can be conducted before delivery to determine the
MLG'’s safe life.

Assume that the MLG'’s life N follows a lognormal distribution, a commonly used
asymmetric life distribution [27,28], and the test life is Ny. Then, the lower confidence
limit of the MLG’s reliable life with the confidence < and reliability R can be determined
by [1,18]

NG, = T W
f

and
Ly = 10(&H47)%, )

In the equations, Ly is the fatigue scatter factor, 0y is the standard deviation of the log-
arithmic life x = 1gN, ug = ® !(R), and u, = ®(v), where ®(-) is the cumulative
distribution function of the standard normal distribution. The lower confidence limit of the
reliable life is also called the MLG’s safe life, and it satisfies

1
(NG, < Ne) =1, 6
where Ny is the actual value of the MLG’s reliable life with the reliability R, and it satisfies
P(N > Ng) =R. (4)

In the safe life determination, the value of reliability R and confidence -y are designated
by the industrial department. The standard deviation parameter oy is a known value [1,18].
When the scatter factor Ly is given (generally 4.0-6.0 [12,29]), 0y can be solved by

lgLf
UR + Uy

©)

0y —

Table 1 lists the values of L f and ¢p in common use. Among them, the reliability R is
required to be 0.999, and the confidence 7 is required to be 0.90 or 0.95.

Table 1. The relationship between Ly and ¢ for the main landing gear (MLG) with R = 0.999.

Scatter factor Lf 4.0 4.0 5.0 5.0 6.0 6.0
Confidence y 0.90 0.95 0.90 0.95 0.90 0.95
Standard deviation oy 0.138 0.127 0.160 0.148 0.178 0.164

This section introduces the MLG's safe life determination method currently applied
in engineering practice. During the MLG’s outfield service, strict life management is
performed with the determined safe life to ensure safety and reliability. On this basis, the
MLG’s safe life extension method is further proposed.

2.2. MLG's Safe Life Extension by Outfield Life Data

Assume that there are n MLGs in the outfield service, and all or part of the MLGs
(1)

have reached the determined safe life Ny, , in Equation (1) as shown in Figure 2. Denote
the accumulated outfield service life data as N, i = 1,2, - - - ,n. For general consideration,
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the first r data are assumed to be failure data, and the last n — r data are assumed to be
non-failure data.

3

MLG |
number
——® Not fail

2 - : 4

r+1 ®
r+2 - —®

n-2 —

n1f—— I

n

--0-0--0---

>
L

0 Safe life N}/ N
Figure 2. The schematic diagram of the MLG’s outfield service life data.

These outfield service data are generated in the aircraft’s actual flights, making these
data even more authentic than the MLG’s test data in the factory. Similar to the test data,
the outfield data also contain valuable statistical information about the MLG'’s safe life. If
such numerous outfield life data can be developed and utilized, the information amount
for safe life evaluation can be expanded. Then, a new value of the MLG'’s safe life can be
obtained. Because more information is used for statistical inference, the new value of the
MLG'’s safe life will be closer to the MLG’s reliable life while ensuring the reliability and
confidence requirements.

However, the MLG’s life data from the fatigue test and outfield service are right-
censored, making the statistical inference challenging. Although several algorithms such
as maximum likelihood and Bootstrap have been developed to estimate confidence limits
of reliability characteristics with censored life data, the estimates are generally approxi-
mate [27]. Bayesian is effective for small-sample cases but is limited by the selection of
prior distribution [30,31]. This paper adopted the fiducial distribution inferred from the test
life data as the prior distribution. Thus, the objectivity of Bayesian inference was ensured.
Based on that, the MLG's safe life extension process is given below.

