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Abstract: A notion of generalized (two-parameterized) t-transformation of free convolution, also
called (t = (a,b))-deformed free convolution, is introduced for a € R and b > 0. In this article, some
results of t-deformed free convolution are given within the theory of Cauchy-Stieltjes Kernel (CSK)
families. The variance function is a fundamental concept in CSK families. An expression is provided
for the variance function under t-deformed free convolution power. In addition, through the use of
the variance function, an approximation is provided for members of the t-deformed free Gaussian
CSK family and members of the t-deformed free Poisson CSK family respectively. Furthermore,
by involving the free multiplicative convolution, a new limit theorem is provided with respect to
t-deformed free convolution.

Keywords: variance function; Cauchy-Stieltjes transform; deformation of measures

1. Introduction

The notion of the t-deformation of a measure and of a convolution was introduced by
Bozejko and Wysoczarniski [1,2]. The definition of ¢-transformation of measure is based on
the Cauchy-Stieltjes transform G, (.), defined by

1
w—Yy

Go(w) = / o(dy) for w e C\supp(c), 1)

where 0 is a real probability measure. The t-transformation of a measure ¢ is introduced
in the following way: Let t > 0, based on the Nevanlinna theorem, the function G, (w),
provided by:

1 t

Ca@) ~ Gol@) T

Hw, )

is the Cauchy-Stieltjes transform of a probability measure denoted by Uy (o) := 0;.

The t-transformation of ¢ is nothing but the ¢-th Boolean additive convolution power
of 0.

The t-transformation of any probability measure o (with all finite moments) can be
interpreted as a multiplication of the two Jacobi coefficients &1 and A; of the first level in
the continued fraction notation of the Cauchy-Stieltjes transform. That is, if
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Gy (w) = ,

w 151 )\2

A3
w— 0y — ...

w— np —

w — &3 —
then the Cauchy-Stieltjes transform of the deformed measure U;(0) is
1

Guy (o) (w) = e
w — tag —

Az

w— y — /\3

w—a3— ————
3 w— g4 — ...

Based on the t-transformation of measures, a new type of convolution, called ¢-
deformed free convolution (or t-free convolution), denoted as —convolution, is defined
in [1,2]: The t-deformed free convolution | f |is introduced by

pltlr = Uy (Ur(p) BUK(0)), 3)

where p and ¢ are the real probability measures. However, the central limit theorem with
respect to —Convolution is established. The limit law is called ¢t-deformed free Gaussian

law. The Poisson limit theorem with respect to —convolution is proven. The limit law
is called the t-deformed free Poisson law. Families of free random variables associated
with these central limit measures are constructed, see [1,2] for more details. Further studies
related to —convolution are presented in [3,4].

This topic was further studied and extended in many ways in a number of papers.
Krystek and Yoshida [5] introduced a generalized (two-parameterized) ¢-transformation,
whereby the t-transformation of Bozejko and Wysoczariski was reduced to a special case.
The corresponding transformed convolutions were also defined. They considered a de-
formation of the Cauchy-Stieltjes transform of ¢ (with all finite moments) as follows: Let
a € Rand b > 0, denote t = (a,b) and consider the (t = (a,b))-transformation defined by

1 b
Giirioy(®@)  Go(w) + (1= bjw (b —aymo(0), (4)

where m(c) denotes the moment of order 1 of the measure ¢.

If a = b = t, the transformation U*(.) is the t-transformation Uy (.) introduced in [1,2].
The (t = (a,b))-transformation can be interpreted by means of continued fractions. The
coefficients a1 and A in the continued fraction representation of the original probability
measure ¢ (with finite all moments) are multiplied by a and b, respectively: that is

1
Gljt(a) (T/U) = b/\l
w—any —

A
w—ny — 2

A3

w—u3 — ————
w— g4 — ...

