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Abstract: The field of geometric function theory has thoroughly investigated starlike functions
concerning symmetric points. The main objective of this work is to derive certain geometric properties,
such as the starlikeness of order d, convexity of order J, k-starlikeness, k-uniform convexity, lemniscate
starlikeness and convexity, exponential starlikeness and convexity, and pre-starlikeness for the Galué
type Struve function (GTSF). Furthermore, the conditions for GTSF belonging to the Hardy space are
also derived. The results obtained in this work generalize several results available in the literature.

Keywords: analytic function; univalent function; starlike function; k-starlike function; pre-starlike
function; convex functions; k-uniformly convex function; lemniscate of Bernoulli; Hardy space; Galué
type Struve function

1. Introduction

Let us consider the disk of radius r to be represented as D, = {z € C : |z| < r}, and for
simplicity, we denote D as D. Suppose the class of analytic functions f defined on D, and
normalized by the condition f(0) = f'(0) — 1 = 0, can be denoted by A. If a function f € A
is univalent in I, and f(ID) is a starlike domain with respect to the origin, then it is said to
be starlike [1]. Analytically,

f € Aisstarlike <— §R<ZJ{;S)) > 0forz € D.

For0 <46 <1,

: , zf'(z)
f € Ais starlike of order § «<— 3%( ) ) > forz € D.
The class of the starlike function of order ¢ is denoted by ST (§). We simply denote
ST(0)asST.
Also, if a function f € A is univalent in D, and f(ID) is a convex domain, then the
function f is said to be convex [1]. Analytically,

1/
f € Aisconvex <— §R<1+ZJ{,(EZ))> > 0forz € D.

For 0 < § < 1, the function

1!
€ Aisconvexof orderé «<— R 1+Zf (2) > ¢ forz € D.
f'(z)
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We denote the class of convex functions of order é by CV(6). For § = 0, the class of the
convex function is simply denoted by CV.

Kanas and Wiéniowska in [2] introduced the class k-U{CV of k-uniformly convex
functions, defined as the collection of functions f € A such that the image of every circular
arc contained in D, with center {, where |{| < k, is convex and also provided the one
variable characterization. Let f € Aand 0 < k < oo, then

zﬂ@»
>k
f'(2)
According to [3], 1-UCY = UCV and 0-UCY = CV.

In [4], Kanas and Wisniowska had also defined a similar class k-ST, related to the
starlike functions, known as the k-starlike function.

zf"(z)
f'(2)

forz € D.

f € Ais k-uniformly convex <= R (1 +

forz € D.

, . zf'(2) ) zf'(2)
f € Ais k-starlike <= §R( 5 >k ) 1
In the case when k = 0, we obtain the known class S7 of starlike functions. For k = 1,
the class 1-S7T coincides with the class S, introduced by Renning [5]. Geometrically, the
class k-ST (k-UCV) can be described as f € k-ST (f € k-UCV) if the image of D under

the function SQ¢(z) = ZJJ;;S) , (C Qr(z) =1+ ZJ{,,;S)) is contained in the conic domain ),

where 1 € () and () is bounded by the curve given by

0y ={w=x+iycC: x> =k (x —1)2 +k*y*}, 0 < k < 0.

Some of the widely known subclasses of starlike functions associated with domains
that are symmetric with respect to the real axis are the class of lemniscate starlike functions
87, which was studied by Sokoél and Stankiewicz in [6] and the class S; of starlike functions
associated with exponential functions, which was introduced by Mendiratta et al. [7]. These
classes are also characterized by the quantities SQf and CQy. A function f € Ais said to be
lemniscate starlike (lemniscate convex) on D if {SQf(z) s z) < 1} ({CQf(z) z) < 1})
contained in the interior of the region bounded by the right half of the lemniscate of
Bernoulli L = {w € C : R(w) > 0,|w? — 1| = 1}. The classes of lemniscate starlike
functions and lemniscate convex functions are denoted by S; and Cj, respectively. The
classes S; and C; represent the starlike and convex functions associated with exponential
functions, which are given by

S = {fGA:SQf(]D) cg} and Cf = {fEA:CQf(]D) cs},

where £ = {exp (z) : z € D}. It can easily be observed that the domains L and £ are
symmetric with respect to the real axis [8]. Geometric function theory shares a close con-
nection with symmetry. For example, both M&bius transformation theory and hyperbolic
geometry employ symmetric principles. Furthermore, within function theory, there has
been a comprehensive exploration of starlike functions in relation to symmetric points.

One of the special functions that has captured the interest of numerous researchers is
the Struve function, along with its generalizations that arise in the field of mathematical
physics and engineering. The generalized Struve function [9] is defined as a particular
solution of the second-order inhomogeneous differential equation

z%wm+ww@+kf—ﬁ+u—MMMm:jﬁ@f;, )

such that

_C)n(z/2)2n+p+1
+ 30 (p+n+82)

Wpele) = T ot ®
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where b, c, p € C. This function generalizes the Struve function Hy, of order p forb = 1,c =1
and the modified Struve function L, of order p for b = 1,c = —1. In [10], Nisar et al.
introduced another generalization of the Struve function named the Galué type Struve
function (GTSF), defined as

0 —c)"(z/2 2n+p+1
“W;tﬁc,f(z) - 2 /) P b+2y°
n—=0 F()\n + y)l”(om + ¢ + T)

®)

It can be easily seen that the Function (3) is a generalization of (2) and various other
special functions frequently used in several branches of mathematics. For example:

(i) Ifweputa=¢=A=landu= %,weobtain

1[&
1Wp,l?,c,l (Z) = wp,b,c (Z);

where w,, 5, .(z) is the generalized Struve function defined as (2).
(ii)) Ifweputa=c=¢{=A=pu=1p=n—1,and b =2, we obtain
1,1 _
W,C1011(2) = Jn(2),
where [, (z) is the Bessel function [11].

