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Abstract: Let H be the quaternion algebra. Let g be a complex Lie algebra and let U(g)
be the enveloping algebra of g. The quaternification g = (H® U(g), [ , ] ) of gis
defined by the bracket [z @ X, w ® Y}QH = (z-w)® (XY) — (w-2)® (YX), for
z, w € H and the basis vectors X and Y of U(g). Let S*H be the ( non-commutative)
algebra of H-valued smooth mappings over S? and let S®g® = S3H ® U(g). The Lie
algebra structure on S3g™ is induced naturally from that of g™. We introduce a 2-cocycle on
S3gH by the aid of a tangential vector field on S C C? and have the corresponding central
extension S3gH @ (Ca). As a subalgebra of S?H we have the algebra of Laurent polynomial
spinors C[¢*] spanned by a complete orthogonal system of eigen spinors {¢=(™Hk)1 ) of
the tangential Dirac operator on S®. Then C[¢*]®U (g) is a Lie subalgebra of S*gH. We have
the central extension g(a) = ( C[¢*] ® U(g) ) @ (Ca) as a Lie-subalgebra of S3gH & (Ca).
Finally we have a Lie algebra g which is obtained by adding to g(a) a derivation d which
acts on g(a) by the Euler vector field dy. That is the C-vector space g = (C[¢*] @ U(g)) ®
(Ca) @ (Cd) endowed with the bracket [gzﬁl R X1+ Ma+ pd, ps @ Xo + Noa + pod ]ﬁ =
(P102) ® (X1 X2) — (d201) ® (X2 X1) + prdopo @ Xo — padopy @ X1 + (X1 X2)e(1, d2)a .
When g is a simple Lie algebra with its Cartan subalgebra ) we shall investigate the weight
space decomposition of g with respect to the subalgebra h = (¢ (00D @ ) @ (Ca) @ (Cd).
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1. Introduction

The set of smooth mappings from a manifold to a Lie algebra has been a subject of investigation
both from a purely mathematical standpoint and from quantum field theory. In quantum field theory
they appear as a current algebra or an infinitesimal gauge transformation group. Loop algebras are
the simplest example. Loop algebras and their representation theory have been fully worked out. A
loop algebra valued in a simple Lie algebra or its complexification turned out to behave like a simple
Lie algebra and the highly developed theory of finite dimensional Lie algebra was extended to such
loop algebras. Loop algebras appear in the simplified model of quantum field theory where the space
is one-dimensional and many important facts in the representation theory of loop algebra were first
discovered by physicists. As is well known, A. Belavin et al. [1] constructed two-dimensional conformal
field theory based on the irreducible representations of Virasoro algebra. It turned out that in many
applications to field theory one must deal with certain extensions of the associated loop algebra rather
than the loop algebra itself. The central extension of a loop algebra is called an affine Lie algebra and
the highest weight theory of finite dimensional Lie algebra was extended to this case. [2-5] are good
references to study these subjects.

In this paper we shall investigate a generalization of affine Lie algebras to the Lie algebra of mappings
from three-sphere S® to a Lie algebra. As an affine Lie algebra is a central extension of the Lie algebra
of smooth mappings from S* to the complexification of a Lie algebra, so our objective is an extension
of the Lie algebra of smooth mappings from S® to the quaternification of a Lie algebra. As for the
higher dimensional generalization of loop groups, J. Mickelsson introduced an abelian extension of
current groups Map(S?, SU(N)) for N > 3 [6]. It is related to the Chern-Simons function on the space
of SU(N)-connections and the associated current algebra Map(S?, su(NN)) has an abelian extension
Map(S3, su(N)) @ A} by the affine dual of the space A3 of connections over S [7]. In [4] it was shown
that, for any smooth manifold M and a simple Lie algebra g, there is a universal central extension of the
Lie algebra Map(M, g). The kernel of the extension is given by the space of complex valued 1-forms
modulo exact 1-forms; Q! (M) /dQ°(M). It implies that any extension is a weighted linear combination
of extensions obtained as a pull back of the universal extension of the loop algebra Lg by a smooth loop
f St — M. We are dealing with central extensions of the Lie algebra of smooth mappings from 53
to the quaternification of a Lie algebra. Now we shall give a brief explanation of each section.

Let H be the quaternion numbers. In this paper we shall denote a quaternion a + jb € H by ( Z > .

