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Keywords: complete metric space; contractive mapping; fixed point; graph

MSC: 47H09; 47H10; 54E50

1. Introduction

For more than sixty years, the fixed point theory of nonlinear operators has been an
important area of nonlinear analysis. One of its main topics is the study of the existence
of fixed points of nonexpansive and contractive maps [1-12]. It should be mentioned that
the analysis of nonexpansive operators acting on complete metric spaces with graphs is of
great interest [13-21]. It is a well-known fact that a strict contraction on a complete metric
space with a graph possesses a fixed point [22,23]. In the present paper, we show that this
property holds for single valued and set-valued self-mappings of metric spaces with graphs
that are of the contractive type. We also show the convergence of iterates of these mappings
to fixed points. In particular, our results are true for metric spaces with symmetric graphs.

Assume that (X, d) is a complete metric space equipped with a graph G. We denote by
V(G) the set of its vertices, and by E(G) the set of its edges. We assume that (x,x) € E(G)
for any point x € X.

Denote by M, the set of all maps T : X — X such that for every pair of points
x,y € X satisfying (x,y) € E(G),

(T(x), T(y)) € E(G) and d(T(x),T(y)) < d(x,y).

In the sequel, we assume that the sum over an empty set is zero, and that the infimum
of an empty set is co. For each point x € X and each number r > 0, set

B(x,r):={yeX: d(x,y) <r}.
For every point x € X and every set D C X, put
d(x,D) =inf{d(x,y) : y € D}.
Note that d(x,@) = co, x € X. For every pair of nonempty sets A, B C X, put
H(A,B) = max{sup{d(x,B) : x € A}, sup{d(y,A): y € B}}.

Given a mapping P : X — X, we define PY = I, the identity self-mapping of X,
Pl = P, and Pi*! = Po P! for all nonnegative integers i.
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A mapping T € My, is called G-nonexpansive. If T € M, « € (0,1) and for every
pair of points x,y € X satisfying (x,y) € E(G) the inequality

d(T(x), T(y)) < ad(x,y)

holds, then T is called a G-strict contraction.
A mapping T € My, is called G-contractive (or G-Rakotch contraction [11]) if there
exists a decreasing function ¢ : [0,00) — [0, 1] such that

P(t) <1, t €[0,00),
and for every pair of points x,y € X satisfying (x,y) € E(G) the inequality

d(T(x), T(y)) < ¢(d(x,y))d(x,y)

holds.

Let T € M, be a G-strict contraction. It is a well-known fact [22] that under certain
mild assumptions, T possesses a unique fixed point. In [23], a very simple proof of this fact
was presented by using a certain metric on X. In [24] an extension of the existence results
of [22,23] to G-contractive mappings under certain assumptions was obtained. In the case
where E(G) = X x X, this result for Rakotch contractions is well known in the literature. It
was first established in [11]. Many of its extensions and generalizations are collected in [12].
In this connection, we recall that the authors of [25] constructed an example of a so-called ¢-
contraction, to which the result of [22] cannot be extended. The results of [24] were obtained
under the assumption that there exists a number A > 0 such that if (x¢, x1), (x1, x2) € E(G)
satisfy p(xg,x1) < A, p(x1,x2) <A, then (xg, x2) € E(G).

In this paper, we obtain the existence of fixed points without this assumption.

Throughout the paper, we assume that ¢ : [0,00) — (0,1] is a decreasing function,
such that

p(t) <1, t € (0,00) (1)

and

$(0) = 1. (2)

2. The First Main Result

Assume that T : X — X, and that the following assumption holds.
(A1) For each (x,y) € E(G),

(T(x), T(y)) € E(G)

and

d(T(x), T(y)) < ¢(d(x,y))d(x,y).

Theorem 1. Assume that X € X, and that there exist a natural number q and M > 1 such that for
each integer n > 1, there exist xf") €X,i=0,...,q, such that

x(()n) =%, x;n) = T"(x) (3)

and that for eachi € {0,...,n —1},

and at least one of the following relations hold:

(=", x) € E(G); ("), x™) € E(G). (5)
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Then there exists

X, = lim T(x)
1—00

and if T is continuous at x, then T(x.) = X.

