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Abstract: The FitzHugh–Nagumo model has been used empirically to model certain types of neuronal
activities. It is also a non-linear dynamical system applicable to chemical kinetics, population
dynamics, epidemiology and pattern formation. In the literature, many approaches have been
proposed to study its dynamics. In this paper, initially, we have employed cutting-edge tools from
discrete dynamics for discretization and fixed points. It has been proven that an exact discrete
scheme exists for this paradigm. This project also considers the phase space and integral surfaces
of these evolutionary equations. In addition, it carries out a thorough symmetry analysis of this
reaction diffusion system to find equivalent systems. Moreover, steady-state solutions are obtained
using ansatzes for traveling wave solutions. The existence of infinite traveling wave solutions has
also been proven. Yet again, this investigation establishes the potential of symmetry methods to
unravel non-linearity. Finally, singular perturbation theory has been employed to obtain analytical
approximations and to study stability in different parameter regimes.

Keywords: fix points; symmetry analysis; traveling wave solutions; reaction diffusion system; discrete
dynamics; steady states

1. Introduction

Embedded within the cells of nervous system exists a composition of a special classifi-
cation termed neurons. These types of neurons are a highly significant aspect acting as the
main worker units in the nervous system. Neurons are designed in a very unique way in
the communication system of gland cells and muscles, thus enabling them, importantly,
to act as carriers of information between them. It is very natural to think that any model for
neurons would be complicated. The FitzHugh–Nagumo model arose as a special case of the
famed Hodgkin–Huxley (Nobel Prize 1963) model. The pioneering work by Nagumo [1]
opened several avenues for research in neuroscience. As a result, there exist many different
variants of the FitzHugh–Nagumo model. It can be used to model how the voltage of
neurons changes as a function of time and space:{

∂u
∂t = D ∂2u

∂x2 − v + g(u)
∂v
∂t = ε[−βv + c + u]

, (1)

where g(u) = u − u3

3 and D, ε, β and c are real parameters. The holy grail is the inte-
gral surfaces u(x, t) and v(x, t). These quantities are known as the voltage potential (fast
variable) and recovery variable (slow variable). This is a well-established neurodynamic
model. A cursory Google search produces more than 200,000 results for FitzHugh–Nagumo.
Despite its importance, the variant under consideration has not been solved exactly. Al-
though, if we change g(u) slightly, introduce a diffusion term with a Laplacian in the

Symmetry 2024, 16, 585. https://doi.org/10.3390/sym16050585 https://www.mdpi.com/journal/symmetry

https://doi.org/10.3390/sym16050585
https://doi.org/10.3390/sym16050585
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-1365-6634
https://orcid.org/0000-0001-5528-1207
https://orcid.org/0000-0001-5485-4034
https://doi.org/10.3390/sym16050585
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym16050585?type=check_update&version=2


Symmetry 2024, 16, 585 2 of 20

second equation, or impose some extra conditions on the model, then it becomes very easy
to work out numerous exact solutions. In this article, we focus on (1). In the natural and
social sciences, the atomistic view of systems is deemed inadequate. This research paper in-
tegrates comprehensively discrete and continuous, quantitative and qualitative, automated
and manual, numerical and exact, and geometrical and analytical methodologies towards
this study to give vitality and relevance to the FitzHugh–Nagumo paradigm. The research
study’s aim is underscored in recent mathematical discoveries in 2021, which were applied
and implemented towards a better understanding of the FitzHugh–Nagumo model. In a
nutshell, this is an incisive analytical examination of the FitzHugh–Nagumo model using
contemporary mathematics to revitalize its significance in the 21st century.

Solutions of ordinary differential equations are integral curves, but at times, it is
enough to obtain a solution of their corresponding difference equations. Similarly, although
the solution of a pde could be a surface, at times, it is enough to obtain a lattice that approx-
imates an integral surface. This lattice is the solution of a difference scheme corresponding
to a given pde (Figure 1).

Figure 1. Solution surface for some partial differential equation and a solution set of the corresponding
difference equation.

In the context of discrete dynamics, Mickens [2] revolutionized scientific computing by
introducing nonstandard finite difference schemes (NSFDs). Nonstandard finite difference
schemes have led to another structural-preserving modification proposed by Eddy [3] in
their theoretical framework termed the nearly exact discretization scheme (NEDS). Using
this scheme, which preserves the dynamical properties of the continuous model, Eddy [4]
studied the FitzHugh–Nagumo model. This current paper is an extension of [4], as it
considers the diffusion term missing in that paper. The collective resources available
on the FitzHugh–Nagumo model without diffusion significantly outnumber those on
the FitzHugh–Nagumo model with diffusion. Most non-linear dynamical systems are
demanding. Unlike linear systems, in the absence of generalized methods, each non-linear
system demands special attention. In discretization, utmost care is also needed. The scheme
must respect the bifurcation, stability and equilibria of the continuous model. This problem
is more striking for the FitzHugh–Nagumo model with diffusion. With an additional
independent spatial variable, fixed points show a completely different behavior. In the
beginning, when steady states (10) were computed for discretized models, they showed
dependence on the spatial variable. This was later confirmed by an exact analysis ((24), (26)
and (27)) of the continuous model. These fixed points on a continuum make it difficult to
perform stability analyses. With the inclusion of the diffusion term in the model, another
phenomenon occurs, as now, the parametric space is bigger, so the singular points of (1)
behave differently; that is to say, we now have different bifurcations. Luckily, exact isolated
singular points have also been computed. So, at least in the immediate vicinity of these
isolated equilibrium points, the mathematics of neurons can be accurately observed. Never
before have these fixed points been computed. Therefore, bifurcation and Turing patterns
can now be studied exactly. With four natural parameters in the model, chaos can now be
monitored exactly with these knobs adjustments.
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This paper is organized as follows: Section 2 explores the latest development of tools in
the field of discrete dynamical systems. In particular, it addresses the theory of nonstandard
finite difference schemes. An intuitive argument for the existence of exact schemes has
been presented. For a huge number of coupled systems of first-order equations, it has been
shown that there will be an exact scheme. After that, we recall key ideas from the theory of
second-order linear difference equations. By using a nearly exact discretization scheme and
the results from the theory of difference equations, discrete steady states of the discretized
FitzHugh–Nagumo model with diffusion have been determined. Furthermore, we visualize
these fixed points in space. Lastly, we identify the limitation of perturbation method to carry
out a stability analysis. Section 3 makes the transition from discrete to continuous neural
dynamics. It also examines the phase space and integral surfaces of this well-established
model from neurodynamics. There is limited research available on the similarity analysis
of the FitzHugh–Nagumo model with diffusion, although some articles focus on the
conditional symmetry [5] of the fast equation. The slow variable is always neglected.
Section 3 also carries out a rigorous symmetry analysis of this reaction diffusion system.
Up-to-date tools in similarity analyses have been used to attack the problem. Manipulating
different ansatzes, traveling wave solutions are sought. Seeing a limited success with
built-in utilities in Maple, Matlab and Mathematica, new algorithms for tanh, exp and
Ricatti methods for traveling wave solutions have been generated. Incorporation of the
latest modifications proposed by scholars working with these ansatzes has been attempted.
Section 4 employs singular perturbation theory to obtain analytical approximations. It is
extremely difficult to perform an asymptotic analysis of a system of partial differential
equations. An attempt is made to combine lie symmetry analysis with asymptotics. In
this last section, it has been demonstrated that infinite traveling wave solutions and an
exact discrete scheme exist for (1). A new analytical geometric perspective of traveling
waves is given. Even with the spatial variable present in the FitzHugh–Nagumo model
with diffusion, the uv phase plane has been projected out to study the dynamical system.