This comes from the identification of H with the matrix algebra
mj(2,C) = : a,beC

H becomes an associative algebra and the Lie algebra structure ( H, [, | ) is induced on it. The trace of

a= ( Z ) € Hisdefined by tr a = a+a. Foru,v,w € Hwehave tr ([u, vlg-w) = tr (u-[v,w]g ).
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Let (g, | |, }g) be a complex Lie algebra. Let U(g) be the enveloping algebra. The
quaternification of g is defined as the vector space g™ = H ® U(g) endowed with the bracket

[z2®X, WwRY ], =(z-w)® (XY) - (W-2)® (YX), (1)
for z, w € H and the basis vectors X and Y of U(g). It extends the Lie algebra structure (g, [ , ]g )
0 (gH, [ ’ }9H> . The quaternions H give also a half spinor representation of Spin(4). That is,

A = H® C = H @ H gives an irreducible complex representation of the Clifford algebra Clif(R?):
Clif(R*) ® C ~ End(A), and A decomposes into irreducible representations A* = H of Spin(4). Let
S* = C? x A* be the trivial even ( respectively odd ) spinor bundle. A section of spinor bundle is called
a spinor. The space of even half spinors C°°(S3, S™) is identified with the space S°H = Map(S®, H).
Now the space S?gH = S®H ® U(g) becomes a Lie algebra with respect to the bracket:

(0@ X, P QY Jgagn = (¢0) © (XY) — (¥9) @ (Y X), (2)

for the basis vectors X and Y of U(g) and ¢, v € S®H. In the sequel we shall abbreviate the Lie
bracket [, ]gsym simply to [, |. Such an abbreviation will be often adopted for other Lie algebras.

Recall that the central extension of a loop algebra Lg = C[z,27!] @ g is the Lie algebra
(Lg ® Ca,[, |.) given by the bracket

P& X.Q®Y].= PQ& [X,Y]+ (X|V)e(P.Q)a.

with the aid of the 2-cocycle ¢(P,Q) = 5= [4 (£ P) Qdz, where (-|-) is a non-degenerate invariant
symmetric bilinear form on g, [2]. We shall give an analogous 2-cocycle on S®H. Let 6 be the vector
field on S? defined by

0 0 0 0
0=2— 2 — Z :
“ 82’1 g 62’2 LY 82’1 29z 822 (3)
u
For ¢ = ( ) € S3H, we put
v
o 1 Ou
Y=g
Let c: S?H x S®H — C be the bilinear form given by
1
c(P1, P2) = 3.2 tr(© ¢y - ¢oldo,  ¢1, ¢p € S°H. 4)
S3

c defines a 2-cocycle on the algebra S°H . That is, ¢ satisfies the following equations:

c(¢1, p2) = — (b2, ¢1)
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and

c(p1- P2, ¢3) +c( P2 Pz, ¢1) +c(Ps- P11, P2) =0.

We extend c to the 2-cocycle on S3gH by

(1 @X, Y )= (X]Y)c(dr, ¢2), (5)

where ( -| ) is the non-degenerate invariant symmetric bilinear form on g extended to U(g).
Let a be an indefinite element. The Lie algebra extension of S3gH by the 2-cocycle c is the C-vector
space S3g™ @ Ca endowed with the following bracket:

(60X, veY]" = (¢-9)® (XY) = (Y-¢) & (Y X) + (¢, 9)(X]Y)a,

[a. 00 X]" = 0, (6)

for the basis vectors X and Y of U(g) and ¢, ¢ € S*H.
In Section 2 we shall review the theory of spinor analysis after [8,9]. Let D : ST — S—
be the ( half spinor ) Dirac operator. Let D = 7+(a% — @) be the polar decomposition on

S3 C C? of the Dirac operator, where ¢ is the tangential Dirac operator on S* and ~, is the Clifford

multiplication of the unit normal derivative on S®. The eigenvalues of @ are given by {5, —’”T*?’ ;m =

0,1,---}, with multiplicity (m + 1)(m + 2). We have an explicitly written formula for eigenspinors

+(m,lk —(m,lk m+3
{¢ (m )’¢ o )}Oglgm,0§k§m+l 2

give rise to a complete orthogonal system in L?(S3,ST). A spinor ¢ on a domain G C C? is called a

corresponding to the eigenvalue 7 and — respectively and they
harmonic spinor on G if D¢ = 0. Each ¢7(™!F) is extended to a harmonic spinor on C2, while each
¢~ (™bk) is extended to a harmonic spinor on C2\ {0}. Every harmonic spinor ¢ on C?\ {0} has a

