symmetry

Article

A New Statistical Technique to Enhance MCGINAR(1) Process
Estimates under Symmetric and Asymmetric Data: Fuzzy Time
Series Markov Chain and Its Characteristics

Mohammed H. El-Menshawy 1 Abd El-Moneim A. M. Teamah 2, Mohamed S. Eliwa 34, Laila A. Al-Essa 5,

Mahmoud El-Morshedy &7*

check for
updates

Citation: El-Menshawy, M.H.;
Teamah, A.E.-M.A.M.; Eliwa, M.S.;
Al-Essa, L.A.; El-Morshedy, M.;
EL-Sagheer, R M. A New Statistical
Technique to Enhance MCGINAR(1)
Process Estimates under Symmetric
and Asymmetric Data: Fuzzy Time
Series Markov Chain and Its
Characteristics. Symmetry 2023, 15,
1577. https://doi.org/10.3390/
sym15081577

Academic Editors: Antonio Palacios

and Christos Volos

Received: 2 June 2023
Revised: 23 July 2023
Accepted: 3 August 2023
Published: 13 August 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Rashad M. EL-Sagheer 18

Department of Mathematics, Faculty of Science, Al-Azhar University, Nasr City, Cairo 11884, Egypt
Department of Mathematics, Faculty of Science, Tanta University, Tanta 31527, Egypt

Department of Statistics and Operation Research, College of Science, Qassim University,

Buraydah 51482, Saudi Arabia

Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt
Department of Mathematical Sciences, College of Science, Princess Nourah bint Abdulrahman University,
P.O. Box 84428, Riyadh 11671, Saudi Arabia

Department of Mathematics, College of Science and Humanities in Al-Kharj,

Prince Sattam bin Abdulaziz University, Al-Kharj 11942, Saudi Arabia

Department of Statistics and Computer Science, Faculty of Science, Mansoura University,
Mansoura 35516, Egypt

High Institute of Computer and Management Information System, First Statement,

New Cairo, Cairo 11865, Egypt

*  Correspondence: m.elmorshedy@psau.edu.sa

Abstract: Several models for time series with integer values have been published as a result of the
substantial demand for the description of process stability having discrete marginal distributions. One
of these models is the mixed count geometric integer autoregressive of order one (MCGINAR(1)),
which is based on two thinning operators. This study examines how the estimates of the spectral
density functions of the MCGINAR(1) model are affected by fuzzy time series Markov chain (FTSMC).
Regarding this study’s context, the higher-order moments, central moments and spectral density
functions of MCGINAR(1) are computed. The anticipated realizations of the generated realizations for
this model are obtained based on FTSMC. In the case of generated and anticipated realizations, several
lag windows are used to smooth the spectral density estimators. The generated realization estimates
are compared with the anticipated realization estimates using the MSE to ascertain the FTSMC'’s role

in improving the estimation process.

Keywords: FISMC; time series; spectrum; bispectrum; normalized bispectrum; one- and two-

dimensional lag window; fuzzy inference; computer simulation

1. Introduction

Fuzzy time series is an artificial intelligence concept that can be used to perform
prediction techniques. Fuzzy time series is based on fuzzy set theory and fuzzy logical
relationships. Fuzzy time series can handle data that are configured into linguistic values,
such as high, low, median, etc. Fuzzy time series can deal with uncertainty and ambiguity
in the data. Fuzzy time series can be used in many applications, such as forecasting stock
market indices, recording data, etc. (see [1]).

Fuzzy time series Markov chain for asymmetric and symmetric data is a method of
forecasting time series data that have different patterns or behaviors in different direc-
tions, such as upward or downward trends. Fuzzy time series Markov chain can handle
asymmetric and symmetric data by using different fuzzy sets and Markov chains for each
direction of the data. This can improve the accuracy and flexibility of the forecasting model.
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Fuzzy time series Markov chain for asymmetric and symmetric data can be used for various
applications, such as forecasting air pollution or natural gas prices (see [2-5]).

The modeling of integer-valued time series has received great attention recently; count-
ing series in particular have been the subject of several statistical research works. Thus,
there have been numerous significant attempts in this field throughout history. The inte-
ger autoregressive (INAR) model works best in modeling counting values. Throughout
the past few years, researchers have worked to improve the INAR’s ability to accurately
simulate observed data. As a result, they have altered some INAR models. A few of them
have altered the marginal distribution, while others have changed the models’ rankings
and yet others have altered the thinning operators. The INAR models were modified with
regard to their marginal distribution by [6-9]. The models were modified with regard to
their order by [10,11]. INAR models were modified with regard to their thinning operators
by [12-18]. Refs. [19-21] presented INAR(1) processes with a random coefficient. A new
stationary INAR(1) process with geometric marginals was presented based on the general-
ized binomial thinning operator in [22]. For several INAR(1) models, ref. [23] studied some
statistical measures and used these measurements to support the linearity of the models.
Ref. [24] presented an INAR(1) model based on two thinning operators: the first was bino-
mial and the second was a generalized binomial thinning operator, and it was symbolized
by MCGINAR(1). Ref. [25] researched the fuzzy time series strategy for the improvement
of a periodogram while preserving its statistical features. Ref. [26] studied some statistical
measures and spectral density functions for a zero truncated Poisson integer autoregressive
(ZTPINAR(1)) model. Ref. [27] used the fuzzy principle on the smoothing estimates for the
dependent count geometric integer autoregressive (DCGINAR(1)) process.

This paper aims to introduce the FTSMC approach for the improvement of the esti-
mates of density functions for integer time series. This approach is used with the MCGI-
NAR(1) model. Prior to applying this approach, some statistical measures, namely higher-
order statistics for the MCGINAR(1) model, are studied. These measures are moments,
cumulants, spectral density functions, and the estimates for these functions. For the
MCGINAR(1) series, we apply FTSMC in [28] and forecast realizations for this series. Two
scenarios are used to estimate the density functions: produced realizations from the MCGI-
NAR(1) model and anticipated realizations based on the FTSMC technique. The role that
FTSMC plays in the smoothing of these estimates is investigated by contrasting the two
scenarios using results and figures.

2. Fuzzy Time Series Markov Chain: A New Statistical Approach and Its Methodology

Fuzzy time series and conventional time series vary primarily in that the former’s
values are fuzzy sets and the latter’s values are actual numbers. We describe a method [28]
in this section to transform regular time series into fuzzy time series and forecasting
observations for the final series. The nine steps of this strategy, which uses FTSMC to
improve the forecasting accuracy, are as follows.

1.  Determine the universe set H = [Y,in, Yinax], where Y,,;, and Y4y are, respectively,
the smallest and largest values of the generated realizations from the MCGINAR(1)
model, respectively.

2. The universe set H is partitioned into a number of identically sized intervals. The Sturges
formula, d = 3.322log(N) + 1, can be used to determine how many intervals are required,
and, to define the length of each interval [, formula I = (Yiuax — Yiuin )/ (d) is used.

3. Generate fuzzy sets on H and fuzzify the realizations produced by the MCGINAR(1)
model.

4.  Based on the generated realizations from the MCGINAR(1) model, determine the
fuzzy logic relationship.

5. Establish fuzzy logic relation groups by creating groups from the fuzzy logic relations.

6.  As described in the previous stage, determine the transition probability matrix p
based on the fuzzy logic relation group. The dimension of the Markov transition
probability matrix is p by p, where p is the total number of fuzzy sets. The state
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transition probability is expressed as p;; = szl,/ where p;; = transition probability from
state A; to Aj, I;; = number of transitions from state A; to A;, and I; = number of data
included in state A;.

7. Calculate the prediction value for the fuzzy observation.

Rule 1: When data from the (t — 1) interval are included in A; and there are fuzzy
sets, such as A; — ¢, which do not have fuzzy logic relations, the prediction
value F; is m;(;_q), which is the median of the u; interval on the fuzzy logic
relation group that was developed in the (t — 1) data.
Rule 2: If fuzzy logic relation group A; has a one-to-one relation (for example,
A; — Ap, where p;, =1and p;; =0,j # p), where the collected data are Y; 1 in
(t — 1) time included in state A;, then the prediction value of F; is m,,;_1), where
M, ;1) is the median of u, in the fuzzy logic relation group that formed on the
(t — 1) data.
Rule 3: If fuzzy logic relation group A; has a one-to-many relation (for example,
Aj = A, A A T =12,...9), where the collected data are Y;_1 in (t — 1)
time included in state A;, then the prediction value of F; is F; = my;_1)Pjy +
Mage=1) P2 - (1) (e=1) Pij=1) + Yo Fjj 1)) By + - - Mg(e—1) Pig-
8. Apply the result for the payment of the forecasting value.

Rule 1: The adjustment value of D; is defined as Dy; = %, where [ is the length
of the interval if state A; is related to A;, starting from state A; at time t — 1 as
Fi_1 = A;, and making an ascending transition to state A; at time f, where i < j.
Rule 2: The adjustment value of D; is defined as Dy; = ’71, where [ if state A;
is related to A;, starting from state A; at time t — 1 as F;_; = A;, and making a
downward transition to state A; at time ¢, where i > j.
Rule 3: The trend adjustment value of D; is defined as Dy; = (5" )s, with s being
the number of leaps ahead if the transition starts from state Ai at time t — 1 as
F_1 = A;, and jumps forward to state A;; at time t where (1 <s < p —1i).
Rule 4: The trend adjustment value of D; is defined as D}; = (_71)1/, with v being
a lot of backward jumps if the transition starts from state A; at time t — 1 as
F_1 = A;, and jumps back to state A;_, at time t where (1 < v <i).
9.  Adjust the predictive value of forecasting to ascertain the outcomes. If the fuzzy logic
relation group A; is one-to-many and state A; 1 can be retrieved from A;, where A;
state is related to A;, the forecasting result is F/ = F; + Dy;.

