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Abstract: We investigate a semilinear time-fractional damped wave equation in one dimension, posed
in a bounded interval. The considered equation involves a convection term and singular potentials
on one extremity of the interval. A Dirichlet boundary condition depending on the time-variable is
imposed. Using nonlinear capacity estimates, we establish sufficient conditions for the nonexistence of
weak solutions to the considered problem. In particular, when the boundary condition is independent
of time, we show the existence of a Fujita-type critical exponent.
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1. Introduction

We investigate the nonexistence of weak solutions to the one-dimensional time-
fractional damped wave equation
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Wave-type equations are frequently used to recast several propagation phenomena and
develop numerical methods for solving physics problems. Several papers in the literature
have dealt with symmetries of wave-type equations and their solutions. For instance,
by means of the symmetry’s properties, the orthogonality’s criteria for the existence of
solutions in elastic and anisotropic media have been derived. For more details, we refer
distributed under the terms and 1O [1-3]. Concerning the numerical approaches for the study of wave type equations,
conditions of the Creative Commons W€ point out that by means of symmetry transformations, a nonlinear wave equation
Attribution (CC BY) license (https://  can be linked to a linear wave equation. Namely, it is possible to linearize a nonlinear
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40/). advantages of this technique in numerical computations, we refer to [5,6].
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Several works in the literature have dealt with the investigation of the blow-up of
solutions to semilinear wave equations. For instance, in [7], the author considered the

nonlinear wave equation

2

%—Au—i—baa—]: = F(u)

under Dirichlet boundary conditions, where the parameter b is nonnegative, and the
nonlinear term F satisfies a certain condition. Using the energy method, the blow-up results
were derived. Levine [8] considered the problem

2

M?)Tl; + Lu+ QZ—;{ = F(u),

posed in a Hilbert space, where M and L are positive adjoint operators. Using the concavity
approach, the blow-up of solutions was investigated. We also refer to [9-15], where the
large-time behavior of solutions to nonlinear wave equations has been studied by the
energy and concavity methods.

The applications of fractional calculus are broad. Some of the interesting applications
are the modeling of the heat flow in a porous medium (see e.g., [16]) and the identification
of the fractional orders in anomalous diffusion models (see e.g., [17]). Other applications
in physics, chemistry, engineering, biology, geophysics, and hydrology can be found
in [18-21] (see also the references therein). In recent years, evolution equations with time-
fractional derivatives have been investigated extensively, see for instance [22-30] and the
references therein.

Kirane and Tatar [27] studied the time-fractional damped wave equation

0%u 0%y

3 Au+ S blulP~lu in (0,00) x Q)

under the Dirichlet boundary condition
u(t,x) =0 on(0,00) x 00},

where p > 1, « € (—1,1), and Q is a bounded domain of RN. Namely, it was proven
that the energy grows exponentially, when the initial values are sufficiently large. Later,
Tatar [28] improved this result by showing that the solutions to the above problem blow up
in finite time for sufficiently large initial data.

In [30], the authors considered a one-dimensional time-fractional damped wave in-
equality without a convection term (A = 0). Namely, they studied the problem

otr  otP o9xZ —

(u(t,0),u(t, 1)) = (F(1),8(1)), >0, @

x7ulP, t>0, xe€ (0,L),

(u(O,x),%—’;(O,x)) = (up(x),m1(x)), x€(0,L),

whereo € R, p>1,0<a <1,1< B <2 upu; €LY(0L]), fe Ll .([00)) and
g(t) = Cot?, with v > —1 and C; > 0 as constants. Two cases were investigated. In
the case of Cg = 0 (g = 0), it was shown that if ¢ < —(p + 1) and one of the following

conditions is satisfied: .
B < oc—f—l,/ uy(x)(L—x)dx > 0;
0

L
B=uat1, /O (110(%) + 1 (x)) (L — x) dx > 0;
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L
g>a+1, /0 up(x)(L —x)dx >0,

then (4) admits no weak solution. In the inhomogeneous case, i.e., C¢ > 0, it was proven
that if &« > max{—+,0}, B > max{1 —,1} and

c<—(p+1);o0orc>—(p+1), v>0,

then the same conclusion holds as above.

In this paper, our aim is to study the influence of the convection term (namely the
parameter A) on the large-time behavior of solutions. As in [30], the approach used in
this paper is based on suitable test functions and nonlinear capacity estimates. However,
some key choices are completely different. For instance, due to the presence of the singular

A
potential term — in (1), the used test function is different to that considered in [30]. On the

other hand, unlike in [27,28], no restriction on the “size” of the initial data is imposed (the
initial data are not assumed to be sufficiently large).

