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1. Introduction

Bicklund transformations are a powerful tool to explore various properties of integrable nonlinear
partial differential equations [1,2]. They can be used to obtain more exact solutions of integrable systems
from a particular solution. The classical Backlund transformations are local geometric transformations,
which are used to construct surfaces of constant negative Gaussian curvature [1]. This provides
a geometric construction of new pseudospherical surfaces from a particular solution of an integrable
partial differential equation. Indeed, solutions of the sine-Gordon equation describe pseudospherical
surfaces. Applying Bécklund transformations n times to a particular solution of sine-Gordon equation,
one can obtain a family of solutions of sine-Gordon equation. These solutions can be obtained
using the Bianchi’s permutability formula through purely algebraic means [2]. In [3], Chern and
Tenenblat performed a complete classification to a class of nonlinear evolution equations which describe
pseudospherical surfaces. It is noted that a nonlinear PDE describes pseudospherical surface if it
admits s/(2) prolongation structure. More generally, a Bicklund transformation is typically a system of
first-order partial differential equations relating two equations, and usually depending on an additional
parameter. In particular, a Backlund transformation which relates solutions of the same equations is
called an auto-Bécklund transformation. In [4], Wahlquist and Estabrook [4] provides a systematic
method to construct Biacklund transformations of integrable systems by using the prolongation structure
approach. Other effective methods to construct Bicaklund transformations of integrable systems were
also proposed in a number of literatures, see for example [2,5-12] and many more references.

A particular nice feature of integrable systems is their relationship with invariant geometric flows of
curves and surfaces in certain geometries. Those flows are invariant with respect to the symmetry groups
of the geometries [13]. A number of integrable equations have been shown to be related to motions
of curves in Euclidean geometry, centro-equiaffine geometry, affine geometry, homogeneous manifolds
and other geometries efc., and many interesting results have been obtained [14—41]. Such relationship
is helpful to explore geometric realization of several properties of integrable systems, for example,
bi-Hamiltonian structure, recursion operator, Miura transformation and Béacklund transformation efc. On
the other hand, the topological properties of closed curves are shown to be related to the infinite number
of symmetries and the associated sequence of invariants [11]. The relationship between integrable
systems and geometric curve flows in R? was studied in 1970s by Hasimoto [14], who showed that
the integrable cubic Schrodinger equation is equivalent to the binormal motion flow of space curves in
R3 (called vortex-filament flow or localized induction equation) by using a transformation relating the
wave function of the Schrodinger equation to the curvature and torsion of curves ( so-called Hasimoto
transformation). Furthermore, using the Hasimoto transformation, Lamb [16] verified that the mKdV
equation and the sine-Gordon equations arise from the invariant curve flows in R3. Mari-Beffa, Sanders
and Wang [25] noticed that the Hasimoto transformation is a gauge transformation relating the Frenet
frame and parallel frame. The well-known integrable equations including the KdV equation, the modified
KdV equation, the Sawada-Kotera equation,the Kaup-Kuperschmidt equation and Boussinesq equation
were also shown to arise from the invariant plane or space curve flows respectively in centro-equiaffine
geometry [18,21,35,40], Euclidean geometry [15,17,21], two-dimensional affine geometry [21,40],

projective geometry [37,39] and three-dimensional affine geometry [23].
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In this paper, we are mainly concerned with Bicklund transformations for integrable geometric curve
flows in certain geometries. Our work is inspired by the following result.

Proposition 1.1. [26] Let «(s) be a smooth curve of constant torsion T in R>, parametrized by
arclength s. Let T, N and B be a Frenet frame, and k(s) the curvature of ~y. For any constant C,
suppose 5 = (s, k(s),C) is a solution of the differential equation

%:Csinﬁ—k. (1)
ds

then

3(5) =1(6) + g (c0s BT + sim SN

is a curve of constant torsion T, also parametrized by arclength s.
Note that this transformation can be obtained by restricting the classical Bicklund transformation for
pseudospherical surfaces to the asymptotic lines of the surfaces with constant torsion.

