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infinite systems (IS) of quadratic Hammerstein integral equations (IEs). Our study will be conducted
in the Banach space of functions, which are continuous and bounded on the half-real axis with values
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our investigations is the technique associated with the measures of noncompactness (MNCs) and a
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1. Introduction

IEs play a significant role in several branches of nonlinear analysis. Obviously, IEs are
closely connected with the theory of differential equations, both ordinary and partial (cf.
Corduneanu [1], Pogorzelski [2]).

With the help of IEs we can represent mathematical models of a lot of events appearing
in mathematical physics, engineering, mechanics, kinetic theory of gases, transport theory,
economics, biology, etc. (see Burton [3], Busbridge [4], Cahlon and Eskin [5], Case and
Zweigel [6], Chandrasekhar [7], Deimling [8] and references therein). Let us mention that
a lot of real-world problems can be described with the help of IEs (see Deimling [8] and
Zabrejko et al. [9], for example).

Obviously, the theory of ISs of IEs represents both a generalization of the classical
theory of IEs and simultaneously an advanced part of nonlinear analysis. That theory is a
young branch of the theory of IEs since papers studying problems of ISs of IEs have only
appeared in recent decades.

It is worthwhile mentioning that the investigations concerning solutions of ISs of IEs
defined on an unbounded interval are quite new (cf. Bana$ and Chlebowicz [10], Bana$
and Madej [11] and references therein). Let us pay attention to the paper of Banas and
Madej [11], where we examined an IS of quadratic Urysohn IEs with integral taken as
improper one defined on the real half-axis R .

As far as we know, the above-quoted paper of Bana$ and Madej is the first one of such
a type. In that paper, we examined conditions ensuring the existence of ISs solutions for
quadratic Urysohn IEs, which are converging to zero at infinity at the same rate. More
precisely, we examined conditions guaranteeing that solutions of the mentioned ISs of
quadratic Urysohn IEs being function sequence (x,(t)) defined on the interval R are such
that tlg‘go xn(t) = 0 uniformly with respect to n belonging to the set of natural numbers N.
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In the present paper, we are going to study the IS of quadratic Hammerstein IEs having
the form

X (t) = an(t) + fu(t, x1(t), x2(t),...) /00<> Sn(t, T)hn (T, x1(7), x2(7), ... )dT, (1)

fort e Ry =[0,00)and forn=1,2,....

The definitions of functions f,, and g, appearing in IS of IEs (1) will be given in
Section 3.

Our aim is to prove that under suitable conditions imposed on components of IS of
IEs (1) there exists a solution x(t) = (x,(t)) of this IS defined on R+ which is asymptotically
stable. The main tool used in the proof is the technique of MNCs applied in a suitable
Banach space. Due to MNCs, we are in a position to achieve the result for the existence of
asymptotically stable solutions of IS of IEs (1).

The results obtained in the paper for IS of IEs (1) create the first step in investigations
of conditions guaranteeing the existence of asymptotically stable solutions of IS of IEs.
Indeed, we expect that, based on these results, we will be able to obtain similar results for
IS of IEs of Urysohn type.

2. Auxiliary Facts

In this section, we collect notations and auxiliary facts that will be utilized in our
investigations of this paper. By the symbol R we denote the set of real numbers and we put
R4 = [0,00). Moreover, we denote by N the set of natural numbers.

Further, assume that E is a given Banach space with the norm || - ||g and the zero
element 6. In our considerations, we will also write || - || instead of || - || if it does not lead
to misunderstanding.

The symbol B(x, r) denotes the closed ball centered at x and with radius r. We write B,
to denote the ball B(6, 7). If X is a subset of E then the symbols X and ConvX stand for the
closure and convex closure of X, respectively. Moreover, we will use the standard notation
X +7Y, AX to denote the classical algebraic operations on subsets of E.

Next, let Mg denote the family of all nonempty and bounded subsets of E while its
subfamily consisting of all relatively compact sets will be denoted by M.

The most important concept used in our paper is the concept of a MNC. We will accept
the axiomatic definition of that concept taken from Bana$ and Goebel [12].

Definition 1. A function yu : Mg — Ry is said to be a MINC in the space E if it satisfies the

following conditions:

(i) The family kery = {X € Mg : u(X) = 0} is nonempty and kery C NE.

(i) XCY=uX)<uly).

(i) u(X) = u(X).

(iv) u(ConvX) = u(X).

(0 pAX+(1-2)Y) <Ap(X)+ (1 —A)u(Y)for A €[0,1].

(vi) If (Xn),>1 is a sequence of closed sets from M such that X, .1 C Xy forn =1,2,... and
nlglgo 1(Xn) = 0, then the set Xoo = ;=1 X is nonempty.

The family kery appearing in (i) is called the kernel of the MNC p.

If kery = Ng then the MNC y is called full.

Let us note that the set X, from axiom (vi) is an element of the kernel kery. It follows
immediately from the inequality y(Xe) < p(Xy) forn = 1,2,... . Hence we infer that
#(Xe) = 0 and consequently X, € keru. This simple observation plays a significant role
in applications of the technique connected with MNCs.

Further, assume that y is a MNC in the space E. The measure y is called sublinear [12]
if it satisfies the following conditions:

(vil) p(X+Y) < u(X) + u(Y).
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(viii) u(AX) = |A|u(X), for A € R.
If u satisfies the condition

() p(XUY) = max{p(X), p(Y)}
then it is called the MNC with the maximum property. If y is a full and sublinear MNC,
which has the maximum property, then it is called regular [12].