In Section 2, we recall some notions and results from fractional calculus. The definition
of weak solutions to (1)-(2)-(3) and the statement of the main results are presented in
Section 3. Section 4 is devoted to some preliminaries. Finally, we prove our results in
Section 5.

Throughout this paper, by C or C;, we mean generic positive constants whose values
are not necessarily the same.

2. Some Notions on Fractional Calculus

We recall below some notions and results from fractional calculus (see [31] for more
details) and fix some notations.

Let T > 0 be fixed. Given f € L!(]0,T]) and o > 0, the left-sided and right-sided
Riemann-Liouville fractional integrals of order ¢ of f are defined, respectively, by

1

(D) = 1oy o ¢ =5 ) ds

and

(FN0) = o7 [ (5= 07 (5)ds

g

for almost everywhere t € [0, T|, where I'(-) denotes the Gamma function; that is,

I(o) = / 7 et dt.
0

If f € C([0,T]), then

1)) < Wl

where || f|le = trerE(?)T(] |f(t)|, which yields

lim (IS f)(t) = 0.

t—0+t

Similarly, one has

(195)(1)] < ”rf(';;w— 1,

which yields
lim (I§£)(£) = 0. ©)
t—T-
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For the following property, see the Corollary in [32], p. 67.

Lemmal. Let ¢ > 0and f,g € C([0, T]). It holds that

T T
| asnmsde= [ rnase)
For a positive integer k, let

dkflf
dtk—1

ACk([o,T]) = {feckl([o,T]: eAC([O,T])},

where AC([0, T]) denotes the space of the absolutely continuous functions in [0, T]. Clearly,
one has AC!([0,T]) = AC([0,T]). For ¢ € (k — 1,k), the Caputo fractional derivative of
the order o of f € ACK([0, T]) is defined by

k t k
DEf(1) = (15”‘25{) () = fay =9 G s

for almost everywhere t € [0, T].

Let F: [0, T] x ] — R be a given function, where | is an interval of R. The left-sided
and right-sided Riemann-Liouville fractional integrals of the order ¢ of F with respect to
the time-variable ¢, are denoted respectively by IJF and I7F; that is,

ITE(t x) = (IGF(, x))(t),
and
IF(t x) = (ITE(, %)) (#)-
The time-Caputo fractional derivative (the Caputo fractional derivative with respect
[
to the time-variable t) of the order o € (k — 1, k) of F, is denoted by %T‘I; ; that is,
’r
otk

d0°F

a5 (6% = DEFCx)(8) = 7

(t, x).

3. Main Results
First, let us define weak solutions to (1)-(2)-(3). Let

Q=[0,00)x]0,1], Qr=1[0,T]x]0,1], T > 0.

Definition 1. Let T > 0. We say that a function ¢ = ¢(t, x) belongs to ®r, if

D) ¢€CQr) =0
(ii) supp, (@) CC Q (the support of ¢ with respect to the variable x is a compact subset of Q);

2-p
(iiii) (-, 1) =0, W(T, ) =0.
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Definition 2. Let u; € L}

loc

(]0,1]), i = 0,1. A weak solution to (1)-(2)-(3) is a function u €

L} (Q) (u € LP(K) for any compact K C Q), satisfying
/Q x~ulPodxdt —|—/ up(x <I%”‘(p(0,x) - a(Iitﬁq))(O,x)> dx
+/ 11 ()12 P (0, x) dx—é/ (t+1) a—(P(t,l)dt , (6)
s—/QTu( . = DI

forall T > 0and ¢ € Pr.

Using standard integrations by parts, Lemma 1, and (5), it can be easily seen that, if u
is a smooth solution to (1)-(2)-(3), then u is a weak solution, in the sense of Definition 2.
Fora>0and p > 1, let

A= min{—)\ 1} (7)
B (1—A)p+X—a+1
o = T ©

Our main result is stated below.

Theorem 1. Let0 <a <1,1<B<2,Ap€eRa>0,6>0,p>1andu; €Ll (]0,1]),
u; > 0,i=0,1. Assume that

(o+a)p>p (10)
and

gl—e<p+p“’71><0, 0o —pf <0, (11)

for some 8 > 0. Then, (1)-(2)-(3) admits no weak solution.

In the proof of Theorem 1, we use nonlinear capacity estimates specifically adapted
x B 92

FT E?t"" the differential operator — + éi, and the

to the nonlocal operators —
P ox2  xox

boundary condition (3).
Let us discuss some special cases of Theorem 1. We first consider the case A < —1.