2. Discrete Dynamics

The first step in this analysis of (1) involved discretizing the system. Since the available
research includes some work on discretization, such as in [6], an innovative technique has
been attempted. Pott [7] identifies the subtleties of the numerator and the denominator in
the standard definition of a derivative and generalizes (2) to find that: (i) the rate at which
the numerator and the denominator terms reach the base point need not be uniform and
(ii) any increment or decrement therein need not be strictly linear initially.

du
dt

= limh→0
u[t + ϕ1(h)]− u(t)

ϕ2(h)
(2)

Mickens [2] capitalizes on Potts’ generalization to propose a radical change in the
numerical analysis of differential equations and presents an argument to prove the existence
of an exact discretization scheme. The analysis in the current work demonstrates that
there will always be an exact discretization scheme to find solution curves. For a wide
number of coupled systems of first-order ordinary differential equations, the existence and
uniqueness of solution curves have been well established. In principle, integral curves form
a congruence, and they constitute orbits. The degree of freedom on these solution curves is
one. Therefore, considering this as a time or a step size parameter, it is demonstrable that
first-order ordinary differential equation will always have an exact scheme. However, while
Mickens [2] assumed that this scheme is unique and the denominator function is always
nontrivial, there may be examples of a non-unique exact scheme and a trivial denominator
as well for some problems.

Sketching a simple geometric proof for the existence of an exact scheme is possible.
The first derivative signifies the slope of the tangent line to the solution curves, which are
smooth enough. The slope of this tangent line can be computed by the quotient of the
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rise over run. However, as these curves are one-dimensional manifolds, it is possible to
calculate the exact slope by controlling the denominator only (3).

∂u(xi, tn)

∂t
≈

U(n+1)
i − U(n)

i
ϕt

(3)

This computation can be carried out continuously along the entire solution curve.
However, the difficulty is in finding the denominator function ϕt that makes this approxi-
mation an equality. The solution to this exact scheme, which is a string of discrete numbers,
lies precisely on the solution curves of the differential equation. Further, this exact scheme
works independently of the step size.

2.1. Review of Second-Order Linear Difference Equations

First, consider a second-order non-homogeneous linear difference equation:

Xi+1 + αiXi + βiXi−1 = γi−1, for i = 1, 2, · · · . (4)

where α = {αi}, β = {βi}, and γ = {γi} are sequences of real numbers with γ ̸= 0. Also,
consider the corresponding homogeneous linear difference equation:

Xi+1 + αiXi + βiXi−1 = 0, for i = 1, 2, · · · . (5)

The following definition is an analogue of the Wronskian for differential equations.

Definition 1. Let x = {xi, i ∈ N} and y = {yi, i ∈ N} be two solutions of the homogeneous linear
difference Equation (5). The Casoratian of x and y, denoted by C(x, y) = {C(x, y; i}, i ∈ N}, is
given by

C(x, y, ; i) =
∣∣∣∣ xi−1 yi−1

xi yi

∣∣∣∣ = xi−1yi − yi−1xi for i = 1, 2, · · · .

Now, recall Heymann’s theorem on the relationship between the Casoratian and the
linear independence of solutions to the homogeneous difference equation.

Theorem 1 (Heymann’s Theorem [8]). Let x = {xi, i ∈ N} and y = {yi, i ∈ N} be two
solutions of the homogeneous linear difference Equation (5).

1. The Casoratian {Ci, i ∈ N} satisfies the linear homogeneous difference equation

Ci − γi−1Ci−1 = 0, for i = 1, 2, · · · .

2. x and y are linearly independent if and only if C(x, y, i) ̸= 0 for all i = 1, 2, · · · .

The last important theorem [8] concerns particular solutions of the non-homogeneous
linear difference Equation (4).