We will restrict our attention to the geometric plane curve flows
7= fN+gT @)
and space curve flows
v =fT+gN+hB 3)

in Euclidean, centro-equiaffine and affine geometries, where T and N in Equation (2) denote frame
vectors of planar curves, and T, N and B in Equation (3) are frame vectors of spacial curves, f, g and
h depend on the curvatures of the curves ~ and their derivatives with respect to the arclength parameter,
namely, these geometric flows are invariant with respect to the symmetry groups of the geometries.

For a planar or a spacial curve (¢, s) in a given geometry, let 5(¢, s) be another curve related to
through the following Bédcklund transformation

F(t,s) =~(t,s) + alt,s)N + p(t,s)T 4
or
F(t,s) = v+ a(t,s)T + B(t, s)N + x(t, s)B. 5

Throughout the paper, we assume that both curve flows for v and 7 are governed by the same
integrable system, that means the curvatures of the curves v determined by the flows (4) or (5) satisfy the
integrable systems as for the curves ~. It turns out that the functions (¢, s), 5(¢, s) and x(t, s) for space
case and «(t, s) and [3(t, s) for planar case satisfy systems of nonlinear evolution equations. Solving
these systems then yields Bicklund transformations between the two flows for v and 7.

The outline of this paper is as follows. In Section 2, we first study the Béicklund transformations
of planar curve flows in R2, which include the modified KdV flow and the modified Camassa-Holm
flow. Bicklund transformations of integrable space curve flows in R? including the Schrodinger flow
and the extended Harry-Dym flow will be discussed in Section 3. In Section 4, we consider the
Bécklund transformations of the KdV and Camassa-Holm flows for planar curves in centro-equiaffine
geometry. Finally in Section 5, we discuss the Bicklund transformations of the Sawada-Kotera flow in

two-dimensional affine geometry.
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2. Biicklund Transformations of Integrable Curve Flows in R?

The invariant geometric curve flows in R? were discussed extensively from many points of view
in the last three decades. A number of interesting results have been obtained. It was shown that
the non-stretching plane curve flows in R? are related closely to the integrable systems including the
modified KdV equation [15,17,21] and the modified Camassa-Holm equation [42]. In this section, we
consider the Bicklund transformations of those integrable flows.

Let us consider the flows for planar curves in R?, governed by

where t and n denote the unit tangent and normal vectors of the curves, respectively, which satisfy the

Serret-Frenet formulae
t, =kn, n,=—kt, (7

where £ is the curvature of the curve 7, s is the arclength of the curve and ds = gdp, p is a free parameter.
The velocities f and h in Equation (6) depend on £ and it’s derivatives with respect to the arclength
parameter s. Let 6 be the angle between the tangent and a fixed direction. Then t = (cos#,sin#),
n = (—sinf, cos ), and df = kds. Based on the flow (6), it is easy to show that the time evolutions of

those geometric invariants are given by [17]

t; = (fs + kh)n,

n, = —(fs + kh)t, (8)
gt = g(hs — kf),
and
Gt — (fs + kh),
df ,
s t

Assume that the flow is intrinsic, namely the arclength does not depend on time. Then equation
hs =kf (10)

follows from Equation (8).

2.1. The Modified KdV Flow in R*

In [17], Goldstein and Petrich proved that the modified KdV equation arises from an non-stretching
curve flow in Equation R2. Indeed, let f = k,, h = %kQ in Equation (6), then k satisfies the modified

KdV equation

kt = ksss + ngks‘ (11)