Corollary 1. Let 0 < < 1,1 < B < 2,6 > 0,and u; € L} (]0,1]), u; > 0,i =0, 1. Assume
that A < —landa > 2.

() Ifp > —a, then forall p > 1, (1)-(2)-(3) admits no weak solution.
(I) Ifp < —a, then for all

n
1< <1—7
p P

(1)-(2)-(3) admits no weak solution.
We next study the case A > —1.

Corollary 2. Let 0 < < 1,1 <p<2,6>0,a € R andu; € L{_
Assume that A > —1.

() Ifp >0, then forall p > 1, (1)-(2)-(3) admits no weak solution.

(10,1]), u; > 0,i = 0, 1.
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(I) If—a<p<0anda > 2, then for all

a—2

1 1
<p< +A+1’

(1)-(2)-(3) admits no weak solution.
() Ifp < —aand a > 2, then for all

1< p<1+min a-2 &
P A1 a+p)

(1)-(2)-(3) admits no weak solution.

Remark 1. Let us consider problem (1) under the initial condition (2) and the boundary condition
u(t,1) =9, (12)
where 5 > 0. Notice that (12) is a special case of (3) withp = 0. Let A > —1,a > 2, and

a—2

1 .
|

(13)
Let us consider the function
u(x) =ex’, x€J0,1],
where ) )
o= %, e=[o(l—0o+A)]rT.
Notice that due to (13) and since a > 2, one has

c(l—0c+A)>0,

which shows that € > 0 is well-defined. Differentiating u, we obtain

A
—u"(x) + ;u’(x) = e0(1—c+A)x" 2

ggpfleaJrapanrafoap

= gpx_axg'p

= x "uP(x).

Hence, u is a stationary solution to (1)-(2)-(12) with § = & > 0, up(x) = ex? > 0, and uq(x) = 0.
On the other hand, by Corollary 1 (1) and Corollary 2 (II), we deduce that, when a > 2, > 0, and
u; € LL (]0,1]), u; >0,i=0,1, then

loc
(i) A< =1, then forall p > 1, (1)-(2)-(12) admits no weak solution;
(i) if A > —1, then for all
a—?2

1 1+ —
P +A+1’

(1)-(2)-(12) admits no weak solution.
Therefore, we deduce that (1)-(2)-(12) admits a critical exponent (Fujita-type critical exponent)

given by
[ e if A< -1,
pc‘{ 1+92 §f A> -1

Namely,
e ifé>0andu; € Llloc(]O,l]), u; >0,i=0,1, then for all

1<p<p,,
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(1)-(2)-(12) admits no weak solution;
* if
p > Pe
then (1)-(2)-(12) admits solutions for some 6 > 0 and ug, uq > 0.
It is interesting to observe that p. depends on A and a but is independent of the fractional orders o
and B.

4. Preliminaries

Let0 <a<1,1<B<2ApeERa>0,6>0p>1andu; €LL _(]0,1]),i=0,1.
We denote by L, the differential operator defined by

92. d /-
b= 52 5 (3)
4.1. A Priori Estimate
ForT > 0and ¢ € P, let

I3
4 -1 Il o« p—1
Ki(p) = / X Tt 59U T9) ) dx dt, (14)
supp(g) ot
L
w2 o) |
— 1.5 T
k(o) /supp((p)xp q)p or? dxdt, (15)
Kalp) = [ xigri|Lyglr dxat (16)
upp(¢)

The following a priori estimate holds.

Lemma2. Ifu € LfOC(Q) is a weak solution to (1)-(2)-(3), then

2-p
/01 g (x) (I%_‘"q)(o,x) — W(O X ) dx—i—/ up(x I ﬁcp(O,x) dx
—5/ (t+1)F tl)d (17)
<C

'Mw

Ki(o)

=1

for every T > 0and ¢ € O, provided that K;(¢) < c0,i=1,2,3.

Proof. Letu € Lf oc(Q) be a weak solution to (1)-(2)-(3). Let T > 0 and ¢ € @1 be such that
Ki(¢) < 00,i=1,2,3. By (6), there holds