It is worthwhile mentioning that the first MNC was defined by K. Kuratowski [13].
Nevertheless, the most important and useful MINC is the so-called Hausdorff (or ball) MNC
defined in [14,15] with the help of the following formula

X(X) =inf{e > 0: X has a finite ¢ —netin E},

for X € M. It can be shown that x is a regular MNC [12]. Let us notice that in some
Banach spaces such as ¢g, I, (1 < p < ), C([a,b]) we can give formulas expressing
X in connection with the structure of these Banach spaces (cf. Akhmerov et al. [16],
Ayerbe et al. [17], Bana$ and Goebel [12]). On the other hand, there are Banach spaces
such as c or L”(a,b) in which we know formulas for regular MNCs are equivalent to the
Hausdorff MNC y in the mentioned spaces (cf. Banas and Goebel [12]).

Moreover, let us pay attention to the fact that in some Banach spaces, there exist regular
MNCs that are not equivalent to the Hausdorff MNC yx (cf. Ablet et al. [18], Mallet-Paret
and Nussbaum [19]).

Let us point out that in a lot of Banach spaces, we are not in a position to construct
formulas expressing the Hausdorff MNC x or MNCs equivalent to x. In such a situation,
we have to restrict ourselves to MNCs in the sense of Definition 1, in which they are not
even full.

Now, we recall the fixed point theorem of the Darbo type utilizing the concept of
an MNC (cf. Bana$ and Goebel [12], Darbo [20]). That theorem will be important in our
further considerations.

Theorem 1. Let (2 be a nonempty, bounded, closed, and convex subset of a Banach space E.
Assume that Q : QQ — ) is a continuous operator and there exists a constant k € [0,1) such that
w(QX) < ku(X) for any nonempty subset X of (2, where y is an MNC in the space E. Then, Q
has at least one fixed point in the set (2.

Notice that it can be shown (see Banas and Goebel [12]) that the set FixQ of fixed
points of the operator Q belonging to (2 is an element of the kernel kery. This simple
observation allows us to characterize solutions of considered operator equations.

In what follows, we will work in the Banach space BC(R, E) consisting of functions
defined, continuous, and bounded on R, with values in a given Banach space E. Here,
we will assume that in the space E, there is given an MNC p, which, in general, is not
equivalent to the Hausdorff MNC . If x € BC(R, E) then we define the norm of x as

| X lo=sup{|| x(t) ||g: t € Ry},

where || - || is a norm in the Banach space E.

We will also consider the space Cr = C([0, T],E) where T > 0 is arbitrarily fixed.
Obviously the space Cr consists of functions x : [0, T| — E being continuous on the interval
[0, T] and normed by the formula

| % lr= sup{|l x(t) [[e: t € [0, T]}-

Notice that if we take a function x € BC(R+, E) then the restriction x| 1) of x to the
interval [0, T] is an element of the space Cr.

Now, we are going to present the construction of the MNC in the space BC(R, E) (cf.
Banas et al. [21]). This MNC will be utilized in considerations conducted in the paper. Let
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us indicate that the mentioned MNC is associated with the investigations of conditions
ensuring the existence of solutions of the IS of IEs (1) which are asymptotically stable.

Thus, let us take an arbitrary nonempty and bounded subset X of the space BC(R, E).
Fix a function x € X. For ¢ > 0 we define the quantity w®(x, ) by putting

w®(x,e) = sup{[| x(t) = x(s) [l t,s € Ry, |t —s[ < e}

Notice that 1irré w®(x,¢) = 0if and only if the function x = x(t) is uniformly continu-
£—

ous on R, . On the other hand observe that for any T > 0 we have
wl(x,€) < w™(x,¢),
where w’ (x, ) denotes the modulus of the restriction x| jo,7] in the space Cr i.e.,
wl(x,€) = sup{|| x(t) — x(s) ||g: t,s €[0,T], |t —s| <e}.

However, we will not use the modulus w’ (x, ¢) in this paper (cf. Banas and Chlebow-
icz [10]).
Next, let us define:

w®(X,¢e) = sup{w™(x,€): x € X},
W (X) = limw™(X, ). @
e—0
It is easily seen that w{’(X) = 0 if and only if functions from the set X are equicontin-
uous on the interval R or equivalently, functions from X are equiuniformly continuous
onR,.
Next, let us consider the function 7i, defined on the family Mpc (g, ) by the formula

Fioo(X) = lim 7ir(X), )

where
Hr(X) =sup{u(X(t)): t€[0,T]}

and y is an MNC given in the Banach space E.

Notice that the existence of the limit in (3) follows from the fact that the function
T — jip(X) is nondecreasing and bounded on R (cf. Banas et al. [21]).

Further, for arbitrarily fixed t € R we define

diamX(t) = sup{[| x(t) —y(t) [[z: x,y € X}

and
c(X) = limsup diamX(¢). 4)

t—o0

Finally, taking into account (2)—(4), we define the following quantity
pe(X) = @y’ (X) +Hio (X) +¢(X) ()

(cf. Banas et al. [21]).

It can be shown that the function y. defined by (5) is the MNC in the Banach space
BC(R4,E) (cf. Banas et al. [21]). The kernel keryi., of this measure contains all nonempty
and bounded subsets X of the space BC(R, E) which are equiuniformly continuous on
Ry and such that all cross-sections X () of X are elements of the kernel kery in the Banach
space E. Moreover, the thickness of the bundle formed by graphs of functions from X tends
to zero at infinity.
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Let us also pay attention to the fact that the MNC . is not full and does not have the
maximum property. If we take the MNC y to be sublinear in E then the MNC . is also
sublinear in the Banach space BC(R, E) (cf. Bana$ et al. [21] for details).

In what follows, keeping in mind further applications of the MNC . defined by (5),
we will consider as the Banach space E the sequence space l, consisting of all real sequences
(xn) being bounded. Obviously, we consider the space I, with the classical supremum
norm

I x 1= (o) 1= supf[al : m=1,2,....},

where x = (xy,) € .

It is worthwhile mentioning (Banas and Goebel [12]) that we do not know formu-
las expressing the Hausdorff MNC y in the space lo. Therefore, we are forced to con-
sider the MNC defined by (5), where in the component defined by (3) we use one of
MNCs constructed in the space I (cf. Banas and Geobel [12], Bana$ and Mursaleen [22],
Akhmerov et al. [16]).

