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Abstract: The paper presents an application of symmetry approach to finance. This
symmetry approach comes from the gauge field theory in Physics. We revise the pricing
model of financial derivatives in a financial market in a gauge symmetry view, and rewrite
it as a partial differential equation on a fiber bundle in covariant differential form so as to
have invariance in form. The paper shows the form of the pricing equation can keep invariant
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derivatives is revealed. In addition a corresponding relationship between the curvature of the
fiber bundle and the arbitrage in finance arises.
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1. Introduction

The dynamics of the prices of securities and derivatives in finance market are complicated phenomena,
but the pricing problem of derivatives is resolved by some basic principles. A famous pricing equation of
financial derivatives is the Black-Scholes equation, which is determined by a partial differential equation
according to the principle of arbitrage-free equilibrium. This equation is exquisite in mathematics and
plays an important role in pricing financial derivatives. We need to ask whether behind the basic principle
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there is some symmetry? In the paper we try to argue that the equation should have some symmetry,
i.e., the form of the equation be invariant under a set of specified transformations. We ponder over
the problem whether this equation depends upon the units of prices of the assets. If the equation is
fundamental in financial theory, the equation should have some covariance, that is, the form of the
equation keeps invariant under change of the units. In finance the transformations may be the change of
numéraire or measure unit of asset values, because the asset values have only a relative meaning but not
an absolute one. Then this symmetry ought to be considered. We show the existence of this symmetry
in the paper, which gives a geometrical insight into the pricing models of financial derivatives.

We call the change of numéraire or measure unit of asset values gauge transformation or numéraire
transformation hereinafter and we refer to this symmetry of pricing equations under the set of the gauge
transformations as a gauge symmetry. In fact the gauge transformations are to multiply the values of
assets or the price functions of derivatives by a factor (multiplier) like money exchange in finance so that
they have a comprehensive financial meaning. The price function of derivatives is a function of the prices
of the underlying assets and time. Furthermore, all the possible prices of the underlying assets compose
a vector space which is called basis price space and all the possible prices of derivatives compose a
vector space which is called pricing space. We construct a fiber bundle: its base space is the basis price
space and its standard fiber is the pricing space, and its structure group consists of gauge transformations.
We lift the price function of options defined on the basis price space to a section on the fiber bundle in
order to introduce a geometrical formwork for the pricing model of derivatives and to consider symmetry
under the gauge transformations. The gauge symmetry plays an important role in our approach. We try
to think of it as a fundamental principle in the analysis of derivative pricing just like theoretical physics.

The idea of gauge symmetry in finance is due to K. Ilinski [1] and K. Young [2]. Young posed
symmetry under numéraire transformations in financial market and Ilinski’s main work was deducing
the Black-Scholes equation of options from the action minimization of a Lagrangian. Their works are
creative and instructive, but unfortunately this kind of study is pursued by few of researchers in finance
and Econophysics. In the paper we take a different way. Our research way is not minimization of action
but covariance of pricing equations under numéraire transformations, which have some explicit financial
meaning (also see [3]).

2. Basic Assumption and Pricing Equations of Options

We consider only the pricing problem of European-style options with multiple underlying assets in
this paper, but it is possible to extend this approach in the paper to deal with more general financial
derivatives or contingent claims. As is well known, the value of options depends upon the price dynamics
of the underlying assets, which are stochastic processes. We suppose that in a financial market there are
n tradable risky underlying assets, which may have correlation among themselves, and one risk-free
asset such as a bond. All the assets are called basis assets.

We denote the prices of all basis assets in the market by a vector x = (xi) = (x0, x1, · · · , xn)T which
is called basis price vector, where the first component x0 of the vector represents the price of the risk-free
bond. A basis price space consists of a set of all feasible basis price vectors. Let the basis price space be
the positive cone of an (n+ 1)-dimensional Euclidean space P = Rn+1

++ and let the time axis be R. Then
we define a manifoldM = P × R, which is simply called basis price-time space.
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We assume that the price fluctuation of each risky asset is driven by a Brownian motion—random
source, the dynamics of these prices are described by the following Itô processes [4]:

dxi = ai(x, t)dt+ bi(x, t)dW i, i = 1, · · · , n (1)

where the coefficients ai and bi represent the drift and volatility of the i-th asset respectively and W i is a
Brownian motion. The correlation among the risky assets is described by

dW idW j = ρij(x, t)dt, i, j = 1, · · · , n (2)

where ρij characterizes the covariance between dW i and dW j (also it is just their correlation coefficient,
and ρij = 1, ∀ i = j) (see [5]). We may assume the covariance matrix ρ = (ρij)n×n is strictly positive
definite. In general the matrix is not constant and it relates to a metric tensor to be defined in the basis
price space.