1 AP
/ x‘“|u\pg0dxdt+/ ug(x) | I} (0, x) — M(O,x) dx
Qr 0 ot

+ /01 ul(x)I?Bgo(O,x) dx — (5/T(t + 1)pa—¢(t,1) dt (18)

dx
(I 1zx 2_/9
§/ |u| ( ‘d dt+/ |u
Qr

"’) dxdt+/ \u||Lrg| dx dt.
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By means of Young’s inequality, we obtain
11 “o —a 1 a 1|9(IL
| || dxdt = / <xp |u|¢§> (qu,,} (T‘P)|> dx dt
Or ot
< 1/ x "u|Ppdxdt + CKy(¢). (19)
3Jar
Similarly, we obtain
P12 P
/ lu| (z)ﬂ(p)‘d dt < - / ¥ ulPgdx dt + CKa(g), (20)
Qr

and

/ |u||Lyo| dxdt < 1/ x| ulPpdxdt + CKz(g). (21)
Qr 3 Jar
Hence, in view of (18)—(21), we obtain (17). O

4.2. Test Functions

Let "
D(x) = x* (1 - x\”l\), x €]0,1], (22)

where A is given by (7). It can be easily seen that
D € C2(]0,1]), D >0, L,D =0, D(1) = 0. (23)
Let { € C®([0,00)) be a cut-off function satisfying
0<¢g<l, C(s):OifOSSS%, é(s)=1ifs > 1. (24)
For sufficiently large R and /, let

Zr(x) = D(x)&"(Rx), x €]0,1];

that is,
0 if 0<x<(2R)!
gr(x) = { D(x)¢(Rx) if (2R) <x< R- L (25)
D(x) if RI<x<1.
For T > 0, let
() =T HT—-1, 0<t<T. (26)
Let
@(t,x) = 0r(t)¢r(x), (t,x) € Qr. (27)

The proof of the following lemma can be found in [30].

Lemma 3. Let T,0 > 0. For every t € [0, T], we have

(700 = roeriy T T =0
(50r/() = e T AT =0, 28)
(100 (1) = i T T =2 )

Lemma 4. For T > 0 and sufficiently large R and ¢, the function ¢ defined by (27) belongs to Pr.
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Proof. By (23)—(28), we observe that the function ¢ satisfies the properties (i)-(iii) of Defini-
tionl. [

4.3. Preliminary Estimates
For T > 0 and sufficiently large R and /, let ¢ be the function defined by (27).

Lemma 5. We have

Ki(p) < CT' 771 <1nR +R (p”ﬁX“)). (30)

Proof. By (14) and (27), we obtain

Ki(op) = (/OT 19?1

On the other hand, by (26) and (28) (witho =1 —«), forall0 < t < T, we have

P dt) (/11 X7 ER (%) dx>. (31)

2R

(1%07)'(t)

. «
o7 |(1=07)' (¢ )| T T UT -
Integrating over (0, T), we obtain
L= I / % -5
/ o7 | (Ihwor) ()| dr < cT . (32)
J0

Moreover, by (22), (24), and (25), we obtain

1 .
-1 _ K
/Lxl’ ICr(x)dx = /; x)¢" (Rx) dx
2 2R
Va3
< /1 xP* dx
R
1 if 4 +A+1>0,
< ¢! InR if 4 +A+1=0,
RGE) g S+ A+1<0,
which implies that
1 o — (35 +3+1)
/l xl’lCR(x)dx§C<1nR+R p-1 ) (33)
2R
Therefore, (30) follows from (31)—(33). O
Lemma 6. The following estimate holds:
1-:£2 (+A+1)
Ky(¢) <CT »T{InR+R \rt . (34)

Proof. By (15) and (27), we obtain

= ([ ool ) ).

2R

xﬁ(jR(x) dx). (35)
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Using (26) and (29) (with ¢ = 2 — ), for all 0 < t < T, we obtain

o7 | (1 Por)" ()"
ST OT( 1) =
_ —/ Y2 ¢ (—p
[T (T —t) } {F(l—ﬁM)T (T—t)
p
=T | T )"
ol T
_Pr
—CTUT — 1) 7.
Integrating over (0, T), we obtain
T =1 £
/ o (2 Pory (H|7 T ar < cT' P (36)
0
Therefore, using (33), (35), and (36), we obtain (34). O
Lemma 7. The following estimate holds:
(1=A)p+A—a+l
Ki(9) <CTR 71 . (37)

Proof. By (16) and (27), we obtain

kalp) = ([ "or(r) ar) ( [ xP T g P ). (38)

2R

On the other hand, by (26), we have

/TﬁT(t) dt = T*f/T(T—t)fdt
0 0
CT. (39)

Moreover, by (25), for all ﬁ < x <1, one has

Lir(x) = Li(DE)E(R))
= (D@ (R0) +A(x D) (RY))

!/

= LiD(x)g'(R¥) + (&"(Rx))"D(x) +2(&" (Rx)) D'(x)
+Ax D () (g (Rx))"
Therefore, by (23) (LD = 0), we obtain