Theorem 2. Consider the second-order non-homogeneous linear difference Equation (4) and its
homogeneous counterpart (5) with two linearly independent solutions x = {xi, i ∈ N} and y =
{yi, i ∈ N}. Then, a particular solution of (4) is given as

xi,p =
i−1

∑
k=1

γk−1

∣∣∣∣ xk yk
xi−1 yi−1

∣∣∣∣∣∣∣∣ xk yk
xk+1 yk+1

∣∣∣∣ , i = 1, 2, · · · . (6)
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2.2. Discretization of the FitzHugh–Nagumo Model with Diffusion Using the Nearly Exact Scheme

Let u = u(x, t) and v = v(x, t) be functions of two variables. Consider (1). Using the
nearly exact discretization scheme method [4], let ϕ(x) and ψ(t) be two functions of x and t,
respectively. Let U(n)

i = U(xi, tn), where xi = iϕ(x) and tn = nψ(t). Let f be a three-times
differentiable function. Using Taylor’s polynomial,

f (x + h) = f (x) + h f ′(x) +
h2

2
f ′′(x) +

h3

6
f ′′′(ε1)

for x < ε1 < x + h. (7)

Likewise,

f (x − h) = f (x)− h f ′(x) +
h2

2
f ′′(x)− h3

6
f ′′′(ε2)

for x − h < ε2 < x. (8)

Therefore, adding the two equalities above together,

f (x + h)− 2 f (x) + f (x − h) = h2 f ′′(x)− h3

6
[

f ′′′(ε1) + f ′′′(ε2)
]
. (9)

Thus, using Equation (7) with h = tn+1 − tn = ϕ(t) and f (t) = u(x, t),

∂u(xi, tn)

∂t
≈ u(xi, tn+1)− u(xi, tn)

tn+1 − tn
=

U(n+1)
i − U(n)

i
ϕ(t)

.

Likewise, using (9) with h = ϕ(x) and f (x) = u(x, t),

∂2u(xi, tn)

∂x2 ≈ u(xi+1, tn)− 2u(xi, tn) + u(xi−1, tn)

ϕ(x)2

=
U(n)

i+1 − 2U(n)
i + U(n)

i−1
ϕ(x)2 .

Given two functions ϕ1(t) and ϕ2(t) of t, the FitzHugh–Nagumo model with diffusion
in Equation (1) becomes

U(n+1)
i −U(n)

i
ϕ1(t)

= D
U(n)

i+1−2U(n)
i +U(n)

i−1
ϕ(x)2 − V(n)

i + g(Un
i ),

V(n+1)
i −V(n)

i
ϕ2(t)

= ε
[
−βV(n)

i + c + U(n)
i

]
.

This system can be written in a simplified form as
U(n+1)

i −U(n)
i

ϕ1(t)
= αW(n)

i−1 − V(n)
i + g(U(n)

i ),
V(n+1)

i −V(n)
i

ϕ2(t)
= ε
[
−βV(n)

i + c + U(n)
i

]
.

where α = D
ϕ(x)2 and W(n)

i−1 = U(n)
i+1 − 2U(n)

i + U(n)
i−1.

It follows the discrete FitzHugh–Nagumo model with diffusion: U(n+1)
i = U(n)

i + ϕ1(t)
(

αW(n)
i−1 − V(n)

i + g
(

U(n)
i

))
,

V(n+1)
i = V(n)

i + ϕ2(t)
(

ε
[
−βV(n)

i + c + U(n)
i

])
.
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It follows that the fixed (in time n) solutions of this FitzHugh–Nagumo model with
diffusion are given by

Ui := U(n+1)
i = U(n)

i

and
Vi := V(n+1)

i = V(n)
i ,

for i = 0, 1 · · · . This implies

Vi =
1
β
(c + Ui),

Wi−1 =
1
α
[Vi − g(Ui)]x =

1
α

[
1
β
(c + Ui)− g(Ui)

]
.

Our next result concerns the fixed solutions of the FitzHugh–Nagumo model with diffusion.

Theorem 3. Consider the discrete FitzHugh–Nagumo model with diffusion. Suppose (Ui, Vi)
is given for i = 0, 1. Let

(
Ui, Vi

)
be its fixed solution for i = 2, 3, . . .. Then, we have the

recursive relations

Ui = U0(i − 1) + iU1 +
i

∑
k=1

i − k − 1
α

[
1
β
(c − Uk)− g(Uk)

]
,

Vi =
1
β
(c − Ui). i = 2, 3, · · · (10)

Proof. Here, we consider the second-order difference equation in i

Ui+1 − 2Ui + Ui−1 = Wi−1. (11)

First, let Ui,h be a solution of the homogeneous equation

Ui+1 − 2Ui + Ui−1 = 0. (12)

Let Ui,p be a particular solution of Equation (11) and Ui,g be its general solution. As a
function of i, first solve the homogeneous equation. Since the coefficients are constants,
the solution would be of the form Ui = (q)i for a constant q. We obtain the characteristic
polynomial q2 − 2q + 1 = 0 =⇒ q = 1. So, the general solutions of the homogeneous
system would be of the form Ui,h = A + iB, where A and B are two constants for i = 0,
U0 = A and for i = 1, U1 = A + B. Therefore, the solution of the inverse value problem
(IVP) is then given as Ui,h = U0(1 − i) + iU1. The general solution of (11) is then given as

Ui,g = U0(1 − i) + iU1 + Ui,p.

A particular solution Ui,p = Ui,p(Wi) to Equation (11) remains to be found.
Given two sequences P = {Pi, i ∈ N} and Q = {Qi, i ∈ N} of linearly independent

solutions to the homogeneous Equation (12), a particular solution is given as

Ui,p =
i

∑
k=1

Wk−1

∣∣∣∣ Pk Qk
Pi−1 Qi−1

∣∣∣∣∣∣∣∣ Pk Qk
Pk+1 Qk+1

∣∣∣∣ , i = 1, 2, ...

To choose sequences of linearly independent solutions of Equation (11), we select
Pi = A and Qi = iB, where A and B are non-zero constants. By Heymann’s theorem, it
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suffices to show that their Casoratian is not equal to zero. Indeed,

C(P, Q, i) =
∣∣∣∣ Pi Qi

Pi+1 Qi+1

∣∣∣∣ = PiQi+1 − QiPi+1 = (i + 1)AB − iAB = AB ̸= 0.