The dynamics of the bond price is a deterministic process as follows:

dx0 = r x0dt, x0(0) > 0 (3)

where r is the risk-free interest rate in the market (note ‘risk-free’ means r is constant or a deterministic
function of time t). The bond can play the role of value reference in the market, i.e., it often serves as
a reference numéraire such as the unit of cash currency in the market. Of course more generally the
interest rate could be stochastic. It is dominated by the following random process:

dx0 = a0(x, t)x0dt+
∑n

k=1
b0k(x, t)x

0dW k (4)

Note this process includes no new random sources.
As in the treatment in most literature we assume the dynamics of asset prices are the following Itô

Processes (see [4])

dxi = µi(x, t)xidt+ σi(x, t)xi dW i, i = 1, · · · , n (5)

dW idW j = ρij(x, t) dt, i, j = 1, · · · , n (6)

where µi and σi are the drift and volatility of the i-th asset return respectively.
According to Dimensional Analysis we assert that µi and σi are quantities without units. Then both

µi and σi are homogeneous functions of degree 0 for the variables x0, x1, · · · , xn, that is, the functions
µi and σi can be rewritten as a function of a set of variables which consist of only dimensionless ratios
between two asset prices such as xk/xl.

Suppose the market is complete and has no friction. Consider the pricing problem of an
European-style option with multiple assets. The price (evaluation) of the option at the time t can be
written as V = V (x, t), i.e., it is a function of the prices of all the underlying assets x and the time t,
when 0 ≤ t ≤ T , where T is the expired time of this option contract.

Each component xi in the price vector x and the price V of the option have the same unit of cash
currency. It is not difficult to prove the following theorem using the Buckingham’s Π theorem of
Dimensional Analysis [6].
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Theorem 1. V (x, t) can be written as

V (x, t) =
∑n

i=0
φi(x, t)xi (7)

where every φi(x, t) is dimensionless and V (x, t) is a homogeneous function of degree 1 for the
variables x.

Proof. The Buckingham’s Π theorem tells us: because for every variable xi the function V/xi is
dimensionless, V can be written as the product of a function of dimensionless variables and the variable
xi. Hence generally V can be written as the sum of all such products.

On the other hand, by the Euler theorem for the homogeneous functions of degree 1, we have

V (x, t) =
∑n

i=0

∂V (x, t)

∂xi
xi =

∑n

i=0
∂iV x

i (8)

where we set ∂i = ∂/∂xi. So the identities φi = ∂iV hold for all i. The expression (7) or (8) is seen as a
portfolio of investment in which φi denotes a portion of the i-th asset, this is a dimensionless quantity.

By Itô’s formula we have

dV = (∂tV +
1

2

∑n

i, j=1
ρijσiσjxixj∂i∂jV )dt+

∑n

i=0
∂iV dxi (9)

Note that the subscripts i and j of the summation of the second term in the above expression start from
1. Therefore, if V (x, t) satisfies the following equation:

∂tV +
1

2

∑n

i, j=1
ρijσiσjxixj∂i∂jV = 0 (10)

this portfolio of investment is just self-financing because the expressions dV =
∑n

i=0 φi dx
i and

V =
∑n

i=0 φi x
i hold together. Let g(x) be the value function at the expire date of the option. When the

boundary condition V (x, T ) = g(x) is satisfied, this self-financing portfolio duplicates the cash flow
of the European-style option. Thus V (x, t) is the price of the option at the time t, the Equation (10)
becomes the pricing equation for the option according to the principle of arbitrage-free equilibrium.

The Equation (10) is a linear parabolic partial differential equation of second order, which has an
elliptic operator: L = 1

2

∑n
i,j=1 ρ

ijσiσjxixj∂i∂j . Then the Equation (10) is written briefly as a operator
form: (∂t + L)V = 0.

