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1. Introduction, Definitions and Preliminaries

Assume that A is the class of analytic functions in the open disc A := {{ € C: |{| < 1}
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and integral operators; see [6-10]. About coefficients” interesting results, see [11-16]. The g-
shifted factorial is defined for A, g € Cand n € Ny = NU {0} as follows

1 t=0,
(M)f:{ (1-A)(1-Ag)...(1— g 1) teN.

Using the g-gamma function I';({), we obtain

(qA;q>t _ (=g LA+ (teNy),

Iy(7A) ’

where

Iy = (1—q)~¢ (q‘”’”“ (Ig] < 1).

In addition, we note that

[e9)

Mo =110 —24"), (4l <),

t=0

and the g-gamma function I';({) is known

Ty(€+1) = [, T4(0),

where [¢] 4 denotes the basic g-number defined as follows

=, teC,
t)y = -1 . . 5
s 1+ % q, teN ©
j=1

Using the definition Formula (5), we have the next two products:

(i)  For any non negative integer t, the g-shifted factorial is given by

1, if t=0,
[t]4! = t :
[1[n]y, if teN

n=1

(ii) For any positive number 7, the g-generalized Pochhammer symbol is defined by

1, if t=0,

= r4t—1

"l I1 [, if teN
n=r

It is known in terms of the classical (Euler’s) gamma function I'({), that

I[(¢) —»T() asq—1".

In addition, we observe that

lim { (q)\,q)i} _ (A)t'

qg—1-

where (A), is given by

= { v if t=0,
EZ LV AA+1)...(A+£—1), if teN. -
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For 0 < q < 1. El-Deeb et al. [17] defined that the g-derivative operator for Y * h is
defined by

Dy(Y xh)(T) := Dy (é + Jioatctgt>
t=2

_(Ym)(©) = (Yxh)(gD) _ AR
- {19 =1+ Y lgmad™, Ce A,

Let ¢ > —1and 0 < g < 1; El-Deeb et al. [17] defined the linear operator RZ’q A=A
as follows:

RyIY(Q) % Nyo41(2) = {Dy(Y 5 h)(Q), L € A,

where the function M, g1 is given by

iid l9+ qt 1

Nyo1(0) =T+ Z @t feA.
A simple computation shows that
RZ"’Y( _g+z]7atctg leN (0>-1,0<qg<1). (6)
[0+ 1)1

Remark 1 ([17]). From the definition relation (6), we can obtain that the next relations hold for all
Y e A

i) [8+11RIY(Q) = [01,R Y +4° ¢Dy (R TY(QD)), ¢ € A

t!
(i) IPY lim RyY(Q) =0+ Y e, €A 7
h (g) g—1- ) g tzzz (19+1)t_] t té g ( )
Remark 2 ([17]). By taking different particular cases for the coefficients c;, EI-Deeb et al. [17]
observed the following special cases for the operator RZ’q:
-1)"T(p+1
(i)  Forc; = 4}71 (t)— 1)'(16(:_4_)()) , 0 > 0, El-Deeb and Bulboaci [18] and El-Deeb [19] obtained
(4 i .
the operator N p,q Studied by:

8 y(7) e (= 1)t Te+1) [t t
Nog¥(@):= ¢+ Z 141t —1)IT(t+p) [0+ 1}‘”,1””5
£],!
—C+21H[1]1/Jtat§tC€A(p>O >-1,0<g<1), (8)
where (_1)-1r( )
(=D T(e+1)
Y= G S +p) ©)
3 m+1\" 3 .
(ii) For c¢; = ot I a« > 0, m > 0, El-Deeb and Bulboaci [20] and Srivastava and
El-Deeb [21] obtained the operator anz 1= q s MO g Studied by:
B m+1 . [t]‘i! t .
Mm,qY _g—l_ Z(m—i—t) [19+1]q,t—]at€’ gEA/ (10)
nt-1
(iii) Forcy = = 1)'6’”, n > 0, El-Deeb et al. [17] obtained the q-analogue of Poisson operator

defined by:
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TN =+ Y e gt re (11)
1 = (t—1)! [B+1] 7 ’
1+0+A(t—1)1"
1+4
g-analogue of Prajapat operator defined by

on o *”{14—64—)&(1&—1)”. [t]4!
Ty Y@ =0+ Y| = 9+ 1,1

(iv) For c; = ,ne€ Z, >0, A>0,El-Deeb et al. [17] obtained the

all, T e A (12)

In this paper, we define the following subclasses SCZ’q(U, 7v,B) and N, ,f (1,7, B,m, 1)
(MeC,0<y<1,0<B<1,8>-1,0<qg<1l meN"=N\{1}={2,34,...},ue
R\ (—o0, —1]) as follows:

Definition 1. For a function Y has the form (1) and h is defined by (2), the function Y belongs to
the class SCZ'q(ﬂ, v, B) if

!

e[ R s e (Riv @) |
R{1+

7 -1 > IB
(1=NRYIY(E) +¢(RyY ()

neC0<y<L,0<B<L9>-1,0<qg<1;Te€AN). (13)

Remark 3.
(i)  For q — 17, we obtain that lir? Sc,f"’(;y, v, B) =: GF (11,7, B), where G} (1,7, B) repre-
g=1-

sents the functions Y € A that satisfies (13) for ’Rg’q replaced with I;? (7).
(=)' +1)
41t —DIT(t+p)’
the functions Y € A that satisfies (13) for RZ’q replaced with N g g 8).