Now, we present the formula for the MNC used in the space BC(R, ) in our further
considerations. For convenience, we will denote the space BC(R ., ) by the symbol BCe.

Summing up, we consider the space BCo consisting of functions x : R4 — I which
are continuous and bounded on R ;. Any such a function can be written in the form

xX(t) = (xn(t)) = (21 (8), x2(8), - .)

for t € R, where the sequence (x

x(f)) is an element of the space I for any fixed t.
The norm of the function x = x(t) = (x

n(t)) is defined with help of the equality

Ill= supdll x(t) fli: ¢ € R} = sup {sup{lxu(5)] s 1 =1,2,... }}-
teR4

In what follows, we present the formula expressing the MNC . in connection with an
MNC in the space I, which seems to be the most natural in our setting.

Thus, let us fix a set X € Mpc,,. For ¢ > 0 and for an arbitrary function x(t) = (x,(t))
belonging to the set X let us consider the modulus w®(x, €) which now has the form

w®(x,€) = sup{|| x(t) — x(s) |l;.: t,s € Ry, |t —s| < ¢}
= sup{sup{|x,(t) —xn(s)|: n=1,2,...}: t,s e Ry, |t —s| < e}
Then we obtain
w™ (X, €) = supg supyq sup |x, () —xu(s)|: t,s € Ry, [t—s| <epp.
xeX neN

Finally, in view of (2) we have

W (X) = limaw™(X,e)

(6)
= lim{ sup< supy sup |x,(f) —x4(s)| : t,s € Ry, |t —s| < e .
20 | xex neN

Now, to define the second term 7, of the MNC . given by Formula (5), we will
assume (as we indicated it above) that in the space I, we take the MNC p3 defined on the
family 97,  in the following way (see Banas and Goebel [12], Bana$ and Mursaleen [22]):

u3(X) = limsup diamX,,

n—oo

where
Xy ={x,: x=(x;) € X}
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and
diamX,, = sup{|x, —yn|: x = (x;), y = (y;) € X}.

Now, keeping in mind the above formula and (3), for X € Mpc,, and for arbitrarily
fixed T > 0 we obtain

() = sup{ i (X(1)) : t € [0,T]}

~ sup {nmsup{supﬂxn(t) —yaO]: x=x(t), y=y(t) € X}}}.

tefo,T) L n—eo

Hence, we derive the following formula

7%(X) = lim 7i7(X)

T—o00

, , (7)
= lim { sup {hmsup{sup{|xn(t) —yn(B)]: x=x(t), y=y(t) € X}}}}

T=oo | tejo,r U n—eo

Further, we define the third term of the MINC y in the space BCy, given by Formula (4).
Indeed, we obtain

c(X) = limsup diamX (¢)

t—o0

(8)
= limsup{sup{sup |xn(£) —yn(t)| - x=x(t), y=y(t) € X}}

t—o0 neN

Now, based on Formulas (6)—(8) and taking into account Formula (5) expressing the
MNC . in the Banach space BC(R, E), we obtain the formula for the MNC in the space
BCq being counterpart of the MNC p3 mentioned above. In fact, this MNC has the form

12 (X) = Wi (X) + 1% (X) + c(X) ©)

(cf. Banas et al. [21]).

Let us point out that the function 2 is the MNC in the Banach space BCw, which is
sublinear but does not have the maximum property. Moreover, . is not full.

The kernel kery? is the family consisting of all nonempty and bounded subsets X of
the space BCw such that functions belonging to X are equiuniformly continuous on R
and all cross-sections X () of X are sets in I such that the thickness X(t) tends to zero as
n — oo, uniformly with respect to t € R. Moreover, the thickness of the bundle formed
by graphs of functions from X tends to zero at infinity.

Let us mention that the MNC 2 defined by (9) will be used in our considerations of
the next sections of the paper.

3. Main Result
This section is devoted to investigating the solvability of the IS of the quadratic

Hammerstein IEs (1).
Let us recall that the mentioned IS has the form

X (1) = an(t) + fu(t, x1(t), x2(t),...) /Ooo Sn(t, T)hn (T, x1(7), x2(7), ... )dT,

wheret € Ry andn=1,2,... .
As we indicated earlier, our considerations are located in the Banach space BCo, =
BC(R4, ls). The main tool used in our study is the MNC 2 defined by Formula (9).
Now, we present assumptions under which the IS if IEs (1) will be investigated.

(i) The sequence (ay,(t)) is an element of the space BCo. Apart from this, the functions
ap = a,(t) are equicontinuous on R .
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For further purposes we denote by A the norm of the function (a,(t)) in the space
BCw ie,
A =sup{sup{la,(t)|: n=1,2,...}: t e R }.
(i) The functions g, (¢, 7) = gu : Ri — R are continuous on the set Ri (n=1,2,...).
Moreover, the functions t — ¢, (, T) are equicontinuous on the set R uniformly with
respect to T € R i.e., the following condition is satisfied

v 3V V¥ VvV [lta—t| <= |gu(ta, T) — gu(t1, T)| < g].
e>00>0neNTER, t,theRy

(iii) For any n € Nand for each t € R, the improper integral

| lsatt o)l

is convergent. Moreover, the integrals fooo |gn(t, T)|dT are equibounded for any n =
1,2,... and foreach t € R..

In what follows we denote by G; the finite constant defined by the equality

G = sup{/ lgn(t, T)|dT: n=1,2,..., t€ R+}.
0

(iv) The sequence (gx(t, 7)) is equibounded on R? i.e., there exists a constant G > 0 such
that [¢,(t, T)| < Gy fort,T € Ryandn=1,2,....