With these choices of P and Q,∣∣∣∣ Pk Qk
Pk+1 Qk+1

∣∣∣∣ = ∣∣∣∣ A k B
A (k + 1)B

∣∣∣∣ = AB.

Likewise, ∣∣∣∣ Pk Qk
Pi−1 Qi−1

∣∣∣∣ = ∣∣∣∣ A k B
A (i − 1)B

∣∣∣∣ = AB(i − k − 1).

And given that Wi−1 = 1
α

[
1
β (c + Ui)− g(Ui)

]
from above, we have

Ui,g = U0(1 − i) + iU1 +
i

∑
k=1

Wk−1(i − k − 1)

= U0(1 − i) + iU1 +
i

∑
k=1

i − k − 1
α

[
1
β
(c + Uk)− g(Uk)

]
.

2.2.1. Geometry of Steady States

When an integral surface u(x, t) (Figure 2) in three-space is hit by the plane x = i,
the trace is curve u(i, t). Now, although u = t is a plane in three-space but when restricted
to the plane x = i, its trace is a line. Now, the fixed points are precisely the intersection of
this line u = t and the curve u(i, t).

Figure 2. For the integral surface, two fixed points in the x = i plane are shown. The planes u = t
and x = i meet on the line shown. The trace of u(x, t) in the x = i plane is shown in the dotted curve.

It is desirable for the users of neural networks to see the explicit relation between the
fast and the slow variables. In the next subsection, we identify the limitation of the geomet-
ric method to help them view a phase plane for voltage potential and recovery variable.
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2.2.2. Limitation of Geometry

We observe that the discrete FitzHugh–Nagumo model with diffusionU(n+1)
i = U(n)

i + ϕ1(t)
(

αW(n)
i−1 − V(n)

i + g
(

U(n)
i

))
V(n+1)

i = V(n)
i + ϕ2(t)

(
ε
[
−βV(n)

i + c + U(n)
i

]) ,

is a non-linear dynamical system of the form Sn+1 = F(Sn), where for a fixed i ∈ N, we
have Sn =

(
Un

i , Vn
i
)

and F(Sn) = ( f1(Sn), f2(Sn)) with f1(Sn) = f1
(
Un

i , Vn
i
)
= U(n)

i + ϕ1(t)
(

αW(n)
i−1 − V(n)

i + g
(

U(n)
i

))
f2(Sn) = f2

(
Un

i , Vn
i
)
= V(n)

i + ϕ2(t)
(

ε
[
−βV(n)

i + c + U(n)
i

]) .

Its Jacobian matrix is therefore given as

JF(ui, vi) =

(
∂ f1
∂ui

∂ f1
∂vi

∂ f2
∂ui

∂ f2
∂vi

)
,

or after calculation

JF(ui, vi) =

(
1 + ϕ1(t)

(
α

∂Wi−1
∂ui

+ g′(u)
)

−ϕ1(t)
εϕ2(t) 1 − εβϕ2(t)

)
. (13)

The transformation Sn+1 = F(Sn) occurs in the plane x = i. F is non-linear. The
tangent space under consideration to the manifold around (un

i , vn
i ) is the x = i plane. The

tangent space to the manifold around (un+1
i , vn+1

i ) is the x = i plane again. When we are
trying to linearize the FitzHugh–Nagumo model with diffusion, the differential of F, that is,
the Jacobian matrix (13), has un

i+1 and un
i−1 terms. So, we do not remain in the x = i plane.

Therefore, we need to devise some other method. Recall that for the FitzHugh–Nagumo
model [3], it is possible to perform a qualitative analysis, and thus the visualization of
the uv phase plane is possible. But now, with the diffusion term, it appears that this is
not possible.

The following examples of continuous dynamical systems will illustrate this problem.
For any generic system of autonomous ODEs,{ du

dt = f (u, v),
dv
dt = g(u, v).

with the solution

u = f̃ (t),

v = g̃(t).

If we eliminate t from this system of solutions, we obtain the phase curves H(u, v) = 0.
Hence, for a system of coupled ODEs, it is possible to observe the dynamical system in the
uv phase plane with t covertly as the running parameter for trajectories.

Example 1. Consider the following system of ODEs:{ du
dt = v,
dv
dt = u.

This system has the phase space diagram given in Figure 3 below.
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Figure 3. Evolution of trajectories in the phase plane. Only upper branches of these rectangular
hyperbolas are shown here, with t as a covert variable.

We can visualize in Figure 3 the phase curves u2 − v2 = k in the phase plane.

Now, such a treatment is not always possible for a system of PDEs as there are two
independent variables. But we can still see the uv phase planes for the fixed spatial plane
x = i.

For a system of PDEs: {
∂u
∂t = f (u, v),
∂v
∂t = g(u, v).

with the solution
u = f̃ (x, t),

v = g̃(x, t).

We cannot visualize a dynamical system, but if we fix the plane x = k, then we get

u = F(t),

v = G(t).

Now, by eliminating t, we can see H(u, v) = 0 in the uv plane.

Example 2. Consider the following system of PDEs:{
∂u
∂t = v
∂v
∂t = u

,

for which the general solution could be given as u(x, t) = F(x) · et − G(x) · e−t, v(x, t) =
F(x) · et + G(x) · e−t. We can visualize the uv plane if we fix the plane x = i for the phase curves
u2 − v2 = f (i).

3. Continuous Dynamics

A reason for switching from a discrete FitzHugh–Nagumo model with diffusion to
a continuous one in this research is that steady states have a completely different behav-
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ior in the case of the FitzHugh–Nagumo model with diffusion when compared to the
FitzHugh–Nagumo model without diffusion. While the Hartman–Grobman theorem [8]
was considered for the qualitative analysis of this non-linear dynamical system, its appli-
cability is limited to isolated singular points. On the other hand, the current work has
established that steady states are not all isolated for (1). Secondly, a celebrated paper on
discrete dynamical systems by R. May [9] has indicated that even a simple difference equa-
tion can have highly complicated dynamics. Therefore, adding another foreign parameter,
the step size, into the system would add to the existing complexity of reaction diffusion
systems, which are already known for their chaotic behavior. In addition, real number
system was constructed to measure physical quantities on a continuous scale. Numerical
analysis never actualizes the potential of real numbers.Above all, if the laws of the universe
are written in terms of differential equations, the solutions must firstly be sought in the
space of continuous functions.