(i) Forc; =

p > 0, we obtain the subclass Bg’q(q, Y, B), that represents

1 4
(iii) Forc; = (m * > , & > 0,m >0, we obtain the class Mi’ix(iy, 7, B), that represents the

m+t
functions Y € A that satisfies (13) for Rz’q replaced with M}’;;f'ﬁ, (10).
-1
(iv) Forcy = he’”, n > 0, we obtain the class Itﬁ “(11,, B), that represents the functions
Y € A that satisfies (13) for R;Z’q replaced with Ig ).
1 At —1
(v) Forc = [—ML—(E)] ,neZ >0 A>0,weobtain the class jZ’ZA(n, v, B),

that represents the functions Y € A that satisfies (13) for RZ’q replaced with J q%”A (12).
The following lemma must be used in to show our study results:

Definition 2. A function Y € A belongs to the class th,q(n’ v, B, m, ) if it satisfies the following
non-homogeneous Cauchy—Euler type differential equation of order m:

wd™w  (m I e T £ A W = RN = S
o+ (1) e m - 0em 1 +(m)wg<y+]>—g<@>]1jo<y+]+l>

(w =Y(0); g(C) € SCZ’q(iy,’y,ﬁ); neC,L0<y<1,0<B<L;09>-1,0<g<1;
m e N*; y € R\(—oc0,—1]).
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Remark 4.
(i)  Putting q — 17, we obtain that linln N:'q(ﬁ,’)/, B,m,u) =: 7;1‘9(;7, v, B, m, ), where
qg=1"

7;1‘9(17, v, B, m, u) represents the functions Y € A that satisfies (13) for RZ’q replaced with
(7).

(D" T(p+1)
-1t —DIT(t+p)’
represents the functions Y € A that satisfies (13) for RZ’q replaced with N, 3 g (8).

(i)  Putting ¢; = p > 0, we get the subclass Pg’q(n, v, B, m, ), that

1 o
(iii) Putting ¢; = (%) ,a > 0, m > 0, we have the class Rg;?a(iy,'y, B, m,u), that
represents the funtctilons Y € A that satisfies (13) for RZ’q replaced with M,’f{f"q (10).
(iv) Putting c; = ﬁe’”, n > 0, we get the class Dz’q(n, v, B, m, u), that represents the
functions Y € A that satisfies (13) for RZ’q replaced with Ig (1),
n
(v) Putting ¢ = [W} ,n € Z, ¢ > 0, A > 0, we have the class

J nﬂ ; 21,7, B,m, ), that represents the functions Y € A that satisfies (13) for RZ’q replaced

with J‘%’A (12).

The main object of the present investigation is to derive some coefficient bounds for
functions in the subclasses ch’q (n,7,B) and ./\/':’q(iy, v, B,m, u) of A.

. . . . 0,
2. Coefficient Estimates for the Function Class SC, (1,v,B)

Unless otherwise mentioned, we assume throughout this paper that:
neC,0<y<1,0<B<L,meN;peR\(-0o,—-1],8>-1,0<g<1, €A

Theorem 1. Assume that the function Y given by (1) belongs to the class SCZ'q(ﬂ, v, B), then
t—
[0+ g1 TT[i+2(1 = B)ln]]

2
|11t| < i=0
(= DI+ 2 (= DI,

Proof. The function Y € A be given by (1) and let the function F({) be defined by

(t € Nx). (14)

F@) = (1~ RIYQ) + 2 (RIY(D)

Then from (13) and the definition of the function F({) above, it is easily seen that
1(EF(©)
RA1+ — | =35 — >
{ 17( F©) P

Vet (6 —
F@) =i+ Y08 (0= gyt
t=2

=1

with
[1+7y(t—1)arcs; t € N*).

Thus, by setting
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or, equivalently,
{F () =+n01-B) () - DIFQ), (15)

we get

g(0) =14+diT+drl?+....... (16)

Since ®{g(¢)} > 0, we conclude that |d;| < 2 (t € N) (see [14]).
We get from (15) and (16) that

(t—=1)0r =n(1—B)[d1O;_1 +d2O; o+ - - - +di_4].