Based on Ut-transformation of measures, the t-deformed free and classical convolu-
tions is introduced. From [5] (Proposition 1.4), for a # 0 and b > 0, one can see that the

(a, b)-transformation is invertible. That is, if we write t 1 = (a=1,b~1), then Ut and ut'
are inverse of the other. The t-transformation of free convolution Hy) is

pByo =0 (U e) BUY0)), (5)
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where p and ¢ are real measures with all finite moments. The t-transformation of classical
convolution, denoted by #y), is obtained in the same way by replacing in (5) the free
convolution H by the classical convolution . It has been shown that the central limit
measures associated with t-deformed classical and free convolutions is exactly the same
for the original t-deformations, but the Poisson limit is different and depends on two
parameters. A calculation is made for the t-deformed classical and free Poisson limits. The
orthogonal polynomials that correspond to the limit measures are provided explicitly.

The theory of Cauchy-Stieltjes Kernel (CSK) families in non-commutative probability
has been introduced recently. It is defined analogously to the theory of natural expo-
nential families in classical probability. The variance function is an important concept in
CSK families. In this article, some properties of By -convolution are provided within the
framework of CSK families. For the clarity of the results provided in this article, some
facts about CSK families are presented in Section 2. In Section 3, an expression is provided
for the variance function under B -convolution power. This expression for the variance
function together with the notion of B -convolution are used in Section 4 to approxi-
mate the elements of the t-deformed free Gaussian CSK family and the elements of the
t-deformed free Poisson CSK family. Furthermore, by involving the free multiplicative
convolution and based on the variance function, a limit theorem is presented in Section 5
for the Hy)-convolution.

2. Cauchy-Stieltjes Kernel Families

A concept of family generated by the measure y is introduced in [6] for any kernel
N (y,9), such that

£©) = [ N(y,®)u(dy)

converges in a open set (). It is the family of probability measures
{(N (v, 9)/L(8))u(dy) : 8 €Q}.

Bryc and Ismail [7] introduced some properties of g-exponential families. In particular,
the case g = 0 has been connected to the free probability using the Cauchy-Stieltjes
kernel 1/(1 — dy). If g = 1, we can recover the exponential families. Some results for the
CSK families are provided in [8], where the generating measure u is compactly supported.
Extended results are provided in [9] to involve measures y with support bounded from
one side (say from above). Further studies on CSK families are presented in [10-12]. In the
following, we review some basic concepts on CSK families.

Let y be a probability measure that is non-degenerate and has support bounded from
above. Then

1
My (8) = / Wﬂ(dy) (6)
converges V¢ € [0,9) with 1/8, = max{0, sup supp(p)}. For ¢ € [0, ), we set

1
P(ﬁ,y) (dy) = WV(@)'

The (one-sided) CSK family generated by u is the set of probability measures
Ky (1) = {Pou(dy); ¢€(0,84)}
The mean function & — ky(8) = [ yPg,,)(dy) is strictly increasing on (0,9 ), see [9], and

M%) -1

ku(8) = oM, (9) (7)
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For Ky (i), the (one-sided) mean domain is the interval (mg(u), my(u)) = ku((0,94)).
This provides a mean parametrization for Ky (y1): The inverse of k(-) is denoted 1, (-).

Fors € (mo(p), m+(p)), consider Q, ., (dy) = P(W(S),y)(dy). We get

Ko () = {Qqs0 (dy); s € (mo(p), m(p)) }-

Denote
B = B(4) = max{0, supsupp(y)} = 1/0- € [0,c0) ®)

and
A= A(p) = min{0,infsupp(u)}.

Then it is shown in [9] that

mo(p) = lim k,(¢) and  my(p) =B — lim )

9—0* w— Bt G‘u(ZU) '

If the measure y has support bounded from below, the corresponding CSK family is
denoted by K_ (i) and 8- < ¢ < 0, where 9_ is either 1/ A(p) or —co. For K_(u), the
mean domain is (m— (), mo(p)) withm_ () = A —1/Gy,(A). If u is compactly supported,
the (two-sided) CSK family is (p) = {u} UK_(4) UK () and ¢ € (9, 0;).