The corresponding curve flow is

1
v = ko + §k2t, (12)
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which is the so-called modified KdV flow [17].
Let 7 be another curve in R? related to ~y by
A(t,s) =(t,s) + alt,s)n+ B(t, s)t. (13)
Assume that 7(¢, s) is also governed by the modified KdV flow, namely it satisfies
Yy = ks + 518%, (14)

where § is the arclength parameter of 4; t and n denote the unit tangent and normal vector of 7,

respectively. A direct computation shows that t and fi are related to t and n by

F0t+G0n _G0t+F0n

CVmrw VAR 1
where
Fo=14p8s—ka, Gy=as+kp. (16)
It is inferred from Equation (13) that
%zmﬁmu%@+%ﬁmn+m+%ﬁ—%w+§%dt (17)
Differentiating Equation (13) with respect to s, after using the Serret-Frenet formulae (7), yields
¥s = (L4 Bs — ka)t + o, + kf)n := Fyt + Gon. (18)

It follows that the arclength s of 7 is related to s of y by

ds = \/ F2 + G2ds. (19)

Furthermore, differentiating Equation (18) with respect to s, and using Equation (19) yields

ki =55 = (Fy + Gg) > (Fit + Gin) := Fyt + Gon, (20)
where I G
Fy= 5, Gr= 0.
R G)Y T (FR+ G
and

Fi = — k(1 + B, — ka)*(as + kfB) + (Bos — ks — 2kag — K B) (s + k)
— (14 Bs — ka)(as + kB)(ass + kea + kay),

G1 = k(1 + Bs — ka)® + k(1 + Bs — ka)(as + kB)?* (assksa + kay)
— (14 Bs — ka)(as + kB)(Bss — ks — kag).

From Equation (20), we also have

= Fo(Gas + kFy) — Go(Fos — kGa)
ks = 5 5 = Fj,

Fy + Gj 21
2o Go(Gos + kFy) + Fy(Fos — kGy) — Gy

F}+ G}
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Substituting Equations (15), (17) and (21) into Equation (14), we see that the modified KdV
flow is invariant with respect to the Bicklund transformation (13) if and only if « and § satisfy the

following system

1 1 1
aptks + Blkss + K =GoGs + F0F3)7

RN R

1 1 1 1
Bt‘i‘ikﬁ - Oé(k’ss + §k3) = —F()Gg — GOF3).

VEE+ G2 (2
Theorem 2.1. The modified KdV flow (12) is invariant with respect to the Bdcklund transformation (13)
if a(t, s) and B(t, s) satisfy the system (22), where G, Fo, Iy and G3 are given in Equations (16) and (21).

(22)

It is noticed that a class of Biacklund transformations for smooth and discrete plane curves in Euclidean
space governed by the modified KdV equation were discussed in [12], which are derived by using the

Biécklund transformations of the potential modified KdV equation.

2.2. The Modified Camassa-Holm Flow

The modified Camassa-Holm equation

my + (U? — u2)m)s + alges = 0, M = U — Ugg (23)
can be derived using the general approach of the tri-Hamiltonian duality from the modified KdV
equation [42]. A direct consequence of such approach shows us that the modified Camassa-Holm
equation is an integrable equation with bi-Hamiltonian structure. Interestingly, it has peaked solutions
and can describe wave breaking phenomena [43]. It was also shown in [43] that the modified
Camassa-Holm equation arises from a non-stretching planar curve flow in R?. Indeed, let f = uy,
h = %(u2 — u?) in Equation (6), then the corresponding modified Camassa-Holm flow is

1
Ve = ugn + §(u2 —ud)t, (24)

where u satisfies the modified Camassa-Holm Equation (23) with a = 1, where m = k = u — u, is the
curvature of the curve . Denote A = 1 — 652, then u = A~'k. Assume that 7 is another curve related to

~ by Equation (13), a direct computation shows

Y = (us + oy + B(fs + kh))n + (%(1} —u?) + B — alfs + kh)) t. (25)

Using Equation (19), the corresponding geometric invariants of 7 can be expressed in

< ds ds
A = 2 _
=g =1 (déas) (d§35> ’

a=(1-08)"k, (26)
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where k = /F2+ G2/(F2 4+ G2)2. Assume that 7 is also governed by the modified Camassa-Holm
flow (24), namely, it satisfies

