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Abstract: Quaternions and split quaternions are used in quantum physics, computer science, and in
many areas of mathematics. In this paper, we define and study two new classes of split quaternions,
namely balancing split quaternions and Lucas-balancing split quaternions. Moreover, well-known
properties, e.g., Catalan, d’Ocagne, and Vajda identities, for these quaternions are also presented. We
give matrix generators for balancing split quaternions and Lucas-balancing split quaternions, too.
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1. Introduction

Let C be a set of complex numbers. In 1843, W. R. Hamilton introduced an extension
of complex numbers—the set of quaternions, denoted by H. A quaternion g is defined as

g=xo+x1i+xj+xk,xs eR, t=0,1,23,
where units i, j, and k satisfy the quaternion multiplication rules:
i =i =Kk> =ijk = -1,
ij =k =—ji, jk =i= —-kj, ki=j = —ik.

Multiplication of quaternions is non-commutative. The addition, the subtraction, and the
multiplication by scalar s € R for quaternions are defined in the following way:
Let g1 = xg + x1i + x2j + x3k, g2 = vp + v1i + v2j + v3k, s € R. Then,

q1 + Q2 = (XO + Uo) + (xl + Ul)i + (.XZ + Uz)j + (.X3 + '03)1(,

sq1 = sxg + sx1i + sxpj + sxzk.

The quaternion g = xg + x1i + x2j + x3k can be also represented by the square matrix of
order 4 of the form

Xp —X1 —X2 —X3
X1 X0 —X3 X2
X2 X3 Xp —X1

X3 —Xp X1 X0

Moreover, we can use the matrix of order 2 with complex number entries to define the
quaternion g:

Xy + x3i

Xo — Xli

X + x11
—Xp + x3i

Many authors have studied quaternion matrices (see [1,2]). By analogy with the theory
of complex numbers, the conjugate of the quaternion § = x¢ + x1i + x2j + x3k is the
quaternion 7 = xo — x1i — x2j — x3k. The norm of the quaternion 4 is defined as N(q) = g -

g = x3+x2 4+ x3 + x3. If g # 0, then the quaternion has a multiplicative invers 4! = ﬁ
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For basic quaternion concepts and some interesting properties of them, see, for
example, [3,4].

The set of split quaternions (coquaternions), denoted by Ifl, was introduced by J. Cockle
in 1849 [5]. The split quaternion is defined as

p=vo+wi+yj+uysk,yr €R, t=0,123,
where units i, j, and k satisfy the non-commutative multiplication rules:
?=-1 =K =ijk=1,

ij=k=—ji, jk = —i=—kj, ki=j = —ik.

We can write the split quaternion as follows:

p= (yo +}/1i) + (yz +y3i)j =2z +Zz]', 21,20 € C.

The scalar and the vector part of a split quaternion are denoted by S, = yo and
\7,, = y1i + Y2j + ysk, respectively. Hence, we can write a split quaternion as p = S, + Vp.

The set of split quaternions is four-dimensional and non-commutative, like the set of
quaternions. The split quaternions contain nilpotent elements, nontrivial idempotents, and
zero divisors. The conjugate of a split quaternion p = yo + y1i + y2j + y3k is defined as
P = Yo — y1i — y2j — y3k. The norm of p has the form

N(p) =pP=v5+vi—v3— V3 (1)

For the basics of split quaternion theory, see [6]. Some interesting properties of split
quaternions are presented in [7-11]; for example, De Moivre’s formula and the roots of a
split quaternion are given in [7]. In [8], split quaternion matrices are considered.

Quaternions are used in differential geometry, quantum physics, and in the synthesis
of mechanisms and machines [12]. Split quaternions are used, among others, in color
balance. The model refers to the Jordan algebra of symmetric matrices of order 2 with real
entries; for details, see [13].

2. Balancing and Lucas-Balancing Numbers

Balancing numbers B, were introduced by A. Behera and G. K. Panda in [14]. A
positive integer  is called a balancing number with balancer 7, if it is the solution of the
following equation:

142+ +n-1)=mn+1)+n+2)+---+(n+r),

named a Diophantine equation. For each balancing number 1, V812 + 1 is called a Lucas-
balancing number C, (see [14]). Moreover, the balancing numbers and Lucas-balancing
numbers are defined recursively:

Byi1 = 6By —B,_q for n>1,By=0,B; =1, )

Cn+1 = 6Cn - Cn,1 for n > 1,C0 = 1,C1 =3. (3)
Table 1 includes eight terms of the sequences {B, } and {C, }.