Ligr(x) = (§'(R2))"D(x) +2(&'(R0) ) D'(x) + Ax D) (¢ (Rw)),  40)
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which implies by (24) that

1 4 %
[ e LT = [T Ll @)

2R 2R

On the other hand, by (22) and (24), for all i <x< %, one has

CiR ™ < D(x) < R, |D'(x)| < CRV (42)
and

|(2"(Rx))"| < CR2Z"72(Rx), |(&"(Rx))"| < CRE"?(Rx). (43)

Hence, in view of (41), (42), and (43), we obtain

Lar(x)] < CRRAE2(Ry), — <x< . (44)

ASRVEIT = 2R R’
Therefore, using (25), (41), (42), and (44), we obtain
Q2=Np+A % a 2

CRl’ij /1R xpfé‘éfﬁfp(Rx) dx

2R

(2-Mp+i % _a_
< CR »r1 /1 xP1dx

2R

1
/pr 1§R |LACR\” Tdx

v 2

IN

(1=A)p+A—a+l

< CR 71 . (45)
Thus, (37) follows from (38), (39), and (45). O

5. Proofs of the Obtained Results
We need the following result.

Lemma 8. Let0<tx<1,1<,B<2,/\E]R,a20,(5>0,pE]R,p>1,andulELlloc(]O,l]),

u; >0,i=0,1. Assume that u € Llpoc(Q) is a weak solution to (1)-(2)-(3). Then, for sufficiently
large T and R, there holds

s<c(T PTInR+T P 7 1RG4 TPRE), (46)
where {1 and (p are given by (8) and (9), respectively.

Proof. Letu € Lﬁ) .(Q) be a weak solution to (1)-(2)-(3). Then, by Lemmas 2 and 4, for
sufficiently large T, R, and ¢, there holds

1 ALF
/o ug(x) (I%“q)(o,x) — %(0 x ) dx+/ uq (x I ﬁ(p(O,x) dx
—5/ (t+1)° tl)d (47)
<C

"Mw

Ki(9).

i=1

where ¢ is the function defined by (27). On the other hand, one has

(17 Py)

L (0x) <0, 2 Pp(0,x) >0, x€]0,1]. (48)

*¢(0,x) >0,
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Namely, by the definition of ¢ (see (27)), we have ¢ > 0, which implies that I%*“q)(O, x) >0
and I?ﬁ ¢(0,x) > 0. Moreover, one has

17 Po(t,x) = G(x)I7 Por(h),
which implies that
2—p
W9 1) = () (12 Por) ).

Using (28) with o = 2 — 8, we obtain

e T(e+1) _
(17 o) () =~ T T =P
Then, it holds that
(1> P T/
W = — g - )
and

al7 Po) r(f+1)
o 0N=tm 5y

This proves (48). Now, since u; > 0,1 = 0, 1, due to (48), we have

T =Per(x) <O.

2-p
o (x) (I%“(p(o,x) - a(lTatg")(o,x)> >0, u1(x)I7 P9(0,x) >0,

which yields

2-p
/01 1o (x) (1%”‘(,)(0,@ — W(O,x)) dx + /01 ul(x)I%_ﬁ(p(O,x) dx > 0. (49)

Moreover, by (22), (25), (26), and (27), we obtain
T ) , T
—5/0 (t+ 158t 1) dr = —(551{(1)/0 (t + 1)POr(t) dt
- —5D’(1)T*Z/OT(t+1)P(T—t)fdt

T
= CzST—f/0 (t4+1)P(T —t)' dt

Y

T
CoT* /T (t+1)P(T —t)' dt
2
> CoTrtL. (50)
Hence, using Lemma 5, Lemma 6, Lemma 7, (51), (49), and (50), we obtain

(5Tp+l

_ap (_a ¥ 7& (_a .5 (177\)p+X7a+1
<C [Tl = <lnR IR (w““)) LT (lnR TR (w““)) +TR  r1 };
that is,

ap B o Bp
s<cC (Tpp’l INR+T P 7 1InR+T P 7 1RA 4 TP 1R 4 T—PR@).
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Finally, since a# < B, the above estimate yields (46). [
Now, we prove Theorem 1.

Proof of Theorem 1. Suppose that u € Lﬁ) C(Q) is a weak solution to (1)-(2)-(3). Then, by
Lemma 8, (46) holds for sufficiently large T and R. Taking T = R?, where 6 > 0 satisfies
(11), (46) reduces to

5 < c(zz“’(”vwl) InR + RA0(r+) +R52‘Pe>. (51)

Hence, in view of (10) and (11), passing to the limit as R — oo in (51), we obtain 6 <0,
which contradicts the positivity of . Consequently, (1)-(2)-(3) admits no weak solution.
The proof of Theorem 1 is then completed. [

We now prove Corollary 1.