Firstly, according to the MLG's test result xo = IgNj, the lower confidence limit of the
MLG’s logarithmic reliable life with the confidence 7y and reliability R can be calculated
as [1,18]

xl(alﬁ” = X0 — (MR + I/lry)(fo. 6)

It satisfies @
P(xRL” < xR) =1, )

where xp is the actual value of the MLG's logarithmic reliable life with the reliability R. It
is worth noting that the MLG’s life after being logarithmic follows a symmetric normal
distribution, thus simplifying the discussion. This is one of the advantages of the lognormal
distribution.

Then, the confidence 7 of JCSL)’7 can be updated to v* = P (xgﬁ,7 <x R) through the
MLG’s outfield data x; = IgN;. The value of 7* can be calculated using the following
equations:

7= ij/ij, (8)
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r 2 n xRL = X
_ 1) iz
wj=exp|—==)_(xi—xp/, —urog) | x [] @ +ug |, )
] [ 205 i:l( S ) i=ri1 70
xgalzj = X0 — (uR + uz].)ao, (10)
= (j—05)/M, j=12,---,M, (11)
q = M-~. (12)

where M can be 10%, 10°, 10, or other values according to the numerical precision require-
ment, and M+ should be an integer. The confidence updating process is realized by the
Bayesian approach; the specific formula derivation can be found in Appendix A. It is worth
noting that the prior distribution is obtained by the test data xy = IgNp, and the likelihood
function is constructed by the outfield data x; = IgN;. Since the prior distribution is directly
obtained by the actual test data instead of subjective assumption, the calculated posterior
probability in the Bayesian approach is objective and accurate.

By using Equations (8)—(12), the confidence of ng)

ng) P ng) P This means that the new confidence of xl(QL) oy 18 A

Afterward, adjust the value of v in Equation (12) to ¢** until the 7* calculated in
Equation (8) is equal to the required value of y. In other words, find the value of ¥** such

that xl(f]l,y gﬁ,y** In this case, the lower confidence limit of the MLG’s logarithmic
(1)

reliable life with the required confidence 7 and reliability R can be updated from xp/

(2)
YRLy

is updated from -y to v*. Denote

=x
to

where

(2)

_ Q)
YRLy =

XR[ e = X0 = (UR + Uy ) 0. (13)

For a clear description, Figure 3 illustrates the above lower confidence limit updating
process for the MLG’s logarithmic reliable life.

/

(1)
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(1)
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Figure 3. Updating process for the lower confidence limit of the MLG’s logarithmic reliable life.

Finally, the MLG's safe life with the required confidence -y and reliability R is extended

form NI(RlL)y to N(z)

Ly where

N® g%,

RLy (14)
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This satisfies )
P(N}QL)” < NR) — . (15)

So, the MLG's safe life extension under lognormal distribution has been realized.

It can be found that the MLG’s safe life extension is achieved through the mining of
the outfield life data and the increasing of the safe life evaluation information. Since this
method only performs statistical analysis of the outfield life data without additional MLG
full-scale life testing, the cost of safe life extension can be reduced. Meanwhile, the outfield
life data are obtained from actual service, which is more authentic and credible than the
test life data obtained by simulated loading in the factory. Thus, the extended safe life is
convincing.

Remarkably, two extreme cases need to be additionally noted.

When the outfield data are zero-failure data (r = 0), Equation (9) should be simplified as

]‘[cp( ; —l—uR). (16)

When the outfield service data are all failure data (r = n), Equation (9) should be
simplified as

!y 1) ?
= —— Xj— X — URO . 17
CLJ] exp l 20_51221( i RL,Zj R 0) ( )
Then, the analytical solutions of x%L) . and N (L) - can be transformed to the classical con-
fidence limit formula form calculated by the complete life data N;, i = 0,1,2,- - - ,n; that
is [1,18]:

_ Uy

(2) — 1 n+1 = .
NRL/Y o 10(14R+u7/\/ ?’l+1)0’0 M gNI (19)

The proof for this particular case can be found in Appendix B. Although the situation
impossibly appears in engineering practice, it proves the correctness of the MLG’s safe life
extension method to a certain extent.