Laurent series expansion by the basis ¢*(™4F):

p(z) = Z Clytmapy® ™ (2) + Z C_mupyd "™ (2). (7

m,l,k’ m7l7k

If only finitely many coefficients are non-zero it is called a spinor of Laurent polynomial type . The
algebra of spinors of Laurent polynomial type is denoted by C[¢*]. C[¢™] is a subalgebra of S°H

1 0
that is algebraically generated by ¢+ = ( 0 | pT(000) = .t pTA0N) = ( ZE ) and
¢=(0.00) 2
Z

As a Lie subalgebra of S3gH, C[¢*] @ U(g) has the central extension by the 2-cocycle c. That is,
the C-vector space g(a) = C[¢*] ® U(g) & Ca endowed with the Lie bracket Equation (6) becomes
an extension of C[¢*] ® U(g) with 1-dimensional center Ca. Finally we shall construct the Lie algebra
which is obtained by adding to g(a) a derivation d which acts on g(a) by the Euler vector field dy on S3.

1

The Euler vector field is by definition dy = 5(218%1 + 228%2 + 218%1 + 225%). We have the following

fundamental property of the cocycle c.

c(dotr , p2) + c(¢1,dop2) = 0.
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Letg = (Clgp*] @ U(g) ) ® (Ca) @ (Cd). We endow g with the bracket defined by

(60X, veY] = [¢0X, vaY]", [a¢0X]|g=0,
[d,a]ﬁ = 0, [d,¢®X]§:do¢®X.
Then (g, [, J3) is an extension of the Lie algebra g(a) on which d acts as dy. In Section 4, when g is

a simple Lie algebra with its Cartan subalgebra b, we shall investigate the weight space decomposition
of § with respect to the subalgebra § = (¢+©%) ® h) @& (Ca) ® (Cd), the latter is a commutative

-~

subalgebra and ad(h) acts on g diagonally. For this purpose we look at the representation of the adjoint
action of h on the enveloping algebra U (g). Letg = > A ga be the root space decomposition of g. Let
II={a;i=1,---,r =rankg} C h* be the set of simple roots and {a) ; i = 1,--- ,r } C b be the set
of simple coroots. The Cartan matrix A = ( a;; ); j=1.... » 18 given by a;; = (¢, ;). Fix a standard set of
generators H; = o/, X; = X, € ga;» Vi = X0, € g_q,. s0 that [X;, V| = H;6,5, [Hi, Xj| = —a;iX;
and [H;, Y;| = a;;Y;. We see that the set of weights of the representation ( U(g), ad(h)) becomes

S={) kiai€b'; k€Zi=1--r} (8)

i=1
The weight space of A € X is by definition
on = {¢ € U(g); ad(h)s = A(h)¢, Vh € b}, ©)
when g # 0. Then, given A = >, k;; , we have
gg:C[YfH... YquHil"‘Hirxfl”'XfT§pi, G, i € NUO, ki =p; —qi,i=1,--,r].

The weight space decomposition becomes

Ul =Py, a DUD). (10)

AED

-~

Now we proceed to the representation (g, ad(h) ). The dual space h* of h can be regarded naturally
as a subspace of H* So X C b* is seen to be a subset of E* We define § € H* by putting (9, h; ) =
(6,a) =0,1 < <r, and (5,d) = 1. Then the set of weights & of the representation (g, ad(h) ) is

S = {%5+)\; AGE,meZ}

U{%é; mEZ}. (11)

The weight space decomposition of g is given by

§=P g P ( . ﬁgap\) : (12)
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Each weight space is given as follows

Gasn = Clo*im]®g  form#£Oand A £0,
f2s = Clg*imlegl  form#0,
G5 = (Clo%50]®gf )@ (Ca)o (Cd) O,
where
Clotim] = {ip € CITi 15 = ¢(2) |

2. Quaternification of a Lie Algebra

2.1. Quaternion Algebra

The quaternions H are formed from the real numbers R by adjoining three symbols i, j, k satisfying
the identities:

2 = j2:k2:—1,
ij = —ji=k, jk=—-kj=i, ki=—ik=j. (13)