1 -
Fp = Tizh + 2(u — a2)t. (27)

Substituting Equations (15), (25) and (26) into Equation (27) and comparing the coefficients of t and

n in the resulting equation, we arrive at the following system for a(¢, s) and (¢, s)

1 uzFo 1 (a® —a?)
it + Bluss + = (u — ug) (u® — u?)| = + = 2

Gy 1 (@ — a2
+3 3
VLG 2RI R

where u satisfies the modified Camassa-Holm Equation (23) with a = 1. Consequently, we have the

L — ) — )] = —

1
/BH- (u? —u2)—a[u55+ 5

following result.

Theorem 2.2. The modified Camassa-Holm flow (24) is invariant with respect to the Bdcklund
transformation (13) if a(t, s) and [(t, s) satisfy the system (28), where G and Fyy are given in Equation (16).

3. Biicklund Transformations for Space Curve Flows in R?

In this section, we consider the integrable flows for space curves in R?
=Un+Vb+ Wt, (29)

where t, n and b are the tangent, normal and binormal vectors of the space curve -, respectively. The
velocities U, V' and W depend on the curvature and torsion as well as their derivatives with respect to
arclength s. It is well know that the vectors t, n and b satisfy the Serret-Frenet formulae

ts = kn,
n, = — kt + 7b, (30)
b, = — 7n,

where k and 7 are curvature and torsion of 7. Governed by the flow (29), the time evolutions of these
geometric invariants fulfill [14,15]

oU oV
te= (5 =7V +EW)n+ (5= +7U)b,
n, = —(%—Z—vaw)w [kg(gv TU)-{—%(%—Z—TV-F/{W)}I)

(31
oV 10 0V oU

bt: —(6—+TU)t—[E%(g—FTU)—F%(%—TV—FkW)}H

oW
gt:g(g—kU)

where g = |7,| denotes the metric of the curve 7. A direct computation leads to the equations for the

curvature k£ and torsion 7:

or 0119 9V 7 U s

ok U Ok oV or
= (- )U+%/ kUds' 25~ kT

ov

Os’ (32)
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Assume that the flow is intrinsic, namely the arclength does not depend on time, it implies from

Equation (31) that

a—W = kU. (33)
O0s

From Equation (32), using the following Hasimoto transformation

o =Fkn, mn=exp [z /5 7(t, S’)dg’]7 (34)

we get the equation for ¢

o¢ _(5—; 1 \¢]2+iq§/s ds'T¢" + %/s ds’qb*)(Un),

at 02 s s a¢* (35)
(i viteP+o [ asrot—io [ a3 ) v,
where ¢* denotes the complex conjugate of ¢.
LetU =0,V = kand W = 0. Then we derive from Equation (32) the Schrodinger equation
. 1) 2

LetU = —k,,V = —k7. Then W = —%kQ, and ¢ satisfies the mKdV system [15]

3
¢t + (bsss + §‘¢|2¢s = 0.

We now consider the case of U = W = 0. Denote 6(t, s) = [ 7(s',t)ds', G = Vn. It follows from
Equation (35) that ¢ satisfies the equation

10 + Ggs + |¢‘2G — qb/ G(cosf — isinf)kyds = 0. (37)

Let & = kcosf, 0 = ksinf and G = G; + iG,. Then Equation (33) is separated into the two

equations

Uy = — Gags — 00, ' [k(G cos 0 4+ G sinf),],

(33)
U = G5 + a0, ! [k(Gl cosf + Gy sin 9)5] )

Furthermore, letting % = u + v,, © = v — u, and choosing V' = 0, ![(u? + v2)/k], we find that v and
v satisfy the following system [41]

(u~+vs) = —Gags — (v — ug) (u? + v?),

39
(U - us)t = Gl,ss + (U + Us)(uz + 1)2), ( )

where G| = 2 cos 09, (v cos§ —usin ), Gy = 2sin 9, (v cos @ — usin 6), which is related to the dual

system of the Schrodinger equation [42].
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3.1. The Schrodinger Flow
Corresponding to the Schrodinger Equation (36), the Schrodinger flow is given by [14]
v = kb. (40)
In this case, the time evolution of frame vectors is governed by

t, = — 7kn + kb,

kSS
n, = — (7 —7°)b + Tkt, (41)
b= — kt — (% —)n.