In Section 3, this method will be described in detail with a specific example to demon-
strate the safe life extension effect. To further verify the method’s correctness, life extension
simulations are further carried out in Section 4.

and

3. Safe Life Extension Example for MLG

The life N of a type of MLG follows a lognormal distribution. One landing gear
sample was applied for the full-scale fatigue life test before delivery with the fatigue life of
No = 60,000 flight cycles. With a fatigue scatter factor of L = 6.0, confidence of v = 0.90,
and reliability of R = 0.999, the MLG’s safe life was determined via Equation (1) as

NIQL)” — 12:‘() = @ = 10000 (flight cycles). (20)

A total of 272 aircraft of this type are in service, and all the aircraft do not fail with

the service time of N I(QL) . =10,000 flight cycles. With two MLGs equipped in each aircraft,

n = 544 outfield service life data were accumulated. The MLG's test and outfield service
data are plotted in Figure 4. Then, the MLG’s safe life in Equation (20) could be prolonged
by the proposed safe life extension method in Section 2.2. The specific process and results
were as follows.
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Figure 4. Test life data and outfield life data of the MLG.

Firstly, based on the MLG’s outfield data and Equations (8)-(12), the confidence of the
N 1(?1L)7 = 10,000 was updated from y = 0.90 to v* = 0.9757. In the equations, op= 0.178 can
be found in Table 1, and the numerical precision parameter was set as M = 10%.

Then, we adjusted the value of 7 in Equation (12) to v** = 0.8114. In this case, the
calculation result of v* in Equation (8) was 0.90.

So, the lower confidence limit of the MLG's reliable life with confidence v = 0.90 and
reliability R = 0.999 was updated from N I(alL)W = 10,000 to NI(QZL),W, where

2 1
xI(QL)W = xl(zL)ﬁ** = x0 — (UR + uy= )0y = 1gNg — (uUR + Uy )0y = 4.0709, (21)

()
N = 10"t = 11773 (flight cycles). (22)

The MLG's safe life was prolonged by N IgZL) +—N IgL) . = 1173 flight cycles. The life extension

percentage was
(2) (1)
NRLy ~ Nriy

(1)
N RL,y

x 100% = 17.73%. (23)

The above result indicated that the proposed method significantly prolonged the
MLG'’s safe life via numerous outfield data. In addition, life extension costs could be greatly
reduced by avoiding additional life tests.

In engineering practice, the MLG's safe life can be further extended with the continued
service of the above MLGs. In this case, the new outfield life data will contain more
statistical inference information. Therefore, the safe life extension effect will be more
significant. For instance, if the n = 544 MLGs have all reached the extended safe life of
11,773 flight cycles in Equation (22) but still do not fail, then the MLG’s safe life can be
extended to 12,885 flight cycles via the proposed method. Then, if the n = 544 MLGs have
all reached the 12,885 flight cycles but still do not fail, the MLG’s safe life can be extended
to 13,644 flight cycles. The specific process will not be repeated here.

4. Simulation Verification for MLG’s Safe Life Extension

The MLG's safe life extension method in Section 2.2 was obtained by rigorous deriva-
tion. This section further verifies the method’s correctness via the simulation of the MLG's
safe life determination and extension process.

In the MLG's life determination and extension, the safe life N (L) or N (L) oy calculated

with the sample data (test life data or outfield life data) should be less than the actual value
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of reliable life Ngx. However, the N ZglL)'y and NI(QZL),W are both random variables since the

sample data are random, so they cannot be guaranteed to be less than N with a probability
of 100%. Therefore, the probability of N I(zlL) 4 < Ngor NI(fL) , < NR is required to be 1y for
safety consideration in engineering practice. That is, the N I(ilL)'y in Equation (1) and N I(QZL)W in
Section 2.2 should satisfy

P(Ni, < Ne) =7, (24)
and
P(NG, < Ng) =7 (25)

The above is the meaning of the confidence in the MLG’s safe life. The verification of the
above probabilities is essential.

