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Abstract: We introduce, generate and study a family of supersymmetric displaced number
states (SDNS) that can be considered generalized coherent states of the supersymmetric
harmonic oscillator. The family is created from the seminal supersymmetric boson-fermion
entangling annihilation operator introduced by Aragone and Zypman and later expanded by
Kornbluth and Zypman. Using the momentum representation, the states are obtained
analytically in compact form as displaced supersymmetric number states. We study their
position-momentum uncertainties, and their bunchiness by classifying them according to
their Mandel Q-parameter in phase space. We were also able to find closed form analytical
representations in the space and number basis.

Keywords: supersymmetric coherent states; non-classical light; supercoherent states;
minimum uncertainty states, sub-Poissonian light, antibunching

1. Introduction

In search for quantum states of the harmonic oscillator Hamiltonian, which, while being fully
quantum are as classical as possible, Schrodinger found in 1926 minimum uncertainty states (MUS) that
do not spread and with centers that follow a classical trajectory [1]. Later, these states found applications
in Quantum Optics, and in 1963 Glauber, Sudarshan and Klauder proved the equivalence of MUS,
vacuum displaced states, and eigenstates of the annihilation operator [2,3]. In the 1970s, quantum
squeezing [4] was introduced as two-photon coherent states [5,6].

In the context of Supersymmetry, the supersymmetric coherent states (SCS) where discovered in
1986 [7,8] as eigenstates of the supersymmetric annihilation operator:
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where a is the ordinary bosonic annihilation operator. In this co ® 2 space of 4, the kets (| “(;>J represent

fermionic states, while [| >J represent bosonic states. These SCS were shown to maintain the
X

uncertainty relation bound from above, and in particular minimized for the case of the fermionic ground

0)) . :
state: 0 in the number representation.

Here, we extend the study of uncertainties in states of the supersymmetric harmonic oscillator to
include supersymmetric displaced number states (SDNS) that can be considered generalized coherent
states of the supersymmetric harmonic oscillator. In addition, we perform a quantitative study of the
Mandel Q-number, which classifies the states according to their quantum-classical content.

Unlike what happens in the standard quantum harmonic oscillator, in the supersymmetric case, the
eigenstates of Equation (1) and the displaced ground state give rise to different states. Moreover, the
SDNS are displaced supersymmetric number states, both ground and excited. Thus, while there is no
expectation that the SDNS are simply related to the eigenstates of Equation (1), it is still interesting to
enquire into the likely interesting properties of these novel supersymmetric states of the harmonic oscillator.

In Section 2, the SDNS are defined and an explicit representation obtained in the o®?2
space introduced above. Section 3 presents results on Ax-Ap for the SDNS. Section 4 classifies the
statistical properties of the SDNS according to whether they are sub- or super-Poissonian. Section 5 is
for the conclusions.

2. Supersymmetric Displaced Number States

The displaced number states of the quantum harmonic oscillator were first used in quantum
electrodynamics, to generalize the Jaynes-Cummings model to include atom-electromagnetic field
interactions for strong fields [9,10]. These of course were not supersymmetric, but since it is natural to
treat the quantized electromagnetic field as a coherent state (for example to study stimulated emission
of radiation in atom-field system [11]), and since Jaynes-Cummings has been considered extensively in
supersymmetry (see for example [12]), the supersymmetric displaced number states introduced and
explored here, are interesting candidates to represent quantized fields in the context of supersymmetric
Jaynes-Cummings. The base formed by the external product of these states representing the
electromagnetic field, and the momentum representation of the atomic states, are exact eigenstates in the
limit in which the atomic transitions are small compared with the frequency of the field. In addition,
when this limit is violated, still the basis affords an economical convergence of perturbation theory when
compared with a plain number state base. The translation operator is defined in that context
(Equation (13) in [9]) as

T(z)=e™ ™ (2)
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where a’ and a are the creation and annihilation operators respectively, and z is the magnitude
of the displacement; for regular coherent states, z ~ /Energy for large energies. Here we generalize

Equation (2) to introduce supersymmetry thus

{a1 -a -1 ] Z[—iﬁp -1 ]
T(Z) _ eZ(AW‘_A) —e 1 af_a —e 1 7[\/5p (3)

where we have replaced the annihilation operator by its Supersymmetric extension, used Equation (1),

and p is the momentum operator. This generalized translation operator is unitary as we will show below.
To find the SDNS, we need to displace the supersymmetric number states under the action of 7'(z).