We now construct Bicklund transformation of the Schrodinger flow (40)
=7+ alt,s)t + B(t, s)n + x(t, s)b, (42)

where o, § and y are the functions of ¢ and s, to be determined. Using Equation (30), (40) and (41), a

direct computation leads to

Ys = (1 + as — Bk)t + (Bs + ok — xT)n + (xs + 87)b, (43)
and
kSS
Yo = (ar + BTk — xks)t + [B: — X(? —7°) — atk|n
(44)

+ [x¢e + k + ak, +5(% —7°)]b.

Then the arclength parameter s of curve 7 is related to s by

ds = Ws‘ds = /(14 a, — Bk)2+ (B + ak — x7)2 + (xs + f7)2ds := Fds.

The tangent vector of the curve 7 is determined by
ds

°d
where Ay = F7 (1 + a, — Bk), Ay = F~ (B, + ak — x7), A3 = F~(x,s + 87). Further computation
from Equation (43) yields

[l

= Alt + Agl’l + Agb,

VAR

ds A —kAy As kA —TAs | Ag £ TA
Vss —sts% - F t+ Ia n-+ i b7

which gives the curvature of :

~ \/(Als — kAQ)Q + (AQS + k’Al — TA3)2 + <A3S + TA2)2 H
k= = —. (45)

F F

Using the Serret-Frenet formulae, we obtain the normal and binormal vectors of 7 given by
As — kA Ass + kA —TA Ass +TA
n— 21 20 L2 PR T T e T T Bty Bon+ Byb,

H H H 46
B_Clt+C’2n+C’3b ( )
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where Cl = F_l(Bls - kZBQ + HAl), 02 = F_l(k?Bl + BQS - TB?, + HAQ) and 03 = F_l(TBQ +
Bss + HA3).
Assume that the curve 7 also fulfills the Schrodinger flow, that is

= kb. (47)
Plugging Equations (44), (45) and (46) into Equation (47), we arrive at the following result.

Theorem 3.1. The Schrodinger flow (40) is invariant with respect to the Bicklund transformation (42)
if o, B and x satisfy the system

H
o + Btk — xks = — G ,
F\/C?+C3+ C3
kSS H C
ﬁt—x(——7'2)—oz7k:— > 22 =,
k F\/C}+ C3 + C3

H___ G
F\/C?+C3+C3

Xt+k:+ak5+/3(%—72):

3.2. The Extended Harry-Dym Flow

The extended Harry-Dym flow [19]
% =T7"7b, (48)

is obtained by setting U = M = 0, and V' = 772 in the space curve flow (29). Here we consider the
curve flow with constant curvature k. Let k& = 1, it follows from Equation (32) that the torsion of ~y
satisfies the extended Harry-Dym equation [19]

T = [(T_%)SS S T_%}S, (49)
which is equivalent to the flow (48). Making use of the transformation v = 7~'/2, we get the equation
1 1 1 3
(v 1), = é(m)ss — 51)? + 51)2 — év_Q)S.
In terms of the change of variables dz = /2v~'ds + \/% (vvgs — s02 + 10? — %v‘z)dt, it is deduced that
v 0 0 v, 1 vy 14, 3
—=—|v(=—(—) — =(— —v° — - : 50
ot 8x[v(ax(v) 2(1)))+4U 4" } (50
Again we set v = e¥, then it is inferred from Equation (50) that ¢ satisfies the Calogero’s modified
KdV equation
1 3
Pt = Prgxr — 59032 + §<px cosh 2¢.