3.1. Steady States for the Continuous FitzHugh–Nagumo Model with Diffusion

Next, we ask ourselves: what is the geometry of the continuous model{
∂u
∂t = D ∂2u

∂x2 − v + g(u)
∂v
∂t = ε[−βv + c + u]

.

Integral surfaces u and v are expected to be smooth manifolds because they are
solutions to the above system of differential equations. There could be an infinite parametric
representation for these integral surfaces. The most natural one is obtained by assuming
the independent variables x, t as parameters. On the constant x-curves, the ordinary time
derivatives give us slope of the lineal elements. So, this is the most natural way to view the
slope field in the three-space for the solution surfaces u and v. Similarly, in the vxt space,
we are looking for a surface v so that the lineal elements of this slope field at each point
become tangent to the surface v. For (1), u nullclines are

∂2u
∂x2 − v + g(u) = 0, (14)

and v nullclines are
ε[−βv + c + u] = 0. (15)

Now, by solving (14) and (15) simultaneously, steady states (16) for (1) are obtained.

u=RootOf

(
−
√

6

(∫ Z βD√
βD(f4β+6F(t)βD−6f2β+6f2+12fc)

df

)
+ x + G(t)

)
,

v=

c+RootOf

−
√

6

∫ Z βD√
βD(f4β+6F(t)βD−6f2β+6f2+12fc)

df

+x+G(t)


β

(16)

After substituting v from (15) into (14), we get

D
∂2u
∂x2 − c + u

β
+ g(u) = 0. (17)

This is an ordinary differential equation, so the solutions are integral curves. In the
uxt space, these integral curves are cylindrical surfaces. Similarly, putting solutions of (17)
into (15) will result in surfaces in the vxt space. The intersection of these surfaces is a
curve. The upshot of all these arguments is that (1) also has a continuum of steady states,
unlike the FitzHugh–Nagumo model without diffusion. Also note that the steady states
of (1) depend on x, as already proven in Section 3. Fixed points for the space-independent
FitzHugh–Nagumo model were found in [3]. Some fixed points for (1) are presented in the
next section. A good exercise would be to compare discrete steady states (10) with (26).
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3.2. Symmetry Analysis

A qualitative analysis of differential equations become mostly meaningless if the exact
solution to the system is known. Lie symmetry analysis is one of the most powerful tools
available to solve differential equations exactly and systematically, especially for non-linear
differential equations, where no general methods are available.

(1) has two obvious Lie symmetries due to the spatio-temporal translation invariance.
These two symmetries do not have any differential invariant, so they are not enough to run
quadrature. G. Bluman [10] extended the idea of Lie symmetries by introducing the idea of
non-classical symmetries.

3.2.1. Non-Classical Symmetry Analysis

Most of the time, it is difficult to tackle a system of differential equations. The two
equations in Equation (1) were merged together and as a result, a third-order differential
equation was obtained:

Dutxx − utt + εβDuxx − εβut − εu + ut

(
−u2 + 1

)
+ εβ

(
u − u3

3

)
− εc = 0 . (18)

When manual calculations of conditional symmetries [5] were carried out on (18), the
only resulting symmetries were the spatio-temporal translations. Usually, in the similarity
analysis of reaction diffusion systems, one encounters two second-order partial differential
equations. The second equation of (1) is a first-order equation. Considering the differential
consequences, the following equivalent system (19) of four equations was obtained. Again,
manual calculations of Q-conditional symmetries [11] generated the same two symmetries.

ut = uxx − v + u − u3 ,

vt = −v + u ,

ux = vtx + vx ,

ut = vtt + vt .

(19)

Cherniha and Vasyl [12] have extended this idea of non-classical symmetry. Their
method of Q-conditional symmetries also produced only these two symmetries. They
have further extended the idea to a so-called no-go area [13]. The result was the same.
Recently, Bluman [14] has designed a method based on differential invariants to solve
differential equations with known symmetries. As there are no conservation laws for (1),
the discovery of this algorithm is significant. Using the translation in space symmetry, (1)
is transformed to a locally related system (20). Technically, this locally related system [15]
is just an inverted system, so the difficulty of solving the new system is the same as that
for (1). Interchanging u and x in (1), we obtain

xt =
xuu − (u − u3

3 − v)x3
u

x2
u

,

vtxu − xtvu

2xu
= ε(−βv + c + u) .

(20)

This system (20) possesses an obvious non-useful solution x = F(t); v = G(t). Using
the differential invariant of space symmetry, it is possible to find a non-locally related
system (21)

au − bt = 0 ,

bu −
2a b2

D
+

4(v − u + u3

3 )b3

D
= 0 ,

vtb − avu

2b
+ βεv − εu − εc = 0 .

(21)
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to (1). Now, there is a systematic relation between the symmetries of this non-locally related
system and (1). Hence, there is a procedural relationship between the solutions of this
non-locally related system and (1). At this stage, the solutions of (1) appear within reach,
as even higher symmetries of one system can have a local correspondent in the other system,
but this non-locally related system showed no new symmetries. Although there is a trivial
solution a = F(t), b = 0, v = G(t) to this non-locally related system, this trivial solution
corresponds to the steady states of (1). Steady states were already found using several other
techniques. In fact, just two straight quadratures resulted in a singular solution. Symmetries
were also exploited to obtain steady states. Moreover, using u and v nullclines, other steady
states were determined. The integrability condition of this non-locally related system can
further be used to reduce this non-locally related system to a potential system (22). This
potential system (22) that is non-locally related to (1) is not easy to solve either.

bt =

Dbu − 4
(
−v + u − u3

3

)
b3

2b2


u

,

vt = ε(−βv + c + u) .