For more details about this method, see [28-30]. Thus, the anticipated realizations
are the output of this method, which was applied to the generated realizations from
MCGINAR(1).

3. The MCGINAR(1) Process

There are some real-world events that are neither entirely autonomous nor entirely re-
liant. For illustration, consider a data set that is received from a police telephone service and
shows the monthly total of calls reporting guns fired. We cannot declare with certainty that
the counting series, which would model such data, should contain completely dependent
or completely independent variables because the calls may be tied to an organized crime
or to crimes unrelated to one another. Therefore, some scientists went a step further and
developed a new model called the MCGINAR(1) model, which is based on a combination
of dependent and independent counting variables. The MCGINAR(1) model was firstly
defined by [24] and takes the following formula:

Y—{ yoYi_1+e WP q,
=

119’ Ollltzl' 1
Yo Yi1+e WP 1—9g, i qe[ } M
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For all the characteristics of the binomial thinning operator yo and the generalized
binomial thinning operator yoy, see [22,24,31]. {Y;} has a geometric ( 1+Lu) marginal
distribution with mean v > 0.

The probability generating functions of Y; and ¢; are, respectively, given by (see [24])

_ 1
14 v—vs’

Py (s)

(I+c(1=8)v—7(1—8)vs)(1+qv—yvs)(1+ v+ v —ydv — (y + 0 — y0)vs)
(14+v—vs)(1+c1v—cyus)(1+ cav — cavs)

Pe(s) =

4

where c; and c; are solutions of z2 — (2 + @ — 298)z + y(7 + ¢ — 298 — *p + y9%p) = 0.
The mean and variance of Y; and ¢; are, respectively, given by

py =v, or=0v>+v,

pe=v—v, 7 =(—70)1+1+7-2y(1-q)8*)).
The second and third moments of ¢; are, respectively, calculated as
E(e?) = (1—7)v(1+2(1—~(1—q)8)v), 0}

E(?) =(1 — 7)v(6v + 60> — 679%0 — 6748%0* — 6748°0> — 672970 + 12929%0? + 672 g% 0>

3
— 12929307 + 67070 + 69q9*0* + 6790 0* + 1). ©)
For more information about the MCGINAR(1) model, see [24].

4. Higher-Order Joint Moments, Central Moments, and Spectral Density Functions

In this section, the moments, cumulants, spectrum, and bispectrum of MCGINAR(1)
are given. These statistical measures have a role in describing the stochastic process. For the
importance of these statistical measures, the following theorems were concluded.

Theorem 1. Let {Y;}, satisfying (1). Then,

1. The second-order joint moment is calculated as
His) =7 [Ho) — V] +0® =9 v(1+v) +v%s > 0and V(o) = v(1+2v).
2. The second-order joint central moment (cumulant) is
Ca(s) = ¥*C2(0) = y°v(1+v),s > 0.
3. The third-order joint moments are
H(0) = v(l+6v+ 6v?%),

o5 = 7 [1(0,0) = Vi(0)) + Vi) = VP (1420) +7°0(1 450 + 4v%),5 > 0,

1-¢°
1-g¢’

_ s Y-8 2 2
H(ss) = & H(00) +hC2(0)77_g + [hv” + vE(e”)]
where
g=7v(r+ 1 —7)8) —q(y — "), 4)

and
h=2ype+ (v — 1) (1= %) + pt*(y — 7). (5)
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4. The third-order joint central moments (cumulants) are
C3(0,0) = v(1 +3v +20%),

C3(0,5) = 1°C3(0,0) = y*v(1 + 3v + 20?),s > 0,

S _ oS
Ca(s,5) = C3(0,0) + (250 270 +h]Co(0) [T =],

where g and h are, respectively, given by (4) and (5).
Cs(s,T) = y"°Cs(s,s).
Proof. o) = E(Y?) is computed as

E(Y?) =qE(yoYi1+e)*+ (1— q)E(y0g Y1 + &)
= g[E(y 09 Yi-1)* + E(€]) + 2yE(Y;1)E(en)] + (1 — ) [E(7y 09 Y7q) + E(¢7) + 27pepty]
= q[VE(Y? ) +7(1 = VEN-1) + E(&) + 2yuypel + (1 — ) [y (v + 8°(1 = 7)) E(Y2 )
+ (1= 7)(1 = 0*)E(Yi_1) + E(€%) + 2ypype]
= (@ + (A=) (¥ + 71 =7)8)EN? ) + 971 = VENe1) + (1 — g)y(1 =) (1 = 8*)E(V; 1)
+E(¢%)

EOYD) = (v + 1 —q)v(1 = 7)) ENE ) + EVie)v(1 =) (g + (1= q) (1 — 8%)) + 2ypype + E(€7),
and, therefore,

EYH1— (P +71 =721 —9q)) = pyy(1 —9) (1 — *(1 — q)) + 02 + p2 + 2ypy e

then,
o v(1+20) (1= —y(1—9?*(1—9q))) _
) == e -y

v(1+2v),
then,

C2(0) = (o) — p3 = v(142v) —v* = v(1+v).
Ji(s) is obtained by

E(YtYtrs) = (1= @)E(Yt(Vt+s 08 Yes—1 + €t4s)) + GE(Ve(yt4s © Yeps—1 + €t4s))
= (1= q)[E(Ye(7 08 Yits—1)) + E(Yeerss)] + g[E(Ye(7y 0 Yigs—1)) + E(Yeerss)]
(L= @) [rm(s—1) + pype] +q[vHs—1) + Hyte] = Ti(s—1) + PyHe,

and by solving this equation using the Maple program or by iteration and simplification,

S

i A8
e = 1°0(1+0) + 0

s

H(s) = 7 Ho) +

2
7

then,
Ca(s) = () — uy = Y'v(1+v) + 0> — 0> = 1°C(0).

1(0,s) 1s calculated as

Hos) = EVYiYips) = (1 — ) E[YsYe(Vets 09 Yirs—1 + €r4s)] + GE[YYH(Vigs © Yigs—1 + €rs)]
= (L= g)[E(YYe(y0p Yiys—1)) + E(YeYeerss)] + q[E(YeYe(y 0 Yigs—1)) + E(YeYieris)]
= (1 - @) [YE(YsYiYiis-1) + E(Y2)P‘e} +q[YE(YtY Y1) + E(YZ)VS]
= (1= q)[vr(0s—1) + Ho)Hel T alTM0s-1) T H(0)He] = TH(0,5=1) T H(0)Hes
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by iteration and simplification,
K0 = T H00) T (1 =7 )opg) = V(1 420) + 7 0(1 + 50 + 40%),

then,
C3(0,5) = E[(Ys = 0)*(Yiys — v)] = p(os) — 2uyH(s) — HyH(o) + 21y = TH(0s-1) T H(o)He
— 20(Yp(s_1) + VHe) — Uk (o) +20° = Yp(0,s_1) + (1 = 7)vpi() = 20(7H(s_1) + V> (1 = 7))
— v ) + 203 = Y[Mos-1) = V{20 -1y + By} + 20%] = 4C3(0,5 — 1) = v*(1 4 2v)+
Y u(14 50 + 40%) — 20(7* (V2 + v) + v?) — 2 (20 + 1) + 20° = Y v(1 + 3v + 20°).

In the same manner, the proof can be completed. [

Theorem 2. The spectral density function is computed as

__u(1+0)(1-9?)
C 2m(1+ 92 -2y cosw)’

fry(w)

—nm<w<T7t. (6)

Proof.

)

o -1
fry(w) = % Y Ca(s) exp(—iws) = % [C2(0) + Y Ca(s) exp(—iws) + Y Ca(s) exp(—iws)]
s=1

s=—00 s=—o00

— % [C2(0) + i 7 C2(0) exp(—iws) + i °C(0) exp(iws)]
s=1 s=1

_ QO _rep(iv) vexpliv) y_ C(0) (1-7" ]
27 1—yexp(—iw) 1—yexp(iw) 2t H(1— yexp(—iw))(1 — yexp(iw))

O

Theorem 3. The bispectral density function is calculated as

fryy(wy, wy) = ;?[Q(O/ 0){1+ Ii(—wy) + I (—w2) + Iy (w1 +w2) }

+(C5(0,0) — 28y = 2vmy + HGy(0) J(2(w1) + L(wa) + L(—wy —w3))

Y—8
+ ey =2 o MC2O)) (1 (wor) + Iy (w2) + I (—w1 — w2)}
+ (Cg(0,0) _ [zgﬂY - 27;‘Y + h]CZ(O) ){12(_w1 _ wZ)Il(_w2) (7)

Y-8
+ L(~wy —w2) 1 (—wy) + L(wy) 1 (—w2) + L(w2) I (—wq) + I (wy) I (wy + ws)

e ITEEE SIS

+ I (—wy —wp) 1 (—wy) + Iy (1) 1 (—w2) + I (w2) I (—wq) + Iy (wy) I (w1 + w2)
+ Iy (wa) I (w1 +w2)}],

+ L(w2) I (w1 +wa)} +

where I (wy) = % and I (wy) = %,k =1,2,and —m < wy,wy < 1. Aand

B are, respectively, given by (4) and (5).