(iii) fweputa=b=c=¢{=A=landpu= %,weobtain

3
1Wp:b,c,l (z) = Hp(z),

where Hy(z) is the Struve function of order p.
(iv) Ifweputa =¢ =1, b=2,and p =c = —1, we obtain

A,
1W71H,2,71,1 (2\/2) = <P(/\/ W Z),

where ¢ (A, jt, z) is the Wright function [12].
V) « ;"b” i g(z) have a connection with the Fox-Wright function ,'¥s[z]:

1 2
A _ (% e (1,1) o —cz
thp,b,c,g(z\/E) - (P) 1T2[ ()\’I/l)’ (% + b+1 0() "4

2 7

(vi) Settingé =pu =1, A =b =0,and c = —1, we obtain generalized the Mittag-Leffler
function [13]:

A, 4
« p_y1,o,_1,1 (2vz) = (z)24Ep(z), (p,a>0).

The GTSF in (3) does not belong to the class A; thus, we use the following normaliza-
tion for our study:

1—

Ots@) =2 o (5 + 152 ) oW (), @
It is noteworthy that research on special functions, such as the Struve functions, is a broad
and ongoing field. Scholars subsequent to Struve have persisted in investigating diverse aspects,
uses, and expansions of these functions. Further studies have broadened our knowledge
and application of Struve functions in a variety of domains, such as engineering, physics,
and mathematical analysis. The GTSF also plays a significant role in mathematical analysis,

including applications in fractional calculus and integral transformations (see [10,14,15]).
Several researchers have investigated the geometric properties such as univalency,
starlikeness, convexity, close to convexity, exponential starlikeness, exponential convexity,
and the Hardy space of Struve functions and its generalizations, e.g., [9,16-21]. In [22],
the strong starlikeness, strong convexity, and uniform convexity properties of GTSF were
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obtained. Motivated by these developments, we aim, here, to obtain the geometrical
properties related to various kinds of starlikeness and convexity for normalized GTSE.

Outline

The rest of this paper is organized as follows. The Lemmas that are used to prove the
main results are listed in Section 2. Section 3 contains the results related to the starlikeness
and convexity of order ¢ and the geometrical properties on ID)l for G pbc é,(z). The k-

starlikeness and k-uniform convexity properties are given in Sectlon 4. In Section 5, the
starlikeness and convexity associated with the exponential function and lemniscate of

Bernoulli for ,,cg pbc ,:( z) are obtained. The conditions under which the function ,G b, bl c g( z)
belongs to the class L|p, §] are provided in Section 6. In Section 7, the results associated
with the Hardy space for ag;‘f’ .z (2) are presented.

2. Useful Lemmas

This section contains some Lemmas that will be useful in proving the main results.

Lemma 1 ([23]). For any real number s > 1, the digamma function (s) = (L satisfies the
following inequality:

log(s) — 7 < ¥(s) < log(s),

where vy is the Euler—Mascheroni constant.

Lemma 2 ([24]). Let f € Aand @ —

1’ < 1foreach z € D, then f is univalent and starlike

m}D% ={z:|z] <3}

Lemma 3 ([25]). Let f € Aand |f'(z) — 1| < 1 foreach z € ID, then f is convex in Dy = {z:

2| < 3}

Lemma 4 ([4]). Assume that f € Awith f(z) =z + Z anz". If

agk

(n+k(n+1))|ay| <1, for some0 < k < oo,

n=2

then f € k-ST.

Lemma 5 ([2]). Assume that f € Awith f(z) =z + Z anz". If

o

1
) (n+1)|an|< forsomeO<k<oo
n=2

then f € k-UCV.

Lemma 6 ([26]). If the function f, convex of order 6 (0 < & < 1), is not of the following form:

; 1
m4d-z(1—zeM2-1 542,
f(z) = 1 2
2

m+d-log(1—ze) 6=
ford,m € C, 7 € R, then the following statements hold true:

(i) If0<s< %, then 30 > 0, such that f € HIt T,
(i) If6 > %, then f € H™.
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1
(iii) 3p > 0, such that f' € H' 209,

Here, the notation #?(0 < p < o) is associated with the Hardy space described

in Section 7.

3. Starlikeness and Convexity of GTSF

In this section, we establish various properties related to starlikeness and convexity
for the normalized GTSF. Additionally, some corollaries and examples for particular cases
of the GTSF are provided. Initially, we derive conditions for the starlikeness and convexity

of order § of,xgpbc[:( z).

Theorem 1. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p 4+ (b +2) > 0. If the

following holds true:

(i) (2¢)% ! tr(AH) MA2p +E(b+2) +22a)%;
b+2 b+2

V< (u+
i) |c|2— )T r(’g 2)<(4—c)(1—5)1"(y+/\)1“<§+2+zx),
).

then ag%fc eST(6
Proof. To establish the required result, it suffices to show that

A,
“gp,’frc,é (z)

z <1-46, (VzeD).

“gpbcé ( ) 1l = ngbcg( )_
wFyhes(?) wFyhes(?)