Table 1. The values of balancing and Lucas-balancing numbers.

n 0 1 2 3 4 5 6 7

By 0 1 6 35 204 1189 6930 40,391
Cy 1 3 17 99 577 3363 19,601 114,243
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Balancing numbers and Lucas-balancing numbers are given by Binet formulas:
A — A1
Bl’l = 1 2 ’ (4)
42
/\Tl + )U’l
C,=-1_"2 (5)
2
where
M=3+2V2, A=At =3-2V2
Note that
A+ Az =6,
A=Ay =4V2, (6)
AMAy =1
Balancing numbers have a negative extension B_,, = —B;. Hence, the sequence of

balancing numbers ..., —35,—6,—1,0,1,6,35,... has a symmetry property.
Some properties of balancing numbers and Lucas-balancing numbers are given
in [14-17]. We recall some of them:

C2 = 8B2+1
Con = 16B2+1
Butm = BuCy+ CyBy
Bio-m = BuCyu—CyBpy
Ch—m = CuCy —8B,By
Cogm = CuCm+8ByBm
By By —B2 = —B? (Catalan identity)
ChyCnir—C2 = C2-1 (Catalan identity)
B, 1Byy1—B2 = -1 (Cassini identity)
Cr1Cpp1 —C2 = 8 (Cassini identity)
BmByi1 — Bu+1Bn = Bm—n (d'Ocagne identity)
CmCpi1 — Cpi1Cn = —8Bm—n (d’Ocagne identity)
3By — By—1 = C (7)
Byy2 — By_p = 12C, (8)
y =Pt =Pl ©)
1=0
i C = M (10)
1=0

3. The Balancing Split Quaternions and Lucas-Balancing Split Quaternions

In the literature, the quaternions and split quaternions of the well-known sequences
have been considered. In [18], Horadam considered Fibonacci and Lucas quaternions,
defined in the following way:

FQn - Fn + iFn+1 ‘|‘an+2 + an+3/
LQn = Ln + iLn+l + jLn+2 + kLn+3/
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where F, is the nth Fibonacci number and L, is the nth Lucas number, and {1, 1, j, k} is the
standard basis of quaternions.

In [19], the split Fibonacci quaternion Q, and split Lucas quaternion T, were intro-
duced by the following relations:

Qn = Pn +iFn+1 +an+2 +k,Fn+3,
Ty =Ln+ iLn+1 +jLn+2 + kLn+3/

where {1,i,],k} is the standard basis of split quaternions. In the literature, there are
many generalizations of the Fibonacci and Lucas sequences; among others, the k-Fibonacci
sequence {Fy , } and the k-Lucas sequence {Ly , } are defined for k € N in the following way:

Fo=0F.1=1, F, =kF 1+ F_ forn>2,

Lip=2Lig = k, Liy, = kLk,n—l + Lin—2 for n > 2.

Some new results for the split k-Fibonacci and split k-Lucas quaternions can be found in [20].
In [21], the authors studied split Pell quaternions SP, and split Pell-Lucas quaternions
SPL;, defined by

SP, = P, +iPn+l +an+2+kPn+31
SPL, = PLy 4+ iPLy4q + jPLy 2 +KkPL, 3,

where P, and PL,, are the nth Pell and Pell-Lucas number, respectively. In [22,23], balancing
quaternions, Lucas-balancing quaternions, and some generalizations of these quaternions
were considered. Inspired by these results, we introduce balancing split quaternions and
Lucas-balancing split quaternions and present some properties of these split quaternions.

Letn > 0. We define the balancing split quaternion sequence { BSQj, } in the following way:

BSQu = By + iBys1 + jBuya + kB, (11)

where B, is the nth balancing number and {1,i,],k} is the basis of split quaternions.
Similarly, we define the Lucas-balancing split quaternion sequence {CSQy }:

CSQYI =Cy+ iCn+1 + jcn+2 + kCn+3r (12)

where C, is defined by (3).
Formulas (2), (3), (7), and (8) can be extended to the sequences {BSQ, } and {CSQ,}.