Proof. The proof of this theorem is too long to be included here and it is similar to the
proof of Theorem 2 in [26]. The normalized bispectral gyyy (w1, wy) is calculated as

Syyy(wi, wp) = frov(@1,w2) )

V(1) fry (w2) fry (w1 + ws)

where fyyy (w1, wy) and fyy(wq) are defined in (6) and (7). O
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Figure 1 illustrates a simulated series of the MCGINAR(1) model at y = 0.7,% = 0.5,
and v = 1.9. Figure 2 illustrates a simulated series of the anticipated MCGINAR(1)
realizations based on FTSMC. Figure 3 shows the theoretical spectrum fyy(w), which was
calculated by setting v = 0.7 and v = 1.9 in (6). Figure 4 shows the theoretical bispectral
fyyy(wq, wy), which was calculated by setting ¥ = 0.7, = 0.5, and v = 1.9 in (7), and the
results of this function are shown in Table 1. Figure 5 shows the theoretical normalized
bispectral gyyy (w1, w;), which was calculated by (8), and the results of this function are
shown in Table 2.

MCGINAR(1)Model

:'. HMH W u([ LA

0 200 400 450 500

Figure 1. Simulated series of MCGINAR(1) at y = 0.7, ¢ = 0.5, and v = 1.9.

MCGINAR(1)Model

Figure 2. Simulated series of anticipated MGINAR(1) realizations based on FTSMC.
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Figure 3. The spectral density of MCGINAR(1) at ¥ = 0.7 and v = 1.9.

! 7 7 T 7
] = o L=} =+ o (=104

- -

SNINPOW Wnpoads|q [eaeloay L

Figure 4. Bispectral density of MCGINAR(1) at y = 0.7,¢ = 0.5,and v = 1.9.

n N ;B - o o=

SNNPOW WNIJ9adsIq PaZIBWIoU [BaN810aL |

Figure 5. Normalized bispectral density of MCGINAR(1) at y = 0.7,¢ = 0.5, and v = 1.9.
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Table 1. Numerical values of theoretical bispectrum modulus of MCGINAR(1) with y = 0.7,¢ = 0.5, and v = 1.9.

wy 0007 0057 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0.607r 0657 070t 0757 0807 0857 0907 09577 7T
w1

0.00 7t 11.937 10436 7.4683 4.9546 3.3081 2.2974 1.6713 1.2702 1.0033 0.8192 0.6882 0.5927 0.5216 0.4681 0.4275 0.3967 0.3737 0.3570 0.3457 0.3391 0.3370
0.05 10.436 8.2535 5.6847 3.7802 25711 1.8253 1.3556 1.0492 0.8417 0.6966 0.5921 0.5152 0.4576 0.4141 0.3811 0.3562 0.3379 0.3249 0.3167 0.3126 0.3126
0.10 r 74683 5.6847 3.9216 2.6524 1.8404 1.3310 1.0046 0.7884 0.6401 0.5352 0.4591 0.4028 0.3605 0.3286 0.3044 0.2864 0.2734 0.2645 0.2594 0.2577 0.2594
015 7 49546 3.7802 2.6524 1.8287 1.2912 0.9477 0.7243 0.5744 0.4707 0.3969 0.3430 0.3030 0.2730 0.2504 0.2334 0.2209 0.2121 0.2065 0.2038 0.2038 0.2065
0.20 T 3.3081 2.5711 1.8404 1.2912 0.9248 0.6868 0.5301 0.4240 0.3501 0.2972 0.2585 0.2298 0.2083 0.1921 0.1801 0.1715 0.1657 0.1623 0.1612 0.1623 0.1657
0.25 22974 1.8253 1.3310 0.9477 0.6868 0.5150 0.4007 0.3229 0.2683 0.2292 0.2005 0.1792 0.1634 0.1515 0.1429 0.1369 0.1330 0.1312 0.1312 0.1330 0.1369
0.30 7t 1.6713 1.3556 1.0046 0.7243 0.5301 0.4007 0.3140 0.2546 0.2128 0.1828 0.1608 0.1446 0.1325 0.1236 0.1172 0.1130 0.1105 0.1097 0.1105 0.1130 0.1172
0.35 T 1.2702 1.0492 0.7884 0.5744 0.4240 0.3229 0.2546 0.2076 0.1745 0.1507 0.1333 0.1205 0.1110 0.1042 0.0994 0.0964 0.0950 0.0950 0.0964 0.0994 0.1042
0.40 T 1.0033 0.8417 0.6401 0.4707 0.3501 0.2683 0.2128 0.1745 0.1475 0.1281 0.1139 0.1035 0.0959 0.0906 0.0870 0.0849 0.0842 0.0849 0.0870 0.0906 0.0959
0.45 7t 0.8192 0.6966 0.5352 0.3969 0.2972 0.2292 0.1828 0.1507 0.1281 0.1118 0.1000 0.0914 0.0852 0.0809 0.0783 0.0770 0.0770 0.0783 0.0809 0.0852 0.0914
0.50 7t 0.6882 0.5921 0.4591 0.3430 0.2585 0.2005 0.1608 0.1333 0.1139 0.1000 0.0899 0.0827 0.0776 0.0742 0.0723 0.0716 0.0723 0.0742 0.0776 0.0827 0.0899
0.55 0.5927 0.5152 0.4028 0.3030 0.2298 0.1792 0.1446 0.1205 0.1035 0.0914 0.0827 0.0765 0.0723 0.0696 0.0684 0.0684 0.0696 0.0723 0.0765 0.0827 0.0914
0.60 7T 0.5216 0.4576 0.3605 0.2730 0.2083 0.1634 0.1325 0.1110 0.0959 0.0852 0.0776 0.0723 0.0688 0.0668 0.0662 0.0668 0.0688 0.0723 0.0776 0.0852 0.0959
0.65 T 04681 0.4141 0.3286 0.2504 0.1921 0.1515 0.1236 0.1042 0.0906 0.0809 0.0742 0.0696 0.0668 0.0654 0.0654 0.0668 0.0696 0.0742 0.0809 0.0906 0.1042
0.70 7t 0.4275 0.3811 0.3044 0.2334 0.1801 0.1429 0.1172 0.0994 0.0870 0.0783 0.0723 0.0684 0.0662 0.0654 0.0662 0.0684 0.0723 0.0783 0.0870 0.0994 0.1172
0.75 7t 0.3967 0.3562 0.2864 0.2209 0.1715 0.1369 0.1130 0.0964 0.0849 0.0770 0.0716 0.0684 0.0668 0.0668 0.0684 0.0716 0.0770 0.0849 0.0964 0.1130 0.1369
0.80 7t 0.3737 0.3379 0.2734 0.2121 0.1657 0.1330 0.1105 0.0950 0.0842 0.0770 0.0723 0.0696 0.0688 0.0696 0.0723 0.0770 0.0842 0.0950 0.1105 0.1330 0.1657
0.85 7 0.3570 0.3249 0.2645 0.2065 0.1623 0.1312 0.1097 0.0950 0.0849 0.0783 0.0742 0.0723 0.0723 0.0742 0.0783 0.0849 0.0950 0.1097 0.1312 0.1623 0.2065
0.90 7t 0.3457 0.3167 0.2594 0.2038 0.1612 0.1312 0.1105 0.0964 0.0870 0.0809 0.0776 0.0765 0.0776 0.0809 0.0870 0.0964 0.1105 0.1312 0.1612 0.2038 0.2594
0.95 0.3391 0.3126 0.2577 0.2038 0.1623 0.1330 0.1130 0.0994 0.0906 0.0852 0.0827 0.0827 0.0852 0.0906 0.0994 0.1130 0.1330 0.1623 0.2038 0.2577 0.3126

T 0.3370 0.3126 0.2594 0.2065 0.1657 0.1369 0.1172 0.1042 0.0959 0.0914 0.0899 0.0914 0.0959 0.1042 0.1172 0.1369 0.1657 0.2065 0.2594 0.3126 0.3370
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Table 2. Numerical values of theoretical normalized bispectrum modulus of MCGINAR(1) with y = 0.7,¢ = 0.5, and v = 1.9.

wy 0007 0057 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0607 0657 070t 0.757T 0807 0857 0907 0957 T
w1