Proof. Let e € (0,1). Choose a natural number p such that

p>qMe I (1—¢leq )" (6)
Assume that n > 1 is an integer. We show that

q—1

d(TP (%), TP (2)) < Y d(TP ("), TP (1)) < e. (7)
i=0

Assume the contrary. Then,

q—1

Y d(T (), TP () > e. (8)
i=0

It follows from (A1), (5) and (8) that for each integer | € {0,...,p},

q—1
Y d(T ("), T (x!) > e. (9)
i=0

Let! € {0,...,p}. Then, in view of (A1), for eachi € {0,...,q — 1},

By (9), there exists j € {0, ...,q — 1} such that

d(T! ("), T (x1))) > e /3. (11)

Assumption (Al) and Equations (5) and (11) imply that

AT (), T (x) < @(@(T (), T (x{D)))A(T ("), T (1))

< p(eq Hd(T' (x"), T (x[1)).

Together with (11), this implies that

AT (xf"), T 13)) = (T ("), T ()

> (1 ¢(e/4)d(T' ("), T'(x{)))

j+1

> (L—¢leq ))eq . (12)
Equations (10) and (12) imply that

q—1 q—1
g d(T! (x"), T () — ;) (T (™), T ()

> (1—¢(eq!))eq . (13)
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It follows from (4) and (13) that

q-1
aM > Y d(x", x()

i=0
Ty e () )
n n n n
= Od(xi ) Xi4h) — Z(:)d(TPH(xi )erH(xiﬂ))
1= 1=
DA )y )y i)y st ()
= Z( d(T (xi ), T (xi+1)) - Zd(TJr (xi ), T (xi+1))
=0 i=0 i=0

> p(1—¢(eq '))eq
and
p< Mg (1—¢leq ') le".

This contradicts (6), and proves that (7) holds. Since € is any number from (0,1),
{T" (%)} is a Cauchy sequence. Therefore, there exists

X = lim T"(X).
n—oo

Combined with Equation (7), this implies that
A(TP(x),x.) <€

and
d(T”+p(J?),x*) < 2e

for each integer n > 0. Therefore,

X, = lim T'(%).
1—00

Evidently, if T is continuous at x, then T(x,) = x,. Theorem 1 is proved. [

3. The Second Main Result

Assume that T : X — X satisfies (A1).
We prove the following convergence result.

Theorem 2. Assume that x, € X satisfies
T(xx) = Xy, (14)
q is a natural number, M > 0 and that

Xmg ={x € X: thereexistx; € X, i=0,...,q
such that xg = x, x4 = x« and for eachi € {0,...,n — 1},

d(xj,xiv1) < M and at least one of the following relations holds:

(xi,xiy1) € E(G); (xi11,xi) € E(G)}. (15)

Then, d(T" (x), xx) — 0as n — oo uniformly on X, p.
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Proof. Let e € (0,1). Choose an integer p such that
2(M+1)e H(1—g(eqg 1)) 16
p>q(M+1)e (1—-gleg ) (16)
Assume that
x € X(M,q). (17)
In view of (15) and (17), there exist x; € X, i =0, ..., q such that
X0 =X, Xg = X4 (18)
foreachi € {0,...,n—1},
d(xj, xi1) <M (19)
and at least one of the following relations holds:
(xi,xi11) € E(G); (xi41, %) € E(G). (20)

By (A1) and (19), (20), for each integer i € {0,...,q — 1} and each integer n > 0,

d(T" (x7), T (xi41)) < p(d(T" (x7), T" (x10))d(T" (1), T" (xi41))
and at least one of the following relations holds:
(T"(xi), T*(xi41)) € E(G); (T" (xi41), T"(x7)) € E(G).