We now construct Bicklund transformations to the extended Harry-Dym flow (48). In this case, the
corresponding time evolution of frame vectors t, n and b are given by

1 1
t, = —72n— 57'7%7'51),
n, =77t + ((T’%)SS—T%)b, (51)
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In terms of Equation (51), a direct computation gives

Ay = [7'_% + 04(7'_%)5 + ﬁ((T_%)ss — T%) + Xt}b,
1 _1 3 1 _1 (52)
+ [ﬁt —ar? — X((T 2)gs — 7'2)]n + [Ozt + fBrz + x(7 2)5}’5.

Assume that a new curve 7(t, s) is governed by the extended Harry-Dym flow, that means 7 satisfies
e =777b, (53)

where 7 and b are the torsion and binormal vector of 7, respectively, which is related to the geometric
invariants of v through
Cl(Bl,s — ]fBQ) + OQ(Bll{? + B2,s — TB3 + HAQ) + C3(TB2 + Bgs + HAg)

PG 101 C s

N
Il

Clt + CQH -+ Ogb
VCI+CI+C2

Plugging Equations (52) and (54) into Equation (53) implies that the extended Harry-Dym equation

b

is invariant with respect to the Bécklund transformation (42) if o, 5 and y satisfy the following system

1 1 ~_1 C].
o +/672+ T 2 8:7'_2 ,
t X2 VO + 05+ C3
1 _1 3 ~_1 02
— T2 — T 2 ss — T2 =T 2 y
3 1 Cs

Xe+ T EHa(TTE) + B((T7 2w —72) =772

4. Bicklund Transformations of the KdV and Camassa-Holm Flows

Integrable curve flows in the centro-equiaffine geometry were discussed extensively
in [21,24,33,35,40]. It turns out that the KdV equation arises naturally from a non-stretching
curve flow in centro-equiaffine geometry.

For a planar curve (p) in the centro-equiaffine geometry, which satisfies [y,7,] # 0, one can
reparametrize it by the special parameter s satisfying [v,vs] = 1, where the parameter s is said to
be centro-equiaffine arclength. It follows that in terms of the free parameter p, the centro-equiaffine

arclength is represented by
ds = [, 7,)dp.

Furthermore, the centro-equiaffine curvature of the curve (s) is defined to be

¢ = [Vs, Vss)-

Consider the planar curve flow in the centro-equiaffine geometry, specified by
Y= [N+ hT, (55)

where N and T are normal and tangent vectors of . One can compute the time evolution of N and T

() (507 ) (%)
N/ —h —f N

to get
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The Serret-Frenet formulae for curves in centro-equiaffine geometry reads
T, = ¢N, N, =-T. (57)
Assume that the flow is intrinsic, a direct computation shows that the curvature ¢ satisfies
00 = (DI +4¢+20,07")f. (58)
Letting f = ¢, in Equation (58), we get the KdV equation
Ot = Psss + 60s. (59)
The corresponding KdV flow is
Ve = ¢ N + 29T, (60)

which was introduced firstly by Pinkall [18]. Now we consider the Bicklund transformation of the
KdV flow (60)

I(t,5) =7(ts) + aN + 5T, (61)

where « and (3 are functions of ¢ and s.
We now construct the Béacklund transformations of the KdV flow. Differentiating Equation (61) with

respect to ¢ and using Equation (60), we get

Yo = [ow 4+ (1 — a)ds + B(dss +20°) [N + [2(1 — a)¢ + B, + B T. (62)
Assume that the curve 7 is also governed by the KdV flow, namely it satisfies
e = 65N + 20T, (63)

where 5 is the arclength of 7, which satisfies d5 = (1 — -+ f3,)ds. In Equation (63), T and N are tangent
and normal vectors of 7, which are related to T and N through
- ds Qs + 6925
s =V ==T+ ——
=—pT+ (1—a)N. (64)