0.00 7T 2.0770 1.9834 1.7764 15668 1.4001 1.2778 1.1898 1.1261 1.0792 1.0443 1.0178 0.9975 09818 0.9696 0.9601 0.9527 0.9471 0.9430 0.9402 0.9386 0.9380
0.05 7T 19834 1.8341 1.6295 1.4453 1.3038 1.2004 1.1255 1.0708 1.0302 0.9997 0.9764 0.9584 0.9444 09336 0.9251 09186 0.9138 0.9103 0.9081 0.9070 0.9070
0.10 T 1.7764 1.6295 1.4548 1.3006 1.1812 1.0928 1.0279 0.9799 0.9439 0.9166 0.8956 0.8794 0.8668 0.8569 0.8493 0.8435 0.8393 0.8364 0.8347 0.8341 0.8347
0.15 1.5668 1.4453 1.3006 1.1698 1.0662 0.9882 0.9302 0.8867 0.8539 0.8288 0.8094 0.7943 0.7826 0.7734 0.7665 0.7612 0.7575 0.7551 0.7539 0.7539 0.7551
0.20 7T 1.4001 1.3038 1.1812 1.0662 0.9731 0.9020 0.8483 0.8078 0.7769 0.7532 0.7349 0.7206 0.7095 0.7009 0.6944 0.6896 0.6864 0.6845 0.6839 0.6845 0.6864
0.25 7T 1.2778 1.2004 1.0928 0.9882 0.9020 0.8351 0.7843 0.7457 0.7161 0.6933 0.6757 0.6619 0.6513 0.6432 0.6371 0.6328 0.6300 0.6286 0.6286 0.6300 0.6328
0.30 7T 1.1898 1.1255 1.0279 0.9302 0.8483 0.7843 0.7353 0.6979 0.6692 0.6471 0.6299 0.6166 0.6064 0.5986 0.5930 0.5891 0.5869 0.5861 0.5869 0.5891 0.5930
0.35 7T 1.1261 1.0708 0.9799 0.8867 0.8078 0.7457 0.6979 0.6613 0.6332 0.6116 0.5948 0.5819 0.5721 0.5648 0.5596 0.5562 0.5546 0.5546 0.5562 0.5596 0.5648
0.40 T 1.0792 1.0302 0.9439 0.8539 0.7769 0.7161 0.6692 0.6332 0.6056 0.5844 0.5680 0.5555 0.5460 0.5391 0.5345 0.5318 0.5309 0.5318 0.5345 0.5391 0.5460
0.45 7T 1.0443 0.9997 09166 0.8288 0.7532 0.6933 0.6471 0.6116 0.5844 0.5635 0.5475 0.5353 0.5264 0.5200 0.5159 0.5140 0.5140 0.5159 0.5200 0.5264 0.5353
0.50 7t 1.0178 0.9764 0.8956 0.8094 0.7349 0.6757 0.6299 0.5948 0.5680 0.5475 0.5319 0.5202 0.5117 0.5060 0.5027 0.5016 0.5027 0.5060 0.5117 0.5202 0.5319
0.55 7T 0.9975 0.9584 0.8794 0.7943 0.7206 0.6619 0.6166 0.5819 0.5555 0.5353 0.5202 0.5090 0.5012 0.4962 0.4938 0.4938 0.4962 0.5012 0.5090 0.5202 0.5353
0.60 7T 0.9818 0.9444 0.8668 0.7826 0.7095 0.6513 0.6064 0.5721 0.5460 0.5264 0.5117 0.5012 0.4941 0.4900 0.4887 0.4900 0.4941 0.5012 0.5117 0.5264 0.5460
0.65 7T 0.9696 09336 0.8569 0.7734 0.7009 0.6432 0.5986 0.5648 0.5391 0.5200 0.5060 0.4962 0.4900 0.4870 0.4870 0.4900 0.4962 0.5060 0.5200 0.5391 0.5648
0.70 T 0.9601 0.9251 0.8493 0.7665 0.6944 0.6371 0.5930 0.5596 0.5345 0.5159 0.5027 0.4938 0.4887 0.4870 0.4887 0.4938 0.5027 0.5159 0.5345 0.5596 0.5930
0.75 7t 0.9527 09186 0.8435 0.7612 0.6896 0.6328 0.5891 0.5562 0.5318 0.5140 0.5016 0.4938 0.4900 0.4900 0.4938 0.5016 0.5140 0.5318 0.5562 0.5891 0.6328
0.80 7t 0.9471 09138 0.8393 0.7575 0.6864 0.6300 0.5869 0.5546 0.5309 0.5140 0.5027 0.4962 0.4941 0.4962 0.5027 0.5140 0.5309 0.5546 0.5869 0.6300 0.6864
0.85 7T 0.9430 0.9103 0.8364 0.7551 0.6845 0.6286 0.5861 0.5546 0.5318 0.5159 0.5060 0.5012 0.5012 0.5060 0.5159 0.5318 0.5546 0.5861 0.6286 0.6845 0.7551
0.90 T 0.9402 0.9081 0.8347 0.7539 0.6839 0.6286 0.5869 0.5562 0.5345 0.5200 0.5117 0.5090 0.5117 0.5200 0.5345 0.5562 0.5869 0.6286 0.6839 0.7539 0.8347
0.95 T 0.9386 0.9070 0.8341 0.7539 0.6845 0.6300 0.5891 0.5596 0.5391 0.5264 0.5202 0.5202 0.5264 0.5391 0.5596 0.5891 0.6300 0.6845 0.7539 0.8341 0.9070

7T 0.9380 0.9070 0.8347 0.7551 0.6864 0.6328 0.5930 0.5648 0.5460 0.5353 0.5319 0.5353 0.5460 0.5648 0.5930 0.6328 0.6864 0.7551 0.8347 0.9070 0.9380
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5. Estimation of Spectral Density Functions

The bispectral density function provides useful information about the non-linearity
of the process. For continuous non- Gaussian time series, the modulus of the normalized
bispectrum is flat. From Figures 4 and 5, we can conclude that the model is linear; since
the values of the theoretical normalized bispectrum lie within (0.4, 2.5), they are flatter
(constant—lying very closely to each other) than the values of the non-normalized one that
lies within (0, 12).

The smoothed periodogram approach is used to estimate the spectral density functions
using the simulated series from the MCGINAR(1) model with {Y;,t =1,2,...,500} and
various lag windows. Generally, if Y7, Y5, ..., Yy is a realization of a real-valued third-order
stationary process {Y;} with mean v, autocovariance C,(s), and third cumulant Cs(s1, s2),
the smoothed spectrum, smoothed bispectrum, and smoothed normalized bispectrum are,
respectively, given by (see [23])

Jw) =5~ Y 9(s)Cals) exp(—isw)
s=—(N-1)
LY 966

— s)Ca(s)cosws, )

2 s:f(Nq)lp ’

. 1 N-1 N-1 .
f(wl,ZUz) = 2 2 2 170(51, Sz)Cg(Sl,Sz) exp(—islwl — iSzZUz), (10)

s1=—(N-1) s,=—(N-1)

Sy = —— ) an

V) fw2) f (w1 +w2)

where C,(s) and C3 (s, 52), the natural estimators for C(s) and Cz (s, s3), are, respectively,
given by

Co(s) i V)(Yiyps = Y), (12)

1 N

Y. v,

t=1

Y:

Z|

C3 Sl/SZ Z Yt+S1 - Y) (Yt+52 - Y) (13)

where s,sp > 0,0 = max(0,s1,52),s =0,£1,£2,...,£(N —1), - < wy,wp < 71, “P(s)”
is a one-dimensional lag window and “4(s1,52)” = P(s1 — s2)P(s1)9(s2) is a two-dimensional
lag window given by [32].

In this section, estimates of the spectral density functions are computed using the
smoothed periodogram method based on the Daniell [33], Tukey [34], and Parzen lag
windows [35] at a number of frequencies M = 8. This procedure is carried out for two cases,
(i) the actual realizations or generated realizations from MCGINAR(1) shown in Figure 1
and (i) the anticipated realizations of the actual realizations based on FTSMC, shown in
Figure 2.

Figures 6-8 show the estimates of the spectral density for the two scenarios: (i) the
actual realizations from MCGINAR(1) and (ii) the anticipated realizations for MCGI-
NAR(1) resulting from FTSMC, employing the Daniell, Parzen, and Tukey lag windows,
respectively. Figures 9-11 show estimates of the bispectrum modulus for the two different
scenarios: (i) actual realizations from MCGINAR(1) and (ii) anticipated realizations for
MCGINAR(1) resulting from FTSMC, employing the Daniell, Parzen, and Tukey lag win-
dows, respectively. Figures 12-14 show estimates of the normalized bispectrum modulus for
two different scenarios: (i) actual realizations from MCGINAR(1) and (ii) anticipated real-
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izations for MCGINAR(1) resulting from FTSMC, employing the Daniell, Parzen, and Tukey
lag windows, respectively.
Extrapolation of Results

¢  The Tukey lag window with anticipated realizations is the best window in estimating
fyy(w) compared to other windows, according to Figures 6-8 and the MSE that appears
on each figure (for the calculation of the MSE, see [26,27]).

¢ The Daniell window with anticipated realizations is the best window in estimat-
ing fyyy (w1, wp) among the other lag windows, according to the MSE that appears
in Figures 9-11, which is calculated from Tables 3-8.

¢  The Parzen window with anticipated realizations is the best window in estimat-
ing gyyy (w1, w2) among the other lag windows, according to the MSE that appears
in Figures 12-14.

®  These three points demonstrate the improvement in the smoothed estimates of the
spectral density functions by the different windows in favor of anticipated realizations
using FTSMC, as opposed to the realizations generated directly from the first-order
MCGINAR process. This implies that FTSMC makes a positive contribution to smooth-
ing estimation.