Now, by a calculation, we have

G @)

zZ

A,
txgp b}lc gl(z) -

b+2

c
<F(y)1“<§ 5 )X:dnzxp,bcf,‘/\y)‘4 (Vz € D),
where "
dy =du(a,p,b,c,E, A u) = , neN
(u+ An) (%+b%2 —i—om)
Next, consider the function % : [1,00) — R as
s
D1(s) == , s €[1,00).
T(u+ As)r(g + 2y zxs)
Therefore,
P1(s) = P1(5)Za(s),
where 2, is given by
b+2
.@2(5)——}\I/J(M+AS)—DCI/)<€+;+DCS) s € [1,00).

From Lemma 1, we obtain

b+2
— Alog(u + As) —txlog(p + Jr—Hxs) +v(A+a) =25(s), s€]

@2(5) < g >

» | =

1,00

(7)

)-
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This leads to ) )
-1 A o
Dh(s) = — — -
TR T N = N

<0, s€]l,0).

This implies that Z5(s) is decreasing on [1,00). Also, under the given hypothesis (i),
25(1) < 0 and, thus, Z;(s) < 0 for s € [1,00). Consequently, {d,},>1 is a decreasing
sequence. Now, from (5), we have

WG o(2)

z

<1"(;4)F(§—|—b+2>i txp,bcg/\‘u)‘

n

A,
agplilcg/( ) -

p ¢
=10 (5 + 752 (o prb &) 1, (D) ©)
Now,
Aﬁta)>1—;¥nanbc§Am(|g (Vz € D), (10)
where

ror (% +%2)

ri’l - rn(‘xz p/ blcl (:;’//\/ ,u)
I(p+An)T ( + b2 —i—om)

Similarly, it can be shown that {r, },>1 is a decreasing sequence. Therefore, using (10),
we have

zxgpbcé( )

z

i wPﬁCCAm<H)

n=1

- MprCAmM
= le]

, (Vz € D). (11)

Combining (9) and (11), we have

WGyt (2)

z

txgp b c 'g' ( )
wGyh:(2)

z

T (% + 552l
e (e + AT (5 + 22 +a) — lelrGor (4 + 22)

From the condition (ii), the following holds:

(% + 552l
(4= |eDT(u+ AT (5 + 52 +a) = [elr(or (5 + 152)

(12)

<1-6, (VzeD).

Hence, the theorem is proved. O

Corollary 1. Following are special cases from Theorem 1 when & = ¢ = A =1, and p respectively
3/2and 1:
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. b+2 2e1+27 4|c|
I -~ -
@ Ifp+ > max{ 5 & ED

elt2y 3| |

2 (= e)

Example 1. Following examples can be construct from Theorem 1

(i) Ifp+ % > max{

. 13 . i
72
(1) 1G {511, s starlike in D.
. 1,1 . [
(ii)  1G71 3,1, is starlike in D.

. 1,3 . o
}, then the function 1G p:lf, 1S starlike in D.

}, then the function 19;; o1 is starlike in D.

Now, in this following theorem, the conditions for the convexity of order ¢ are derived

for GTSE.

Theorem 2. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p + (b +2) > 0. If the

following holds true:
(i) (28)%3 0 < (it )M 2p + E(b+2) +280)%
b

i) 20— oTer(E+252) c a—jeha—oru+ar( L+ 22 1.
4 2 3 2

then aGS,'é‘,c,; e CV(9).

Proof. Clearly, we are finished if we can show that

2ady e (2)
% <1-4, (vzeD).
/xgp,brc,é (z)
Now,
‘ . ) ( +b+2)1’l(1’l+1 M
20y (2)| =
phet n=0 1"(;4—1—)\11)1"(%4—#4—&71)
b+2\ & n
<F(;¢)r<g+ + >Z nap,bcé)xy)‘ , (VzeD),
n=1
where
hi’l - hn(“/p/blc/gz)\/ﬂ) n(n + 1) ne N
T(p+ An)T ( +h+2+¢xn)
Now, consider the function 4 (s) as
H(s) = ss+1) , s€[1,0).
T(u+ As)r(g 2y txs)
Therefore,
A (s) = H(5) H53(),
where % is given by
1 b+2
H5(s) = g+s—|—1 —Alp(y—i—)\s)—mp(g —l—z—i—zxs) s € [1,00).

From Lemma 1, we obtain

(13)

(14)

(15)

(16)
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11 p b+2
< = [ — L -
H5(s) < 5T P Alog(p + As) leog(g +— +¢xs>

+y(A+a) =54(s), s€l,0).
This leads to

1 A? B a?
s (s+1)2 p+As §+h+2+o¢s

This implies that .#3(s) is decreasing on [1,00). Also, under the given hypothesis
(i) 7(1) < 0 and, thus, 7 (s) < 0 for s € [1,c0). Consequently, {/,},>1 is decreasing
sequence. Now, from (13), we have

b+2
Z“gpbc@‘ ( )’ <r(.u)r<p+2) Zhl & p,0,

4
(2 BV @ be e )L vzem). a7
- ]’l é 2 1 /pr A2 %Y} ,]/l 4—|C|’ .
Now,
“gpbcé()‘>1—2]nzxp,bc§)\y)<u> , (VzeD), (18)
where

r(r (5 +42) (n+1)
I'(p+ An)T ( + b+2 —|—0m)

jn - jn ([X/ P/ b/ c, C/ A/ ]’l)

By similar arguments, we see that {j, },,>1 is a decreasing sequence. Therefore, us-
ing (18), we have

,xgpbcg( )‘>1—2]1ap,bc§/\y)<| |>

_ ki Prb,i,(fc,)\,y)|c|, (Vz D), 19)

Combining (17) and (19), we have

20 ()r ( + 142 e
(4 leT(u+ AT (B + 2 +a) —2c|r(uyr (5 + 252

Zl:tgp b C(Z ( )
agp,b,ag (z)

(20)

Finally, using the given hypothesis (ii), the desired result can be established. O

2e2+27 B 8|c|
5 "3(4—cl)

b+2 . 3
Corollary 2. If p + % > max{ }, then the function 16;5, o1 i

convex in ID.