We recall [8] that the supersymmetric number states with energy £, =n are

(T} () @
) "

the last one being the only non-degenerate number state, corresponding to vanishing energy and thus is

for n>1 and

also the ground state with unbroken supersymmetry.
To consolidate notation we describe the number states as

B Cose|n>
|E”> B (sin6|n —1>J (4¢)

with 0<0< /2, for n>1. For n= 0, only Equation (4b) applies. The parameter 0 is a direct statement
of the fact that states with energies £, > 0 span two-dimensional subspaces.

Thus our problem reduces to find the states

—i2p -1 J
i Z[ L iy cos@|n>
|SDNS) =|z)=e (sin9|n —1>] )

Here we emphasize that the displaced states are |En>, not just |E0> as is standard practice when

studying coherent states. Thus, these states do not need to agree with supersymmetric coherent states on
two counts. First, because, as explained above, the displaced ground state and the eigenstates of the
annihilation operator are not the same in supersymmetry. Second, because in regular quantum mechanics,
the eigenstates of the annihilation operator agree with the displaced ground state, while here we are
displacing all number states. In addition, in what follows, n is understood as the label of the state
being displaced.

To make progress we work in the momentum representation of the number states,

)" =
= =———2 ¢ 2H
(p|n)=0,(p) s e (D) (6)

where H (p)is the Hermite polynomial of order n.
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The exponential in Equation (3) is now readily found,

cos(z) —Sin(z)]e-ifzpz (7a)
a

=)= [sin(z) cos(z)
Using Equations (5) and (7a),

cos(0)cos(z)e” o ¢, (p)—sin(0) sin(z)e” apz ¢ .(p) o1
n>
cos(0)sin(z)e”’ 2 @,(p)+sin(0) cos(z)e”’ V2 ¢..(p)
8
cos()e T h(p)| ®
n=0
sin(z)e™" 4 (p)

(p|SDNS)=(p|z) =T'(n, p,z,0) =

To emphasize, n remains a parameter in the SDNS because all number states have been displaced,
not only the ground states as is the common case when finding regular coherent states. To simplify notation
in what follows we will use the expression valid for n > 1. All results apply also to n =0 setting 0 to zero.

As mentioned above, the translation operator is unitary as can be readily seen from Equation (7a).

Indeed, since

- :( cos(z) sin(z)}e,-mz

—sin(z) cos(z) (7b)
then,
TTT:K cgs(z) sin(z)jei mzﬂc?s(z) —sin(z)Jei @2}:1 -
—sin(z) cos(z) sin(z) cos(z)

where [ is the identity matrix.

3. Uncertainties

Here we compute the uncertainties Ap-Ax in the state I'(n, p,z,0). The intermediate integrals can be

obtained analytically in closed form,

(p)=[ P (0. p.2.00(n, p.2.0)dp = 0 (%)
+00 'i‘ d
<x> = _J;F (n, p,z, 6)(i%)]‘(n,p,z,6)dp =2z (9b)
(p*)= [ P°T (0. p. 2,00 (n, p.z.0)dp = %[2;1 +c0s(20)] (9¢)
(x*)= jw r'(n,p,z,0) [— ;;2 j]‘(n, p,2,0)dp = %[2;1 +42% +c0s(20)] (9d)

The integrals above are understood as follows. Take and operator O,

(0) = (SDNS|0|SDNS) = [ (SDNS|0| p)( p|SDNS)dp (9¢)
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in the momentum representation, O| p> =F( p)| p> , where Fis, in general, a function of powers of p

and derivatives.
Then,

(0)= j (SDNS| p) F(p)(p|SDNS) dp = j T (n, p,2,0)F(p)[(n, p, z,0)dp 9f)

Using Equation (9a—d)
1
(Ap-Ax)r=5ﬂl2n+cos(26) (10)

It is interesting to compare these uncertainties with those of the number states of the standard quantum

. . 1 . : :
harmonic oscillator. In that case (Ap-Ax) =Ex/2n +1 and the same result is valid for the displaced

standard

states by Equation (2). Then supersymmetry, by means of the degeneracy in energy given by 0, affords
to reduce the uncertainty albeit by a small amount. The uncertainty reaches its minimum possible only
for n =0 (and necessarily 6=0), and for n=1and 6=7/2.