Fort = 2,3,4, we have

Oy =n(1-p)di = |0z <2(1-B)lnl,

203 =7(1—B)(d102 +dz2) = |O3] < 201 —[3)|17|[124!—2(1 _ﬁ)MH,

and

504 = 11— B0 + 4,05 +d5) = foy] < 217 B+ 20~ Blyllz+20 = B,

respectively. Using the principle of mathematical induction, we obtain

t—2
ITli+2(1- Blnl]
<= ).
|©;] < = (t e N¥) (17)
Using the relationship between the functions Y(¢) and F (), we get
t,! «
O = wﬂﬁ[l +y(t—Dare (t € N¥), (18)

and then we get
t—2
[9+ gt T +2(1 = Bl

(= DL+ (t = D)][t]gler
This completes the proof of Theorem 1.

lay| < (t € N).

O

Putting g — 17 in Theorem 1, we obtain the following corollary:

Corollary 1. If the function Y given by (1) belongs to the class Q}f (1,7, B), then

~~
N

(O+1);q TT[E+2(1=B)[nl]

tH(t— 1)!?

(=D)"'T(p+1)
A1t —1)IT(t+p)

o

lar] < (t € N*). (19)

1+ ’)’(t — 1)]Ct

Taking c; = , 0 > 0in Theorem 1, we obtain the following spe-

cial case:

Example 1. If the function Y given by (1) belongs to the class Bg'q(ﬂ, v, B), then
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ST+ p)[8 + 1] g fni 21 B[]

ar| < t € N*).
S T D G-y )
14
Considering ¢; = <nn11++1) ,& >0, m > 0in Theorem 1, we obtain the following result:

Example 2. If the function Y given by (1) belongs to the class Mgﬁa(n, v, B), then

(n+ (8 Tgen T+ 200 Bl
(t= DT+t = 1)][tg!(m + 1)

|at| < (t € N¥).

ntfl

1)

Putting ¢; = e~ ", n > 01in Theorem 1, we obtain the following special case:

Example 3. If the functionY given by (1) belongs to the class I,f"’(;y, v, B), then

[0+ 1y f’z[i +2(1- )]

] S T D

14+04+A(t—1)1"
Putting ¢; = %(g) ,neZ,f>0,A>0in Theorem 1, we obtain the

(t € N).

following special case:

Example 4. If the function Y given by (1) belongs to the class ,_73’2 A7, B,m, ), then

(+0)"[6+ 1]y nz i+2(1— B[]
(t=D 4yt =D)][H A+ L+ At — 1))"

|at| < (t € N¥).

Putting ¢; = 1 and ¢ = 1 in Corollary 1, we obtain the following special case:

Example 5. If the function Y given by (1) belongs to the class g% (1,7, B), then

TTli+2(1- )]
< e (N

3. Coefficient Estimates for the Function Class JV, : (v, B,m, 1)

Our main coefficient bounds for function in the class hﬁ,q (1,7, B, m, u) are given by
Theorem 2 below.

Theorem 2. If the function Y given by (1) belongs to the class N, ,f (4,7, B,m, ), then
t=2_ m—1 .

[0+ Uger TTE+2(0=B)yl] TT (4 +i+1)

‘at| < i=0 m,11:0

(t=D!+(t=1)][tg! TT (g +i+t)e

=0

(t € N*). (20)
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Proof. Let the function Y € A be given by (1) and let the function g define as follows

+00
3(Q) =+ Y dil' € SC"(n,7.8), (21)
t=2
so that »
IT(p+i+1)
ar = 0 dy (t,m € N*; u € R\(—o0, —1]). (22)
(u+i+t)
i=0

—2 m—1
0+ 1lyes TTfr+201= )1yl T (u-+i+1)

lag| < (j € N¥).

m—1

(t=1)L 4+ (t —1)][t]y! 'Ho (p+i+t)c
=

Thus, by using Theorem 1, we readily complete the proof of Theorem 2. [

Putting g — 1~ in Theorem 1, we obtain the following corollary:

Corollary 2. If the function Y given by (1) belongs to the class ’7;:9(17, v, B,m, u), then
t—2 m—1 .
(O +1);y T[r+2(0=B)yl] TT (u+i+1)
| < 0 __i=D (te ).
HE— D)L+t —1)] TT (n+i+ e
i=0

Putting ¢; = 1 and ¢ = 1 in Corollary 2, we obtain the following example:

Example 6. If the function Y given by (1) belongs to the class T (1,7, B, m, u), then
=

L +2(1— Byl T (e ti+1)
laj] < =2 =0 (e N").
(t=D14+y(t—=1)] 1:%(;1+i+t)

4. Conclusions

We investigated certain subclasses of analytic functions of complex order combined
with the linear g-convolution operator. For the functions in this new class, we obtained the
coefficient bounds and introduced here by means of a certain non-homogeneous Cauchy-
Euler-type differential equation of order m. There was also consideration of several interest-
ing corollaries and applications of the results by suitably fixing the parameters, as illustrated
in Remark 1.
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