Example 2. Following examples can be construct from Theorem 2
. 1,3 ) .
(i) 1G 54111 is convex in ID.

(i) 1G") 45214 i convex in D.

Next, we will obtain the starlikeness and convexity conditions over D 1
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Theorem 3. Assume that « € N, {, A, u > 0, |c| < 4, such that 2p + (b +2) > 0. If the
following holds true:

i) (28)%" MY < (u+ A)M2p + E(b +2) + 28x)Y;
(ii) |e[T(T(E +B52) < (4= [e)T(u + NI (5 + 52 +a),

A . "
then ,xgp’blclg(z) is starlike in IDD%.

Proof. A simple computation gives

A,
yhee® v ror (5 +52) (§)""
z n=0 F(y—i-/\n)l"(% + b%z —i—zxn)
b+2\ & c|n
< r(ﬂ)r(g + 2) 2 kn(“/ P,b,ClglA,ﬂ)’ZL p (VZ € ID)), (21)
n=1
where .
kn:kn(“rp/brcré’r/\/ﬂ): nEN

C(p+ An)T (5 + 252 4 an)’

Now, we define the function % (s) as

—_

2 = , s€|l,00). 22
ife) r(y+)ts)r(§+b§—2+zxs) *€ L) 22
Therefore,
H (s) = A1 (s) A (s), (23)
where )
Ho(s) = =Ap(pu+ As) — MP(Z + %2 + zxs), s € [1,00).

Again, applying Lemma 1, we obtain

JHa(s) < —Alog(u + As) —leog(? + bZLZ —|—zxs> +y(A+a) = H5(s), s€[1,0). (24)

Therefore,
A2 o?

K (s) = — -
2¢) p+As %+b%2+as

<0, se€l,00).

This implies that the function .#3(s) is decreasing on [1,00) and by hypothesis (i),
H3(1) < 0.So, #3(s) < 0foralls > 1. Consequently, the function .7 (s) is decreasing with
the aid of (23) and (24). Hence, the sequence {k },>o is decreasing. Therefore, using (21),
we obtain

A,
X gp/ll;lrclg (Z)

z

b+2\ & n
< F(y)I’(p + 2) Zkl(“rprbrcrér/\ly)‘il

, (VzeD). (25)

Thus, the condition (ii) completes the proof. [J

Corollary 3. Following are special cases from Theorem 3 when o = ¢ = A =1, and y respectively
1land 3/2:
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. b+2 2e27 2|c|
(i) pr—l—2>max{ z —1,3(4_|C|)

3 b+2 el t27 3c|
(ii) pr+2>max{ 7 _1’(4—\c|)

Example 3. Following examples can be construct from Theorem 3

. 1,2 . o
}, then the function 1G pg 18 starlike in D 1

}, then the function 19%, o is starlike in D 1

. 1,3 . o
72
(i) 1G 1511, s starlike in D;.
. 1,1 . o
(ii) 190.1,2,1,1 is starlike in D 1

Theorem 4. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p 4+ (b +2) > 0. If the
following holds true:

(i) (28)% 10 < (u+ A)M2p + E(b+2) +280)%
(i) [e[T(u)T (5 +52) < (4= [e)T(p+A)T(5 + 52 +a),

then agpbcg( z) is convex in ]D)%.

Proof. A direct computation gives

o l"(y)l"(z b2 )( n+1) (% )nzn
:1 I'(p+An)T (E + T lXTl)
<T(u) ( b+2) Z (a,p,b, (VzeD), (26)
where )
x}’l:xn(a/p/b/clgl)bl/l) n+ nGN

I'(p+ An)T ( + b+2 —Hxn)
Now, we define the function 27 (s) as

s+1

21(s) ==
F(;t—i—/\s)l”(% + b2 +¢xs)

, s € [1,00). (27)

Differentiation gives

2{(s) = 2i(s) Za(s), (28)
where . bio
%(s)=s+1—)u/)(y+)ts)—mp(é—l—;—i—zxs) s €[1,00).

Using Lemma 1, we obtain

Zo(s) < SL — Alog(u + As) —alog(p + b+a2 +ucs)

+1 I 2
+y(A+a) = 23(s), s€[l,00). (29)
Thus, we have
1 A2 o2
25 (s) = — - - <0, s€ll,0).
N Oy R B 2

We observe that the function 23(s) is decreasing on [1, c0) and also by hypothesis (i),
253(1) < 0. So, 23(s) < 0 for all s > 1. Now, with the aid of (28) and (29), the function
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Z1(s) is decreasing. Hence, the sequence {x;,},>1 is decreasing. Therefore, using (26),
we obtain

)\, b+2 ] ci|n
WOted () —1| < rw(g + 2) L xwp, bre & Mg

LT (5 +52) I
@ e+ AT (5 + 2 4 a)

, (Vz D). (30)

In view of condition (ii), the proof of this theorem is completed. [

b+2 213 2|c| 13
Corollary 4. If p + > max -1 , then the function 1G pb,c1 1S convex

2 "3(4—c])
in ID)%

Remark 1. The significance of Figures 1-3 are illustrate below:

(i)  Figure 1a and 1b illustrate the starlikeness and convexity of the Struve function, respectively.
(ii)  The starlikeness and convexity of the Bessel function are depicted in Figure 2a and 2b, respec-

tively.
(ii1) Figure 3a,b visually represent the starlikeness and convexity properties within the domain Dy
2
A
of “gp,b,c,é(z)'
= ——— — g, 19 /‘/-) = .
10 S i 50 .
P N N /// 2
o \ wl i \

(a) (b)
Figure 1. Starlikeness and convexity of Struve function of order p. (a) Image of D under ag:;f . g(z)

fora =1,p = —-1.05b =1,c =1, = A = 1;u = 15; (b) image of D under ag%ﬁc’g(z) for
a=1p=-06b=1c=1¢=LA=1Lu=15.
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Figure 2. Starlikeness and convexity of Bessel function of order p — 1. (a) Image of D under wg’j’;j . é(z)

fora =1,p=-13b=2c=-1,{ =LA=Lu=1 (b)1mageof]D)under,Xgphcg()for
a=1p=-065b=2c=1{=LA=Lu=1

06 T
PR e
e il e = o
" — s
2 ; R § g s
Py 1 N 5 N
o # : X 7 %
/ y
i \\ / N
/ : \ / \
65 ] \ 02f  /
/ : w / \
f i — f .
| ! | \
DJ**|» —————————————————————————— R - 0o |» T ——~—--—-| =
| ! ‘ | I |
\ ¥ | \ |
\ i \ /
. \\‘ A I \ Al
-0.2 ! | 02 \ 4
\ / \
\ . / : /
N, : / \.\ /.}
/3 % 4
0 \ -
~ ' 7 0 =3 /
1 - e, s
L ! e - =y
- S
-06 ] |
05 0 02 0.0 02 0.4 -05 -04 -02 0.0 02 0
(a) (b)

Figure 3. Starlikeness and Convexity in ID)1 of G b 5( z). (a) Image of ]D>1 under G p b . é,(z) for

o« =1p=-12b=1c= -1, = ;A = 1;u = 1.5; (b) image of ]D>1 under ,Xg (z) for
a=1p=-06b=2c=1=LA=Lu=1

pbeg

4. k-Starlikeness and k-Uniform Convexity of GTSF
In this section, the k-S7 and k-U/CV are discussed.

Theorem 5. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p 4+ (b +2) > 0. If the
following holds true:

(i) ()% TN < (4 \M2p + E(b+2) + 260)
(i) [e[+RTET(E +52) < (4= )T+ MT(E + 12 +a),

then ,xgpbcg € k-ST.
Proof. According to Lemma 4, it is enough to show that, under the given hypothesis, the
following inequality holds:

o P b42) (=c\n—1
Y (n+k(n—1)) F(V>r(g+ = )b(;)
n=2 T(p— A+An)1"(% e g +1xn>

<1 (31)
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Let
n+k(n—1)

T(p—A+AmT (5 + 552 — o+ an)

yn:yn(“/P/bICrCIA/H): ’ 1122

Now, we define the function % (s) as

W (s5) = stk(s—1) , s€[2,00). 32
) F(y—A+As)T(%+b%2—oc+vcs> € 2e) 2
Therefore,
W (s) = P(s)%(s), (33)
where
k b+2
%(s):m Ap(p— )\-F)\S)—DCI/J(é,—F;—lX—i—lXS) s € [2,00).

Applying Lemma 1, we obtain

k p  b+2
< - - _ _ LT e
%(S)_s—i—k(s—l) Alog(u — A+ As) alog(§+ 7 oz+ocs)
+ (A +a) = Z(s). (34)
Thus, we have
k(k+1) A2 a?
A (s) = — - - <0, s€[2,0).
N (S S R TE T N = e 2.)

Hence, the function #5(s) is decreasing on [2, c0) and also by hypothesis (i), #5(2) < 0.
So, #(s) < 0 for all s > 2. Now, with the aid of (33) and (34), the function % (s) is
decreasing. Consequently, the sequence {y, },,>2 is decreasing. Therefore,

ror(s+2) ()"
2

F(y—)ﬁ—)\n)l“(gntb% oc+1xn)

gr(#)r(g + b+>yn(zx p,b,

T ()T P+b+2) b i) Y|
(1) <§ 5 Jvalwpbed #)11;2]4
(T (5 +52) 2+ k)le

B v D).
(4—[c))T(u+A)T ( +b+2—|—0c) (Vz e D)

agk

(n+k(n—1))
2

3
I|

n—1

IN

(35)

From the given condition (ii), Inequality (31) is satisfied and, hence, the theorem
is proved. 0O

Theorem 6. Assume that « € N, {, A, u > 0, |c| < 4, such that 2p + (b +2) > 0. If the
following holds true:

(i) 3(28)% 7Y < (4 )M 2p + (b +2) + 28)";
M)zua+mmwmg+%ﬂ (4= [e)T(u+ A)T(E + 252 + w),

then ,xg Dol € k-UCV.
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Proof. In view of Lemma 5, we show that

_eyn—1
. (T (5 +252) (5)" 1
Y n(n—1)) " <tiz (36)
o 1"(;1—/\—%/\71)1"(%—1—%—&—}—0(71) n
Let
I'(n+1)
ui’l:un(a/p/b/clgl)\/#): 7 TlZZ
T(p = A+ AT (E+ 52—t an)T(n—1)
Now, we define the function %4 (s) as
1
U (s) = [(s+1) , S E[2,0). (37)
T(u —A+As)r(§ + b2 —zx+zxs)r(s ~1)
Therefore,
% (s) = 2%(s)%(s), (38)
where
b+2
Us(s) =¢P(s+1)—¢P(s—1) —APp(p — A+ As) —ay z +T —a+as), s€[2,00).
By using Lemma 1, we have
%2(5) < ?/3(5), (39)
where
U (s) =log(s+1) —log(s —1) — Alog(p — A + As)
—txlog(g—l-bgz —oc+vcs) + 91+ A +a).
Thus, we have
2 2
U (s) = — 2 A - - <0, s€2,00).