=
Il
N

N

Further computation using Equation (62) leads to

o ds 0T () ot B9

55 = Vas = = 65
TEEE S T T a+ B, (1—a+tp)? (6)
It follows from Equations (64) and (65) that the centro-equiaffine curvature of 7 is given by
g (TR, et
(b = [757 ss} Lot ¢ (66)

1 —a+ 0 (1—a+ 63

Plugging Equations (64) and (66) into the right hand side of Equation (63), and comparing the
coefficients of T and IN with Equation (62), we deduce the following result.
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Theorem 4.1. The KdV flow is invariant with respect to the Biicklund transformation (61) if o and (
satisfy the system

as+ﬁ¢ é7

o+ (1= a)g + Bldes +26%) = (1 = a)ds + 27— 5 (67)

B —2(1 — )¢ + B, = 26 — B,
where QNS is determined by Equation (66).

Example 4.1. It is easy to see that ¢ = 0 is a trivial solution of the KdV equation. Let ¢ = 0, then

QZ; o (1fgiﬁs)s Qg
S l—a+ B (1—a+ B3
and system (67) becomes
{ ap = (1 - a) (aéé + (1_5_i5_9)2)§ + 20 (a§§ + (1_£_i53)2)a (68)
B = 2(Oé§§ + (1,5—@35)2) - 5(0655 + u,o?—j/gs)z)g

This is a third-order quasi-linear system, it is difficult to solve it. For simplicity, we seek its

time-independent solutions: o = «/(§), 5 = [3(5). Denote

Qg

H:Oégg—l——.

Then system (68) reduces to
(1 —a)H; +2a;H =0,
BH; —2H = 0.
Integrating it, we arrive at

Hec(l—ap?, p=21 (69)

Qg

where ¢q # 0 is an integration constant. Employing the chain rule and ds = (1 — a + f3;)ds., we have

ﬁs = (1 —a+ 5S)ﬁ§
Solving it for s, we obtain

(1 —a)bs
1— B

A direct computation using Equation (69) yields

Bs:

(1 — Od)Oégg
By = 14—

S
It follows from the above two equations that
2
S

Q53

1_a+ﬁs: a
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In terms of oz, H can be denoted as

1389
H =5+ a%'
a
Hence the first equation in Equation (69) becomes
2
a+? —c(l—a)*=0 (70)
Using the hodograph transformation

y=1-a(3),

5= w(y)7
we get the equation for w(y)

w, (Wl — wyy) — coy? =0

This equation is reduced to the first-order ordinary differential equation

y y) - Coy2 =0
by setting h = w,. Consequently, we derive a Bicklund transformation (61) of the KdV flow (60), where
a(3§) satisfies Equation (70) and 5(5) = (a(§ — 1)/az(3).

Next we consider the Bicklund transformation of the Camassa-Holm flow. Let f = v4(¢,s) and
g=2v(t,s),v=(1—0%)""¢, then flow (55) becomes

v = vsIN 4 20T,
which gives the Camassa-Holm equation [6,44]

(71)
Vp — Vgst T VUsss T GUUS - 4vsvss - QUUSSS = 0. (72)
Therefore, Equation (71) is called the Camassa-Holm flow. Similar to the discussion for the modified
Camassa-Holm equation, we have the following result.
Theorem 4.2. The Camassa-Holm flow (71) admits the the Biicklund transformation (61) if o(t, s) and
B(t, s) satisfy the system

a4 (1 — a)vs + B ((1 = 20)vgs + 20°) = (1 — )5 + 206G,
By + 2v(1 — a) + Bvs = 20F, — Bo;,

where s is the arclength of 7, determined by ds
V= (1 — 852)*1(}71(;’2 — Gng), with

(1 = a)(1 — a + B) + Blas + ¢B)]ds,
P = 1—a+ f

a5+ B
G, =
H ! H
.-G G, + oF
Fy = 17H 17 G2:—1’+¢1

T
H=(1-a)(l—a+p8)+B(as + B9).
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5. Backlund Transformations of the Sawada-Kotera Flow

Motions of curves in the affine geometry were discussed in [13,21,23,33,40]. It is well-known that
the Sawada-Kotera equation arises from a non-stretching curve flow in affine geometry.