The variance function (see [8]) is

$1 Vu(s) = [ (=7 Qe (dy). (10)

If # does not have a moment of order 1, all members of K (i) have infinite variance. A
concept of pseudo-variance function V(-) is introduced in [9] by

1
Vu(s) —s<%(s)—s), (11)
If mo(p) = [ yu(dy) is finite, then (see [9]) V), (-) exists and
V,u(s) = S_ﬂimvy(s). (12)

Let ¢(p) be the image of u by ¢ : y — Gy + A where § # 0and A € R. Then, V s close
enough to mo(¢(p)) = p(mo(p)) = Smo(p) + A,

2 — A
Vo (8) = f_sﬂy(s ; ) (13)

If V,(.) exists, then

V() (8) = &V (S §A>- (14)

3. Hy-Convolution and Variance Function

In this section, we establish the expression of the variance function under Eﬂ(t)—
convolution power. To do so, we begin by presenting some results concerning the t-
transformation of measures defined by (4). In the following, we assume that the considered
measures are compactly supported. M. will denote the set of compactly supported real
probability measures. The next result concerns the mean function.

Proposition 1. Let v € M. be non degenerate. Then, V0 is close enough to 0,

Kiie) (8) = bky(8) — (b — a)mo (v). (15)
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Proof. From the fact that M, (8) = $G, (1), we see from (4), that
_ M, (9)
M) ®) = 5@ 0) T (0 — @) Bmo (V) My (3)° ae)

We have that Mgy (0) = 1. The function Mgy (.) is well defined in a small neighborhood
of 0. Combining (7) with (16), we obtain

_ May(® =1 p(My(8) —1) _
kﬁt(y)(ﬁ) - ﬁMﬁt(y) (19) - 19MV(19) - (b - a)mO(V) = bkl/(l9) - (b - a)mo(v).

O

Next, we establish the affect on V, (-) by applying t-transformation to v.

Theorem 1. Let v € M, be non degenerate. Then, Y iit is close enough to mo(Ut(v)) = amg(v),

b m+ (b—a)my(v) _ (4 (b—a)ymy(v)
n~1+(b—a)mo(1/)VV< b ) —i—m( b _m>' (17)
Furthermore,

Vit () = by (nﬁ + (b _b”)mO(V)> + (7 — am(v) (7% + (b —ba)mo(v) _ n~1> (18)

Proof. V8 is close enough to 0, which is denoted by m = [ yP(g,(dy) and 71 = [ YP it (v) (dy).
From (15), one see that
m=>bm— (b—a)my(v), (19)

and
mo(U'(v)) = kie(,)(0) = bmo(v) — (b — a)mo(v) = amo(v).

One see that V ¢ is close enough to 0,
ll’ﬁt(v)(’%) =0 = ¢y(m). (20)
In terms of pseudo-variance functions, relation (20) can be written as

Vi) (1)
RN {11 C/) 1)
m m
From (19), we express m as a function of 1. Inserting it in (21), we obtain (17). Further-
more, as mg(v) is finite, then V,(.) and V ) (.) exists. Equation (18) follows from (17)

and (12). O

Remark 1. Note that Proposition 1 and Theorem 2 can be proven for the measure of v with support
bounded from one side and with the finite first moment.

For v € M., consider the R _transform introduced in [5], by

1
R (@) = 3 (R, (@) + (b= a)mo(v)). (22)

where 1
Ru(Gy(w)) =w — Golw)’ V w in an appropriate domain, (23)
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see [13] for more details about Ry (+). For u, v € M,
R () = R () + RE (w) 4

The r-fold Hy)-convolution of o € M. with itself is denoted oP®" This operation is
well defined for » > 1, (see [14]) and

RY () = rRY (w). (25)

o (®

Proposition 2. Let v € M, be non degenerate. Then,
i R is increasing strictly on (G, (A(Ut(v))), Giie() (B(Ut(v)))).
(i)) Form € (m_(v),my(v))

(t) bm — (b —a)my(v) B

(i) lim R (w) = my(v).