4. Probability Distribution of the SDNS Light

The Poisson probability density is normally associated in natural phenomena with the probability of
an event happening during a given time interval. It is characteristic of the Poisson distribution that the
variance is equal to the mean. The regular coherent states follow a Poisson distribution while, in
comparison, thermal radiation has a super-Poissonian distribution characterized by bunching of photon
arrival at the detector, and a variance larger than the mean. In contrast, it was first experimentally found
that some fluorescence resonant light antibunches, that is, it arrives at the detector at more regular
intervals than the Poissonian light. This can be found theoretically in sub-Poissionian distributions for
which the variance is smaller than the mean, and it is a signature of non-classical light displaying
irreducible quantum effects [13]. Mandel introduced the Q-parameter

0= .<(A”22n>>‘ ) (11)

to discriminate among the three types of light depending, respectively, on whether O = 0, O > 0, or
0 <0 [14]. Here we use the Mandel Q-parameter to classify the SDNS in Equation (8) according to n, z
and 0. Again, like in the previous section, the corresponding integrals are amenable of explicit analytical
representations.

In the supersymmetric case, the proper number operator is [7],

2 4 0
_(a'a 0 dp’

0 R |

p ap’
where in the last equality, we passed to the momentum representation since it is easiest to find its
action on Equation (8).
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Using the |SDNS > states Equations (8) and (12) in Equation (11),
1
n)=—|1+4n+4z" +(2—cos2z)cos20
(m=-1 ( )cos 26 | (13)
<nz>:%{gnz+4n+3+(4+32¢p2+8Z4+2(1+4n+8chosze—[2+(y+4n+4zﬁcosze]amzz+4Jﬁzgnzzmnze} (14)

Thus, from Equations (13) and (14),

13-8n —8z% +32nz° +4(4z2 —l)cos 20—4cos’ 20 —cos’ 2z cos’ 29+2(cos49+00529—1)cosZz+8x/;zsin2zsin 20
2 1+4n+4z" +(2—cos2z)cos 20 (15)

To clarify, since Q is a complicated function of several variables, we recall that z is the index that
labels the SDNS, » indexes the original state |En>that was displaced with T (Equation (3)), and 0 is an

angle variable in {O,g} that spans the two-dimensional space of energy E, =n.

Figure 1 shows graphs of Q vs. z for various n and 0. There it is shown the interesting region for
z<~0.5 and QO <0, for all » and 0. That means that the states are strongly non-classical in that region.

On the other hand, for z >~ 0.8 the states become more thermal-like in character. We want to classify
the states more precisely and find their phase diagram in (n, z, 0) space. To do that, we notice that the

boundaries between sub-Poissonian and super-Poissonian are the Poissonian regions corresponding to
0 =0. Thus, we set to zero the numerator in Equation (15),

3-8n—8z +32nz" + 4(422 - l)cos 20 —4cos” 20 —cos® 2z cos” 20 + 2(cos 40 + cos 20 — 1) cos 2z + 8nzsin2zsin20 =0 (16)

and for each n, find z(0). These are transcendental equations that are solved numerically, the results

of which are shown in Figure 2.

10 Q
8 B -
6 e
4
2 o
,/)' __________________________________________________________ 7
7 2 3 4 5

Figure 1. Plots of QO versus z from Equation (15). The curves are labeled with gray scale

and with dashing. The smallest dash length (dotted) corresponds to » = 0and the longest

(continuous) to n = 3. Within each dashing length, the curves are classified with increasing
darkness, for 0 =0,7/4,7/2 .
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Whenever z > 0.79 then Q is positive, and the corresponding SDNS are super-Poissonian, that is

thermal-like states, which are more bunched than Poissonian ones. For values of z less than ~ 0.5, the

SDNS staes are sub-Poissonian, and show purely quantum properties such as antibunching. In the region
~0.5<z<0.79 the character of the states depends on # .

5. Further Properties of SDNS

In this section we consider the normalization, representation in the number base, and representation

in the position base of the|SDNS > = |z> .

5.1. Normalization

We begin from the identity [15]

[ pe H (pH,.,(p)dp= {

where /, s and m are non-negative integers.

0 for m>s

2'In(l+s)! for m=s

(17)

When s =0 one recovers the normalization condition of the standard eigenfunctions in Equation (6).
Of particular interest here is the case s = 1. Indeed, by setting that value, and also /=n—1 and m = 1,

Equations (6) and (17) give,
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[ po, (20, (p)dp = —i\/g (18)

Moreover, according to Equation (17) values of s other than 0 or 1 will give vanishing integrals for

m =0 or 1. This property will come handy in what follows.