35 — 35 . . .
theoretical spectrum theoretical spectrum
----------- smoothed spectrum —— smoothed spectrum
30 3
; M.S.E=0.0172 ; M.S.E= 0.0121

251 25

2t 2
15} 15

1t 1
05 05

0 0

0 05 1 15 2 25 3 35 ] 05 1 15 2 25 3 35
w w
(a) actual realizations (b) anticipated realizations
Figure 6. Estimated spectrum with Daniell window.
35 35
theoretical spectrum theoretical spectrum
et 0 — smoothed spectrum sl T smoothed spectrum |
M.S.E = 0.1061 M.S.E= 0.0722

25F 25

2t 2
15} 15

1t 1
05} 0.6

0 0

0 05 1 15 2 25 3 35 0 05 1 15 2 25 3 35
w W
(a) actual realizations (b) anticipated realizations

Figure 7. Estimated spectrum with Parzen window.
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Figure 8. Estimated spectrum with Tukey window.
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Figure 9. Estimated bispectrum with Daniell window.
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Figure 10. Estimated bispectrum with Parzen window.
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Figure 11. Estimated bispectrum with Tukey window.

M.S.E= 0.0685
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Figure 12. Estimated normalized bispectrum with Daniell window.
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Figure 13. Estimated normalized bispectrum with Parzen window.
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M.S.E= 0.0715 M.S.E= 0.0559

1.5

Estimated normalizes bispectrum modulus
Estimated normalizes bispectrum modulus
i
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Figure 14. Estimated normalized bispectrum with Tukey window.
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Table 3. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Daniell window with generated realizations.

wy 0007 0057 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0.607r 0657 070t 0757 0807 0857 0907 09577 7T
w1

0.00 7t 6.2811 6.0178 5.2894 4.2634 3.1625 2.1953 1.4909 1.0680 0.8533 0.7378 0.6361 0.5164 0.3906 0.2837 0.2098 0.1671 0.1472 0.1429 0.1488 0.1578 0.1619
0.05 6.0178 5.5224 4.6485 3.5937 25750 1.7602 1.2203 0.9237 0.7751 0.6751 0.5663 0.4425 0.3258 0.2369 0.1810 0.1515 0.1400 0.1409 0.1485 0.1554 0.1554
0.10 r 5.2894 4.6485 3.7528 2.7993 1.9649 1.3559 0.9858 0.7926 0.6836 0.5860 0.4733 0.3572 0.2598 0.1930 0.1548 0.1364 0.1306 0.1334 0.1397 0.1429 0.1397
015 7 42634 3.5937 2.7993 2.0420 1.4374 1.0304 0.7970 0.6697 0.5776 0.4800 0.3742 0.2774 0.2048 0.1598 0.1362 0.1248 0.1213 0.1236 0.1273 0.1273 0.1236
0.20 T 3.1625 25750 1.9649 1.4374 1.0468 0.7963 0.6494 0.5536 0.4674 0.3768 0.2894 0.2179 0.1692 0.1413 0.1259 0.1170 0.1139 0.1152 0.1165 0.1152 0.1139
0.25 21953 1.7602 1.3559 1.0304 0.7963 0.6401 0.5339 0.4492 0.3702 0.2958 0.2320 0.1838 0.1524 0.1327 0.1188 0.1100 0.1073 0.1080 0.1080 0.1073 0.1100
0.30 7t 1.4909 1.2203 0.9858 0.7970 0.6494 0.5339 0.4408 0.3634 0.2984 0.2444 0.2011 0.1683 0.1437 0.1239 0.1088 0.1006 0.0985 0.0986 0.0985 0.1006 0.1088
0.35 T 1.0680 0.9237 0.7926 0.6697 0.5536 0.4492 0.3634 0.2989 0.2518 0.2155 0.1848 0.1568 0.1309 0.1091 0.0940 0.0868 0.0851 0.0851 0.0868 0.0940 0.1091
0.40 T 0.8533 0.7751 0.6836 0.5776 0.4674 0.3702 0.2984 0.2518 0.2212 0.1955 0.1679 0.1383 0.1108 0.0895 0.0758 0.0695 0.0680 0.0695 0.0758 0.0895 0.1108
0.45 7t 0.7378 0.6751 0.5860 0.4800 0.3768 0.2958 0.2444 0.2155 0.1955 0.1724 0.1431 0.1131 0.0883 0.0698 0.0573 0.0513 0.0513 0.0573 0.0698 0.0883 0.1131
0.50 7t 0.6361 0.5663 0.4733 0.3742 0.2894 0.2320 0.2011 0.1848 0.1679 0.1431 0.1142 0.0890 0.0695 0.0535 0.0415 0.0370 0.0415 0.0535 0.0695 0.0890 0.1142
0.55 0.5164 0.4425 0.3572 0.2774 0.2179 0.1838 0.1683 0.1568 0.1383 0.1131 0.0890 0.0705 0.0550 0.0407 0.0313 0.0313 0.0407 0.0550 0.0705 0.0890 0.1131
0.60 7T 0.3906 0.3258 0.2598 0.2048 0.1692 0.1524 0.1437 0.1309 0.1108 0.0883 0.0695 0.0550 0.0420 0.0316 0.0276 0.0316 0.0420 0.0550 0.0695 0.0883 0.1108
0.65 T 0.2837 0.2369 0.1930 0.1598 0.1413 0.1327 0.1239 0.1091 0.0895 0.0698 0.0535 0.0407 0.0316 0.0272 0.0272 0.0316 0.0407 0.0535 0.0698 0.0895 0.1091
0.70 7t 0.2098 0.1810 0.1548 0.1362 0.1259 0.1188 0.1088 0.0940 0.0758 0.0573 0.0415 0.0313 0.0276 0.0272 0.0276 0.0313 0.0415 0.0573 0.0758 0.0940 0.1088
0.75 7t 0.1671 0.1515 0.1364 0.1248 0.1170 0.1100 0.1006 0.0868 0.0695 0.0513 0.0370 0.0313 0.0316 0.0316 0.0313 0.0370 0.0513 0.0695 0.0868 0.1006 0.1100
0.80 7t 0.1472 0.1400 0.1306 0.1213 0.1139 0.1073 0.0985 0.0851 0.0680 0.0513 0.0415 0.0407 0.0420 0.0407 0.0415 0.0513 0.0680 0.0851 0.0985 0.1073 0.1139
0.85 7 0.1429 0.1409 0.1334 0.1236 0.1152 0.1080 0.0986 0.0851 0.0695 0.0573 0.0535 0.0550 0.0550 0.0535 0.0573 0.0695 0.0851 0.0986 0.1080 0.1152 0.1236
0.90 7t 0.1488 0.1485 0.1397 0.1273 0.1165 0.1080 0.0985 0.0868 0.0758 0.0698 0.0695 0.0705 0.0695 0.0698 0.0758 0.0868 0.0985 0.1080 0.1165 0.1273 0.1397
0.95 0.1578 0.1554 0.1429 0.1273 0.1152 0.1073 0.1006 0.0940 0.0895 0.0883 0.0890 0.0890 0.0883 0.0895 0.0940 0.1006 0.1073 0.1152 0.1273 0.1429 0.1554

T 0.1619 0.1554 0.1397 0.1236 0.1139 0.1100 0.1088 0.1091 0.1108 0.1131 0.1142 0.1131 0.1108 0.1091 0.1088 0.1100 0.1139 0.1236 0.1397 0.1554 0.1619
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Table 4. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Daniell window with anticipated realizations.

wy 0007 0057 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0607 0657 070t 0.757T 0807 0857 0907 0957 T
w1