(iv) lim zR (w) = 0.
w\0

Proof. The proof is based on the properties of Rﬁt( v) (.), which are provided by considering

measure Ut(v) instead of measure y in [9] (Proposition 3.8).

(i) One see from [9] (Proposition 3.8(i)), that Rﬁt( ) (.) is increasing strictly on

(Gt (AT 1)), Gy (BT(1)))).

So, the proof of (i) follows easily from relation (22).
(i) Combining (22), (19) and [9] (Proposition 3.8(ii)), we obtain

(t) bm — (b —a)mo(v) B (t) m
R (Vgt(v)(bm - (- ﬂ)"ﬂ)@))) =R (Vﬁt(v)(ﬁ)>

(Rﬁt(v) (Vlj[‘:l) (ﬁ)) + (b - a)mO(V)>

(m+ (b—a)my(v)) = m.

S = S -

(ili) Using (22) and [9] (Proposition 3.8(iii)), we have that

Im RO = lim % (Rt () + (0~ a)mo(v))
= 5 (@ W) + (b - aymo(v))
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(iv) From (22) and [9] (Proposition 3.8(iv)), one see that

1
lim RV (z) = lim (2Rt (2) +2(b = a)mo(v) ) = 0.
O
Next, the main result of this section is stated and demonstrated.

Theorem 2. Let v € M, be non degenerate. Then, for r > 0 so that TECIET defined,

(i) v e M..

(ii) V'm close enough to my (vaﬂ(f)r> =rmp(v),

V mpyr(m) =rVy(m/r) + (1/r = 1)m(m(1 —b) +r(b — a)mo(v)). (27)

bm — (b — a)mg (VBW)

v

Furthermore,
VVB](t>r(m) =rVy(m/r)+ (1/r —=1)(m —rmo(v))(m(1 —b) +r(b—a)my(v)). (28)

Proof.

(i) Asv € M., then the measure U'(v) is in M.. Thus, in a domain containing some
open interval (—J,6) for 6 > 0, the function

Rgt)(,) = %(Rﬁ'(v)(') +(b— a)mo(v)>

is univalent. Therefore, in the same domain, the function

RV =R g.() = 2(73@ (For) )+ (= a)mg (ﬁm’))

v

is univalent. This implies that that th (Vﬁﬂ(t)r> (w) and so va(t)y(w) is analytic for

|w| > ¢, with ¢ = GEIt1 J). Then, VBT e M., (see [15] (Proposition 6.1)).

(oo

(i) From Proposition 2(iii), we see that

m (VEW) — lim RY

& . (z) =71 lim ’Ry) (z) = rmy(v).
z—0 v () z—0

Vm is close enough to rmy(v), such that m/r € (m_(v),m4(v)) and
bm — (b —a)my (VEW)

Vg (om0~ o ()

€ (G[jt(y) (A(ﬁt(v))),Gﬁt(v)(B(Ut(v)))),

we have

R O
Vljl*(vaamr) (bm — (b — ﬂ)mo (VEE(t)?’)> oy Vﬁt (VEE(t)’> (bm _ (b - a)mo (Uﬁﬂ(t)r))
m
T

O bm/r — (b—a)mp(v)
"\ Vi) (bm/r — (b —a)mo(v)) )
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Recall Proposition 2(i), R,(,t) (+) is one-to-one on (G&t(v) (A(Ut(v))), Gt (v) (B(U(v)))). So

bm — (b —a)my (vm“)r) bm/r — (b—a)mg(v)

Vljt (Uﬁ(t)’) (bm - (b - a)mO (VBH(M)) a Vﬁ‘(v)(bm/r - (b - a)mO(V)),

or equivalently
Vﬁt (VEEI(t)r> (bm —r(b—a)my(v)) = rVﬁt(V)(bm/r —(b—a)mg(v)). (29)