s2—1 u—A+As g—l—b;—z—a—i-txs

Hence, the function %4(s) is decreasing on [2, c0) and also by hypothesis (i), %3(2) < 0.
So, %(s) < 0 for all s > 2. Now, with the aid of (38) and (39), the function % (s) is
decreasing. Consequently, the sequence {uy, },>7 is decreasing. Therefore,

rr(5+5%2) (5"
I'(p—A+An)T <p+b+2 oc+vcn)

e p b+2 c
—Zr<u>r(§+ . )un<a,p,b,c,¢,A,u>\4

n—1

) (a,p,b,c¢, E (40)

z|c|r<> £+ b42)
@ leDr(u+ AT (5 + B2 +a)
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From the given condition (ii), Inequality (36) is satisfied and, hence, the theorem
is proved. O

Remark 2. Figure 4a and 4b demonstrate that when the parameters adhere to the obtained results,
the function .G, b’ oz (2) belongs to the class k-ST and k-UCV, respectively.

[ T
ve — PR | 1+ M \deHD_
e 1519111'ZJ
B
¥ 19-061,1,1 @
y 2 ot v EReme R | (/411 / ="y i) || PR RS
(TS P ‘—-‘ 777777 Y e
, 0 -02
- -04
1 15 20 06 08 TID 12 14 18
(a) (b)
Ap
Figure 4. (a) Image of D under M fora =1,p=-06b=1c=-1,=LA=1Lu=15
«Ippeg\Z
(b) Image of D under 1 + 2aOyhei () fora=1,p=19,b=1c=1¢=LA=Lu=1.

O (2)

5. Starlikeness and Convexity Associated with Exponential Function and Lemniscate of
Bernoulli

Theorem 7. Assume that « € N, {, A, u > 0, |c| < 4, such that 2p + &(b+2) > 0. If the
following holds true:

(i) (28)%M ) < (4 MM 2p + E(b+2) +280)Y

(ii) |e|(2e =)L ()T(E +252) < (e = 1) (4 = [e)T (1 + AT (5 + 152 + ),

then oG, )\, - € i in D,

Proof. To prove the result, it is sufficient to show that

gA£tC§()
Lg”’”g()q |G ) - <11 (41)
e

agp,hcrg( ) gp’/lé/lc,@'( )
Z

Now, using the condition (if) in (12), Inequality (41) follows, which concludes
the proof. O

Theorem 8. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p + (b +2) > 0. If the
following holds true:

(i) (28)%ez 7)< (4 M)A 2p + E(b +2) + 280)"

(i) 2|c I( )()(% + 52y < (e— 1) |c)T(u+A) (% + 52 4y,
A
pb.c

then ,G ¢ € CsinD.
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Proof. Condition (ii) implies

2r(u)T (% + 152
(4= 1elT(u+ M (5 + 552+ a) = 20er(u)r (5

1
1— =, 42
< . (42)

oy
+
S
N‘-&-
N
—

Now combining, (20) and (42), we have

Z“gpbcé ( )‘ <1_1
agp,brc,g()

A
Thus, agp,h,crg eCr. O

Theorem 9. Assume that « € N, {,A,u > 0, |c| < 4, such that 2p + (b +2) > 0. If the

following holds true:

(D (2% T < (u+ )N 2p + 8 (b +2) +280)%

i |elT()T (5 + 552 <+ e[T (T (5 + *52) ><1
(4= [e)T(p+A)T (% +22 +a) @—lehr(p+Mrk+ 42 +a) ) 2

thenagpbcgeSZ inD.

Proof. To prove the result, it is enough to establish the following inequality:

’Xg ,C, ( ) ag ., ( )
2 2GS gt () - b
Z"‘gpbcg()

) T > <1. (43)
” Gyiee®)

4

“gp,b,c,é(

From a simple computation, we have

A
Tz (?) = p b+2 "
WGphee (@) + A= <24 Pr(or( B+ 20 I pbeg Amfg], @
n=1
where 42
n
Iy =1y(a,p,b,c,¢ A,
n =l pbe b ) = T(u+An)T(E+ 552 +an)’
Now, consider the function
s+2
Z(s) = , s € 1,00).
1(®) T(u+As)T(5 + 852 +as) [L,0)
Taking logarithmic differentiation,
Z(s) = L(s)La(s), (45)
where
D (s) = ! —AP(p+As) — +i+as
2= o T et
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By use of Lemma 1, we obtain

1 p b+2
< - _ P - -
2(s) ) Alog(u + As) alog(g—i— 5 —|—(xs>+'y(/\+1x)

= 23(s), s € [1,00) (say). (46)
Since
B 1 B A2 B w2
(s+2)> u+As %%—b#—i—txs

L(s) = <0,

and Z(1) < 0, we, therefore, eventually obtain that .%(s) is a decreasing function on
[1,00) and, hence, the sequence {1, },,>1 is decreasing. Thus, from (44), the following holds:

A ”‘g%ﬁc@(z) p b+2 | c|”
Ot )+ S <2 enor (B + 222 )t p e g m 5]
n=1
_ p, b+2\h(apbc g Al
—2+F(y)l"(€+ > ) 2=l . 47)
Combining (9), (11), and (47), we obtain
A A
A, 9y e (?) A, Gy, (2)
Z“gp,llj,c,ﬁ/( ) P ZC€ “gp,lzc,él< >_ P ZC§
A, 2
«Fpiei (@)
z
T (% +252)nlel\ (Tr(5+ 242 )dile
24+
4—|c| 4—|c|

1— fl(“,P,b;C,gr/\zlfi)|C| ?
4 — |c|

The condition (if) and (48) leads to Inequality (43), which concludes the proof. [
Theorem 10. Assume that « € N, &, A, > 0, |c| < 4, such that 2p + (b +2) > 0. If the
following holds true:

(i) (28)%e3 T < (4 A)2p + E(b +2) +280)%;
(ii)
4[e[T ()T (2 + 552)
(4 [eDT(u + AT (E + 552 +a) — 20T (T (% + B52)
c|T(u)T(E + 42
X<1+ |r|’(yh)+2(g - Pz | <L
(4= [eT(u+ M (7 + %5= +a) = 2[c[T()I (7 + %)

(49)
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A .
then agp,brclg € CrinlD.

Proof. From (20), we have

p.beg
Gyined @ || wGphes' @
20 ()T (§ + 242 |e
(4~ eI+ AT (5 + 52 +a) = 20elror (4 + 22)
20 ()T ( + 252 |

(4=l (u+ AT (B + 2 +«) = 20e|r(or (5 + 252)

A, A,
Z“gp,l?,c,gﬂ(z) ) 2.G07 " (z)

<

(50)

X |2+

, (Vz e D).

Using condition (ii) in (50), we have the following inequality:

Aun
zaG (z)
% ~1|<1,(VzeD),
g M /(Z)

& pbed

which completes the proof. [

Remark 3. Interpretation of Figures 5 and 6 are given below:

(i)  Figure 5a,b illustrate that ag;\f o (z) satisfies the starlikeness and convexity properties asso-

ciated with the exponential function when the values of the parameters are according to the
obtained result.

(ii)  The lemniscate starlike and convexity properties are satisfied by ag%ﬁ c,g(z) when the values of
the parameters adhere to the obtained results, as depicted in Figure 6a,b.

115
z1G 9114’ @

AL over D

1
16-9.9,11,1@

(@) - “ (b)

Figure 5. Starlikeness and convexity associated with exponential function of aggfj c,g(z)' (a) Image
200 (2)
xGynes (2)

z ag’\rﬂc //(Z)
1+ et

« gp,b,(,g/ (Z)

of D under fora. =1,p=-09,b=1,c=1, =1;A = 1;u = 1.5. (b) Image of D under

fore =1,p=075b=2c=1.0=LA=Lu=1.
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0 0
— (2211 — 2=
04 z«s}‘:ﬂ{é RV o 1‘115}}5_21 £ n
160581012 160282,1,1'(2)
CSTO 7=\ W IO, 117 0 ——
0 _ =8 =
(a) (b)
. . . . A Z “g;:,/iil,c,ﬂ'/(z)
Figure 6. Lemniscate starlikeness and convexity of 4G b, C,g(z). (a) Image of D under W
pbed

A,
Z gp,l;‘,a.f” (z)

for
2,
« gP,:,r,C/ (2)

fora =1,p=—-051,b=1,c =1, = ;A = 1,4 = 1.5. (b) Image of D under 1 +
a=1p=028b=2,c=1L=LA=Lu=1

6. Pre-Starlikeness

Another important class of function Ep known as pre-starlike functions, introduced
by Ruscheweyh [27], is defined in the following manner:

Lo={feA:igxfeST(p)} (0<p<1),
z
(=27 %"
The concept of pre-starlikeness is extended in [28] by generalizing the class £, to L]p, J],
which is given by

where g, (z) = z € Dand g, * f denote the Hadamard product of these functions.

Llpdl={fecA:gxfeST(6)}, (0<p,6<1).
In the following theorem, we obtain conditions for GTSF belonging to the class L.

Theorem 11. Assume that « € N, A, u > 0, |c| < 4, such that 2p + (b +2) > 0 and
0<p <% 0<38< 1 Ifthe following holds true:

(i) &(3—20)e YA+ < 2y + M)A 2p + E(b +2) + 28a)Y;
(i) [e|(1=p)(3=T(T(E+52) < (4—[c[)(1 =T (4 + T (F + 52 +a),

then ag%fclg € E[p/,;].

Proof. To prove the theorem, we show that g, * ang oz = h € ST(0) by establishing the
following inequality:

<1-4, (Vz€D). (51)

T(T (5 + 52)T(n+2—20)n(5£)"2" )
H

4
i1 T(2=20)T (4 + Am)T (5 + 252 + an)T(n + 1)

n
, (VzeD),

ad c
—zp) = vn(“/ P/ br ¢, C/ /\/ ]’l)‘i
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where
nl'(n+2—2p)
v = v, p,b,c,E,A,u) = ,n>1.
n=on(apbelAp) F(y+)\n)l“(§+b2i2+m)l"(n+1)
Let r -
Vi(s) = nr(n +2 = 20) s [1,0).

C T(p+ AR+ 22 +an)T(n +1)

Differentiating logarithmically,
Vi(s) = Vi(s)Wa(s), (53)

where

Va(s) :1+1/J(s+2—2p)—1/)(s+1)—)up(y—i—)ts)—mp(g—l—ZHz_z—i-as).