Setting P (t) = x0(t) and S = (si) = x (0 ≤ t ≤ T ). When the interest rate r is constant,
P (t) = e−r(T−t). In this case we can rewrite the Equation (10) to the general Black-Scholes equation
with multiple assets. In fact we define a value function f(S, t) such that

f(P (t)S, t)/P (t) = V (1, S, t) (11)

By some calculation of partial derivatives we can deduce the general Black-Scholes equation for f :

∂tf + r
∑n

i=1
Si∂Si

f +
1

2

∑n

i, j=1
ρijσiσjSiSj∂Si

∂Sj
f − rf = 0 (12)

Conversely for the Black-Scholes equation (12) we take the variable substitutions as follows:

yi =
1

σi

(
r − (σi)2

2

)
(T − t) +

1

σi
ln(Si), i = 1, · · · , n (13)
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and
f̃(y, t) = er(T−t)f (14)

The Equation (12) is simplified to a form of diffusion equations:

∂tf̃ +
1

2

∑n

i, j=1
ρij∂yi∂yj f̃ = 0 (15)

This is a variant form of Equation (10). Hence Equation (10) is seen as a kind of typical form of the
pricing equation for European style options and is to be studied in detail below.

3. Numéraire Transformation

We consider a numéraire transformation, which is a change of the measure unit of assets. Because the
price of an asset in the market can be used to serve as a numéraire, let z = z(x, t) be the price of this
asset. Its dynamics is depicted by the following equation:

dz/z = γ(x, t)dt+
∑n

k=1
λk(x, t)dW k (16)

where γ(x, t) and λk(x, t) are homogeneous functions of degree 0 for x and z > 0 holds everywhere.
Note that this numéraire transformation is local, that is to say, the transformation is different at every
point in the basis price-time space. This transformation acts the price of each asset and the price of the
option. It gives: xi → x̃i = xi/z and V → V ′(x, t) = V (x, t)/z. Under the transformation those
variances and covariances σi, ρij ∀ i, j, are invariant due to their homogeneity of degree 0. Because
z > 0 everywhere we can write z(x, t) = eϕ(x, t) by a function ϕ(x, t). Then a numéraire transformation
for the option price V can be written as

V → V ′ = e−ϕ(x, t)V (x, t) (17)

where the multiplier e−ϕ(x, t) is like a discount factor in finance. This kind of transformation can
be seen as a ‘generalized discounting’. Such transformation of numéraire is just a so-called gauge
transformation, which can be seen as an analog of that in Physics.

In the next section we prove that the pricing Equation (10), of options keeps the same form of
equations under the above transformation, that is, the pricing equation has invariance for numéraire.
So we refer to it as a covariant form of pricing equation.

4. Geometric Framework of Pricing Equation and Symmetry

It is seen that the above model of option pricing has already built on the manifold of the basis
price-time space. Furthermore this can be extended to a model built on a fiber bundle, that is to say,
the model of option pricing can be geometrized and the above transformations becomes actions of a
group for the fibers of option prices. Because of the similarity between the above model and the gauge
field models in Physics, the approach of gauge field theory could be naturally applied to analyze the
problem of option pricing and so we refer to it as the gauge field modeling for option pricing.
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4.1. Model of Fiber Bundle for Options

We now consider the basis price-time space, which is a manifold. Obviously such a manifold is
trivial in mathematics, but the financial meaning of introducing this manifold here is: there is a family
of (local) neighborhoods which cover the total space of the manifold. The numéraire systems of assets
in different local neighborhoods may be different and so a local coordinate system in a neighborhood
on the manifold corresponds to a numéraire system in the neighborhood. Moreover the scales of time
can also can be different at different points on the manifold and there is a transformation between two
local coordinate systems in the intersection of two neighborhoods. These transformations correspond to
the transformations of numéraires. In the paper we suppose all the transformations are smooth, i.e., the
manifold is smooth.

Because the price of options is a function of vectors in the basis price-time space (except for
path-dependent options of which the prices depend upon the paths through which they have passed in the
past), that is say, this defines a scalar field in the space and we call it field of pricing. Generally one can
consider several options based on the same basis price-time space together so that we can take the group
of the prices of these options for a vector. Then all the vectors make up of a vector field in a vector space
in which the coordinate basis just represents the numéraire unit. In this paper we only consider the scalar
field case, but it is immediate to extend to higher-dimensional vector field case. Because the numéraire
is changeable locally, a vector space for the prices of options is equipped at every point x in the basis
price-time space, the vector space is called the fiber space or fiber (for short) Ex at this point, and every
point carries a fiber. Note that different fiber may take a different numéraire of the prices of options
so that different fibers may have a different coordinate system (i.e., a frame of the fiber space), that is,
the numéraire systems can change from one point to another point over the basis price-time space. This
kind of geometric structure just leads to the notion of a fiber bundle (see [7] for detail). Hence the union
∪

x∈M
Ex of all the disjoint fibers in the basis price-time space forms a fiber bundle, which is denoted by