However, from (17), one can see that

Vi (F(t)f) (bm —r(b—a)my(v)) =

b(bm —r(b—a)my(v)) Ve
(bm = (b — a)mo(v)) + (b — a)mo (v )

bm —r(b— b— Bior
—l—(bm—r(b—u)mo(u))(m i a)m()(v);( ol )—(bm—r(b—a)mo(v)))

bm —r(b—a)my(v) + (b —a)my (1/83(07)
®" b

That is

Vﬁt(ﬁa(w) (bm —r(b—a)mp(v)) =

_ bm— r(b —a)my(v)

We also have, from (17)

V gy (m) + (bm —r(b — a)mo(v)) (m(1 = b) +r(b —a)mo(v)). (30)

Vljlt(l/) (bm/r — (b — a)m()(l/)) _
bm = r(b — a)mo(v)
m

Vy(m/r) + %(bm —r(b—a)ymg(v))(m(1—b)+r(b—a)mg(v)). (31)
Combining (30) and (31) with (29), we obtain

bm —r(b—a)my(v)

VVEE(t)r(TI’l) _ bm — r(b; a)mo(v)rV,,(m/r)

+ (1/r=1)(bm —r(b —a)mg(v))(m(1 —b) +r(b —a)my(v)),

which is nothing but relation (27).
Furthermore, V, (.) and VVBH(t)r (.) exists. Combining (27) with (12), we obtain (28). O

Fora =b =t > 0, the B -convolution is reduced to the —convolution. We have the
following corollary.

Corollary 1. Let v € M. be non-degenerate. Then, for r > 0, so that vr is defined,
(l) Vr S Mc-

(ii)  V'm close enough to mo(vr) =rmoy(v),

er(m) = rVy(m/r) +m*(1—t)/r+t—1). (32)
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In addition,

1% (m) =rVy(m/r)+m(im—rmo(v))(1—t)/r+t—1). (33)

Vi

4. Approximations in CSK Families Based on H)-Convolution
4.1. Approximation of t-Deformed Free Gaussian CSK Family

As pointed in the introduction and according to [5] the (t = (a,b))-deformed free
Gaussian law is the same as the t-deformed free Gaussian law (or Kesten law), with
b = t. According to [16], (see also [2]), the t-deformed free Gaussian law is provided by

Kt = K + K with
1 At—y?

Kt (dy) = Eml[‘zﬁz‘/ﬂ (v)dy
and fort < 1/2,

Proposition 3. Vm close enough to mo(x;) = 0,
Ve, (m) =1+ (t — 1)m>. (34)

Proof. According to [16], (see also [1]), the Kesten distribution «; is related to the Wigner
semi-circular distribution

sC(dy) = YAV

o (—2,2) (y)dy,

by k¢ = Uy,+(D /;(SC)). Note that D¢ (v) is the dilation of measure v by ¢ 7 0. On the other
hand, from [8] (Theorem 3.2), we have Vsc(m) = 1 = Ve (m), with mo(SC) = 0.

Recall that the t-transformation of measures U;(v) is nothing but the t-th power of
the Boolean additive convolution of v. From [10] (Theorem 3.2), Vi in a neighborhood of
mo (i) = mo(Uy /(D ;(SC))) = 0, one see that

1
O

Next, an approximation is presented for elements of ().

Theorem 3. Let v € M, be non degenerate with a mean of 0. Then, there is € > 0, such that if, for
r > 0, the law of a random variable Y, belonging to IC(vy) with v, = Dy, (VEB“)V) and the mean
of Yy is equal to m/ /v with |m| < e, then

JrY, 2, Q(mpy) € K(xe)  in distribution.
Proof. The law of the random variable Y; is denoted by L(Y;). As L(Y;) € K(v,) with
Yy, (m) = Vvaa“),(rm)/r2 =V,(m)/r+ (1/r =1)(1 —t)m?,
then £(4/rY;) is in the CSK family with
Ve(m) = 1V, (m/ 1) = Vy(m/ /1) + (1/r = 1) (1 — t)m?.