This section adopted the widely recognized Monte Carlo (MC) technology [32-34] to
simulate the MLG’s safe life determination and extension process. In the simulations, the
actual value of the MLG'’s reliable life was known, so the determined and extended safe life
could be compared with the reliable life to verify the correctness of Equations (24) and (25).
The specific simulation steps are as follows.

Assume that the MLG’s logarithmic life follows a normal distribution with mean
parameter y and standard deviation parameter op. That is, IgN ~ N(u,03). Since the
values of y and oy are known, the actual value of the MLG’s reliable life Nr can be
calculated as

N = 10# 4R, (26)

Then:

(1) Randomly simulate the MLG’s full-scale fatigue life test data Ny via MC;

(2) Determine the MLG’s safe life N I(ilL)«y using the test life Ny and Equation (1);

(3) Randomly simulate the MLG’s outfield life data N;, i = 1,2, - - - , 1, which should be

censored at the determined safe life N 1(21L) ,, to match the engineering practice;

(4) Extend the MLG's safe life to N I(QZL) ,, Via the proposed safe life extension method in
Section 2.2;
(5) Judge and record whether N D) and N?)_ are less than Ng;
8 RLy RLy

(6) Repeat Steps 1-5 50,000 times and count the frequencies of NI(JL)W < N and

NI(QZL),,Y < Ng in the MC simulations. That is, record the coverage probability
1)

) = P<NI<{L,7 < NR) for safe life determination and 7(?) = P(Nl(fL)ﬁ < NR) for
safe life extension.

The above simulation process is summarized in Figure 5. The simulation parameters
are set in Table 2 with the consideration of the possible circumstances in engineering
practice. Among them, the MLG's outfield amount 7 is set as 200, 500, or 1000 to reflect the
small, medium, or large service numbers for different aircraft types. The value of oy in the
simulation can be found in Table 1.

Figures 6 and 7 illustrate the simulation results of the MLG's safe life determination
and extension in Simulation No. 1 and No. 2, respectively. In the figures, the block

represents the frequency of N I(QZL)W (n = 200) in 50,000 MC simulations. The black solid line,

red dotted line, blue dotted line, and green dotted line represent the cumulative frequencies

of Niy ., N (n = 200), N (n = 500), N, (n = 1000) in 50,000 MC simulations,

respectively. It could be found that although the values of N 1({187 and N 1(32]37 were different,

N 1({1]37 < Ngr and N 1%37 < Ng could be both guaranteed with the required confidence
(0.90 in Figure 6 and 0.95 in Figure 7). The above results proved the correctness of the
proposed method.
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n

Figure 5. Simulation process of the MLG’s safe life determination and extension.

Table 2. Simulation parameters in the MLG'’s safe life determination and extension simulation

(4 = 1g 60,000; R = 0.999).

=]
=]

Simulation No. Scatter Factor Ly Required Confidence vy Outfield Amount n
1 4.0 0.90
2 4.0 0.95
3 5.0 0.90
4 50 0.95 200, 500, 1000
5 6.0 0.90
6 6.0 0.95
c ' . i — - 100
4F Coverage probability with y=90% Rl Frequency of NU/_withn-200 | | "“ai’
5:0, »’ e U‘ITUIJ%\; frequency of N\, 5
3L with n=2 ] a3
= ’ ® N, =225 & g
T 59
gl ) {a g
= 5
=
£
=
v

100 .

=
=1
T

2
T

Cumulative frequency (%)

.

12 with #=200

! with n=500

..... NL! | with n=1000

L L

0 5,000 10,000 15,000
N

20,000 - 25,000 30,000 35,000 40,000

Figure 6. Simulation results of the MLG’s safe life determination and extension in Simulation No. 1

(Ly=4.0 and 7 = 0.90).
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Figure 7. Simulation results of the MLG’s safe life determination and extension in Simulation No. 2
(Ly=4.0 and 7y = 0.95).