0.00 7T 72751 7.0052 6.2479 5.1510 3.9273 2.7976 1.9240 1.3622 1.0610 0.9118 0.8128 0.7120 0.6067 0.5145 0.4451 0.3931 0.3476 0.3041 0.2662 0.2405 0.2315
0.05 7t 7.0052 6.4921 5.5681 4.4160 3.2535 22711 1.5751 1.1641 0.9544 0.8384 0.7401 0.6355 0.5357 0.4560 0.3978 0.3517 0.3092 0.2702 0.2402 0.2240 0.2240
0.10 T 6.2479 55681 4.5956 3.5226 25369 1.7703 1.2666 0.9835 0.8314 0.7258 0.6231 0.5210 0.4338 0.3692 0.3221 0.2834 0.2489 0.2208 0.2031 0.1972 0.2031
0.15 5.1510 4.4160 3.5226 2.6376 1.8908 1.3491 1.0090 0.8133 0.6890 0.5839 0.4818 0.3907 0.3206 0.2717 0.2364 0.2084 0.1866 0.1730 0.1673 0.1673 0.1730
0.20 7t 3.9273 3.2535 2.5369 1.8908 1.3815 1.0261 0.7997 0.6528 0.5394 0.4360 0.3431 0.2694 0.2182 0.1847 0.1622 0.1472 0.1396 0.1382 0.1386 0.1382 0.1396
0.25 7T 27976 22711 1.7703 1.3491 1.0261 0.7951 0.6324 0.5080 0.4007 0.3058 0.2296 0.1764 0.1435 0.1242 0.1133 0.1091 0.1107 0.1139 0.1139 0.1107 0.1091
0.30 7T 1.9240 1.5751 1.2666 1.0090 0.7997 0.6324 0.4973 0.3834 0.2856 0.2073 0.1526 0.1199 0.1021 0.0922 0.0869 0.0864 0.0892 0.0910 0.0892 0.0864 0.0869
0.35 7T 1.3622 1.1641 0.9835 0.8133 0.6528 0.5080 0.3834 0.2799 0.1990 0.1433 0.1109 0.0942 0.0842 0.0757 0.0688 0.0663 0.0672 0.0672 0.0663 0.0688 0.0757
0.40 T 1.0610 09544 0.8314 0.6890 0.5394 0.4007 0.2856 0.1990 0.1413 0.1092 0.0942 0.0854 0.0750 0.0616 0.0506 0.0481 0.0491 0.0481 0.0506 0.0616 0.0750
0.45 7T 0.9118 0.8384 0.7258 0.5839 0.4360 0.3058 0.2073 0.1433 0.1092 0.0952 0.0890 0.0802 0.0644 0.0456 0.0371 0.0409 0.0409 0.0371 0.0456 0.0644 0.0802
0.50 7t 0.8128 0.7401 0.6231 0.4818 0.3431 0.2296 0.1526 0.1109 0.0942 0.0890 0.0833 0.0698 0.0491 0.0338 0.0384 0.0441 0.0384 0.0338 0.0491 0.0698 0.0833
0.55 7T 0.7120 0.6355 0.5210 0.3907 0.2694 0.1764 0.1199 0.0942 0.0854 0.0802 0.0698 0.0520 0.0354 0.0378 0.0482 0.0482 0.0378 0.0354 0.0520 0.0698 0.0802
0.60 7T 0.6067 0.5357 0.4338 0.3206 0.2182 0.1435 0.1021 0.0842 0.0750 0.0644 0.0491 0.0354 0.0381 0.0505 0.0564 0.0505 0.0381 0.0354 0.0491 0.0644 0.0750
0.65 7T 0.5145 0.4560 0.3692 0.2717 0.1847 0.1242 0.0922 0.0757 0.0616 0.0456 0.0338 0.0378 0.0505 0.0595 0.0595 0.0505 0.0378 0.0338 0.0456 0.0616 0.0757
0.70 T 0.4451 0.3978 0.3221 0.2364 0.1622 0.1133 0.0869 0.0688 0.0506 0.0371 0.0384 0.0482 0.0564 0.0595 0.0564 0.0482 0.0384 0.0371 0.0506 0.0688 0.0869
0.75 7t 0.3931 0.3517 0.2834 0.2084 0.1472 0.1091 0.0864 0.0663 0.0481 0.0409 0.0441 0.0482 0.0505 0.0505 0.0482 0.0441 0.0409 0.0481 0.0663 0.0864 0.1091
0.80 7t 0.3476 0.3092 0.2489 0.1866 0.1396 0.1107 0.0892 0.0672 0.0491 0.0409 0.0384 0.0378 0.0381 0.0378 0.0384 0.0409 0.0491 0.0672 0.0892 0.1107 0.1396
0.85 7T 0.3041 0.2702 0.2208 0.1730 0.1382 0.1139 0.0910 0.0672 0.0481 0.0371 0.0338 0.0354 0.0354 0.0338 0.0371 0.0481 0.0672 0.0910 0.1139 0.1382 0.1730
0.90 T 0.2662 0.2402 0.2031 0.1673 0.1386 0.1139 0.0892 0.0663 0.0506 0.0456 0.0491 0.0520 0.0491 0.0456 0.0506 0.0663 0.0892 0.1139 0.1386 0.1673 0.2031
0.95 T 0.2405 0.2240 0.1972 0.1673 0.1382 0.1107 0.0864 0.0688 0.0616 0.0644 0.0698 0.0698 0.0644 0.0616 0.0688 0.0864 0.1107 0.1382 0.1673 0.1972 0.2240

7T 0.2315 0.2240 0.2031 0.1730 0.1396 0.1091 0.0869 0.0757 0.0750 0.0802 0.0833 0.0802 0.0750 0.0757 0.0869 0.1091 0.1396 0.1730 0.2031 0.2240 0.2315
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Table 5. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Parzen window with generated realizations.

wy 0007 0057t 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0607 0657 0.70r 0.757T 0807 0857 0907 0957 T
w1

0.00 T 3.6955 3.7475 3.7242 3.3375 2.6065 1.8893 1.4845 1.3180 1.1031 0.7373 0.4115 0.3208 0.3922 0.3916 0.2369 0.0834 0.0843 0.1780 0.1923 0.0956 0.0313
0.05 7T 3.7475 3.7654 3.5645 29891 2.2462 1.6882 1.4204 1.2543 0.9559 0.5814 0.3719 0.3761 0.4317 0.3387 0.1525 0.0794 0.1357 0.2097 0.1510 0.0516 0.0516
0.10 T 3.7242 35645 3.1669 25556 19788 15756 1.3348 1.1040 0.7684 0.5145 0.4189 0.4249 0.3992 0.2327 0.1363 0.1160 0.1788 0.1871 0.0800 0.0815 0.0800
0.15 7 3.3375 29891 25556 2.1222 1.7260 1.3544 1.0771 0.8184 0.6098 0.5142 0.4139 0.3664 0.2636 0.1729 0.1725 0.1298 0.1721 0.1072 0.0982 0.0982 0.1072
0.20 T 2.6065 22462 1.9788 1.7260 1.3691 0.9940 0.7356 0.5862 0.5430 0.4511 0.3238 0.2446 0.1707 0.1929 0.1548 0.1376 0.1322 0.0839 0.1219 0.0839 0.1322
0.25 7T 1.8893 1.6882 15756 1.3544 0.9940 0.6762 0.5309 0.5237 0.4931 0.3594 0.2361 0.1781 0.1993 0.2065 0.1530 0.1359 0.1113 0.1366 0.1366 0.1113 0.1359
0.30 T 1.4845 1.4204 1.3348 1.0771 0.7356 0.5309 0.5256 0.5543 0.4565 0.2778 0.1782 0.2132 0.2643 0.2140 0.1232 0.0946 0.1440 0.1911 0.1440 0.0946 0.1232
0.35 7T 1.3180 1.2543 1.1040 0.8184 0.5862 0.5237 0.5543 0.5130 0.3328 0.1789 0.1825 0.2590 0.2524 0.1258 0.0272 0.0712 0.1733 0.1733 0.0712 0.0272 0.1258
0.40 T 1.1031 0.9559 0.7684 0.6098 0.5430 0.4931 0.4565 0.3328 0.1904 0.1739 0.1962 0.2302 0.1434 0.0117 0.0322 0.0879 0.1585 0.0879 0.0322 0.0117 0.1434
0.45 7T 0.7373 05814 0.5145 0.5142 0.4511 0.3594 0.2778 0.1789 0.1739 0.1674 0.1873 0.1698 0.0543 0.0335 0.0350 0.1331 0.1331 0.0350 0.0335 0.0543 0.1698
0.50 7t 0.4115 0.3719 0.4189 0.4139 0.3238 0.2361 0.1782 0.1825 0.1962 0.1873 0.1853 0.1293 0.0759 0.0785 0.1180 0.1572 0.1180 0.0785 0.0759 0.1293 0.1853
0.55 7T 0.3208 0.3761 0.4249 0.3664 0.2446 0.1781 0.2132 0.2590 0.2302 0.1698 0.1293 0.1280 0.1517 0.1268 0.1123 0.1123 0.1268 0.1517 0.1280 0.1293 0.1698
0.60 7T 0.3922 0.4317 0.3992 0.2636 0.1707 0.1993 0.2643 0.2524 0.1434 0.0543 0.0759 0.1517 0.1432 0.0530 0.0398 0.0530 0.1432 0.1517 0.0759 0.0543 0.1434
0.65 7T 0.3916 0.3387 0.2327 0.1729 0.1929 0.2065 0.2140 0.1258 0.0117 0.0335 0.0785 0.1268 0.0530 0.0655 0.0655 0.0530 0.1268 0.0785 0.0335 0.0117 0.1258
0.70 T 0.2369 0.1525 0.1363 0.1725 0.1548 0.1530 0.1232 0.0272 0.0322 0.0350 0.1180 0.1123 0.0398 0.0655 0.0398 0.1123 0.1180 0.0350 0.0322 0.0272 0.1232
0.75 7t 0.0834 0.0794 0.1160 0.1298 0.1376 0.1359 0.0946 0.0712 0.0879 0.1331 0.1572 0.1123 0.0530 0.0530 0.1123 0.1572 0.1331 0.0879 0.0712 0.0946 0.1359
0.80 7t 0.0843 0.1357 0.1788 0.1721 0.1322 0.1113 0.1440 0.1733 0.1585 0.1331 0.1180 0.1268 0.1432 0.1268 0.1180 0.1331 0.1585 0.1733 0.1440 0.1113 0.1322
0.85 7T 0.1780 0.2097 0.1871 0.1072 0.0839 0.1366 0.1911 0.1733 0.0879 0.0350 0.0785 0.1517 0.1517 0.0785 0.0350 0.0879 0.1733 0.1911 0.1366 0.0839 0.1072
0.90 7t 0.1923 0.1510 0.0800 0.0982 0.1219 0.1366 0.1440 0.0712 0.0322 0.0335 0.0759 0.1280 0.0759 0.0335 0.0322 0.0712 0.1440 0.1366 0.1219 0.0982 0.0800
0.95 7t 0.0956 0.0516 0.0815 0.0982 0.0839 0.1113 0.0946 0.0272 0.0117 0.0543 0.1293 0.1293 0.0543 0.0117 0.0272 0.0946 0.1113 0.0839 0.0982 0.0815 0.0516

T 0.0313 0.0516 0.0800 0.1072 0.1322 0.1359 0.1232 0.1258 0.1434 0.1698 0.1853 0.1698 0.1434 0.1258 0.1232 0.1359 0.1322 0.1072 0.0800 0.0516 0.0313
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Table 6. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Parzen window with anticipated realizations.