For a planar curve v(p) satisfying [7,, vy, # 0 in affine geometry, we can reparametrize it by the
special parameter s satisfying [, 7ss] = 1, where the parameter s is said to be the arclength. So the

affine arclength can be expressed by
ds = [vp, Vo] dp-
Consider the planar curve flow in affine geometry, governed by

= fN+hT, (73)

where N and T are affine normal and tangent vectors of . The Serret-Frenet formulae for curves in
affine geometry reads

Ts = Nu NS = _MT7 (74)
where i is the curvature of the curve v, defined by

o= [’7557 '7535]- (75)

One can compute the time evolution of N and T, to get

T
N . H, H, N

where Hy = hgs — 2ufs — ph, Hy = fos + 2hs — pf. Assume that the flow is intrinsic, that means the

arclength does not depend on time. It is inferred from [%, %] = 0 that

1. 2.,
h:—gfs‘i‘gas (nf)-

A direct computation gives the equation for the curvature [21]

1
t =5

3 (Dﬁ + 5:U’D§ + 4M5Ds + Hss + 4/vL2 + 2u50’1p)f. 77

i

Letting f = —3u, in Equation (77), we obtain the Sawada-Kotera equation [45]
fi + ps + Syt + Spapia + 5pPpy = 0. (78)
The corresponding Sawada-Kotera flow is [21]
Y = =3usN + (s — p*)T. (79)

We now consider the Bicklund transformation of the Sawada-Kotera flow (79), determined by
Equation (61), where N and T are respectively the affine normal and tangent of v, «(t, s) and S(t, s)
depend on ¢ and s.
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Using the Serret-Frenet formulae (74) and the Sawada-Kotera flow (79), we first have

B = [on = 3ps — (s + ppss) o — (2pes + p*) B N

(80)
+ [Be + prss — 12 4 (pa + 3ppa + p2 + %) e+ (ps + pps) 8] T

On the other hand, assume that the new curve 7 is also governed by the Sawada-Kotera flow,

which satisfies
A = —3jisN + (jiss — i*)T, (81)

where 5 is the arclength of 7, defined by ds = [7s, ’yss]%ds. In terms of the Sawada-Kotera flow, a direct
computation yields

Jo=(1—ap+ B)T + (a, + AN == FT + BN,

(82)
ﬁ/ss = (Fl,s — /LFQ)T —|— (Fl + ngs)N = FgT —|— F4N
Thus the arclength parameter of 7 can be determined by
45 = (F? + F\Fy, — FyFy, + pF2)3ds := Hyds. (83)
Using this and the flow (61), one can determine the tangent and normal vectors of 7 by
~ 1
T=—(FT+ KN
Hl( T + F,N),
- 1 Fy Ey F Fy (84)
N=— —)s — — — +(=—)s | N
, K(Hl) MHl) i (Hl " <H1) ) }
= H,T + H5N
Thus the affine curvature of 7 is
fo = Hy(Hy + Hs ) — Hy(Ha s — pHs) == Hy. (85)

Further computation gives

It follows that

—3fsN + (fiss — i*)T

F F.
= |—3H,H;5 + Fl(H()- - Hf)] T + [—?,H?,H5 1 FQ(HG — H})| N.
1 1

Hence we have proved the following result.

Theorem 5.1. The Sawada-Kotera flow (79) is invariant with respect to the Béicklund transformation (61)
if o and (3 satisfy the system

F
ay — (pg + ppts) o — 3pts — (2pss + p1*)3 = —3Hs Hs + Fj<H6 — H}),
F
Be+ (13 + pis) B+ (pa + Bpupres + 43 + p?)a + pugg — p° = —3Hy Hs + FI(HG — H}).
1
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