Assume that an integer n > 0 and

-1
Y (T (x), T (xi11)) > €.
i=0

In view of (23), there exists an integer j € {0,...,q — 1} such that
AT (x)), T"(x731)) > /1.
By (Al), (22) and (24),
d(T"H(x7), T (x20)) < @(d(T"(x7), T" (xj0) DA(T" (x7), T" (x41))
< (g~ e)d(T" (x;), T (xj41))

and
d(T"(x7), T" (xj41)) — d(T" (x), " (x41))

> (1= ¢(q~'e)d(T"(x)), T"(xj41)) = (1—¢(q'€))e/q.
Equations (21) and (25) imply that

q—1 q—1
;) d(T"(x;), T" (xi31)) — ;) d(T" M (x;), T (x741))

> d(T"(x)), T" (xj41)) — d(T" (x), T (x51)) = (1= @(e/q))e/q.
Thus we have shown that the following property holds:

(21)

(22)

(24)

(25)
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(i) if n > 0 is an integer and (23) holds, then
q-1
Y d(T" (x7), T" (x111)) 2 AT (37), T (x141)) > (1 - 9le/q))e/a.

i=0

We show that there exists an integer n € {0, ..., p} such that

Zd (T"(x;), T" (xi41)) < e.

Assume the contrary. Then, for each n € {0,...,p},

2 d Tn xl-’rl)) > €
and in view of property (i),
-1 -1
Yo (T (x), T"(x31)) = 3o d(T" (x), T (xign)) = (1= (e/q))e/q. (26)
i=0 i=0

It follows from (19) and (26) that

-1
gM > ‘12 d(x;, Xit1)
i=0
q—-1 q—1
> Y d(xi, xip) — Y (TP (x;), TP (xi41))
i=0 i=0
p q-1
= Z‘b (d(T"(x;), T" (xi41)) — d(T" (%), T (x141)))
n=0i=0

and
p< Mg (1—¢leq ') le".

This contradicts (16). The contradiction we have reached proves that there exists an
integer n € {0,..., p} such that
d(T"(x), T" (xx) Zd (T"(x;), T"(xi41)) <e.

By (18), (21) and the relation above, for each integer s > ,

A(T°(x),x,) < d(T°(x), T°(x4)) Zd (T°(x;), T°(xi11))

|
—_

q
< ), d(T(x:), T (xis1)) <e.
0

Theorem 2 is proved. [

4. Set-Valued Rakotch Contractions

We prove the following convergence result.
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Theorem 3. Let T : X — 2%\ {@}, x,. € X satisfy
Xs € T(xy) (27)
q > 2 be natural number, M > 0 and let

Xmg ={x € X: thereexisty; € X, i =1,...,q such that

V1 =X, Yg =%, d(yi,Yiv1) < Mand (yi,yisa) € E(G), i€ {1,...,g—1}}.  (28)

Assume that the following assumption holds
(A2) For each (x,y) € E(G) and each z € T(x), the set

{6eTy): (28 € E(G)}
is nonempty and

d(z{C e T(y): (z¢) € E(G)}) < ¢(d(x,y))d(x,y).
Then, for each x € X (M, q), there exists a sequence {x;}$° | such that

x1=x %41 €T(x;), i=1,2,..., lim x; = x,
1—00

and for each € > 0, there exists a natural number p(€) depending only on €, such that d(x;, x.) < €
for each integer i > p(e).

Proof. Let
X € XM,q-

There exist y; € X, i =1,...,q such that (28) holds. Assume that s > 1 is an integer
and we defined a sequence {y; fil C X such that

Y(s-1)g+1 = X/ (29)

(yi,yH_l) € E(G), i= (S — 1)q+1,...,sq— 1. (30)

(Clearly, for s = 1 our assumption holds.) By induction, using (27), (29) and (30), we
definey; € X,i=sq+1,...,s(q + 1) such that

Ysqg+1 = X« (31)

and that foreachi € {(s—1)g+1,...,sg — 1},

Yirg € T(yi), (32)
(Yitq: Yirq+1) € E(G) (33)
and
A(Yiyqr Yitrgr1)

< dWisg (S € T(Wir1) : (Vivg,€) € E(G))) (L +¢(d(yi, yisa))1)/2 (34)