(22)

Working with the determining equations, it was found that (1) can be solved exactly if
a slight change in the structure of the cubic non-linearity is made in the fast variable in the
first voltage equation. However, the previous analysis was conducted using a cubic voltage
potential in the kinetics of (1); it was decided to look for some other tools rather than
altering this cubic non-linearity. There are several modifications of the FitzHugh–Nagumo
model with diffusion in the literature. Some of them also consider a diffusion term for the
recovery variable. For such FitzHugh–Nagumo models, exact solutions are rather easy to
find using symmetries [11]. (1), on the other hand, can be solved exactly if either (20), (21)
or (22) can be solved. In fact, a general solution for (1) can be computed if any of these
related systems can be solved using the transformations developed in [14,15]. Solving (1)
via (18), (19) or (20) is rather difficult, as they are just equivalent to (1).

3.2.2. Similarity Solution

Point symmetry can be used to reduce the number of independent variables in a
partial differential equation. The constant c in (1) is mostly neglected [16,17]. This constant
c does not affect the symmetry. By ignoring this constant, the following FitzHugh–Nagumo
Equation (23) is obtained. {

∂u
∂t = D ∂2u

∂x2 − v + u − u3

3
∂v
∂t = ε[−βv + u]

, (23)

Using similarity solutions, a verified group invariant steady state solution (24) was
obtained for (23).

u(x, t) = c2
√

6

√
β − 1

βc2
2 + 5β − 6

JacobiSN


(

6c1Dβ +
√

6
√

Dβ(−6 + 5β) x
)√

6
√

β−1
βc2

2+5β−6

6Dβ
,

c2
√

5β2 − 6β

−6 + 5β

. (24)

3.3. Looking for Traveling Wave Solutions

Spatio-temporal symmetry confirms and Matlab plots [17] indicate the existence of
traveling wave solutions to (1). Let us embark on a new journey to search for traveling wave
solutions. Although built-in commands in Maple and Mathematica can solve the Nagumo
Equation [5] for traveling wave solutions, they cannot evaluate (1). Our handwritten Maple
codes for tanh, exp and the Ricatti method were not able to solve (1) completely either.



Symmetry 2024, 16, 585 13 of 20

This may be because the second equation of (1) does not include a spatial derivative term.
These ansatzes seek soliton-type solutions which propagate in space whilst maintaining
their shape over time. This is because the effects of PDE dispersion and dissipative terms
tend to cancel out. In the tanh method, a higher exponent of the linear term did not balance
out the non-linear term. Wazwaz [18] has suggested a substitution that can convert the
rational obtained to an integer as a result of balancing exponents. This substitution does
not work for (1). The exponents in the exp method did not balance out either and Maple’s
TWSolutions was not able to return even a single fixed point, while our handwritten codes
produced steady states. Using these tailored codes, steady-state solutions for (1) were
obtained. It is possible that some steady states obtained are the same solutions in disguise.

3.3.1. Exp Method for Traveling Wave Analysis

Although the built-in functions in CAS have an algorithm for the exp method, they
do not generate any traveling wave solutions for (1). The exponential method was tried
manually, with Mn:=2; Md:=0 set as the order of approximation. Letting ξ = k(x − bt)
in (18) resulted in the following ode.

ode =D
(

d3

dξ3 U(ξ)
)

b k3 −
(

d2

dξ2 U(ξ)
)

b2k2 + ϵβD
(

d2

dξ2 U(ξ)
)

k2 + ϵβ
(

d
dξ U(ξ)

)
bk

−ϵU(ξ)−
(

d
dξ U(ξ)

)
bk
(
−U(ξ)2 + 1

)
+ ϵβ

(
U(ξ)− 1

3 U(ξ)3
)
− ϵc = 0

F1 =D
(

d3

dY3 F(Y)
)

b k3 −
(

d2

dY2 F(Y)
)

b2k2 + ϵβD
(

d2

dY2 F(Y)
)

k2 + ϵβ
(

d
dY F(Y)

)
bk

−ϵF(Y)−
(

d
dY F(Y)

)
bk
(
−F(Y)2 + 1

)
+ ϵβ

(
F(Y)− 1

3 F(Y)3
)
− ϵc = 0

F(Y) = a−2e−2Y + a−1e−Y + a0 + a1eY + a2e2Y

Unknowns = {b, k, a−2, a−1, a0, a1, a2}

Three solution sets were found for the above unknowns. Two solutions generate
complex steady states. Technically, algebraic methods should have produced a steady state,
but it is this last solution set that generates a novel singular solution (25).

{b = b, k = k, a−2 = 0, a−1 = 0, a0 = 1
2

((
−12c+4

√
9c2β−4β3+12β2−12β+4

β

)
β2

)1/3

β

+ 2(β−1)((
−12c+4

√
9c2β−4β3+12β2−12β+4

β

)
β2

)1/3 , a1 = 0, a2 = 0}



u(t, x) =

((
−12c+4

√
− 4β3−9c2β−12β2+12β−4

β

)
β2

) 1
3

2β

+ 2(β−1)((
−12c+4

√
− 4β3−9c2β−12β2+12β−4

β

)
β2

) 1
3

,

v(t, x) = − 1
β

−c −

((
−12c+4

√
− 4β3−9c2β−12β2+12β−4

β

)
β2

) 1
3

2β



+ 1
β

 2(β−1)((
−12c+4

√
− 4β3−9c2β−12β2+12β−4

β

)
β2

) 1
3

 .

(25)
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Stability analysis, chaos, bifurcation, and Turing pattern can now be studied exactly. Once
the voltage potential and blocking mechanism obtain this value, the neuron is not going
to fire, and there will be no pulse, no wave and no exchange of ions across channels.
Geometrically, these are two horizontal planes in the uxt and vxt space.