For Simulations No. 1-No. 6, the coverage probabilities (1) = P(NI(QlL) S NR) for

safe life determination and y(?) = P (N I(QZL),Y <N R) for safe life extension are summarized

in Table 3. The results indicated that both y(}) and 'y(z) were extremely close to v under all
simulation situations, which verified the correctness of Equations (24) and (25).

Table 3. Simulation verifications of the MLG’s safe life determination and extension.

Respective Coverage
Probabilities 12 with
n = 200, 500, 1000

Scatter Required Coverage

Simulation No. Factor Ly Confidence y  Probability o

1 4.0 0.90 0.899 0.899, 0.899, 0.900
2 4.0 0.95 0.950 0.949, 0.950, 0.950
3 5.0 0.90 0.900 0.899, 0.899, 0.898
4 5.0 0.95 0.949 0.950, 0.950, 0.950
5 6.0 0.90 0.898 0.900, 0.901, 0.898
6 6.0 0.95 0.951 0.951, 0.949, 0.949

The y() = P (N I(ilL)y <N R) was easily proved to be equal to y in mathematics. How-

ever, fluctuating errors between 'y(l) and v still existed, and they had the same size with
fluctuating errors between 7(2) and 7. In fact, the above fluctuating errors were caused
by the MC simulation time limit (50,000 times). The errors could be reduced to zero by
increasing the MC simulation times.

In addition, the mean value of the MLG’s logarithmic life was set as u = 1g60, 000 in
the simulations, and the reliability R was set as 0.999. The simulation verification results
were the same for other values of 4 and R. These will not be repeated in this paper.

5. Conclusions

This paper proposed a novel method to prolong the MLG's safe life. It could fully
develop the MLG's test life data and numerous outfield life data for statistical inference.
Consequently, the MLG'’s safe life estimated via only one fatigue test before delivery was
prolonged to a new value. The provided example indicated that the proposed method



Symmetry 2023, 15, 880

11 0f 14

achieved a significant effect with a safe life extension percentage of 17.73%, and the method
will be more effective with the MLGs’ continued service after safe life extension. In
addition, numerous simulations indicated that the extended safe life could always meet the
requirements of reliability and confidence, demonstrating the method’s correctness. The
advantage of this method is that it avoids additional fatigue tests required in traditional life
extension methods. Thus, it can greatly reduce the life extension cost, which is significant
in engineering practice.

The lognormal life distribution case was detailed in this paper, while the two-parameter
Weibull life distribution is also commonly used for landing gear and other components.
Similar to the lognormal distribution, the two-parameter Weibull distribution also presents
a right-skewed asymmetric property on the image of the probability density function. Thus,
we will further focus on safe life extension with the two-parameter Weibull distribution in
the future. It is significant in engineering and also beneficial to symmetry research work.
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Appendix A. The Confidence Updating Process Derivation of Equations (8)—(12)

This appendix provides the derivation of Equations (8)-(12).

Firstly, the fiducial distribution [35-37] of the MLG’s logarithmic reliable life xy is
constructed according to the test data x. Its probability density function and cumulative
distribution function are expressed as

1 (xr — x0 + uR(ro)z
p— - 1
g(xk) V2moy xp [ 208 ! (A1)
G(XR) _ (xR —Xgo—i- uRUO)‘ (AZ)

In the fiducial inference, x%L) o =G~ ( — 7). Denote event A = {ng) y < xg}, and A is its

opposing event. Then, the following can be derived:
= f ¢(xg) dxgr =7
R” . (A3)
P(A) = ﬁcL”ng ) dxg=1—17