Theorem 1. Let n > 2 be an integer. Then,

(i) BSQn = 6BSQn—1 - BSQrFZ/

(i) CSQu =6C5Qu—1—CSQu-2,

where BSQy = i + 6] + 35k, BSQ; = 1+ 6i + 35j + 204k, CSQy = 1+ 3i + 17j + 99k, and
CSQq = 3+ 17i + 99 + 577k.

Proof. (i) By (11) and (2), we obtain

6B5Q,-1 — BSQn2
= 6(By_1 +iBn + jBus1 +kByss) — (By_o + iBy_1 + jBy + kBys1)
6By_1 — By_2+i(6By — By_1) + j(6Bys1 — By) + k(6Byis — Byi)
= By +iB,11 +jBn+2 +kBj13 = BSQp.

We omit the proof of formula (ii). O
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Theorem 2. Let n > 1 be an integer. Then,
3BSQ,, — BSQ,_1 = CSQ,.
Proof. Using formulas (11) and (7), we have

3BSQn —BSQyu-1 = S(Bn +iBy1 +jBn+2 + kBi’l+3)
—By 1 —iBy — jByi1 — kBuy2
= 3By —B,_1+i(3B,4+1 — By)
+j(3Bn+2 - Bn+1) + k(3Bn+3 - Bn+2)
= Cu+iCup1 +jCui2 +kCyyz = CSQy,
which ends the proof. O

Corollary 1. Let n > 0 be an integer. Then,
BSQy+1 — 3BSQu = CSQy.
Theorem 3. Let n > 2 be an integer. Then,
BSQu12 — BSQu 2 = 12CSQy.
Proof. By (11) and (8), we have

BSQu42 —BSQu—» = Bui2+iByi3+jByis +kBugs
—By_2—iB,_1—jBy —kBy41
= Buy2—By2+i(Byts—By1)
+j(Bu+4a — Bn) + k(Buts — Buy1)
— 12(Cy + iCps1 + jCusz + kCuy3) = 12CSQu.

This completes the proof. [

Now, we present some properties of the balancing and Lucas-balancing split quater-
nions. By simple calculations, we obtain the following results.

Theorem 4. Assume that n > 0 is an integer. Then,
BSQn + BSQn = 2By,
CSQn + CSQn — 2C1’l‘

Theorem 5. Assume that n > 0 is an integer. Then,

(i) BSQ?+ N(BSQy) = 2B,BSQ,,
(i) CSQ?%+ N(CSQ,) =2C,CSQ,.

Proof. By formulas (1) and (12), we have

CSQ2 + N(CSQu) =C2—C2,, +C2,+C2,,
+2iCyCpy1 + 2jCnCrin 4 2kCuCyrys
+Ci+Cri1—Cra—Chis
=2(C2 +iCyCpy1 + jCnCriz +kCyCpy3)
= zcn(cn + iCn+1 + jcn+2 + kcn+3)
=2C,CSQ,.
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The proof of (i) is similar. O

Now, we give the Binet formulas for the balancing split quaternions and Lucas-
balancing split quaternions.

Theorem 6. Let n > 0 be an integer. Then,

AT — XoAd

BSQn::———jIJE——f, (13)
CSQ”__X}MT;}EAS’ (14)
where
M =342V2, Ay =3-2V72,
A1 =1+4iA + AT+ KA, (15)
Xy =1+ idy +jAZ + kA3 (16)

Proof. By formula (5), we have

CSQun =Cpn + Z.Cn+1 +jcn+2 + kcn+3
1 .
:EMQ+A§+4AT4+A$ﬂ
_._]'(A?JrZ +/\g+2) +k(/\;l+3 +Ag+3)}

1 . . . )
::E[AT(l—%zAJA#]A%4—kA%>A%Ag(1—+zA24F]A§%—kA%)]
:&M+&w

—

We omit the proof of formula (13). O

4. Some Identities for the Balancing Split Quaternions and Lucas-Balancing
Split Quaternions

In this section, we will present some identities for the balancing split quaternions and
Lucas-balancing split quaternions. By simple calculations, using (6), (15), and (16), we have