3.3.2. Ricatti Method

The Riccatti method of traveling wave solutions for (23), with M:=2 as the order of
approximation, F(Y) = a2Y2 + a1Y + a0 and ξ = k(x − ct), when applied to

D
(

∂3

∂t∂x2 u
)
− ∂2

∂t2 u + εβD
(

∂2

∂x2 u
)
− εβ

(
∂

∂t
u
)
−

εu +

(
∂

∂t
u
)(

−u2 + 1
)
+ εβ

(
u − 1

3
u3
)
= 0.

produced the following ode.

ode = 2ϵβDk2a2(
d

dξ
U(ξ))2 + ϵβcka1(

d
dξ

U(ξ)) + 5cka2
2U(ξ)4(

d
dξ

U(ξ))a1+

4cka2
2U(ξ)3(

d
dξ

U(ξ))a0 + 4cka2U(ξ)3(
d

dξ
U(ξ))a2

1 + 2cka2U(ξ)(
d

dξ
U(ξ))a2

0+

2cka2
1(

d
dξ

U(ξ))U(ξ)a0 − 2ϵβa2U(ξ)3a1a0 − 6Dc k3a2(
d

dξ
U(ξ))(

d2

dξ2 U(ξ))

− 2Dc k3a2U(ξ)(
d3

dξ3 U(ξ)) + ϵβDk2a1(
d2

dξ2 U(ξ))− ϵa0 − ϵa2U(ξ)2+

ϵβa0 −
ϵβa3

0
3

− ϵa1U(ξ)− Dc k3a1(
d3

dξ3 U(ξ))− 2c2k2a2U(ξ)(
d2

dξ2 U(ξ))+

2cka3
2U(ξ)5(

d
dξ

U(ξ))− 2cka2U(ξ)(
d

dξ
U(ξ)) + cka3

1(
d

dξ
U(ξ))U(ξ)2+

cka1(
d

dξ
U(ξ))a2

0 − ϵβa2
2U(ξ)5a1 − ϵβa2

2U(ξ)4a0 − ϵβa2U(ξ)4a2
1−

ϵβa2U(ξ)2a2
0 − ϵβa2

1U(ξ)2a0 − ϵβa1U(ξ)a2
0 − cka1(

d
dξ

U(ξ))+

ϵβa2U(ξ)2 + ϵβa1U(ξ)−
ϵβa3

2U(ξ)6

3
−

ϵβa3
1U(ξ)3

3
− c2k2a1(

d2

dξ2 U(ξ))−

2c2k2a2(
d

dξ
U(ξ))2 + 2ϵβcka2U(ξ)(

d
dξ

U(ξ)) + 6cka2U(ξ)2(
d

dξ
U(ξ))a1_a0+

2ϵβDk2a2U(ξ)(
d2

dξ2 U(ξ)) = 0

Unknowns = {c, k, a0, a1, a2}

For this set of unknowns, twenty-four real steady states were computed. Two of them (26)
and (27) are as follows. The steady-state curve (26) in Figure 4 for ε := 0.1; β = 0.3; x0 = 0; D = 0.7
in terms of the spatial variable is actually an integral surface. This time-independent curve
can be viewed as a cylindrical surface in uxt space, see Figure 5.

u = −
tanh(

√
2
√

β−1
Dβ (x+x0)

2 )
√

3
√

β − 1√
β

. (26)

u =
tanh(

√
2
√

β−1
Dβ (x+x0)

2 )
√

3
√

β − 1√
β

. (27)
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Figure 4. A steady-state solution of the FitzHugh-Nagumo model with only the spatial profile shown.

Figure 5. Cylindrical surface view of the steady-state solution of the FitzHugh-Nagumo model.

4. Eclectic Dynamics

No theorem can prove the existence or uniqueness of solutions of (1). Hence, it cannot
be said that an exact discrete scheme exists for (1). In this section, it has been proven
that exact discrete schemes actually exist for (1). Furthermore, the existence of infinite
traveling wave solutions for (1) is proven. The problem of viewing the uv phase plane for
the FitzHugh–Nagumo model with diffusion will also be solved. Since an eclectic approach
has been taken to tackle these problems, a new nonstandard term, eclectic dynamics, is
coined. Tools from different branches of dynamical systems are used together.

Although the solution surfaces for (1) are in the uxt and vxt space, the indication that
traveling wave solutions exist, which in any case has been proven here, made us transform
the coordinate system. Let us put space-time translation symmetry to good use. If a given
three-space is cut with a non-horizontal plane, with a direction cosine which is yet to be
determined, then the problem can be reduced to ODEs. Now, (1) has been reduced to a
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system of one second-order and one first-order coupled ordinary differential equations.
One algebraic and one differential substitution will change our new system to a third-order
ordinary differential equation. When this ODE is transformed to system of first-order
ODEs, the system is autonomous (28). Alternatively, let us give a new perspective on
traveling wave solutions. Let us assume that the image of the whole line ξ = x − mt is a
constant u. Moreover, for every possible translation of this line, i.e., for every ξ intercept, u
assumes constant values continuously. Now, the first question is ’does there exist any slope
m to satisfy this condition?’ The answer is yes. Steady-state solutions have already been
computed. Hence, we are justified in assuming the existence of such a line in the domain
plane. Since (1) does not carry a space or time variable in the reaction part, substitution of
this traveling wave variable in (1) transformed it in the system of ODEs (28).

d
dξ u(ξ) = w(ξ)

d
dξ w(ξ) = m · D · w(ξ)− v(ξ) + u(ξ)− u(ξ)3

3
d

dξ v(ξ) = ϵ
m (−β · v(ξ) + u(ξ) + c)

. (28)

Notice that w in (28) is just an auxiliary variable. So, by using a command, like
scene in Maple, one can isolate the uv phase plane from the uvw phase space. Ultimately,
visualization (Figure 6) of the uv phase plane become possible of course, not with time
as the running parameter, but ξ. Discrete analysis of the FitzHugh–Nagumo model with
diffusion did not allow us to view the uv phase plane directly.