(Note that if y; = y;;1, then yi1 4 = yi1441.) Thus, by induction we defined the
sequence {y;}>, C X such that for each integer s > 1, relations (29), (30) hold and that for
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eachi€ {(s—1)g+1,...,sg — 1}, Equations (32)—(34) are true. For each natural number
s set
Xs = Ysq- (35)

Assumption (A2) and Equations (30), (32) and (35) imply that
Xs+1 S T(xs) (36)
and that for each integer s > 1 and eachi € {(s—1)g+1,...,sq — 1},

A(Yisg Yivgrr) < A Wi,vir))dWi yier) 1+ ¢(d(yi yisn)) ) /2

< 27N 1+ ¢(d(yi yi)))A (i Yisn). (37)
Let s be a natural number. By (37),

(s+1)g—-1 sq—1
Yo diyin) = Y, AYirq Yirgr1)
i=sq+1 i=(s—1)g+1
sq—1
< Y dWiyir) A+ (i yir1)) /2 (38)
i=(s—1)q+1
and
(s+1)q—1 sq—1
Yo diyin) <Y, dyi i) (39)
i=sq+1 i=(s—1)q+1

Lete € (0,1) and
p>20°Me ™! (1—¢(eq 1)~ (40)

be an integer. Assume that s is a natural number and
sq—1
E d(yir]/i—i-l) > €. (41)
i=(s—1)q+1

By (41), there exists j € {(s —1)g+1,...,sqg — 1} such that

d(yi, yiz1) > €/q. (42)

By (37) and (42),

A(Yjsg Yjrqr1) <27 A+ ¢(d(y;,yj1)))d(Yi yj1)

<2711+ ¢(e/q))d(yj yj1)
and

d(yjryj+1) - d(yj+q/yj+q+1)

> 27y, yj1) (1= ¢le/)) 2 27 eq (1 - ¢(e/q)).
Together with (37), this implies that

sqg—1 (s+1)g—-1

Y. dWiyie)— Y, dyiyia))

i=(s—1)q+1 i=sq+1
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>27eq 1 (1—¢(e/q). (43)

Thus, we have shown that the following property holds:
(i) if s is a natural number, then (41) implies (43).
We show that there exists s € {0, ..., p(€)} such that

sqg—1

Y. dWiyin) <e (44)
i=(s—1)g+1

Assume the contrary.
Then, for each s € {0,...,p(e)},

sqg—1

Y, diyii) e (45)
i=(s—1)q+1

Property (i) and (45) imply that for each s € {0,...,p(e)},

sg—1 (s+1)g-1

Y. diyi)— ), dWivin)
i=(s—1)q+1 i=sq+1
>27eq (1 - ¢(e/q)). (46)
In view of (28) and (46),

q-1 q-1 (p(e)+1)g-1

Mg > Y dyiyiv) > Y diyic) — Y, dWiYis1)
i=1 i=1 i=p(e)q+1

ple)  sq-1 (s+1)g-1
=2 Ay yie) = Yo AWiYis1))
s=0 i=(s—1)gq+1 i=sq+1
> 27 ple)eq™ (1 p(e/q))
and
ple) <2MgPe™ (1 —¢p(e/q)) "
This contradicts (40). The contradiction we have reached proves that there exists

s €{0,...,p(e)} such that (44) holds. By (29), (35), (39) and (44), for each integer m > s,

mg—1
d(Xs, Xm) = d(y(m—l)q+1/qu) < Z d(yi,yiv1) < €.
i=(m—1)g+1

Theorem 3 is proved. [

5. Set-Valued Strict Contractions

Assume that E(G) is a closed setin X x X, c € (0,1), T: X — 2%\ {@}, T(x) is closed
for each x € X, and that the following assumption holds.
(A3) For each (x,y) € E(G) and each ¢ € T(x),

A6, {ueT(y): (§u) € E(G)}) <cd(x,y).