X2 =24 (64 4V2)i + (34 +24V/2)j + (198 — 4V/2)k, -
XAy =24 (6 — 4V/2)i 4 (34 — 24V/2)] + (198 + 4V2)k.
Moreover,
XiAg + XAy = 4(1 + 3i + 17 + 99k) = 4CSQ. (18)
Theorem 7. Letr > 0,5 > 0,t > 0, and u > 0 be integers such that r +s = t 4+ u. Then,
BSQy - BSQs — BSQ: - BSQ,
1 . . o (19)
= 3*2[}\1)\2()\5)\3 — MAS) 4+ AA1 (A5AS — ASAY)],
CSQy - CSQs — CSQ; - CSQqy
(20)

1.~ & A
= 1[)\1)\2(/\?\3 — MAY) + A1 (A5A] — ASAY)),

where X1 Xy, and XyAy are given by (17).
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Proof. By (13), we obtain

BSQ, - BSQ, — BSQ; - BSQ,
1

= ﬁ(

_ )\§+u()\1)2 _ /\ﬁ/\%)\l)\Z — )\ﬁ‘/\é/\z/\l - /\§+”(/\2)2)-

ATFS(X)2 4+ AIAS X A + ASAG AT 4 A5 TS (X7)2

Since ¥ 4 s = t + u, we obtain formula (19). We omit the proof of formula (20). O

Using Theorem 7, we have the well-known identities: Catalan-type identities, Cassini-
type identities, d’Ocagne-type identities, and Vajda-type identities for balancing split
quaternions and Lucas-balancing spit quaternions.

Corollary 2. (Catalan-type identities) Assume that n > 0,m > 0 are integers such that n > m. Then,

A — A (X A ALt — X X AT
BSQu-nBSQun — BSQE = M 22N S R D,

(AB— AT (X3 XAl — Ao Xq A
4

CSanmCSQner - CSQ% =

Corollary 3. (Cassini-type identities) Let n > 1. Then,
AAadg — A lihy
4v2 ’

CSQn-1CSQu11 — CSQp = —V2(A1 454 — ApdiAy).

BSQ,-1BSQy+1 — BSQ3 =

Corollary 4. (d’Ocagne-type identities) Assume that m > 0 and n > 0 are integers such that m > n.
Then, . .
)tl)tz)qn’” — )tz)tl)tg”’”

44/2 ’

CSQmCSQui1 — CSQum11CSQn = —V2(X oAl — XA AL ).

BSQuBSQy 11 — BSQyu1BSQy =

Corollary 5. (Vajda-type identities) Assume that n > 0, m > 0, and k > 0 are integers such that
n > k. Then,

BSQukBSQu—r — BSQuBSQn
- 3l2 [ Apag (1= (17 +12v2)F) + Ky Ay (1 - (17 - 12v2)F) ],
C5QumkCSQu— — C5QmCSQn
= i [m} Ao ((17 +12v2)F — 1) + DXy ATA((17 — 12v/2)F — 1)] .
In the next theorems, we present other identities for balancing split quaternions and

for Lucas-balancing split quaternions. They show some dependencies between these
split quaternions.

Theorem 8. Assume that m > 0 and n > 0 are integers such that n > m. Then,

X1X2AT_m — /\,\2/\,\1/\g_m

BSQuCSQm — CSQuBSQm = 4ﬁ
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Proof. By formulas (4) and (5), we have

BSQuCSQum — CSQuBSQm

8\/[(/\1/\" AAB) (XA + A — (A9A] 4 AA8) (KA — ApA80)]

_ 1
8\@

[2X1 A ATASE — 215X AT AL

A A

A AAY™ — Ko XAy

[(A1A2) (A AT ™ — Ao Aq A ™)) = i

4f

This completes the proof. [J

Theorem 9. Let m > 0and n > 0 be integers. Then,

(Xl)z/\Ter _ ()CQ)Z)\EHL"I
4v2

BSQuCSQum +CSQuBSQy =

Theorem 10. Assume that n > 0, m > 0, and k > 0 are integers such that m > k. Then,

BSQu:mCSQ BSQussCSQpim = QMM 437
n+m n+s n+s n+m — 2\/5 .