A general quaternion is of the form x = xy + 22t + x3) + x4k with z1, x5, 23,24 € R. By taking
x3 = x4 = 0 the complex numbers C are contained in H if we identify ¢ as the usual complex number.
Every quaternion x has a unique expression x = z; + jzo with 21, z» € C. This identifies H with C? as
C-vector spaces. The quaternion multiplication will be from the right x+ — xy where y = w; + jwo
with wq, wy € C:

Ty = (Zl +j22 )(w1 —|—jw2) = (lel — §2w2> +j(§1w2 + Zzwl). (14)

The multiplication of a ¢ = a + b € H to H from the left yields an endomorphism in
H: {+ — gz} € Endua(H). If we look on it under the identification H ~ C? mentioned above

we have the C-linear map

a —b
¢ )] — ) e, (15)
Z9 b a Z9
This establishes the R-linear isomorphism

H > a+jb — € mj(2,C), (16)
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where we defined ~
a —b

mj(2,C) = :oa,beC ). (17)
b @

The complex matrices corresponding to ¢, j, k € H are

1 0 0 -1 0 —1
= ca={ . (18)

€3

Il
Q
[N}

|

These are the basis of the Lie algebra su(2). Thus we have the identification of the following objects
H ~mj(2,C) ~ R & su(2). (19)

The correspondence between the elements is given by

a —b
a—l—jbE(Z) — — s+ pe;+qext+res, (20)
b a

where a = s +ir, b = q + ip.
H becomes an associative algebra with the multiplication law defined by

21 . w1 _ ilwl — ZoWo , (1)
29 Wa Z1Wy + Zo2wW1

which is the rewritten formula of Equation (14) and the right-hand side is the first row of the

matrix multiplication

It implies the Lie bracket of two vectors in H, that becomes

KZ?)’(%)] :((wl—wl)z2_<zl_gl)w2>- (22)

These expressions are very convenient to develop the analysis on H, and give an interpretation on the

quaternion analysis by the language of spinor analysis.

Proposition 1. Let z = < A ) , W = ( b ) € H. Then the trace of z - w € H ~ mj(2,C) is

z9 Wao
given by
tr (Z : W) = 2Re(z1w1 - 22w2), (23)

and we have, for 7., 7o, z3 € H,

tr ([z1, z2] -23) = tr (z1- |22, 23]). (24)
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t
The center of the Lie algebra H is { 0 ) eH;teR } ~ R, and Equation (19) says that H is

the trivial central extension of su(2).
R3 being a vector subspace of H:

R's | ¢ <:>( " )zir+j(q+ip)EH, (25)
q+1p
-
we have the action of H on R?.
2.2. Lie Algebra Structure on H @ U (g)
Let (g, [ , }g) be a complex Lie algebra. Let U(g) be the enveloping algebra of g. Let

gt = H ® U(g) and define the following bracket on g* :
[z X, wRY]|m=(2z-w)® (XY)-(w-2)®(YX) (26)

for the basis vectors X and Y of U(g) and z, w € H.
By the quaternion number notation every element of H ® g may be written as X 4 7Y with X, Y € g.
Then the above definition is equivalent to

[Xl +Y1, Xo +jY2}gH = [X1, X0y — (?13/2 — ?2Y1)

+j (X1Yo — Yo X1 + ViXo — XoY) ) (27)
where X is the complex conjugate of X.

Proposition 2. The bracket [ . }QH defines a Lie algebra structure on H® U(g) .

In fact the bracket defined in Equations (26) or (27) satisfies the antisymmetry equation and the
Jacobi identity.

Definition 1. The Lie algebra (gH =H®U(g), [ , ]QH > is called the quaternification of the Lie
algebra g .

3. Analysis on H

In this section we shall review the analysis of the Dirac operator on H ~ C2. The general references

are [10,11], and we follow the calculations developed in [8,9,12].
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3.1. Harmonic Polynomials

The Lie group SU(2) acts on C? both from the right and from the left. Let dR(g) and dL(g) denote
respectively the right and the left infinitesimal actions of the Lie algebra su(2). We define the following
vector fields on C?:

1 1
Qi =dR (561) , T = dL <§€l) y 1= 1, 2,3, (28)
where {e;; i = 1,2, 3} is the normal basis of su(2), Equation (18) . Each of the triple 0;(2), i = 1,2, 3,
and 7;(2), 7 = 1,2, 3, gives a basis of the vector fields on the three sphere {|z| = 1} ~ 5°.