(v) The functions f, are defined on the set R x R* and take real values forn =1,2,....
Apart from this, the functions t — f,,(t,x1,x,...) are equicontinuous on R uni-
formly with respect to x = (x,,) € I i.e., the following condition is satisfied

vV 3V V. V¥V =t <d=|fultyx1,x2,...) — fults, x1,x2,...)| <e.
e>06>0 (x;)€loo nENt rER

(vi) There exists a function k : R; — R which is nondecreasing on R, k(0) = 0 and
continuous at 0. Moreover, the following condition is satisfied

[t 21,2, ) = fulty1,y2, - )l < k(r)supf|xi —yil - 0> n}

forany r > 0, for x = (x;), y = (y;) € lo such that || x ||, <7, || y |||, < r and for all
teRyandn=1,2,....

(vii) The sequence of functions (ﬁl), where f,(t) = |fa(t,0,0,...)| is an element of the
space BCe.
Notice that on the basis of assumption (vii), we infer that we can define the finite

constant

F= sup{fn(t) cteRy, n=12,... }
Now, we formulate other assumptions concerning IS (1).

(viii) The functions h,, are defined on the set R x R* and take real values forn = 1,2,....
Moreover, there exists a function m : R, — Ry, which is nondecreasing on R,
continuous atr = 0, m(O) = 0 and such that the following condition is satisfied

| (t,x1,x2,...) —ha(t,y1,y2,...)| < m(r)sup{|x; —yi| : i = n}

forany r > 0, for x = (x;), y = (¥;) € lo such that || x ||, <7, || y ||, < r and for all
teRyandn=1,2,....
(ix) The operator h defined on the set R4 x I by the formula

() (8) = (a8, %)) = (y (&%), (%), ...
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is bounded, i.e., there exists a positive constant 1 such that || (hx)(t) ||; < & for any
X € Il and foreach t € R,..
(x) Forany n € N and for each function x = x(t) = (x;(t)) € BCo the improper integral

/O'm It (s, %(5))|ds = /0°° (s, %1 (5), %2(5), - .. ) s

is convergent. Moreover, the integrals [;° |11,(s, x(s))|ds are equibounded for n € N
and for each x = x(t) € BCeo.

In view of the above assumption, we can define the finite constant H by putting

H= sup{/ |hn(s,x(s))|ds: x € BCo, n =1,2,... }
0

(xi) There exists a positive number ry which satisfies the inequality
A+ fGlﬁ + Glﬁrk(r) <r

and such that B B
G1hk(ro) + (rok(rg) + F)Gyim(rg) < 1,
where the constants F, G1, h were defined above and the constant A was defined in

assumption (i).

Remark 1. Let us notice that on the basis of assumption (vi) we conclude that for x = (x;), y =
(yi) € leo such that || x ||| <71, ||y |1, < randfort € Ry, n € N, the following inequality holds

fult 1, 2x2,0) = fulbya,y2, - )L <K T2 =y i

where k = k(r) is the function appearing in assumption (vi).
In the same way, from assumption (viii) we deduce that

[ (t, %1, %2, ) = B (b, Y1, 92, )| < m(r) [ x =y [l

fort € Ry, n € Nand forr > 0, where x = (x;), y = (y;) € loo are such that || x ||; < 7,
Il v |1, < r. Moreover, the function m = m(r) is involved in assumption (viii).

Let us observe that the above remark allows us to infer that assumptions (vi) and (viii)
are essentially stronger than the assumption requiring that the functions f, and h;, satisfy
the classical Lipschitz condition with the functions k(r) and m(r).

Now, we are in a position to formulate our main existence result concerning IS of
IEs (1).

Theorem 2. Under assumptions (i)-(xi) the IS of IEs (1) has at least one solution x = (x,(t)) in
the space BCoo = BC(R4., loo). Moreover, solutions of IS of IEs (1) are such that the thickness of
the bundle formed by graphs of functions belonging to those solutions tends to zero at infinity.

Proof. At the beginning we define three operators F, H, Q on the space BCy in the
following way:

(Fx)(t) = ((Fax)(8)) = (fu(t, x(£))) = (fult, 22(8), x2(F), . ..)),

(Hx)(f) = ((Hpx) (1)) = </Ooo en(t, T)ha(T, xl(‘r),xz(‘r),...)d'r),
(Qx)(t) = ((Qux)(t)) = (an(t) + (Fux)(t)(Hnx)(t)).

At first, we show that the operator F acts from the space BC« into itself.
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To prove this fact let us choose a function x = x(t) = (x4(t)) € BC.
Next, let us fix a natural number n and t € R. Then, keeping in mind the imposed
assumptions and Remark 1, we obtain

(Fux) (1) < |fu(t, x1(t), x2(t),...) — fu(t,0,0,...)| + | fu(£,0,0,...)]

|
- _ 10
< k(|xOll) sup{lx (D) : 0> 1) + [Fo(O] < k(Ixllsc)lIxllace +F. 0

Further, we show that the function Fx is continuous on R .
To this end, we will utilize the continuity of the function x = x(t) = (x,(t)) € BCoo
on the interval R, . Indeed, this means that the following condition is satisfied:

Vv v 3V [[t—to] <= [|x(t) = x(to)]|1, < e
toeRL e>06>0teR

Thus, let us take ¢ > 0 and tp € R;. Next, choose § > 0 according to the above
condition. Then, for € R4 such that |t — tg| < §, in view of Remark 1 we have:

| (Fnx) (£) = (Fax) (f0) | < |fu (£, 21(8), 22(), ) = ful(bo, x1(8), %2(8), ... )|
k([ (@)1 [1x(#) = x(t) 1, 11)
< |fult x1(8), x2(t), . ) = fulto, x1(8), x2(8), .. )| + k(||x|[pc,, )e.

Now, taking into account assumption (v), we can find a number § > 0 such that

Ut 21 (), %2 (8), .. ) — fulto, x1(£), x2(£),...)| <e

for [t —tp| < dand forn = 1,2,... . Joining this fact with (11) we obtain the following
estimate

| (Fax)(£) = (Fax) (f0) | < (1 +K(|[x|[Bc.))e,

forn =1,2,... and for t € R, such that |t — o] < J.