We prove the following result.
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Theorem 4. Assume that xy € X,
{u € T(xo): (xo,u) EE(G)} #0 (47)
and that {€;}>; C (0,1) satisfies
2 €; < o0, (48)
i=1
Then, there exists a sequence {xi}‘i’il such that for each integer i > 0,
(xi,xi11) € E(G), xi11 € T(x;) (49)
and
d(xi, xip1) < d(xi, {u € T(x;): (x;,u) € E(G)}) + €. (50)

Moreover, if a sequence {x;}$° , satisfies (49) and (50) for each integer i > 0, then it converges
to a point x,. € X and if, in addition, the graph of T is closed, then x, € T(xy).

Proof. By (47), there exists

X1 € T(X()), (51)

such that
(XQ, xl) S E(G), (52)
d(xg,x1) < d(xo,{u € T(xg): (x0,x1) € E(G)}) + €o. (53)

Assume that n > 1 is an integer and that a finite sequence {x;} ; was defined such
that (49) and (50) are valid for each integer i € {0,...,n — 1} (Note that for n = 1 our
assumption holds). By (49),

(xp—1,%n) € E(G), xn € T(xy_1). (54)
In view of (54), there exists
Xp+1 € T(xp)

such that
(xn, xn41) € E(G)

and
d(xp, xp11) < d(xy,{u € T(xn): (xn,u) € E(G)})+ €.

Thus, by induction, we constructed the sequence {x;}?; which satisfies (49) and (50)
for each integer i > 0.

Assume that a sequence {x;}%°, C X satisfies (49) and (50) for each integer i > 0. We
show that it is a Cauchy sequence.

Leti > 1 be an integer. Assumption (A3), (49) and (50) imply that

d(xiy1, Xit2) < d(xip1, {u € T(xipq) © (xiy1,u) € E(G)}) +€ipq
<cd(xi, Xiv1) + €iy1. (55)
In view of (55),

d(x1,x2) < cd(xp, x1) + €1,

d(x,x3) < cd(x1,x2) + €2 < czd(xo,xl) + ce1 + €.
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Now, we show by induction that for every integer n > 1,

n—1

d(xp, xp41) < d(xg,x1) + 2 ceni. (56)
i=0
(Note that by the relations above (56) holds for n =1, 2).
Assume that k > 1 is an integer and that (56) holds for n = k. When combined with
(55), this implies that
A(xp1, Xpy2) < cd (g, Xp1) + €511

k-1
< M ld(x, x1) + Y oo i+ €
i=0
k

= ckHd(xo, X1) + Z Ci€k+1_i.
i=0

Thus, (56) holds with n = k 41 too. Thus, we have showed by induction that (56)
holds for all integers n > 1. By (48) and (56),

e}

[e9)
Z d(xp, Xp11) Z (c"d(xg,x1) Zc“fiei)

=1

3

[ee]
Zc d(xo,x1) + ) €] < 0.
n=1

Thus {x,}5, is indeed a Cauchy sequence and there exists

Xy = lim x,,.
n—oo

Clearly, if the graph of T is closed, then x, € T(x,). O

Theorem 5. Assume that the graph of T is closed and that € > 0. Then, there exists 6 > 0 such
that if x € X and
d(x,{u € T(x): (x,u) € E(G)}) <9, (57)

then there is X € X such that x € T(x) and d(x,x) < e.

Proof. Choose

5€(0,471(1—0c)e) (58)
Let x € X and (57) hold. Set
Xo = X. (59)
By (57) and (59), there is
X1 € T(Xo) (60)
such that
(Xo,xl) S E(G), d(xo,xl) <9, (61)

d(xg,x1) < d(xo, {u € T(x0): (x0,u) € E(G)})(1+¢)(2c)" L. (62)
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By induction, we construct a sequence {xn};":2 C X such that for each integer n > 0,

Xpi1 € T(xp), (xn,x511) € E(G), (63)

A(xpy1,xn) < d(xn, {u € T(xy) : (xn,u) € E(G)})(1+c¢)(2c) L. (64)

(Note that by (61), (62) the relations above hold for n = 0).
Assume that k is a natural number number and (63) and (64) hold for all integers
n=20,...,k—1. Then,
(xXk—1, k) € E(G), x¢ € T(xp-1)-