We have
Ve(m) 2525 1,(0) + (¢ — 1)m?.
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Using [8] (Proposition 4.2), we conclude that there is € > 0, such that if [m| < ¢ and the
mean of Y, is equal to m//r, then with V,(0) = 1, we have

L(VrY,) 22, Q) € K(xt) in distribution.
For m = 0, we obtained the central limit theorem with respect to Hy)-convolution. [

4.2. Approximation of t-Deformed Free Poisson CSK Family

According to [5], the (a, b)-transformed free Poisson law p, with a mean mg(p,) = « > 0
is provided by p, = p$ + pL. The continuous part is

V4ba — (y — aa — 1)2
PE (d]/) = 27Tf(y) 1[l+aa72\/ﬁ,1+mx+2\/ﬁ] (dy)’

with f(y) = (b—1)y? + (a +aa + 1 — 2ba)y — (a — b)a?. pL is 0 except possibly for the
following cases:
Case 1: f(y) has two real roots, y; and y;. Then,

1
V(e —aa—1)2 —4a(b—1)

o
lyi — (& —ax = 1)|

w; =

xmax{O, —b|yi—(¢x—aa—1)|}.

In this case, the parameters should satisfy
(0 +1)% + an(an — 2a 4 2) — 4ab > 0,

and two real roots can be provided by

2ba —a —an — 14 /(a +1)2 + an(aa — 2a +2) — 4ab
Yi= 200 — 1) '

Case 2: b =1and a # aa + 1 so that f(y) has one real root y3 = « + —2—. Then,

a—an—1"

ba
D _ =
py (dx) —max<0,1 (a—aa—l)z)(sys'

The t-deformed free Poisson law appears in the free probability as the limiting law of
repeated Hy)-convolution of measures of the form

yK:@—%ﬁ%+%&,fm K=1,2,3,.. and 0 < & < K.

In other words,

pk By pe By v Kot pa  in distribution.

K times
Proposition 4. Vm close enough to mo(py) = «,
Vp(m) =m — (m —a)(m(1—b) + (b—a)a). (35)

Proof. According to [5], we have

«
Rpy (w) = ———

— (36)
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Combining (36) with (26), Vm close enough to my(ps) = «, we obtain
«
=m.
1_ bm—(b—a)mo(pa)
Vit () (om—(b=a)mo (pa))
That is,
m(bm — (b —a)a
Vgt(pa)(bm —(b—a)n) = ( - (_ . ) ) (37)
One see from (17) and (37) that
Vp, (m) = ——[m — (m — &) (m(1 = b) + (b — a)a)]. (39)

Combining (12) with (38), the expression of V,, (.) is provided by (35). [

Now, an approximation is presented for members of KC(py ).
Theorem 4. For K=1,2,3,...and 0 < a < K, let
o o
K = (1 - E)50 + 2.
Then, Ym in a neighborhood of «

Q< 85 K MQ(%M, in distribution,
m,yK >

Proof. We know from [11] (p. 878) that Vx in a small neighborhood of mg(ux) = a/K,
Vi (x) = x(1 —x). (39)

H K
We have mj (yK(') ) =« = mp(pa). Then, ¢ > 0 exists, so that

(mf (]/l;lj(t)K),er (V?(a(t)K)) N (m—(pa), my(pa)) = (6 —&,a+¢).

Vme (n—ea+e)

/yQ<m,”Ea(t)l<> (dy) =m = /.yQ(m,p,X)(dy)‘

K

Using (28) and (39), Vm € (A — ¢, A + €), we obtain

= V() + (/K= 1) (m — Ko (ux)) (m(1 = b) + Koo (1) (b — )

= m(1 - %) + (1/K = 1)(m — &) (m(1 = b) + (b — a)a).

K22 — (m — &) (m(1 = b) + (b — a)a) = Vy, (m).
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By using [8] (Proposition 4.2) applied to Q ( E\H“)K) , we obtain

m,py

K—+o0

Q( Bk — Q(mp,) inthedistribution, Vm € (a —¢a+e).
M,y )
For m = «, we recover the Poisson limit theorem with respect to H;)-convolution, i.e.,
BHyK K . c .
Y 2272 by, in distribution.
O

5. A Limit Theorem Related to 8, -Convolution

M will denote the set of probability measures on R.. Let p € M™, (p # &y). The
S-transform is introduced by

Rp(¢Sp(5)) = S 1( V ¢ in a neighborhood of 0.