The above reasoning shows that the function Fx is continuous at the point ¢y. Keeping
in mind that ) was chosen arbitrarily, we deduce that Fx is continuous on R . Linking
this property with the boundedness of Fx, which was established earlier, we conclude that
the operator F acts from the space BC, into itself.

Next, we show that the operator H defined above maps the space BC, into itself.
To prove this fact let us take a function x = x(t) = (x,(#)) € BCe. Then, for a fixed number
t € Ry and for n € N, in virtue of assumptions (iii) and (ix), we obtain

(HOI< [ gt 7)o, 11 (2), 32(0), .l

o o (12)
< / \gn(t, ) [lidT < E/ \gn (£, T)|dT < Gilh.
0 0

The obtained estimate shows that the function Hx is bounded on the interval R, .

Now, let us fix ¢ > 0 and choose a number § > 0 according to assumption (ii). Then,
for arbitrary numbers t1, t, € R4 such that |, — t1| < J, based on assumptions (ii) and (ix)
(taking, for example, that t; < tp) we obtain

|(Hnx)(t2) — (Hax)(t1)]
< ‘/Ooo Qn(to, T)hn (T, x1(7), x2(7), ... )dT — /Ooo en(t1, Thn (T, x1(7), x2(7T), ... )dT
< [ I8n(t2,7) = galt1, D)o, 11 (2), 32(0), .l

</OOOwg(5)|hn(7,x1(r),x2(r),...)|dT,
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where wg (6) denotes the common modulus of equicontinuity of the sequence of functions
t — gu(t, T) (according to assumption (ii)). Obviously we have that wg(d) — 0asd — 0.
Further, let us notice that applying assumption (x), from the above derived estimate
we obtain
[(Hux) (t2) — (Hax) ()] < Heog 0). 13)

Hence, we obtain
|[(Hx)(t2) — (Hx)(t1)|]1,, < Hawg(9).

The above estimate shows that the function Hx is continuous on the interval R;.
Linking this fact with the boundedness of the function Hx on R, we deduce that the
operator H maps the space BC« into itself.

Now, in view of the fact that the space BCw is a Banach algebra with respect to the
coordinatewise multiplication of function sequences and taking into account the definition
of the operator Q and assumption (i) we conclude that for arbitrarily fixed function x =
x(t) € BCq the function (Qx)(t) = ((Qnx)(t)) = (an(t) + (Fax)(t)(Hyx)(t)) transforms
the interval R into the space . Indeed, in virtue of the fact that ((F,x)(f)) € lo for any
t € R4 and in view of the estimate (12) we obtain

[(Qux)(t)] < |an(t)] + Gik| (Fax)(t)]

for any n € N. Hence, on the base of (10) we infer that ((Qx)(t)) = ((Qux)(t)) € I for
any t € Ry.

Next, let us observe that the continuity of the function Qx in the interval R, is a
consequence of the continuity of the functions Fx and Hx on R.. In a similar way, we
derive the boundedness of the function Qx on R, provided we pay attention to the
assumption (i).

Summing up, gathering all the above-established properties of the function Qx, we
deduce that the operator Q transforms the space BC into itself.

In what follows, let us notice that keeping in mind estimates (10) and (12), for arbitrar-
ily fixed n € Nand t € R, we obtain

[(Qux) (B)] < |an ()] + | (Fax) () || (Hnx) (£)]
A+ (k(l[x ()l 1% (B) |1, + F) Gk

<
< A+ FGih + Gihk(||x||pc ) %] B -

Hence, we derive the following estimate
1Qx||pc., < A+ FGih+ Gihk(||x[|pc.)| %] |sc..-

The above estimate and the first inequality from assumption (xi) yields that there exists
anumber ry > 0 such that the operator Q transforms the ball B, (B;, C BCs) into itself.

Further on, we are going to show that the operator Q is continuous on the ball B;,. To
this end, let us notice that taking into account the representation of the operator Q given at
the beginning of the proof, it is sufficient to show the continuity of the operators F and H
separately.

Thus, let us take an arbitrary number ¢ > 0 and choose x € B,,. Further, for an
arbitrary point y € By, such that |[x —y||pc, < eand forn € N, t € R, in view of
assumption (vi) and Remark 1, we have

| (Fux) (8) = (Fay) (D] < [fu(t, x1(8), 22(8), ) = fu (b, 2 (8), y2 (), - )|
< k(ro)llx = yllseo < k(ro)e.

Hence, we obtain
[|[Fx — Fyl|pc,, < k(ro)e.
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On the basis of the above estimate, we derive the desired continuity of the operator F
on the ball B;,.

Now;, let us take arbitrary points x = (x;), y = (yi) € By,. Then, keeping in mind
assumption (viii), for fixed f € Ry and n € N, we obtain

| (Hnx)(£) = (Hay) ()]
</0 18 (£, D[ (T, 21(7), %2(T), - ) = ha(T, 2 (T), y2(T), - ) JdT

< [ lan(t Olm(ro) sup{|xi() — yi(x)] s § > m)de
<m(ro) [ Igalt DI = ()1 )T
< mlro) sup[[x(s) = y()li, : s € R4} [ [galt, D,
Hence, taking into account assumption (iii), we obtain the following inequality

|(Hnx)(t) = (Huy) (£)] < Gum(ro)l|x — yl|pc.-

This implies
||[Hx — Hy||pc,, < Gim(ro)||x — yl|BCa-

From the above estimate we infer that the operator H is continuous on the ball B,,.