Proof. By formulas (13), (14), and (18), we have

BSQn+mCSQuik — BSQu1kCSQntm

- 8%[(&)@’" AL (R AT L K Anh)

— (XATHF = AT (AT 4 KpA0 )]

- 8\1@ KL EAIF AL f X ik e

+ szlA”+mAg+k — Xp A Atk pEm]

S\f[(MM) (KX + Ko A1) (AT'AS — AfAF)]

_ CSQo(M'A5 — AfAR) _ CSQo(AYF — Az )
2V/2 2V/2 '

This completes the proof. [

Theorem 11. Assume that n > 0 is an integer. Then,

CSQ?% —8BSQ? = 2CSQy.

Proof. By simple calculations, using (18), we obtain

~ N 2 ~ A 2

AMAT + A AT At — A A

2 2 11 274 14 2\

— 8B = (=1 "2\ _ =l &2
CSQy —8BSQy ( 2 ) 8( 4\/§ )

[(/\1/\2)n2()\ A2 4 AxAq)]
B ?\1?\2 er Ay 2CS0,,

which ends the proof. O
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Theorem 12. Assume that n > 0 is an integer. Then,
1 N A N .
CSQyy — 16BSQ? = 5 ()\12”()\1 — (X1)?) + A2 (Xy — (/\2)2> +2CSQy.
Theorem 13. Assume that n and m are integers such that n > m. Then,

CSQuCSQu — 8BSQuBSQum = & (AT X1 + AL X 1),

N \

1 ) .
CSQuCSQu +8BSQuBSQu = 5 (A;’+m/\12 + Ag+m/\22).

Now, we give summation formulas for the balancing split quaternions and Lucas-
balancing split quaternions.

Theorem 14. .
BS —BSQ, —1—i—5j—29%
Z BSQ, = Qni1 Qn4 ] ) 1)
1=0
n - 2+i—2j— 19
ZCSQI _ CSQuu1 CSQn;— +i—2j 9 . 22)
1=0

Proof. By formula (9), we have
n
Z =
= ZBz+lZBz+1 +]ZBI+2+kZBz+3

Mx

(Bi +iBy41 + jBii2 + kByi3)

=0

=

=0 = I= I=
1 . 1
1( nt1 — Bn—1) + 1(1(Bn+2 —By11—1) —By)
1
~(Bu43 —Buy2—1) =By — By
(4( B 1) B B )
1
(ZL( nta — Byiz —1) — By — By — Bp)
1 . .
Z( 41+ 1Byt + jBuy3 +kByig — (By +iBy 1 + jBujo + kByi3)

(1+Z+]+k))—iBo—j(Bo+B1)—k(Bo+B1+BQ).

Hence,

" BSQui1 — BSQu — (1+i+ j+k) — (4] + 28k)
) BSQ; = 1
1=0
BSQui1 — BSQu —1— i — 5j — 29k
1 .

Using formula (10), we can prove formula (22). O

5. Generating Functions and Matrix Representations

In this section, we will present the generating functions and matrix generators for the
balancing split quaternions and Lucas-balancing split quaternions. We recall known results
for sequences {B, } and {C, }.

Theorem 15 ([14]). The generating function of the balancing sequence { B, } is

X

CBwx) =T T2
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Theorem 16 ([24]). The generating function of the Lucas-balancing sequence {C } is

1—3x

G(Cuix) = T a2

Theorem 17. The generating function of the sequence {CSQy } is

1 =3t+(3—1t)i+ (17 =3t)j+ (99 — 17t)k

) 1—6t+t2

Proof. Let
F(t) = CSQo + CSQqt 4+ CSQut2 4 ...+ CSQut" + ...

By the recurrence CSQ,, = 6CS5Q;,_1 — C5Q;_>, we obtain

6tf(t) = 6CSQot +6CSQ 12 4+ 6CSQat> + ... +6CSQ, 11" + ...
Pf(t) = CSQot? + CSQ1> + CSQut* + ...+ CSQ, ot" +....

Hence,
f(t) —6tf () + ££(t)
CSQp + (CSQ1 —6CSQp)t + (CSQr —6CSQq + CSQO)t2 +...
= CSQo + (CSQ1 — 6CSQp)t.