By (A3),
{ueT(x): (xpu) €E(G)} #O

and there is
Xep1 € {u € T(xg) » (2, u) € E(G)}

such that
d(x xi41) < Al {u € T(xg) : (1) € E(G)})(1+¢)(20)

Thus, by induction we constructed the sequence {xn}fzo C X, such that, for each
integer n > 0, relations (63) and (64) hold. Assumption (A3), (63) and (64) imply that for
each integern > 1,

d(xn, xn+1) < ((1 + C)/Z)d(xn, xn_l)

and

d(xn, xpy1) < [(14¢)/2]"d(xp,x1) < [(1+¢)/2]"6. (65)
Therefore,

[e9)

Y d(xn, Xp41) < 00,
n=0

{xn}52 is a Cauchy sequence and there exists ¥ € X such that

X = lim x,.
n—oo

Since the graph of T is closed, we have
% € T(%).

By (58) and (65),

[e0]

d(xO/ JZ) = nlgl'olod(XO, xﬂ) < Z d(xn, xn-i—l)
n=0

[(1+¢)/2)'6 =26/(1—c) <e.

e

<

i=0

This completes the proof of Theorem 5. [
Theorem 6. Let ¢ € (0,1), M > 0,
5€(0,271(1-c)e) (66)

and a natural number ng satisfy
c(2M+1) <e/2. (67)
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Then, for each sequence {x;}{°, C X, such that

{u € T(x): (xo,u) €EE(G)} #O,

d(xg,{u € T(xo) : (xo,u) € E(G)}) <M (68)

and that for each integer n > 0,

Xpi1 € T(xn), (x4, x411) € E(G), (69)

d(xpn, xp41) < d(xp, {u € T(xy): (xn,u) € E(G)})+6 (70)
the inequality
d(xp11,xn) < € for all integers n > ny.

Proof. Let {x,}_, C X satisfy (68), (69) and (70) for each integer i > 0. By (68) and (69),
d(xp,x1) <6+d(xp, {u € T(xg): (x0,u) €E(G)}) < M—+1. (71)
Assumption (A3), (69) and (70) imply that for each integer n > 1,

d(Xp41, Xn42)

< d(xp1, {u € T(xpt1) 0 (xng1,u) € E(G)}) +6 < cd(xp, Xp11) + 6. (72)
By induction, we show that for each integer n > 1,
n—1
d(xys1,%0) <8 Y ¢+ c"d(xg, x1). (73)
i=0

Clearly, for n = 1, (73) holds. Assume that k > 1 is an integer and that (73) holds with
n = k. Together with (72), this implies that

k .
d(xpr2, Xke1) < cd(xp, 1) +6 <3y ¢+ Fd(xg, x1)
i=0

and (73) holds for n = k + 1. Thus, (73) holds for each integer n > 0. By (66), (67) and (71),
for each integer n > ny,

d(xp, xps1) <6(1—c) 14 c"2M+1) <e.
Theorem 6 is proved. O

Theorems 5 and 6 imply the following additional result.

Theorem 7. Assume that the graph of T is closed and let positive numbers € and M be given. Then,
there exist 6 > 0 and an integer ng > 1 such that if a sequence {x;}{>, C X satisfies

d(xo, {u € T(xgp) : (xo,u) € E(G)}) <M
and that for each integer n > 0,

(xn,xn41) € E(G), xp41 € T(xn),
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d(xn, xp41) < d(xp,{u € T(xn): (xn,u) €E(G)})+6
for each integer n > ng there is a point y € X such that y € T(y) and d(y,x,) < €.

6. Conclusions

In out work, we show the existence of a fixed point for single valued and set-valued
self-mappings of metric spaces with graphs which are of the contractive type. We also show
the convergence of iterates of these mappings to fixed points. In particular, our results are
true for metric spaces with symmetric graphs. They are extensions of the results of [24],
which were obtained under some additional restrictive assumption on a graph which is
not used here. Our results can be helpful if one needs to find an approximate solution of a
set-valued inclusion. The further development of our research is in generalizing our results
under the presence of computational errors when the next iterate x; 1 does not belong to
T(x¢), but to its small neighborhood.
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