E or π : E→M. Here the basis price-time space,M, is called base space and π is a smooth projection
map to the base space. All the fibers have a same type of space, which is called standard fiber (space).
If the standard fiber is a vector space, we call the fiber bundle a vector bundle; if the standard fiber is a
Lie group, we call it a principal bundle. The former is used to represent the prices of options and the
latter plays the role of numéraire transformations. Hence it is exactly to say that the field of pricing is a
smooth section on the fiber bundle: s :M→ E, of course π ◦ s = id :M→M. We denote the set of
all the sections on the fiber bundle E by Γ(E).

Now we see that the notion of fiber bundle is a quite natural descriptive framework for the pricing
model of options, in which the pricing function of options is a section on the bundle. So the problem
of option pricing just is to determine such section on the fiber bundle by some equation in mathematics,
which relies on to a differential structure of fiber bundles. This leads us to using covariant differential,
the correspondent connection and curvature on the bundle.
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4.2. Covariant Form of Pricing Equation and Gauge Symmetry

We go back to consider the pricing equation of an European-style option with a stochastic bond
determined by the equation (4). Let x ∈ P and

gij =
1

2
ρijσiσjxixj, i, j = 0, 1, · · · , n (18)

where these ρ0i and σ0 are easily given by computing the all covariances between x0 and xi. Note that
xi > 0, ∀ i. The above elements gij form a strictly positive definite matrix (gij)(n+1)×(n+1). Then the
elements of its inverse matrix (gij)(n+1)×(n+1) define a metric tensor in the (n+1)-dimensional orientable
Riemann space <(Rn+1

++ , G):
G =

∑n

i, j=0
gij dxi ⊗ dxj (19)

where its determinant is denoted by g = det(gij). Then the pricing Equation (10) becomes

∂tV +
∑n

i, j=0
gij∂i∂jV = ∂tV + LV = 0 (20)

Note that in the case of a deterministic bond the Riemann space becomes n-dimensional and all the
subscripts i and j in the above expressions should start from 1.

Consider now the problem of covariance of the pricing Equation (20) under the local numéraire
transformations as in Physics [7]:

V → V ′ = e−ϕ(x, t)V (21)

The form of the equation for V ′ will be different from that for V . Of course it stays covariant obviously
if the above transformation is global, i.e., if the exponent function ϕ is constant. In order that the form
of the equation still keeps covariant under the local numéraire transformations, it needs to do some
modification for the form of the equation.

Firstly we ought to change the above equation into an ‘extended diffusion equation’ form which is
built in the above Riemann space and keeps linearity:

∂tV + ∆V +BV = 0 (22)

where B is a multiplier to be determined and ∆ is the Laplace operator in the Riemann space:

∆ = g−
1
2

∑n

i, j=0
∂i(g

1
2 gij∂j) (23)

However, the form of this diffusion Equation (22) is not also covariant under the local numéraire
transformations (21).

Secondly we must change the partial derivatives into the covariant derivatives:

∂i → Di = ∂i + Ai ∀i (24)

In the above expression theseAi are connection coefficients on the fiber bundle, that is to say, the Laplace
operator is replaced by a so-called covariant Laplace-Beltrami operator:

∆̃x = g−
1
2

∑n

i, j=0
Di(g

1
2 gijDj) (25)
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where the subscript x of ∆̃x denotes that the operator ∆̃ takes partial derivatives only with respect to x.
At the same time we may introduce a covariant derivative with respect to the time variable as follows:

Dt = ∂t +B (26)

Then Equation (22) is written as a compact expression:

DtV + ∆̃xV = 0 (27)

This equation is called the Laplace-Beltrami equation.
Finally, in order that the Laplace-Beltrami Equation (27) be covariant, we only require that the

covariant derivatives and the connection coefficients satisfy the following covariant properties:

D′iV
′ = (DiV )′ = e−ϕ(x, t)DiV ∀i

D′tV
′ = (DtV )′ = e−ϕ(x, t)DtV

(28)

that is

(∂i + A′i)(e
−ϕ(x, t)V ) = e−ϕ(x, t)(∂i + Ai)V ∀i

(∂t +B′)(e−ϕ(x, t)V ) = e−ϕ(x, t)(∂t +B)V

Then for all i and t we must have

Ai → A′i = Ai + ∂iϕ ∀i (29a)