In view of Lemma 1, the inequality follows:

Vo(s) < 1+10g<5+2_2p> — Alog(u + As)
s +1
b+2
wlog(Z + % +o¢s> +v(1+A+a) :=Vs(s), s € [1,00) (say). (54)

Differentiating Vs(s), we obtain

1 201 A? 2

/ — _ _
O T [ VARTE Y F e ==

<0.

Thus, V5(s) is decreasing on s € [1,00). Also, by the hypothesis (i), V3(1) < 0. Hence,
from (54) and (53), V1 (s) is a decreasing function on s € [1,00). Consequently, {vy, },>1 is a
decreasing sequence. Therefore, from (52),

o T(WI(5+52) n
) - "2 <« Sy Lot rbetdnlg]
T()T(5 + 52)v1(a,p,b,¢,8 A, )]l
_ o] , (VzeD). (55)

A simple computation leads to

)
h(z) F(V)F(g‘l'T) = cn
"2ty L mteop et iyl 6)

where . s

gn(a, p,b,c, &A1) = (n+2—20) ,nEN.

I'(p+ /\n)l"(g + 024 om)l"(n +1)

By similar arguments, it can be shown that {4, },,>1 is a decreasing sequence. Now,
using (56), we obtain
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TG S jep
r(2 — Zp) ‘71 /pr AR YEAY] —
T()T (5 +22)q1(a, p, b, ¢, &, A, ) [c]

=1 T2 - 20) (&~ |c]) ' 7

Combining (55) and (57), we have

L) T(T(5 + 22)o1(a, p,b,¢, & A, p)c]
= . T2 —2p)(—|d) o8
’h(Z) L TOTGE+ B q (e p bye 8 A )l
z I'(2—20)(4—|c])

2lel(1 - p)T ()T (5 + 42)
(4= or(u V(5 + 82 +a) — fel(1 - p)r(or (5 +252)

Applying the condition (i)) on (58), Inequality (51) holds, which proves
the theorem. O

Remark 4. In Figure 7, it can be observed that for suitable parameter values consistent with the

obtained results, (gp * 2z ag;‘;gf C":) (z) maps the unit disk D onto a starlike domain. Consequently,

Nends pbc 5( z) satisfies the pre-starlikeness property.

T T
T il
L — T Vi
1.0 -~ 1 e - | ~
-~ i e o O
P ] % 1.0 o ] S
i it / : N
7, . R '
/ X 7/ i
/ i / ! \
0st ' \ i '
: \ 1 o / ' |
‘ | \-‘ / / 1 /
| ; \ .‘r = 4
i i :
0.0 ——1|———-——————'——Il--------—~—-—-~“-—w—~—~—~n—~-——— 0.0 ——}——————————————————-——————1-»------~—-—<————
| : | \ \ = i B,
i / \ . i \
| / \ '
1 \
\ i /] -05F \ : ’I
¢ \ 1 / o !
\ : ) /
i A g
\ i s i 7
) ! A 10 = ! 7
i | = ) | e
10 = o o e
-— N — e L — e
-05 0.0 05 10 -15 -10 -05 0 05
(a) (b)

Figure 7. Pre-starlikeness of “g;}’l]f Cg(z) (a) Image of D under (gp*z,xgg’;:c g) (z) for

@ = Lp=-17b=3,c=—1¢ = LA = L = 1. (b) Image of D under (g %z 4Gy}, ;) (2)
fora =1,p=-101,b=1c=1=LA=1,u=15
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7. Hardy Space of GTSF

Let H* represent the space of all bounded functions in . We also assume that # is in
the class of the analytic functions in domain ID and set

( 1
M(r, ) = { \27
max{|h(z)| : |z| < r} (p = o).

1
27 . P
/0 ‘h(re’o)’pd(?) " 0<p<w)

As per [29], the function h is considered to belong to the Hardy space, denoted as
HP(0 < p < ), if M(r, ) is bounded for all ¥ € [0,1) and

H® C HT C HP (0<p<g<oo).

The study of the Hardy space of Mittag-Leffler functions is presented in [30]. In [31], the
results related to the Hardy space for the Fox-Wright function are derived.
Additionally, [17] establishes the conditions for generalized Struve functions belonging to the
Hardy space. In the following, we demonstrate a direct consequence of convexity for GTSF
connected to the Hardy space of analytic functions.

Theorem 12. Under the conditions in Theorem 2, the following holds:
I 1
H1725 l'fo S 5 < E,
1
H® if 5 < §< 1.

Also, GV 1 € Y20
7 2Ipbel ’

Proof. Applying Lemma 6, for any ¢ € [0, %), there exists o > 0, such that

A ot 5
lxgp,blc,é E H 1 2(),

and if 6 > %, then

/\,H o0
“gp,b,c,@' € H™.

Also, there exists p, such that
A T
“gp,b,c,é c ’)L[ 2(1-6) .
Now, since for any q,r with 0 < g < r < oo, it is implied that > C ‘H" C H‘. Hence,

A = 1
agp’b,c,g € H1-2) for0 <46 < 5

Also,

/\,}4 !/ 2 11,5
”‘gp,b,c,é‘ €m0

Hence, the proof is completed. O

8. Concluding Remarks and Observations

In this article, we established various geometric properties for the normalized Galué
type Struve function (GTSF), including the starlikeness of order J, convexity of order
0, k-starlikeness, k-uniform convexity, lemniscate starlikeness and convexity, exponential
starlikeness and convexity, and pre-starlikeness. Moreover, Theorem 12 illustrates a direct
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implication of the convexity of GTSF connected to the Hardy space of analytic functions.
Several outcomes derived herein generalize the findings available in prior literature. The
findings of this study were supported by interesting examples and graphical representations.
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