Sp(@)

Multiplication of S-transforms remains an S-transform. For p, p» € M ™, the mul-
tiplicative free convolution p; X p, is defined by S, xp,(5) = Sp,(£)Sp,(¢). Powers of
multiplicative free convolution p™? are well defined, (at least) Vp > 1, by S 020 (6) = Sp(8)7,
see [17] (Theorem 2.17) for more details.

Next, involving the free multiplicative convolution, a limit theorem is provided for
the B(y)-convolution. M will denote the set of compactly supported measures on R

Theorem 5. Let v € M be non degenerate. Denoting y = % = %rgo), then
Byq g—+oo
Dl/(qmg) (V'Z]q> T a7Te, T,  indistribution,
with
Vrv(m):W+(m—1)((b—1)m+(a—b)) (40)

Vm in a small neighborhood of mo(t,) = 1.

Proof. Using [12] (Theorem 2.4 (i)) and Theorem 2(ii) , we obtain

oy mo(CF)TO) (o
o (Dl/(qm(vw)(vwf()q) B 0(<f1mo(v)‘7) ) N (?qngo((i?)) N

Combining [12] (Theorem 2.4 (ii)) and (28), Vm close enough to 1, we obtain
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er(m) =

(nPentm) = qZL?ﬂV(m)aﬂ“)q (qmm)
= qz;(z)t,{q%w (mmf)
+ (/g = 1) (qmml — qmo(v¥1)) (qmmf(1 — b) + g(b — a)mo(v1)) }
= qmléqvvm(mmg) +(1/g=1)(m—1)(m(1~b) +b—a)

m(m—1)

m3 In(m)

_ -1
(mmg —mg)m1 1/‘7mg Vy (ml/qmo)

gy’ [(mm)1/7 — mo]
+  (1/q=1)(m—1)(m(1~b) +b—a).
m—1Dml—1/
= O Ty (o) + (1~ 1)~ 1) (1 ) + b~ a).
0 1/7

1ove, 1M D)y, ) 4 (m— 1)((b— 1ym + (a— b)),

m3 In(m)

Recall [8] (Proposition 4.2), the previous calculations implies that

Dy, (qm) (ng>m(t)q A T,  indistribution,
with
~1
Vo (o) + (m =1)((b—1)m + (a = b)) = % 4 (m—1)((b—)m+ (a— b)),

B
and mg(ty) = my (DU(qu(V)q)(u&q) (t)‘i) =1. O

Remark 2. The free cumulants r, = T’n(Tf\,), n = 1,2,..., of the measure T, can be obtained
from the expression of the variance function provided by (40) and [8] (formula (3.12)). That is
r1(ty) = mo(ty) = land foralln > 1

1 dnfl

n
"np1(Ty) = EW(V'W("Z)) -

One can see that the variance of the measure T, is 2(T,) = <. Furthermore, after some calculations
we obtain r3(ty) = y(3v+a—1) and ry(t,) = v(39% + (b+3a —4)y + (a — 1)2).

6. Conclusions

The notion of Hy)-convolution, is defined in [5] as a generalization of the original
t-transformation of free convolution introduced in [1,2]. The central limit theorem with
respect to Hy)-convolution is provided and the t-deformed free Poisson measure is calcu-
lated in [5]. Further results related to Hy)-convolution are presented in [5]. The goal of this
article is to study of the notion of Hy)-convolution from the perspective of CSK families,
which has been recently introduced in [8,9]. A fundamental concept for CSK families is
given by the variance function. An expression is provided for the variance function under
H(¢)-convolution power. This expression is used to approximate elements of the t-deformed
free Gaussian CSK family and elements of the t-deformed free Poisson CSK family. Further-
more, involving the free multiplicative convolution, a new limit theorem is proven with
respect to Hy)-convolution.
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