Figure 6. uv phase curve from Equation (28); [u(0) = 0, w(0) = 2, v(0) = 0]; c = −0.001293; ε = 0.008;
m = 10; β= 2.54; D = 0.03.

Theorem 4. There are infinite traveling wave solutions for (1).

Proof. Equation (28), which is equivalent to (1), involves only polynomials. So, the exis-
tence and uniqueness theorem [19] proves (for m ̸= 0) the existence of a unique solution
for any given initial value. For m = 0, steady states have already been computed.

The right-hand side of the evolution Equation (28) only has polynomial non-linearity.
Another important thing to notice is that (28) possesses unique solutions for any non-zero
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m. So, we can claim that there are infinite traveling wave solutions for (1). The cherry on
the top is that the Picard iteration can now be run to obtain solutions to (1) with a priori
error analysis. The third-order ode obtained using the traveling wave coordinates and
substitution is too sturdy but nevertheless is autonomous. Using ξ translation symmetry, (1)
has now been reduced to a second-order ode (29). This second-order ordinary differential
equation is not solvable exactly. It admits no Lie symmetry. For c1 ̸= 0 and W

′
= d

dT W,
we have

3DWW
′′
c1 c2

2 − 9DW2c1 c2
2 + 3W2

(
Dc2

2βε − c2
1

)
W

′

+ W4
(((

T3 − 3T
)

β + 3T + 3c
)

εW + 3c1

(
T2 + βε − 1

))
= 0

. (29)

Letting c2 = 0 in the above equation reduces (1) to an unsolvable first-order ordinary
differential equation of Abel type. This completes our journey for an analytical solution
of (1). Although (1) has now been reduced merely to a first-order ordinary differential
equation, the lack of existing analytical methods to solve this Abel-type equation in terms
of elementary or special functions reveals the problem in solving (1) exactly.

In the absence of an exact solution for last sixty-two years, the dynamics of (1) have
been observed numerically (Section 2). If (28) can be solved exactly, then traveling wave
solutions of (1) can be found. This evolutionary system is autonomous and only has ξ
translation symmetry. Of course, our steady-state solution (25) is also a verified solution
to (28). So, this is a tremendous breakthrough. Stability analyses can now be performed
without the problem we faced in Section 2. As a future project, the nearly exact discretization
scheme could be tested on this system of three first-order coupled autonomous ordinary
differential equations (28). Actually, now we are going to prove that an exact discrete
scheme exists for (1). The existence and uniqueness of integral curves for (28) prove that
these solution curves are orbits of a one-parameter group. Hence, a step-size denominator
function can always be found which will never let the output of an iteration leave the
solution trajectory no matter what step size is taken. Hence, an exact discrete scheme exists
for the FitzHugh–Nagumo model with diffusion.

Asymptotic Analysis

Considering the limited success with exact methods, the presence of an almost neg-
ligible parameter ε in (1), and a sharp spike in the solutions, singular perturbation the-
ory appears as the most promising approach. Asymptotic analysis of (1) can be carried
out in several ways. The simplest technique is to feed the second-order ode (29) into
Mathematica®. Recently, the AsymptoticDsolveValue command has been introduced by
Wolfram. While this feature is only applicable to second-order odes, the current work has
already reduced (1) to a second-order ode (29). In addition, recent additions to Maple®

also include a similar command, ByPerturbation, for second-order odes. Neither Asymp-
toticDsolveValue nor ByPerturbation can evaluate (29). Singular perturbation theory can be
directly applied to (18). As part of the current work, Maple-supported manual calculations
were performed, providing an analytic approximation (30). This heuristic result can be
made increasingly more precise by assuming smaller epsilons and possibly higher-order
approximations. However, the plotting (see Figure 7 below) and the presence of the tanh
function in the closed-form solution are already significant achievements.
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u(x, t) =



−
tanh

c3t−
√

3

√
3D−

√
−12D2c2

3+9D2x

6D +c1

√
2
√

D(3D−
√

−12D2c2
3+9D2)

2D

+

√
2
√

D
(

3D−
√

−12D2c2
3+9D2

)( 3D−
√

−12D2c2
3+9D2

6D −1

)
2Dc3

+ ε
(t+x)(x−t)
20736D6c3

3

−
(

(x−t)2

41472D6c3
3
− (t+x)2

41472D6c3
3

)
ε

(30)

Figure 7. Analytic approximation Equation (30) with D = 0.1; c3=0.03; c1 = 0; ε = 0.001.

5. Discussion

A critique of the nonstandard finite difference scheme was presented. Thence, the
FitzHugh–Nagumo model with diffusion was discretized using the nearly exact discretiza-
tion scheme. Subsequently, fixed points were found. These fixed points were then visual-
ized in space. The underlying problems in carrying out stability analysis were identified.
After that, using tools from symmetry analysis, locally related non-locally related and
potential systems corresponding to the FitzHugh–Nagumo model with diffusion were dis-
covered. These equivalent systems are alternative routes to solving the FitzHugh–Nagumo
model with diffusion analytically. A proven group-invariant steady-state solution was
presented. Using symmetry analysis, the FitzHugh–Nagumo model with diffusion was
reduced to a second-order and first-order ode. The underlying difficulty in solving the
FitzHugh–Nagumo model analytically was identified. Employing different ansatzes, veri-
fied steady states were computed. With these results in hand, it is very easy to study the
bifurcation, chaos, patterns and stability of the FitzHugh–Nagumo model with diffusion.
Then, the existence of infinite traveling wave solutions was proven. It has been proven
that there exists an exact discrete scheme corresponding to the FitzHugh–Nagumo model
with diffusion. Later, using Maple coding, the relation between the voltage potential u and
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recovery variable v was determined. In the end, an analytic approximation was presented
for the FitzHugh–Nagumo model with diffusion. As a remark, we mention that all the
exact solutions in this article were verified using Maple’s pdetest.
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