It is more convenient to introduce the following vector fields:

0
er = —mr— tzn-—=0—Vv—-10,, (29)
0% 0%
_ 0 _ 0
6. = —Z2— + 21— :91+\/—192, (30)
821 822
0 0 0 0
= — — — = — Zy—— = 2+/—160s. 1
0 1 82’1 + 22822 -1 851 2 622 03 (3 )
0 0
é+ = = +2—=T1—V _17—27 (32)
822 821
. 0 0
6. = - —2nm5— =71+ V-—I1mn, (33)
821 82’2
0 = z2i+z—1i 0 —zli =2V~ 1. (34)

822 851 B Z28_52 821

We have the commutation relations;

0,er] =2e,, [Oie_]=—2e_, [ey,e_|]=—0. (35)
0,6.] =26y, [f,6_]=—26_, [és,6_]=—0. (36)
Both Lie algebras spanned by (e, e_, ) and (é.,é_, ) are isomorphic to sl(2, C).

In the following we denote a function f(z, z) of variables z, zZ simply by f(z). Form = 0,1,2,---,

and [,k =0,1,--- ,m, we define the polynomials:
Vimpy = ()23, (37)
Wiy = (e-)2hz"" (38)

Then vé‘},m_ y and wé“l,m_l) are harmonic polynomials on C?;

Avﬁ,mfz) = Awﬁ,m,l) =0,

_ 02 9?2
where A = 9205, 022075
{ ﬁv@ mopim=0,1,- 0<kI< m} forms a L?(S%)-complete orthonormal basis of the

space of harmonic polynomials, as well as { ﬁw@ o) M= 0,1,---,0<k, 1 <m }
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ety = —k(m—k+1f !,

€~ Vflm-1) “Zﬁi—zw %)
evﬁ,m—l) (m — 21{:)1}@77%_1) :

Wy = —k(m—k+Duf ),

C-Wimt)y = Wiy (40)
éw@,m_z) = (m = 2k)w( -

Therefore the space of harmonic polynomials on C? is decomposed by the right action of SU(2) into
Yo oo Hmy. Bach Hy,y =370 C Uﬁ,m—l) gives an (m + 1) dimensional irreducible representation
of SU(2) with the highest weight %2, [13].

We have the following relations.

k k m—l
e I S sy AT (R (41)
k!
m—Il—k m—k
véel,m*l) - (_1) (m _ kﬂv(mfl,l) ’ 42)

3.2. Harmonic Spinors

A =H ® C = H® H gives an irreducible complex representation of the Clifford algebra Clif (R?):
Clif(R*) ® C ~ End(A).

A decomposes into irreducible representations A* = H of Spin(4). Let S = C? x A be the trivial
spinor bundle on C?. The corresponding bundle ST = C? x AT (resp. S~ = C? x A~ ) is called the
even ( resp. odd ) spinor bundle and the sections are called even ( resp. odd ) spinors. The set of even
spinors or odd spinors on a set M C C? is nothing but the smooth functions on M valued in H:

Map(M,H) = C®(M,S"). (43)

The Dirac operator is defined by
D=cod (44)
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where d : S — S @ T*C? ~ S ® T'C? is the exterior differential and ¢ : S ® TC? — S is the bundle
homomorphism coming from the Clifford multiplication. By means of the decomposition S = S @& S~

the Dirac operator has the chiral decomposition:

Dt
D— (lo) . > L C(C2, 8% @ §7) — C2(C2 S* @ 7). (45)

We find that D and D' have the following coordinate expressions;

o 9 o0 9
0z1 0z 021 0z
D= ., Df = . (46)
IS 0 9
Oz2 041 0z2 0z1

An even (resp. odd) spinor ¢ is called a harmonic spinor if Dy = 0 (resp. DTp = 0).

We shall introduce a set of harmonic spinors which, restricted to S2, forms a complete orthonormal
basis of L?(S53,ST) .

Let v and 4 be vector fields on C? defined by

0 0 0 0
V221—+ZQ—, M:ZQ_+21_. (47)
821 82’2 z

Then the radial vector field is defined by

0 1 1

%:M(’H'V):—Z(/“rﬂ)- (48)

We shall denote by ~ the Clifford multiplication of the radial vector a% , Equation (48). ~y changes
the chirality:

vY:STEST — S @St =1

The matrix expression of v becomes as follows:

1 51 — 1
yst == (T TP) o qsm=— 0 ). (49)
lzl \z2 = 2| \ =% &

In the sequel we shall write v, (resp. v_) for v|S™ (resp. v|S™).