In what follows, we will study the behavior of the operators F, H, and Q with
respect to the components of the MNC defined by the Formula (5). Let us recall that those
components are defined successively by Formulas (2), (3) and (4) (cf. also the extensions of
those formulas given by (6), (7) and (8)). To realize our goal, let us fix an arbitrary number
e > 0. Next, choose t,s € R such that |t —s| < eand take a nonempty subset X of the ball
By,. Then, for a function x = x(t) = (x,(f)) € X and for a fixed natural number 7, in the
similar way as in (12), we obtain

|(Fax)(t) — (Fnx)(s)| < k(ro) sup{|x;(t) — xi(s)[ : i > n}
+sup{|fu(t,x1,x2,...) = fu(s,x1,%2,... )|+ [t =s| <e ||x|[1, = [[(xn)]]1, <70}
< k(rg)w™(x,¢e) + wgo(f,s),

where

weo(f€) = sul\p]{sup{!fn(t,xl,xz,--ﬁ = fals,xi, %0, )] 2 [t =] < [|x]]1, = |[(xn)[]1, <70}
ne

Obviously, taking into account assumption (v) we conclude that wl(f,¢) — 0 as
e— 0.
Now, from the last estimate we infer that

w®(Fx, ) < k(rg)w™(x,€) + wl(f,€). (14)

Further on, let us notice that utilizing assumptions (ii), (ix), (x) and assuming addition-
ally that s < t, in a similar way as in (14), we can obtain the following estimate

| (Hax)(t) = (Hax)(s)| < Hawy (),

where the quantity wg(¢) was defined earlier as the common modulus of equicontinuity of
the sequence of functions t — g, (t, 7). Let us recall that wg(e) — 0 ase — 0.
Obviously, from the above estimate, we obtain the following one

w*(Hx,e) < Hwg(e). (15)
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Now, for a fixed function x € X and for arbitrary numbers f,s € R, in virtue of the
representation of the operator Q, we obtain

[1(Qx)(£) = (Qx) ()1, < [la(t) —a(s)[lr, + [[(Hx) () [1, [ (Fx) (£) = (Fx)(5)] |1
+[|(Fx) ()1, [| (Hx) (£) = (Hx) (8] 15,

where we put a(t) = (a,(t)).
Next, let us fix ¢ > 0 and assume that |t — s| < ¢. Then, keeping in mind (12), (14), (10)
and (15), from the above inequality we obtain

w®(Qx,¢e) < w™(a,e) + Glﬁ[k(ro)w“’(x, €) + wgo(f,e)}
+(rok(ro) + F)Hwg ).

Hence, taking into account the above established properties of the functions

e wh(fe),e— wy(€) and assumption (i), we derive the following inequality

w§ (QX) < Gihk(rg)w (X). (16)

Now, we are going to consider the second component of the MNC 2 defined by
Formula (9). Recall that the mentioned term is denoted by 7>, and is given by Formula (7).
To this end let us fix a nonempty set X C By, and choose arbitrary functions x = x(t), y =
y(t) € X. Then, for fixed t € Ry and n € N, we obtain:

[(Qux)(#) = (Quy) ()] < [(Fax) (£) (Hnx) (£) — (Fay) (£) (Hny) (¢)]
< [(Hux) ()] (Fax) (8) = (Fay) (8) | + [ (Fay ) (|| (Hnx) (8) — (Huy) (£)].

Further, we intend to estimate the components on the right-hand side of inequality (17).
To realize this goal, let us fix a natural number n and a number T > 0. Then. for ¢ € [0, T|
and for k € N, k > n, in view of assumptions (viii) and (iii), for arbitrarily fixed functions
x,y € X, we obtain

(17)

/00o lgx(t, T) || (T, x1(T), x2(7), ... ) — (T, y1(7), y2(7), ... )|dT

<m(ro) [ lgu(t Dl supd (1) ()] : § > kp)dw

<mir) [ |gk<t,r>|{ sup {sup () = (1) }dr

tefo,1) | i=k

< Gﬂﬂ(fo){ sup {Sup{sup{lxi(t) =) x=x(t), y=y(t) € X}}} }

telo, 1) | ik
From the above estimate, we obtain

sup {SUP{SHP{I(HkX)(t) —(Hwy) )]+ x=x(t), y =y(t) X}}}

te[0,T] ( k=n

< Gm(m){ sup {sup{sup{lxi(t) —yit)|: x=x(t), y=y(t) € X}}} }

te[0,T] \ izn

Hence, keeping in mind Formula (7), we obtain the following inequality

T, (HX) < Gym(ro) o, (X). (18)
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In the similar way as above, for arbitrarily fixed n € N, t € Ry and for x = x(t), y =
y(t) € X, taking into account assumption (vi), we obtain

| (Fax) () — (Fay) (£)| < k(ro) sup{|xi(t) —yi(t)| : i > n}.

This yields the following estimate

sup {sup{sup{l(l-‘ix)(t) —(Fy)®)]: x=x(t), y=y(t) € X}}}

tefo,7) | izn
< k(ro){tsg};]{sgp{sup{lxi(t) —vi(H)]: x=x(t), y=y(t) € X}}} }

Now, taking into account the above estimate and Formula (7), we derive the following
inequality
1% (FX) < k(ro) % (X). (19)
Finally, linking estimates (17), (12), (10), (18) and (19), we obtain

T2, (QX) < Giltk(ro )12, (X) + (rok(ro) + F)Gym(ro)fis, (X). (20)

In what follows, we will investigate the third component of the MNC 12 defined by (9)
i.e., the term c(X) expressed by Formula (8). To this end, let us fix a nonempty subset X of
B,,. Let us take functions x = x(t), y = y(t) € X. Further, fix T > 0 and take t > T. Then,
for an arbitrary number n € N, based on calculations performed before estimate (18), we
obtain

| (Hax)(8) = (Hny) (8)] < Gﬂﬂ(ro){wP{Sup [xi(t) — yi(f)l}}-

t>T | i>n

The above estimate leads to the following inequality

sup{sup{sup |(Hnx)(t) — (Hoy)(t)] 2 x = x(t), y =y(t) € X}}

t>T neN

< Glm(ro){stl;ITo{sup{s:g |xn(t) —yn(t)] : x=x(t), y=y(t) € X} } }

Hence, we obtain
c(HX) < Gym(rg)e(X). (21)