Secondly, denote B = {r MLGs fail with logarithmic life of x1,xp,--- ,x,, and n — r
MLGs do not fail with logarithmic life of x,11, x,42,- - -, x4}. Then, the probability that
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events A and B occur simultaneously and the probability that events A and B occur
simultaneously can be calculated as

n

P(AB) = A x f g(xR) x Hf(xl,y,ao) IT [1— F(x;u,00)]dxg
i= r+1 ) (A4)
P(AB) =Ax [ 5578 (xr) x Hf(xn%ﬁo) X 111[ — F(xi; 1, 00)]dxr
Flspo0) = - exp| - G E (45)
ir #rV0 \/ﬁ(fo 20_3 ’
F(xi; 1, 00) = cp<xi — "). (A6)
00

In the equations, A is constant; p = xg + ugop is the mean parameter of the MLG's
logarithmic life distribution; and f(-) and F(-) are the probability density function and
cumulative distribution function of x ~ N(j, 03), respectively.

Finally, when event B occurs (i.e., the MLG’s outfield service life data are generated),

the probability of event A (i.e., the confidence of xl(alﬁﬁ) can be updated from P(A) to P(A|B)
according to the following Bayesian approach:

P(AB)

PAR) = 5iaB) 1 p(aB)

(A7)

In the equation, the value of P(A|B) is the updated confidence y* of xl(zllz,y' After substitut-
ing Equations (A1)—(A6) into Equation (A7), we get

0 r
f;{l) g(xR) x exp {12 Y (x; —xg — uRao)z} X H CD(XR TR uR)de
- RLy %0 i=r+1 . (A8)
JZ3 8(xr) exp[ stz X (xi — umﬂ x 1T @ (35 4 ug ) dxg
%0 i=r+1

In fact, Equations (8)-(12) provide the numerical solution of y*. A detailed explanation is
given below.

Letz =1-G(xg)and xg = G }(1—2z) = xgﬁ ,» then Equation (A8) can be trans-
ported to

r 2
Jo exp [(17312 (xi - xl%z,z - MRO'()) ] X l Ir—[+1 CD(xRLZ + uR) dz
— . A9
1 ’ (1) 2 XRBZ x (A2
Jo exp 202 Z (xl Xpl. — uR(To) X H o) +ug |dz

i=r+1

*

Equally divide the interval (0, 1) into M parts and the interval (0, ) into g = M~y parts, then
7" can be calculated by the numerical integration as

q ; M f q M

1 r (1) 2 n xl(zllz,zj — X
wj = exp ——22<xi—xRLZ‘ —uR(To) X S| ———+ur |, (A11)
205 § - i=rt1

zj=(j—-05)/M , j=12--- M. (A12)

So, the confidence updating process of Equations (8)—(12) is demonstrated.



Symmetry 2023, 15, 880 13 of 14

Appendix B. The Mathematical Proof of Equations (18) and (19)

When the MLG’s outfield life data are all failure data (r = n), Equation (A8) can be
transformed to

n
+o0 1 1 2
I 7exp[— > ¥ (xj—xr—ugop) ]de
xz(zL),y V2may 200 i=0

+oo 1
[53 e o

n
1 2
—57 v):o(xi_xR_uRU'O) ]de
0 i=
n

2
+0o 1 _ 1 __1_ .
fng)y Vamay /v P 2172/("+1>1)::0 (XR e igox’+uRUO> }dXR

=

(A13)

2
teo > (xp— Ly v
. mgo/ st P[ 202/ D) E ( T E llRl70> }de

(1) )
XRL,’Y - n+1 ]_;0 Xj+URoy

=1-@ 0p//n+1

According to the updating process in Section 2.2, the aim is to find y** to satisfy

1
xl({]lw** - n+l Z() Xi + UROp

=1-® . Al4
Y N (A14)

Thus:
x%}ly = ng E e 1 Z X — (MR + %)Uo, (A15)
and
N’gZL)” - 1o<uR+1171/\/ﬁ " HN (A16)

So, the mathematical proof of Equations (18)—(19) is accomplished.
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