Proof of Corollary 1. Let A < —1. In this case, one has A= min{—A,1} = 1, which
implies that

élz—( i1+2><0, (52)
and (since a > 2)
2—a
ég—p_1<0. (53)

(I) For the case p > —ua, we discuss two sub-cases.
(i) If —a < p < 0, in this case, one has

(p+a)p>0>p, (54)

which implies that (10) is satisfied. On the other hand, due to (52) and (54), for all § > 0,
one has

g1—0<p+p“’91> <o.

In particular, for

0<9<%, (55)

we obtain
{r—p0 < 0.

Notice that due to (53) and since p < 0, the set of 6 satisfying (55) is nonempty. Hence, for
6 satistying (55), (11) is satisfied. Then, Theorem 1 applies.
(ii) If p > 0, in this case, one has

(p+a)p>p+a>p

which implies that (10) is satisfied. Moreover, in view of (52) and (53), for all 8 > 0, we
obtain

51—9<P+p“_pl> <01 <0
and
Gr—p8 < Cp <O.
Hence, (11) is satisfied for every 8 > 0. Then, Theorem 1 applies.

(II) For the case p < —a, let
1<p<l-—

e (56)
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Then, (10) is satisfied. Moreover, due to (56), for all 8 > 0, one has

ap
_ P ) < .
41 9<P+p_1> <1 <0
In particular, for 6 satisfying (55), one has

7o — pb < 0.

Therefore, Theorem 1 applies. [J
Next, we prove Corollary 2.

Proof of Corollary 2. Let A > —1. In this case, one has A= min{—A,1} = —A. Then,

B a o (1-A)p+(A+a-1)
&__(p1+1_A)__ p—1

and
(A+1)pf()\+a71)'

G = -

(I) For the case p > 0, in this case, one has
(e+a)p>p+a>p,

which shows that (10) is satisfied. Moreover, for

0 > max O,é, glap ,
P T

[

(11) is satisfied. Theorem 1 applies.
(II) For the case —a < p < 0and a > 2, let

a—2

In this case, one has
(p+a)pzp+a>p, (58)

which shows that (10) is satisfied. On the other hand, by (57), we obtain
Ada—1>A+1)p>(A-1)p,

which implies that J; < 0. Then, by (58), for all 8 > 0, there holds
_ _ar
{1 9<p+p_1><0.

Moreover, by (57), one has {» < 0. Hence, if p = 0, then {, — pf < 0 for every 0 > 0;
otherwise, for 6 satisfying (55), we obtain {, — pf < 0. Hence, (11) is satisfied. Therefore,
Theorem 1 applies.

(III) For the case p < —ax and a > 2, let

. [a—2 —u
1<p<1—|—mm{)H_1,w}. (59)



Symmetry 2023, 15, 1071

15 of 17

By (59), we deduce that

<1- ,
P a+p
which yields (10). Again, by (59), we obtain (57), which implies that {; < 0 and { < 0.
Thus, by (10), for all § > 0, there holds
o _9<p+ pap > <0

and for 6 satisfying (55), we obtain {, — pf < 0. Hence, for 8 satisfying (55), (11) is satisfied.
Then, Theorem 1 applies. [

6. Conclusions

The one-dimensional time-fractional damped wave equation (1) under the initial
conditions (2) and the Dirichlet boundary condition (3) was investigated. Namely, we
obtained sufficient conditions under which the considered problem admits no weak solution
in the sense of Definition 2 (see Theorem 1). Next, we discussed separately the cases A < —1
and A > —1. Namely, we proved the existence of a critical exponent given by

[ if A< -1,
Pem 1442 if A> -1,

in the following sense:
e ifd>0andu; € L (]0,1]),u; >0,i=0,1, then for all

loc
1<p<pe,

(1)-(2)-(12) admits no weak solution;
o if

p > Pe
then (1)-(2)-(12) admits solutions for some § > 0 and ug, u; > 0.

This topic can be of some importance for the investigation of the controllability of
solutions to certain nonlinear time-fractional models of physics systems, together with the
symmetry analysis.

It would be also interesting to extend the present study to (1) with a variable exponent
p(x); thatis,

u  fu Pu Aou .
3 T aF 32 T xax =Y Y in(0,)x]0,1],
where p(x) > 1.