B → B′ = B + ∂tϕ (29b)

In the fiber bundle π : E → M the structure group consists of all the numéraire transformations
acting on the section of option prices on the bundle such as positive multipliers and the transformations
are similar to the gauge transformations in Physics, that is

V (x, t)→ V ′(x, t) = g(x, t) · V (x, t) (30)

where g(x, t) is an element of the transformation group acting on the fiber E(x, t) = π−1(x, t). We
omit the action operator ‘·’, writing simply the action of the group g · V as gV . This should satisfy the
following properties of transformations:

Di
′ V ′ = (DiV )′ = g(DiV ) = gDi(g

−1V ′) ∀i

so that
Di
′ = gDig

−1 ∀i

Then according to Leibniz’s rule in a local coordinate expression for all i we have

(gDig
−1)V ′ =

(
g (∂i (g

−1 V ′) + Ai g
−1V ′)

)
=

(
(∂i + [g (∂i g

−1) + g Ai g
−1])V ′

)
= Di

′ V ′ =
(

(∂i + Ai
′)V ′

)
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Because V ′ is arbitrary, this gives the transformation rule of the connection coefficients under the gauge
transformation:

A′i = g Ai g
−1 + g (∂i g

−1) ∀i (31)

Substituting g(x, t) = e−ϕ(x, t) we obtain the expression (29a) easily. We have the expression (29b)
similarly.

For the equivalence between Equation (27) and Equation (20), we give the following theorem:

Theorem 2. If the connection coefficients take

Ai = −1

2
g−

1
2

∑n

j=0

(
gij
∑n

k=0
∂k(g

1
2 gkj)

)
∀i (32)

and
B =

∑n

i, j=0
gij(AiAj − ∂iAj) (33)

then Equation (27) is equivalent to Equation (20) and is covariant under the local neméraire
transformation (21).

Proof. We want to prove (∆̃x+B)s = (∆f)e for any section on the fiber bundle s = fe ∈ Γ(E), where
e is the basis vector of the fiber. We do the following computation in a local coordinate expression:

(∆̃x +B)s =
{
g−

1
2

∑n

i, j=0
Di(g

1
2 gijDj) +B

}
fe

= g−
1
2

{∑n

i, j=0
∂i

[
g

1
2 gij(∂jf + Ajf)

]
+

∑n

i, j=0
Aig

1
2 gij(∂jf + Ajf)

}
e+Bfe

Then we obtain

(∆̃x +B)s =
∑n

i, j=0

{
g−

1
2

(
∂i(g

1
2 gij∂jf) + ∂i(g

1
2 gijAjf)

)
+ gij∂i(∂jf)

+ gij(∂iAj)f
}
e+

∑n

i, j=0
(Aig

ij∂if + Aig
ijAjf)e+Bfe

=
∑n

i, j=0
gij∂i(∂jf)e+

∑n

i, j=0

[
g−

1
2∂i

(
g

1
2 gij
)

+ 2gijAi

]
∂jfe

+
{∑n

i, j=0

[
g−

1
2∂i

(
g

1
2 gij
)
Aj + gij∂iAj + Ai g

ijAj

]
+B

}
fe

Above we use the symmetry: gij = gji ∀i, j for the second term in the last identity. Because of the
arbitrariness of f the equivalence between Equations (27) and (20) holds if an only if the following
conditions are satisfied: ∑n

i=0

[
g−

1
2∂i

(
g

1
2 gij
)

+ 2gijAj

]
= 0 ∀j

and ∑n

i, j=0

[
g−

1
2∂i

(
g

1
2 gij
)
Aj + gij∂iAj + Ai g

ijAj

]
+B = 0

This proves the expressions (32) and (33).
Now we prove the covariance of the Equation (27). In fact according to the covariant properties (28)

and (31) we have

e−ϕ(x, t)DtV = Dt(e
−ϕ(x, t)V )− (∂te

−ϕ(x, t))V

= Dt(e
−ϕ(x, t)V ) + ∂tϕ(e−ϕ(x, t)V )

= (Dt + ∂tϕ)(e−ϕ(x, t)V ) = D′tV
′
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and

e−ϕ(x, t)∆̃xV = e−ϕ(x, t)g−
1
2

∑n

i, j=0
Di(g

1
2 gijDj)V

= g−
1
2

∑n

i, j=0
Di(g

1
2 gijDj)(e

−ϕ(x, t)V )

= ∆̃′xV
′

Multiplying the both sides of the Equation (27) by e−ϕ(x, t) from the left we get immediately

D′tV
′ + ∆̃′xV

′ = 0

This proves the covariance of the Equation (27).