Thus,

CS CSQq —6CS

Since CSQp = 1+ 31417+ 99% and CSQq = 3 + 17i 4+ 99j + 577k, after simple calculations
we have

1 =3t+(3—1t)i+ (17 =3t)j+ (99 — 17t)k
B 1—6t+ 12 ’

f(#)

which completes the proof. [

Theorem 18. The generating function of the sequence {BSQy } is

_t4i4(6—1)j+ (35— 6t)k

8(t) 1—6t+12

In [17], a matrix generator for numbers B,, was given, balancing the Q-matrix, denoted
by Qp. The following theorem was presented:

6 -1

Theorem 19 ([17]). Let Qp = [ 1 0

]. Then, forn > 1,

B —B
n __ n+1 n
QB [ Bn _anl }

Analogously, the following result for the Lucas-balancing numbers was proved.

Theorem 20 ([17]). Let Rp = [ i’ ::1)) } Then, forn > 1,
C —C
R n — n+1 n :|.
BQB |: Cn _Cnfl

Using these concepts, we can prove the following theorems.
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Theorem 21. Let n > 1 be an integer. Then,
BSQ,i1 —BSQ: | _[BSQ -BSQi] [6 —11"" 23
BSQ;, —BSQ,_1 | | BSQ1 —BSQq 1 0 ’

Proof. (By induction on n). For n = 1, the result is obvious. Assume that formula (23)
holds for n. We will prove it for n 4 1. By the induction’s hypothesis, we have

BSQ; —BSQy 1 0 1 0
_ BSQn+1 _BSQn . 6 —1
~ | BSQ,  —BSQ,_; 1 0

— 6BSQn+1 - BSQn _BSQn-H
6BSQn - BSanl _BSQn ’

Since BSQ,, = 6BSQ,,_1 — BSQ,,_», we obtain

BSQn+l _BSQn . 6 -1 _ BSQn+2 _BSQn+1
BSQ.,  —BSQu-1 1 0] | BSQu1 —BSQu [

5 a5 o] ]

which ends the proof. O

In the same way, using Theorem 2 and Corollary 1, we can prove Theorem 22.

Theorem 22. Let n > 1 be an integer. Then,

CSQui1 —CSQu | _[3 17 [BSQ -BSQi] [6 —11""
CSQu  —CSQu-1 | |1 —3) [ BSQ —BSQy | |1 o] -

Matrix generators are useful tools for obtaining new identities and algebraic representation.

6. Conclusions

In the literature, many authors have studied quaternions and split quaternions with
coefficients that are terms of special integer sequences, among others Fibonacci numbers
and their generalizations. There are many generalizations of balancing numbers and Lucas-
balancing numbers. The second-order recurrences B, = 6B,_1 — B,,—» with By = 0 and
By =1and C,; = 6C,,_1 — C,,_p with Cp = 1 and C; = 3 have mainly been generalized in
two ways: first by preserving the initial conditions and second by preserving the recurrence
relations. In [25-27], the authors considered k-balancing numbers BX and k-Lucas balancing
numbers C,’ﬁ, defined as follows: B’fl = 6kB£_1 — Bﬁfz for an integer k > 1 and n > 2
with initial conditions BS = 0 and B’f =1; Cﬁ = 6kC’n‘71 — C’n‘_2 for an integer k > 1
and n > 2 with initial conditions CS = 1and C’f = 3. Another generalization of the
Lucas-balancing numbers was presented in [28]. The authors introduced numbers Cj ,,
defined by the recurrence Cy, = 6kCy,_1 — Ci,_» for an integer k > 1 and n > 2 with
initial conditions C g = 1 and Cy; = 3k. In [16], the authors studied cobalancing numbers
b, and Lucas-cobalancing numbers ¢, defined in the following way: by = 0,b; = 0,
b, =6b,_1—b,_r+2forn>2,cg=—-1,c1=1,¢c, = 6¢,_1 — ¢;;_p for n > 2. We can find
other interesting generalizations of balancing numbers in [29-34]. Based on these concepts,
it is natural to consider generalizations of balancing split quaternions and Lucas-balancing
split quaternions.
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