From Equation (8) and using the closure of the momentum states | p> = up ;] 5
p

Ij: {(cosecos Z¢2 (p)—sin0Osin Z(I);] (p))(cochosz'(])n(p) —sinBsinz', (p))

(z|z")= Jj:<z|p><p|z'>dp = (cosesinz¢;(p)+sin9c0sZ(I);l(p))(cosGsinz'd)"(p)+sinecosz'¢,,,l(p))} (19)
Xe—iﬁp(z'—z)dp

Since
e D <1 ip2 () +O(p?) 20)
Using Equations (18) and (20), and the normalization '[M(p:_l( p)¢,(p)dp =1 in Equation (19),
<z|z'>:cos(z—z')+\/;sin26(z'—z)sin(z'—z) 1)

where the terms of order Equation (2) or larger in Equation (20) contribute vanishing integrals in
Equation (19) since they involve products of Hermite functions differing in order by zero or one.
Thus, we see that the states |SDNS > = |z> are normalized (z' = z), but are not generally orthogonal to

each other.
5.2. Number Representation

Equation (8) can be written in the explicit equivalent form

+00

[ (cos®cos(z)e 9, (p)~sin(@)sin(z)e "6, ,(p)) |p)dp
[SDNS)=|2)=| (22)
[ (cos@sin()e 9, (p) +sin(@)cos(z)e 4, ,(p)) |p)dp

Using the number base, Equation (4¢), and taking the state of energy E, ,

£\ cos9|m>
| '">_ sin6|m—l> (23a)

Then,

[ (cos”(®)cos(2)e 4, (p)d, (p) —cos(O) sin(O) sin(z)e 9, ,(p)d,(p)) dp
2=\
[ (cos(®)sin(®)sin(z)e 9, (P}, (p)+sin’ (O)cos(2)e 9, ,(p)0,.,(p)) dp

—0

(E

m

(23b)

where we have used <m | p> =¢. (p). The four integrals in Equation (24) can be cast in a single integral,
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J= [ ™7, (p)), (p)dp (24)
Using Equation (6),
l- n—n L ; L,
J= L [ H,(p)H, (p)e ™ dp 25)
N2 nlm! =,
Now we Taylor expand the exponential of imaginary argument,
m n © l\/_Z
- Z( )k jp"H (p)H,,(p)e ™ dp (26)
N2 nlm)

Using Equation (17), for given n and m, only the single term for k = |m - n| contributes to the sum
and the integral is explicitly known,

J= (@) (’\/_Z)m ! omin(nm)

N2 |m n|'

max(n,m)! (27)

Using Equation (27) in Equation (23b),

=] -]

c0s’ () cos(z) == 0 ( z«/—z) 270 max(n, m) '~ cos() sin(0) sin(z) (i)nHM ( z«/—z) 2mintbm) max(n —1,m)!
(5, ]2) «/ Tatm) |m—n]! \/ " (n—1)!m! |m—n+1)1 T
E |z)=

| 28
- ' (i)mfrrfl ( 1\/—2) . . (l.)mfn (—l\/zz) ( )
cos(0)sin(0)sin(z) 2“"“"'1 ) max(n,m—1)!-sin’(0) cos(z) 20 max(n, m)!
Y2 alm =1yt fm=n=1)t 272 =) (m—1)! |m—n]!

which gives the coefficients of the sought expansion.
5.3. Position Representation

Call, as usual, x the position. Then, using the closure of the | p> states,

(xlz)= I( |P)Xplz)dp = J_I (29)
Looking at Equation (8), the last integral in Equation (29) involves four integrals of the type
J— _je ‘e g (p)dp =9, (x—~2z) (30)
then,

(+[SDNS) = (x]2) Z(cos(e) cos(2)p, (x—22) —sin(®)sin(2)9, , (x—\/EZ)J o

cos(0)sin(z)¢, (x— JEZ) +sin(0) cos(z)¢, ,(x— \/Ez)
where the displaced property is seen explicitly.

6. Conclusions

We have defined and obtained an explicit representation of the Supersymmetric Displaced Number
States (SDNS) in the momentum representation. In addition, we have studied their uncertainties and
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their probability distributions. Both cases were amenable of explicit analytical close from solutions,
making them useful to gain insight into this new problem, and in the future to test numerical solutions
of cases that must be handled numerically. The uncertainties of these new SDNS happen to be similar,
but slightly smaller, than those of ordinary generalized coherent states. Reference [16] reviews displaced
states of the standard quantum harmonic oscillator introduced in the 1950s by displacing not only the
ground state (as is the case for the seminal Schrédinger coherent states) but also any excited number
state. As for the probability distributions of the SDNS, we classified them according to their Mandel
Q-parameter in (n, z, ) phase space and found a region of finite volume where their sub-Poissonian
behavior makes them states with strong quantum characteristics. In the section before the conclusions,
we provide explicit representation of the SDNS both in the space and the number basis. Future works
calls for similar studies using more general Supersymmetric annihilation operators, as those introduced
recently [8]. In those cases, the momentum representation is not a natural basis. We have not yet found
analytical answers in those cases.
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