wy 0007 0057t 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0607 0657 0.70r 0.757T 0807 0857 0907 0957 T
w1

0.00 T 44795 45332 44906 4.0266 3.1702 2.3340 1.8538 1.6362 1.3547 0.9068 0.5249 0.4285 0.5160 0.5075 0.3180 0.1420 0.1554 0.2679 0.2661 0.1242 0.0350
0.05 7T 45332 4.5419 42940 3.6252 2.7681 21131 1.7767 1.5430 1.1704 0.7348 0.4954 0.5049 0.5632 0.4509 0.2407 0.1582 0.2317 0.3022 0.2169 0.0872 0.0872
0.10 T 44906 4.2940 3.8391 3.1574 24899 1.9927 1.6605 1.3497 09690 0.6803 0.5593 0.5588 0.5226 0.3567 0.2459 0.2259 0.2758 0.2677 0.1656 0.1444 0.1656
0.15 7 4.0266 3.6252 3.1574 2.6758 2.1861 1.7004 1.3202 1.0149 0.7901 0.6529 0.5189 0.4498 0.3566 0.2918 0.2740 0.2123 0.2148 0.1684 0.1806 0.1806 0.1684
0.20 7T 3.1702 2.7681 2.4899 21861 1.7145 1.2121 0.8855 0.7296 0.6677 0.5248 0.3472 0.2608 0.2308 0.2768 0.2083 0.1323 0.1236 0.1282 0.1894 0.1282 0.1236
0.25 7T 2.3340 21131 1.9927 1.7004 1.2121 0.7995 0.6362 0.6340 0.5721 0.3697 0.2137 0.1702 0.2385 0.2451 0.1347 0.1160 0.0962 0.1689 0.1689 0.0962 0.1160
0.30 T 1.8538 1.7767 1.6605 1.3202 0.8855 0.6362 0.6323 0.6537 0.5055 0.2720 0.1623 0.2237 0.2984 0.2236 0.1021 0.0801 0.1538 0.2244 0.1538 0.0801 0.1021
0.35 7T 1.6362 1.5430 1.3497 1.0149 0.7296 0.6340 0.6537 0.5863 0.3705 0.1906 0.1920 0.2820 0.2756 0.1364 0.0346 0.0849 0.1958 0.1958 0.0849 0.0346 0.1364
0.40 T 1.3547 1.1704 0.9690 0.7901 0.6677 0.5721 0.5055 0.3705 0.2263 0.1897 0.1948 0.2214 0.1420 0.0638 0.0713 0.0866 0.1444 0.0866 0.0713 0.0638 0.1420
0.45 7T 0.9068 0.7348 0.6803 0.6529 0.5248 0.3697 0.2720 0.1906 0.1897 0.1505 0.1452 0.1350 0.0385 0.0732 0.0260 0.1047 0.1047 0.0260 0.0732 0.0385 0.1350
0.50 7t 0.5249 0.4954 0.5593 0.5189 0.3472 0.2137 0.1623 0.1920 0.1948 0.1452 0.1573 0.1027 0.0760 0.0775 0.0976 0.1549 0.0976 0.0775 0.0760 0.1027 0.1573
0.55 7T 0.4285 0.5049 0.5588 0.4498 0.2608 0.1702 0.2237 0.2820 0.2214 0.1350 0.1027 0.1178 0.1672 0.1200 0.1079 0.1079 0.1200 0.1672 0.1178 0.1027 0.1350
0.60 7T 0.5160 0.5632 0.5226 0.3566 0.2308 0.2385 0.2984 0.2756 0.1420 0.0385 0.0760 0.1672 0.1616 0.0546 0.0297 0.0546 0.1616 0.1672 0.0760 0.0385 0.1420
0.65 7T 0.5075 0.4509 0.3567 0.2918 0.2768 0.2451 0.2236 0.1364 0.0638 0.0732 0.0775 0.1200 0.0546 0.0492 0.0492 0.0546 0.1200 0.0775 0.0732 0.0638 0.1364
0.70 T 0.3180 0.2407 0.2459 0.2740 0.2083 0.1347 0.1021 0.0346 0.0713 0.0260 0.0976 0.1079 0.0297 0.0492 0.0297 0.1079 0.0976 0.0260 0.0713 0.0346 0.1021
0.75 7t 0.1420 0.1582 0.2259 0.2123 0.1323 0.1160 0.0801 0.0849 0.0866 0.1047 0.1549 0.1079 0.0546 0.0546 0.1079 0.1549 0.1047 0.0866 0.0849 0.0801 0.1160
0.80 7t 0.1554 0.2317 0.2758 0.2148 0.1236 0.0962 0.1538 0.1958 0.1444 0.1047 0.0976 0.1200 0.1616 0.1200 0.0976 0.1047 0.1444 0.1958 0.1538 0.0962 0.1236
0.85 7T 0.2679 0.3022 0.2677 0.1684 0.1282 0.1689 0.2244 0.1958 0.0866 0.0260 0.0775 0.1672 0.1672 0.0775 0.0260 0.0866 0.1958 0.2244 0.1689 0.1282 0.1684
0.90 7t 0.2661 0.2169 0.1656 0.1806 0.1894 0.1689 0.1538 0.0849 0.0713 0.0732 0.0760 0.1178 0.0760 0.0732 0.0713 0.0849 0.1538 0.1689 0.1894 0.1806 0.1656
0.95 7t 0.1242 0.0872 0.1444 0.1806 0.1282 0.0962 0.0801 0.0346 0.0638 0.0385 0.1027 0.1027 0.0385 0.0638 0.0346 0.0801 0.0962 0.1282 0.1806 0.1444 0.0872

T 0.0350 0.0872 0.1656 0.1684 0.1236 0.1160 0.1021 0.1364 0.1420 0.1350 0.1573 0.1350 0.1420 0.1364 0.1021 0.1160 0.1236 0.1684 0.1656 0.0872 0.0350
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Table 7. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Tukey window with generated realizations.

wy 0.007 0.057r 0107 0.157 0207 0257 0307 0357 0407 0457 0507 0557 0.607r 0.657t 0707 0.75r 0807 0857 0907 0.957 T
w1

0.00 7T 5.7134 5.4997 49012 4.0391 3.0884 22251 1.5656 1.1330 0.8751 0.7145 0.5925 0.4825 0.3789 0.2852 0.2093 0.1591 0.1362 0.1323 0.1348 0.1362 0.1363
0.05 7t 5.4997 5.0938 4.3649 3.4631 25661 1.8210 1.2955 0.9698 0.7746 0.6407 0.5279 0.4225 0.3249 0.2407 0.1782 0.1428 0.1309 0.1310 0.1327 0.1328 0.1328
0.10 T 49012 4.3649 3.5997 27630 2.0076 1.4310 1.0507 0.8198 0.6712 0.5558 0.4518 0.3549 0.2682 0.1983 0.1522 0.1307 0.1256 0.1256 0.1249 0.1242 0.1249
0.15 4.0391 3.4631 27630 2.0763 1.5091 1.1062 0.8493 0.6861 0.5674 0.4661 0.3734 0.2893 0.2178 0.1652 0.1349 0.1232 0.1201 0.1179 0.1156 0.1156 0.1179
0.20 7t 3.0884 2.5661 2.0076 1.5091 1.1261 0.8636 0.6905 0.5677 0.4686 0.3815 0.3034 0.2352 0.1809 0.1445 0.1260 0.1187 0.1146 0.1106 0.1088 0.1106 0.1146
0.25 7T 2.2251 1.8210 1.4310 1.1062 0.8636 0.6910 0.5648 0.4655 0.3827 0.3114 0.2494 0.1974 0.1581 0.1332 0.1203 0.1133 0.1078 0.1041 0.1041 0.1078 0.1133
0.30 T 1.5656 1.2955 1.0507 0.8493 0.6905 0.5648 0.4636 0.3817 0.3151 0.2595 0.2124 0.1733 0.1437 0.1240 0.1119 0.1038 0.0983 0.0962 0.0983 0.1038 0.1119
0.35 7T 1.1330 0.9698 0.8198 0.6861 0.5677 0.4655 0.3817 0.3161 0.2648 0.2230 0.1868 0.1553 0.1298 0.1113 0.0985 0.0900 0.0857 0.0857 0.0900 0.0985 0.1113
0.40 T 0.8751 0.7746 0.6712 0.5674 0.4686 0.3827 0.3151 0.2648 0.2268 0.1949 0.1648 0.1365 0.1126 0.0944 0.0816 0.0739 0.0714 0.0739 0.0816 0.0944 0.1126
0.45 7T 0.7145 0.6407 0.5558 0.4661 0.3815 0.3114 0.2595 0.2230 0.1949 0.1685 0.1411 0.1150 0.0931 0.0762 0.0642 0.0580 0.0580 0.0642 0.0762 0.0931 0.1150
0.50 7T 0.5925 0.5279 0.4518 0.3734 0.3034 0.2494 0.2124 0.1868 0.1648 0.1411 0.1163 0.0934 0.0743 0.0591 0.0487 0.0449 0.0487 0.0591 0.0743 0.0934 0.1163
0.55 7T 0.4825 0.4225 0.3549 0.2893 0.2352 0.1974 0.1733 0.1553 0.1365 0.1150 0.0934 0.0740 0.0575 0.0445 0.0370 0.0370 0.0445 0.0575 0.0740 0.0934 0.1150
0.60 7T 0.3789 0.3249 0.2682 0.2178 0.1809 0.1581 0.1437 0.1298 0.1126 0.0931 0.0743 0.0575 0.0436 0.0341 0.0308 0.0341 0.0436 0.0575 0.0743 0.0931 0.1126
0.65 7T 0.2852 0.2407 0.1983 0.1652 0.1445 0.1332 0.1240 0.1113 0.0944 0.0762 0.0591 0.0445 0.0341 0.0293 0.0293 0.0341 0.0445 0.0591 0.0762 0.0944 0.1113
0.70 T 0.2093 0.1782 0.1522 0.1349 0.1260 0.1203 0.1119 0.0985 0.0816 0.0642 0.0487 0.0370 0.0308 0.0293 0.0308 0.0370 0.0487 0.0642 0.0816 0.0985 0.1119
0.75 7T 0.1591 0.1428 0.1307 0.1232 0.1187 0.1133 0.1038 0.0900 0.0739 0.0580 0.0449 0.0370 0.0341 0.0341 0.0370 0.0449 0.0580 0.0739 0.0900 0.1038 0.1133
0.80 7t 0.1362 0.1309 0.1256 0.1201 0.1146 0.1078 0.0983 0.0857 0.0714 0.0580 0.0487 0.0445 0.0436 0.0445 0.0487 0.0580 0.0714 0.0857 0.0983 0.1078 0.1146
0.85 7T 0.1323 0.1310 0.1256 0.1179 0.1106 0.1041 0.0962 0.0857 0.0739 0.0642 0.0591 0.0575 0.0575 0.0591 0.0642 0.0739 0.0857 0.0962 0.1041 0.1106 0.1179
0.90 T 0.1348 0.1327 0.1249 0.1156 0.1088 0.1041 0.0983 0.0900 0.0816 0.0762 0.0743 0.0740 0.0743 0.0762 0.0816 0.0900 0.0983 0.1041 0.1088 0.1156 0.1249
0.95 T 0.1362 0.1328 0.1242 0.1156 0.1106 0.1078 0.1038 0.0985 0.0944 0.0931 0.0934 0.0934 0.0931 0.0944 0.0985 0.1038 0.1078 0.1106 0.1156 0.1242 0.1328