5. Connection and Curvature

Now we obtain the covariant form of the pricing equation of options. Here the covariant derivatives
are crucial and the covariant derivatives are determined by a specific connection. The connection may
be also written as a differential 1-form:

A =
∑n

i=0
Aidx

i (34)

It is called a gauge field in Physics. The covariance of the equation is referred to as its gauge symmetry,
which is a kind of invariance under transformations. It reflects a geometric characteristics of the option
pricing.

We know that the connection of a fiber bundle determines the curvature of the fiber bundle. The
curvature of a fiber bundle in a local coordinate is defined as

Fij = ∂iAj − ∂jAi + [Ai, Aj] ∀ i, j (35)

where [·, ·] is the Lie bracket. (Note that this Lie bracket term in Equation above vanishes for a vector
bundle with fibers of one dimension, but this term is often indispensable for a vector bundle with fibers
of multiple dimensions. Although this paper only deals with the former, some extension for the latter is
not impossible.) If there exists a smooth function χ(x, t) such that Ai = ∂iχ ∀ i, i.e., the differential
1-form is exact: A = dχ, where d is exterior differential. Then evidently this connection has dA = 0

and the curvature tensor of the bundle is null, Fij = 0 ∀ i, j. It means that the bundle is a flat space. If
B = ∂tχ also holds at the same time, then the above covariant pricing equation of options (27) reverts to
a typical partial differential equation with a Laplace operator in Riemann space ∂tV + ∆V = 0 after the
transformation V → V ′ = e−χ(x, t)V .

The following example of an option with two assets demonstrates the procedure of the symmetry
(covariance) analysis above.

Suppose there be two risky assets and one risk-free bond in a financial market, i.e., n = 2, and the
interest rate r(t) is deterministic. In the dynamics of the risky assets described by the equations (5) all
the parameters, µi, σi, ρ (ρ = ρ12, |ρ| < 1), are constant. We have

(
gij
)

=
1

2

(
(σ1x1)2 ρσ1σ2x1x2

ρσ1σ2x1x2 (σ2x2)2

)
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where the subscripts i and j start from 1. Then

(gij) =
2

1− ρ2

(
(σ1x1)−2 −ρ/(σ1σ2x1x2)

−ρ/(σ1σ2x1x2) (σ2x2)−2

)

and
g =

4

(1− ρ2)(σ1σ2x1x2)2

We easy get by computation

|g|−
1
2

∑n

k=1
∂k(|g|

1
2 gkj) =

1

2
(σj)2xj, j = 1, 2

Then

Ai = −1

2

∑n

j=1
gij

(
|g|−

1
2

∑n

k=1
∂k(|g|

1
2 gkj)

)
= − 1

2(1− ρ2)

(
1− ρσ

(n+1−i)

σi

)
1

xi
, i = 1, 2

B =
∑n

i, j=0
gij(AiAj − ∂iAj)

= − 1

8(1− ρ2)
[
(σ1)2 + (σ2)2 − 2ρσ1σ2

]
Hence we take

χ(x, t) = − 1

2(1− ρ2)
∑n

i=1

(
1− ρσ

(n+1−i)

σi

)
ln(xi)

− 1

8(1− ρ2)
[
(σ1)2 + (σ2)2 − 2ρσ1σ2

]
t

We have A =
∑n

i=1Aidx
i = (dχ)(x1, x2) and B = ∂tχ. Then the 1-form A is exact and the fiber bundle

is flat.
Taking ϕ = χ and under the transformation V → V ′ = e−ϕ(x, t)V we obtain the typical equation in

the Riemann space of basis price-time:
∂tV + ∆V = 0

In fact the result that the fiber bundle is flat in the case of geometric Brownian motion is expected
and explicable, because we think that non vanishing curvature on the fiber bundle represents an
arbitrage opportunity in the market just like a ‘force’ in a physical field. In the case of the standard
geometric Brownian motions this ‘force’ vanishes, which means no arbitrage in the market. So we see
a correspondent relationship between the geometrical curvature in the fiber bundle and arbitrage-free
equilibrium in finance. However, in general the dynamics of the prices of underlying assets are
complicated stochastic processes, which are not Brownian motions, and in addition the market could
be also incomplete; then there is some arbitrage opportunity on the market. Then the minimization of
arbitrage is applied to the pricing problem of options. Hence it is potentially useful for studying further
the geometrizing model of options.