Author Contributions: Conceptualization, I.A. and M.].; methodology, B.S.; software, B.S.; validation,
LA, M].and B.S.; formal analysis, I.A.; investigation, B.S.; resources, M.].; data curation, L A.; writing—
original draft preparation, B.S.; writing—review and editing, B.S.; visualization, I.A.; supervision,
M.J. and B.S.; project administration, I.A.; funding acquisition, I.A and B.S. All authors have read and

agreed to the published version of the manuscript.

Funding: The authors extend their appreciation to the Deanship of Scientific Research at Imam
Mohammad Ibn Saud Islamic University (IMSIU) for funding and supporting this work through the
Research Partnership Program no RP-21-09-03.

Data Availability Statement: No datasets were generated or analyzed during the current research.

Conflicts of Interest: The authors declare no conflicts of interest.



Symmetry 2023, 15,1071 16 of 17

References

1. Thomson, C.; Clarke, T.; Garmany, J. Observations on seismic wave equations and reflection coefficient symmetries in stratified
media. Geophys. ]. R. Astron. Soc. 1986, 86, 675-686. [CrossRef]

2. Kennett, B.L.N.; Kerry, N.J.; Woodhouse, ].H. Symmetries in the reflection and transmission of elastic waves. Geophys. ]. R. Astron.
Soc. 1978, 52, 215-229. [CrossRef]

3. Chapman, C.H.; Woodhouse, ].H. Symmetry of the wave equation and excitation of body waves. Geophys. J. R. Astron. Soc. 1981,
65, 111-182. [CrossRef]

4. Bluman, G.; Cheviakov, A.F. Nonlocally related systems, linearization and nonlocal symmetries for the nonlinear wave equation.
J. Math. Anal. Appl. 2007, 333, 93-111. [CrossRef]

5. Taylor, N.W.; Kidder, L.E.; Teukolsky, S.A. Spectral methods for the wave equation in second-order form. Phys. Rev. D 2010,
82,024037. [CrossRef]

6.  Palacz, M. Spectral methods for modelling of wave propagation in structures in terms of damage detection—A review. Appl. Sci.
2018, 8, 1124. [CrossRef]

7. Tsutsumi, M. On solutions of semilinear differential equations in a Hilbert space. Math. Jpn. 1972, 17, 173-193.

8.  Levine, H.A. Some additional remarks on the nonexistence of global solutions to nonlinear wave equations. SIAM ]. Math. Anal.
1974, 5, 138-146. [CrossRef]

9.  Bilgin, B.A,; Kalantarov, V.K. Non-existence of global solutions to nonlinear wave equations with positive initial energy. Commun.
Pure Appl. Anal. 2018, 17, 987-999. [CrossRef]

10. Liu, Y,; Zhang, L. Initial boundary value problem for a fractional viscoelastic equation of the Kirchhoff type. Fractal Fract. 2022, 6,
581. [CrossRef]

11. Guedda, M.; Labani, H. Nonexistence of global solutions to a class of nonlinear wave equations with dynamic boundary
conditions. Bull. Belg. Math. Soc. Simon Stevin. 2002, 9, 39-46. [CrossRef]

12. Hao, J.; Zhang, Y,; Li, S. Global existence and blow-up phenomena for a nonlinear wave equation. Nonlinear Anal. 2009, 71,
4823-4832. [CrossRef]

13.  Su, X.; Dong, X. Large-time behavior of momentum density support of a family of weakly dissipative Peakon equations with
higher-order nonlinearity. Mathematics 2023, 11, 1325. [CrossRef]

14. Wang, X.; Chen, Y,; Yang, Y.; Li, J.; Xu, R. Kirchhoff-type system with linear weak damping and logarithmic nonlinearities.
Nonlinear Anal. 2019, 188, 475-499. [CrossRef]

15. Kirane, M.; Said-Houari, B. Existence and asymptotic stability of a viscoelastic wave equation with a delay. Z. Angew. Math. Phys.
2011, 62, 1065-1082. [CrossRef]

16. Nikan, O.; Avazzadeh, Z.; Machado, J.T. Numerical approach for modeling fractional heat conduction in porous medium with
the generalized Cattaneo model. Appl. Math. Model. 2021, 100, 107-124. [CrossRef]

17.  Concezzi, M.; Spigler, R. Identifying the fractional orders in anomalous diffusion models from real data. Fractal Fract. 2018, 2, 14.
[CrossRef]

18.  Ahmad, I.; Ahmad, H.; Thounthong, P.; Chu, Y.-M.; Cesarano, C. Solution of multi-term time-fractional PDE models arising in
mathematical biology and physics by local meshless method. Symmetry 2020, 12, 1195. [CrossRef]