7T 0.1363 0.1328 0.1249 0.1179 0.1146 0.1133 0.1119 0.1113 0.1126 0.1150 0.1163 0.1150 0.1126 0.1113 0.1119 0.1133 0.1146 0.1179 0.1249 0.1328 0.1363
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Table 8. Numerical values of estimated bispectrum modulus of MCGINAR(1) using Tukey window with anticipated realizations.

wy 0.00r 0.057r 0107 0157 0207 0257 0307 0357 0407 0457 0507 0557 0607t 0.657t 0.707r 0.757 0807 0.857 0907 0957 T
w1

0.00 7T 6.6935 6.4649 5.8204 4.8787 3.8135 2.8089 2.0016 1.4428 1.1004 0.8989 0.7664 0.6600 0.5655 0.4828 0.4138 0.3578 0.3118 0.2732 0.2414 0.2194 0.2114
0.05 7t 6.4649 6.0287 5.2377 4.2400 3.2157 2.3250 1.6601 1.2270 0.9685 0.8093 0.6930 0.5934 0.5053 0.4304 0.3693 0.3201 0.2796 0.2459 0.2201 0.2056 0.2056
0.10 T 5.8204 5.2377 4.3955 3.4515 25641 1.8474 1.3433 1.0251 0.8299 0.6973 0.5913 0.4991 0.4200 0.3552 0.3041 0.2639 0.2317 0.2065 0.1895 0.1834 0.1895
0.15 48787 4.2400 3.4515 2.6532 1.9587 1.4305 1.0711 0.8406 0.6866 0.5704 0.4733 0.3908 0.3233 0.2711 0.2321 0.2031 0.1817 0.1665 0.1583 0.1583 0.1665
0.20 7t 3.8135 3.2157 25641 19587 1.4634 1.0989 0.8483 0.6754 0.5464 0.4422 0.3556 0.2857 0.2325 0.1946 0.1687 0.1518 0.1408 0.1339 0.1313 0.1339 0.1408
0.25 7T 2.8089 2.3250 1.8474 1.4305 1.0989 0.8517 0.6701 0.5309 0.4187 0.3270 0.2543 0.1999 0.1621 0.1381 0.1239 0.1161 0.1112 0.1083 0.1083 0.1112 0.1161
0.30 7T 2.0016 1.6601 1.3433 1.0711 0.8483 0.6701 0.5261 0.4077 0.3110 0.2354 0.1798 0.1418 0.1179 0.1040 0.0962 0.0912 0.0873 0.0857 0.0873 0.0912 0.0962
0.35 7T 14428 1.2270 1.0251 0.8406 0.6754 0.5309 0.4077 0.3063 0.2279 0.1715 0.1336 0.1094 0.0942 0.0839 0.0760 0.0695 0.0655 0.0655 0.0695 0.0760 0.0839
0.40 T 1.1004 0.9685 0.8299 0.6866 0.5464 0.4187 0.3110 0.2279 0.1696 0.1320 0.1084 0.0926 0.0799 0.0679 0.0577 0.0512 0.0492 0.0512 0.0577 0.0679 0.0799
0.45 7T 0.8989 0.8093 0.6973 0.5704 0.4422 0.3270 0.2354 0.1715 0.1320 0.1089 0.0940 0.0809 0.0667 0.0527 0.0439 0.0419 0.0419 0.0439 0.0527 0.0667 0.0809
0.50 7t 0.7664 0.6930 0.5913 0.4733 0.3556 0.2543 0.1798 0.1336 0.1084 0.0940 0.0821 0.0683 0.0528 0.0416 0.0403 0.0419 0.0403 0.0416 0.0528 0.0683 0.0821
0.55 7T 0.6600 0.5934 0.4991 0.3908 0.2857 0.1999 0.1418 0.1094 0.0926 0.0809 0.0683 0.0536 0.0418 0.0403 0.0447 0.0447 0.0403 0.0418 0.0536 0.0683 0.0809
0.60 7T 0.5655 0.5053 0.4200 0.3233 0.2325 0.1621 0.1179 0.0942 0.0799 0.0667 0.0528 0.0418 0.0404 0.0464 0.0498 0.0464 0.0404 0.0418 0.0528 0.0667 0.0799
0.65 7T 0.4828 0.4304 0.3552 0.2711 0.1946 0.1381 0.1040 0.0839 0.0679 0.0527 0.0416 0.0403 0.0464 0.0519 0.0519 0.0464 0.0403 0.0416 0.0527 0.0679 0.0839
0.70 T 0.4138 0.3693 0.3041 0.2321 0.1687 0.1239 0.0962 0.0760 0.0577 0.0439 0.0403 0.0447 0.0498 0.0519 0.0498 0.0447 0.0403 0.0439 0.0577 0.0760 0.0962
0.75 7t 0.3578 0.3201 0.2639 0.2031 0.1518 0.1161 0.0912 0.0695 0.0512 0.0419 0.0419 0.0447 0.0464 0.0464 0.0447 0.0419 0.0419 0.0512 0.0695 0.0912 0.1161
0.80 7t 0.3118 0.2796 0.2317 0.1817 0.1408 0.1112 0.0873 0.0655 0.0492 0.0419 0.0403 0.0403 0.0404 0.0403 0.0403 0.0419 0.0492 0.0655 0.0873 0.1112 0.1408
0.85 7T 0.2732 0.2459 0.2065 0.1665 0.1339 0.1083 0.0857 0.0655 0.0512 0.0439 0.0416 0.0418 0.0418 0.0416 0.0439 0.0512 0.0655 0.0857 0.1083 0.1339 0.1665
0.90 T 0.2414 0.2201 0.1895 0.1583 0.1313 0.1083 0.0873 0.0695 0.0577 0.0527 0.0528 0.0536 0.0528 0.0527 0.0577 0.0695 0.0873 0.1083 0.1313 0.1583 0.1895
0.95 T 0.2194 0.2056 0.1834 0.1583 0.1339 0.1112 0.0912 0.0760 0.0679 0.0667 0.0683 0.0683 0.0667 0.0679 0.0760 0.0912 0.1112 0.1339 0.1583 0.1834 0.2056

7T 0.2114 0.2056 0.1895 0.1665 0.1408 0.1161 0.0962 0.0839 0.0799 0.0809 0.0821 0.0809 0.0799 0.0839 0.0962 0.1161 0.1408 0.1665 0.1895 0.2056 0.2114
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6. Conclusions

A novel approach known as the FTSMC method has been suggested to derive more
accurate smoothing estimates of spectral density functions. For this reason, the smoothed
estimates of the spectral, bispectral, and normalized bispectral density functions for a
known process (MCGINAR(1)) are computed. Both generated realizations from the speci-
fied model and anticipated realizations resulting from the FTSMC approach are used to
calculate the estimates of these functions. The results and illustrations in this research
demonstrate that the FTSMC enhances the estimate’s smoothing. Future studies will try to
enhance the mentioned method using long short-term memory and pi-sigma artificial neu-
ral networks to produce the best smoothing of estimates in comparison to the conclusions
obtained here.
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