Symmetry 2010, 2 1774

6. Unification of Covariant Derivatives

To unify the covariant derivatives with respect to the variables of prices and time in the base space, we
modify the base space <(Rn+1

++ , G) such that the time space R is really enclosed into a pseudoriemannian
space. We do it by means of enlarging the dimension of the space. We add two new variables: one
variable is the time variable and another variable is a dummy variable. Then the dimension of the space
becomes (n+ 3)-dimensional.

We denote the (n + 3)-dimensional pseudoriemannian space by M̃ = <(Rn+1
++ × R × R, G) and in

the space a point is x̃ = (x0, x1, · · · , xn, xn+1, xn+2) ∈ M̃T , where the (n + 2)-th variable denotes the
time variable and the (n+ 3)-th variable is dummy. We still denote the vector x̃ by x for simplicity. The
metric tensor G of this pseudoriemannian space is defined by the following formula:

G =
∑n

i, j=0
gijdx

i ⊗ dxj + 2 dxn+1 ⊗ dxn+2 + 2 dxn+2 ⊗ dxn+1 (36)

Obviously the previous Riemann space <(Rn+1
++ , G) can be embedded into this space M̃. The value

of the determinant of the metric matrix g̃ differs from that of g by a factor −4. Because any non zero
constant factor do not influence the definition of the covariant Laplace operator, so the pricing equation
is not also influenced.

In the same way we could construct a fiber bundle E, the base manifold of which just is the
pseudoriemannian space M̃ and the fibers are still the same as the previous ones. Its structure group
is the set of the strictly positive diagonal matrices with ordinary matrix multiplication, which is denoted
by Λ(k), where k is the dimension of the fiber space. In the case of k = 1 we deal with only the group
of the positive multipliers: Λ(1).

Let An+1 = B. Then the covariant derivative of time in the operator (25) is also defined uniformly.
Let An+2 = 0. Because any element g(x, t) in Λ(1) does not include the component xn+2, it follows
that An+2 ≡ 0 holds. We have the following results as in Theorem (2):

Theorem 3. Let the covariant Laplace-Beltrami operator on the fiber bundle Ẽ be

∆̃Ẽ = |g̃|−
1
2

∑n+2

i, j=0
Di(|g̃|

1
2 gijDj) (37)

If the connection coefficients in the above operator take

Ai = −1

2
g−

1
2

∑n

j=0

(
gij
∑n

k=0
∂k(g

1
2 gkj)

)
, i = 0, · · · , n (38a)

An+1 =
∑n

i, j=0
gij(AiAj − ∂iAj) (38b)

An+2 = 0 (38c)

let Ṽ = V · xn+2. Then the pricing Equation (20) becomes the following covariant equation:

∆̃Ẽ Ṽ = 0 (39)

Proof. This proof is completely similar to the procedure of the proof of Theorem (2) and it is not difficult
to prove that these connection coefficients given in Theorem (3) obey indubitably the transformation rule
of connection coefficients under the gauge transformations.



Symmetry 2010, 2 1775

Thus it can be concluded that the pricing equation becomes a type of covariant Laplace-Beltrami
equation with gauge symmetry, which is just like the previous equation other than being more compact
in form.

7. Conclusions

We apply the theory of gauge fields in Physics to the pricing model of options in finance in this paper.
Our work shows that the pricing equation of options can be written as the covariant Laplace equation
on a fiber bundle. The symmetry behind the pricing equation of options is revealed. In addition the
covariant derivatives with respect to the time variable and the covariant derivatives with respect to the
price variable are written in the same way on the fiber bundle by means of the method of enlarging
the dimension of the base space. The geometrization of the pricing model of options relates to gauge
symmetry, connection, curvature and more uniform form of the pricing equation. The introduction of
this approach is natural and the potential extension of the approach is possible. We hope to extend this
method into more general option pricing problems in the subsequent research. We expect this method
could uncover some implicit and intrinsic properties of the pricing problem of financial derivatives to
some extent.
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