19. Hattaf, K. On the stability and numerical scheme of fractional differential equations with application to biology. Computation
2022, 10, 97. [CrossRef]

20. Bagley, R.L; Torvik, PJ. A theoretical basis for the application of fractional calculus to viscoelasticity. J. Rheol. 1983, 27, 201-210.
[CrossRef]

21. Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

22. Abbas, M.I; Ragusa, M.A. On the hybrid fractional differential equations with fractional proportional derivatives of a function
with respect to a certain function. Symmetry 2021, 13, 264. [CrossRef]

23. Agarwal, R.P; Jleli, M.; Samet, B. Nonexistence of global solutions for a time-fractional damped wave equation in a k-times
halved space. Comput. Math. Appl. 2019, 78, 1608-1620. [CrossRef]

24. Fino, A.Z.; Kirane, M. Qualitative properties of solutions to a time-space fractional evolution equation. Quart. Appl. Math. 2012,
70, 133-157. [CrossRef]

25. Kirane, M.; Torebek, B.T. Extremum principle for the Hadamard derivatives and its application to nonlinear fractional partial
differential equations. Fract. Calc. Appl. Anal. 2019, 22, 358-378. [CrossRef]

26. Kirane, M.; Sarsenbi, A.A. Solvability of mixed problems for a fourth-order equation with involution and fractional derivative.
Fractal Fract. 2023, 7, 131. [CrossRef]

27. Kirane, M.; Tatar, N.-e. Exponential growth for a fractionally damped wave equation. Z. Anal. Anwend. 2003, 22, 167-177.
[CrossRef]

28. Tatar, N.-e. A blow up result for a fractionally damped wave equation. Nonlinear Differ. Equ. Appl. 2005, 12, 215-226. [CrossRef]

29. Samet, B. Blow-up phenomena for a nonlinear time fractional heat equation in an exterior domain. Comput. Math. Appl. 2019, 78,
1380-1385. [CrossRef]

30. Bin Sultan, A; Jleli, M.; Samet, B. Nonexistence of global solutions to time-fractional damped wave inequalities in bounded

domains with a singular potential on the boundary. Fractal Fract. 2021, 5, 258. [CrossRef]


http://doi.org/10.1111/j.1365-246X.1986.tb03853.x
http://dx.doi.org/10.1111/j.1365-246X.1978.tb04230.x
http://dx.doi.org/10.1111/j.1365-246X.1981.tb04883.x
http://dx.doi.org/10.1016/j.jmaa.2006.10.091
http://dx.doi.org/10.1103/PhysRevD.82.024037
http://dx.doi.org/10.3390/app8071124
http://dx.doi.org/10.1137/0505015
http://dx.doi.org/10.3934/cpaa.2018048
http://dx.doi.org/10.3390/fractalfract6100581
http://dx.doi.org/10.36045/bbms/1102715139
http://dx.doi.org/10.1016/j.na.2009.03.058
http://dx.doi.org/10.3390/math11061325
http://dx.doi.org/10.1016/j.na.2019.06.019
http://dx.doi.org/10.1007/s00033-011-0145-0
http://dx.doi.org/10.1016/j.apm.2021.07.025
http://dx.doi.org/10.3390/fractalfract2010014
http://dx.doi.org/10.3390/sym12071195
http://dx.doi.org/10.3390/computation10060097
http://dx.doi.org/10.1122/1.549724
http://dx.doi.org/10.3390/sym13020264
http://dx.doi.org/10.1016/j.camwa.2019.01.015
http://dx.doi.org/10.1090/S0033-569X-2011-01246-9
http://dx.doi.org/10.1515/fca-2019-0022
http://dx.doi.org/10.3390/fractalfract7020131
http://dx.doi.org/10.4171/ZAA/1137
http://dx.doi.org/10.1007/s00030-005-0015-6
http://dx.doi.org/10.1016/j.camwa.2018.10.003
http://dx.doi.org/10.3390/fractalfract5040258

Symmetry 2023, 15,1071 17 of 17

31. Kilbas, A.A,; Srivastava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics
Studies, Elsevier Science B.V.: Amsterdam, The Netherlands, 2006; Volume 204.

32. Samko, S.G; Kilbas, A.A.; Marichev, O.1. Fractional Integrals and Derivatives: Theory and Applications; Gordon and Breach: Yverdon,
Switzerland, 1993.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.



	Introduction
	Some Notions on Fractional Calculus
	Main Results
	Preliminaries
	A Priori Estimate
	Test Functions
	Preliminary Estimates

	Proofs of the Obtained Results
	Conclusions
	References