In the sequel, arguing in the style of calculations preceded estimate (19), we derive the
inequality
c(FX) < k(rg)e(X). (22)

Finally, combining estimates (17), (21), (22), (10) and (12), we arrive to the following
inequality 7 B
c(QX) < Gihk(ro)e(X) + (rok(ro) 4 F)Gim(ro)c(X). (23)

Now, linking estimates (16), (20), (23) and taking into account Formula (9) expressing
the MNC 13, we obtain

F?(QX) Gihk(ro)wg’ (X)
+G1]’lk 7‘0 }too (Fok( )Glm(ro)ﬁzo(X)
+G1hk(ro)c(X) + (rok(ro) + F) Gym(rg)e(X).
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Hence, we deduce the following estimate

#2(QX) < [Galik(ro) + (rok(ro) + F) Gum(ro) | i3 (X).

Next, keeping in mind the above estimate, in virtue of the facts derived in the above-
conducted proof, and taking into account assumption (xi) as well as Theorem 1, we infer
that there exists at least one element x € B, being a fixed point of the operator Q in the
ball B;,. Obviously the function x = x(t) is a solution of IS of IEs (1) in the space BCe.

Moreover, in view of the remark made after Theorem 1 and the description of the
kernel of the MNC p. given after Formula (5), we conclude that the thickness of the
bundle formed by graphs of solutions of IS of IEs (1) tends to zero at infinity. The proof is
complete. [

The above proved theorem can be treated as the characterization of the set of solutions
of IS of IEs (1) in terms of the concept of asymptotic stability. To show this fact, we adopt
the definition of asymptotic stability accepted in the paper of Banas and Rzepka [23] (cf.
also Hu and Yan [24]).

Indeed, let us consider a nonempty subset 2 of the space BCo, = BC(R4, ). Let Q
be an operator defined on (2 with values in the space BCe.

Consider the operator equation having the form

x(t) = (Qx)(1), te Ry 4)

Definition 2. We say that solutions of equation (24) are asymptotically stable if there exists a ball
B(xg,r) in the space BCoo with B(xg,r) N Q2 # 0 such that for every € > 0 there exists a number
T > 0 with the property

[lx(6) —y(B)]] <e

for all solutions x,y of equation (24) such that x,y € B(xo,r) N Q and for t > T.

Notice that in the light of Definition 2, we can formulate Theorem 2 exposing the
property of the asymptotic stability of solutions of IS of IEs (1).
In fact, we have the following version of the mentioned theorem.

Theorem 3. Under assumptions (i)—(xi) the IS of IEs (1) has at least one solution x = (x,(t)) in
the space BCoo. Moreover, solutions of the IS of IEs (1) are asymptotically stable.

4. An Example

This section is dedicated to presenting an example that illustrates the applicability of
our main result contained in Theorem 2 (cf. also Theorem 3).
Namely, we will consider the following IS of IEs:

2
nt+1
X, (1) = COS( P )
25
2, (8) X2t +1 /°° 1 arctan(n + x2(7)) @)
x2(t)+n 2n+3 0o pn+t24+1>2  y4+2n+12 ’
wheret € Ry andn = 1,2,.... Moreover, § and <y are positive constants which will be

specified later.
Observe that IS of IEs (25) is a particular case of IS (1) if we put

2
nt+1
ﬂn(t) = COS(t—]—nZ)’ (26)
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fu(t x1,x ) = all ik (27)
n\t, A1, A2, - _x%+7’l 27’l+3,
1
g”(t' T) = ﬁn+t2 +T2’ (28)
t 2
(b 31, %, ) = 2R+ Xir) (29)

v+ 2n+ 12

forn=1,2,... and fort € R,.

To show that IS of IEs (25) has a solution in the space BCo, we will apply Theorem 2.
To this end we show that functions defined by (26)—(29) satisfy assumptions (i)—(xi) of
that theorem.

Let us start with the observation that the function a,(t) given by (26) satisfies the
Lipschitz condition with the constant L = 1 forn =1,2,.... Hence, we deduce that these
functions are equicontinuous on R,. Apart from this, we obtain

A=sup{la,(t)]: n=1,2,...,teRy} =1

Further on, let us observe that the functions f, = f,;(t, x1, x2,...) defined by (27) act
from theset R, x R®into Rforn =1,2,... . Since these functions do not depend explicitly
on f, we infer that there is a satisfied assumption (v).

Next, let us fix a number r > 0 and choose x = (x;), ¥y = (i) € lw such that
l1x]l, <7, ||ylli, < r. Then, taking into account Formula (27), for an arbitrary number
n € N, we have

|fu(t,x1,%2,...) = fu(tbyr,y2, - )|
Xn  Yn
n+x2 n+y?

1 2 2
3 Xn+1 — Yn+1

<2

2
2|xn _yn| =+ gr‘anrl _yn+1|

5 2
< max{z, 57’}{|xn - yn| + |xn+1 _yn+1|}

2
< 2max{g, 5r} sup{|x; —y;| : i > n}.

The above inequality implies that there is a satisfied assumption (vi), where we can
put k(r) = 2max{3, 2r}.

Further, let us notice that f, (t) = |fu(t,0,0,...)| = 0. This implies that the functions
fu (n=1,2,...) satisfy assumption (vii) with F = 0.

In what follows let us consider the functions g, (¢, T) defined by (28). Observe that
these functions are continuous on the set R% . Further, taking arbitrarily fixed numbers
t1, t» € Ry (without loss of generality we may assume that t; < tp)andn € N, 7 € R}, we
obtain the following estimates

1 1
tr, T) — t1,T)| = -
|8n(2 ) — 8gn(t1, T)] ﬁn+’c2+t% ‘Bn+'r2+t%
2_p2
_ 2—fy <t —t ol

(Bn+ 12+ 2)(Bn + 12 + £2) (Bn+ 12+ 12)(Bn + 12 + £3)

= |ty — 1] z 2
2N\ 2 g2+ £

1 1
|th —t| < —=hh —t| < —=

1
S Vi NT VB

From the above estimate we conclude that the functions g, (¢, 7) (n = 1,2,...) satisfy
assumption (ii).

|ty — t1].
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Next, let us notice that the following inequality holds for arbitrary f, 7 € R and for

neN: . . .
)= <<
ent D = g2, S S B

Thus, the functions g, (¢, T) satisfy assumption (iv) with the constant G, = %

Now, keeping in mind that the function g,(¢,7) (n = 1,2,...) is continuous on Ri,
for any arbitrarily fixed n € N we obtain

[T Ty R SR S
o 18t o pn+2+72 2\ /Bn+ 2 2B

T
24/B
Further on, we intend to verify assumption (viii). To this end let us take r > 0 and
choose arbitrary x = (x;), y = (y;) € lo such that ||x||;, < rand ||y||;, <. Then, for an
arbitrary t € Ry and n € N, in view of Formula (29), we obtain:

Hence, we derive that there is a satisfied assumption (iii) with the constant G; =

|h7’l(t/x11x2/- . ) - hn(t/yl/yZI- . )‘

5 | arctan(n + x,zz) — arctan(n + ]/%)‘

T vt 2

1
S 7,y+2|x,21—y31| < m|xn—yn|(|xn|+|yn|)
<! 2r|xy — yn| < 2r sup{|x; —y;| : i >n}
\')’+2 n—Yn \'Y+2 P i—Yili 1z .

From the obtained estimate we infer that the functions hy, (¢, x1,x2,...) (n =1,2,...)
. . i . . _2r
satisfy assumption (vii) with the function m(r) = 2
Additionally, we obtain

T 1 T
2 gy+2n " 2(y+2)

‘hn(t/xlr-XZI"-” g

forn € Nand t € R.. This yields that there is a satisfied assumption (ix) with the constant
= 47

In what follows, fixing n € N and keeping in mind Formula (29), for an arbitrary
function x = (x,(t)) € BCo we obtain

o [~ arctan(n + x2(s))
[ s a(s) xa(s), . las = [ ST

S S = _1 . =
S2Jo y+2n+s2 2 2 y¥2n 4 Jy¥2n  4/y+2
7.[2
o2
Finally, combining the calculated values of the constants A, F, Gy, Gy, h, H and
keeping in mind the formulas expressing the functions k(r) and m(r), we conclude that the
first inequality from assumption (xi) has the form

This shows that there is satisfied assumption (x) with the constant H =

1+n72 r max{5 2r}<r
2By +2) A

We can easily check that taking, for example f = 36, v = 34 we convert the above
inequality to the form

2
5 2
1+—-r- =, = <.
+ rmax{z, 51’} r (30)
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Then, for r = ry = 3, we see that there is satisfied inequality (30).
On the other hand, the second inequality from assumption (xi) has the form

Glﬁk(ro) + Tok(T’O)Glm(ro) < 1. (31)

Taking into account the above established values of the constants G, & and the form
of the functions k(r) and m(r) we obtain the following form of inequality (31):

2 2
T 5 2 Ty 5 2
432max{2, 57’0} + m 'max{z, 57’0} < 1. (32)
It is easily seen that the number rg = 3 satisfies inequality (32).
Now, taking into account Theorem 2, we infer that IS of IEs (25) has at least one solution

x(t) = (xn(t)) which belongs to the ball B; in the space BCs. Moreover, in the light of
Theorem 3 all solutions of IS of IEs (25) belonging to the ball B3 are asymptotically stable.

5. Discussion
We explain the new results of this study.

1°.  To the best of our knowledge, taking into account the existing literature, there are
no results concerning the existence of asymptotically stable solutions of an IS of
IEs of Hammerstein type. In this regard, the results obtained in the paper are new
and original.

2°. The basic tool used in the paper is the technique of suitable chosen measures of
noncompactness. That technique is applied in the space BC« of functions defined on
the real half-axis R} with values in the space of bounded real sequences. The space
BC is very convenient in the study of ISs of IEs of various types.

3°. In our opinion, the results obtained in the paper can be generalized for ISs of IEs of
Urysohn type. The results in this direction will appear elsewhere in due course.

6. Conclusions

Our study is rather developed since it discusses the subject of IS of IEs. It is significant
that the study of an IE generally requires extensive and developed theory as well as the use
of advanced tools of functional analysis.

In our investigations, we decided to use the advanced technique of nonlinear analysis
depending on measures of noncompactness. Such an approach enables us to simplify the
very extensive considerations expected in such a study.

The research presented above indicates that our direction of investigation seems
suitable for realizing the goals of the paper.

The investigations conducted in the paper are realized through the broad description
of the tools used in our study. Those tools are mainly determined by the concept of an
MNC. Therefore, we first present the mentioned concept as well as the fixed point theorem
of the Darbo type closely associated with the concept of MNCs. That theorem plays an
essential role in our investigations.

The main part of our paper is fulfilled by detailed considerations connected with the
solvability of IS of IEs of the Hammerstein type. All details of those considerations are
presented step-by-step in the paper. Let us pay attention to the fact that it would be very
interesting to provide a numerical simulation of the investigations of the paper associated
with the existence of solutions of IS of IEs and the asymptotic stability of those solutions.
However, such a task requires us to prepare a new, very extensive paper since we would
consider the IS of the equations in question.

Such a paper will be prepared in the future and appear elsewhere.
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Abbreviations

The following abbreviations are used in this manuscript:

IS Infinite system
IE Integral equation
ISof IEs  Infinite system of integral equations
MNC Measure of noncompactness
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