Proposition 4. The Dirac operators D and D' have the following polar decompositions:
0
D = — =
Y+ (an ) )

0 3
pt = (£ 2 )
(an+@+2rz\)” ’
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where the tangential (nonchiral) Dirac operator J is given by
() e (e
Vi | =—
AR TR e 1
Proof. In the matrix expression Equation (46) of D and DT, we have 82 #(z’ly — z9e_) etc., and
we have the desired formulas. [
The tangential Dirac operator on the sphere S® = {|z| = 1};
P|S% . C>(S3,8%) — C>=(83%,5T)
is a self adjoint elliptic differential operator.
We put, form =0,1,2,---;1=0,1,--- ;mand k=0,1,--- ,m+ 1,
kv k—1
(m+1—k)! Ym-
¢+(m,l,k) (Z) _ , (50)
kNN (m —1)! ok
(I,m—=1)
+2 wé“ +1-11)
smR( =[O | (51)
Ell(m — 0! \|z]? N
w
(m—1,141)

¢T(mLR) is a harmonic spinor on C? and ¢~ (™!*) is a harmonic spinor on C?\{0} that is regular
at infinity.

From Proposition 3 we have the following.

Proposition 5. On S® = {|z] = 1} we have:

@¢+(m,z,k) _ T¢+(m,l,k)

(52)
—(m m + 3 _m,
PN = T, (53)
The eigenvalues of @ are
3
5 —%; m=01,--, (54)
and the multiplicity of each eigenvalue is equal to (m + 1)(m + 2).
The set of eigenspinors
{—1 g (mLk) Ly 01, 0<l<m 0<k<m+l (55)
\/§7T ) \/§7T ) 5 Ly

forms a complete orthonormal system of L*(S3,S™).
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The constant for normalization of ¢*("!*) is determined by the integral:

b
“2bPdo = 2m 56
/‘53’2122’ o W(a—i—b—i—l)!’ ( )

where o is the surface measure of the unit sphere S® = {|z] = 1}:

/ dos = 27, (57)
5'3

3.3. Spinors of Laurent Polynomial Type

If ¢ is a harmonic spinor on C? \ {0} then we have the expansion

2) =Y Cotmind™ ™)+ D Comuns ™ P(2), (58)

m,l,k m,l,k

that is uniformly convergent on any compact subset of C? \ {0}. The coefficients C'y () are given by

the formula:
Catmity = 573 [ {02 69 do, (59
where (, ) is the inner product of S.

Lemma 1.

/ trpdo = 47r2Re.C’+(0’071), (60)
SS

/ trJodo = 47r2Re.C’+(0’070).
SS

1 0
The formulas follow from Equation (59) if we take ¢+(%:%1) = < 0 ) and J = ¢T(000) — ( . >

Definition 2.

1. We call the series Equation (58) a spinor of Laurent polynomial type if only finitely many

coefficients Co (1) are non-zero . The space of spinors of Laurent polynomial type is denoted
by Cl¢™].
—C_
2. For a spinor of Laurent polynomial type p we call the vector res p = ( o (00,1 ) the residue
—(0,0,0)

at 0 of .

We have the residue formula [9].

1

resp = ﬁ

REOTCLCE) o)

Remark 1. To develop the spinor analysis on the 4-sphere S* we patch two local coordinates C?

and C? together by the inversion w = —%. This is a conformal transformation with the conformal
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Welght u = —log|z|%. An even spmor on a subset U C S*is a palr of p € C=*(UNC? x A) and
s CO"(U N C2 x A) such that ¢( ) = |23(74+0)(2) for w = —f- Let @ be a spinor of Laurent
polynomial type on C? \ 0 = C2 \ 0. The coefficient Cy (1 1) of @ and the coefficient C*i(m,,,k) of p are
related by the formula:

J— ~

af(m,l,k) = Cyiimik) Chimir) = C—(mip)- (62)

Proposition 6. The residue of ¢ is related to the trace of p, Lemma 1, by

| _
resp = —— pdo = ( Cj(o’o’l) ) . (63)
S3 -

2m? +(0,0,0)
3.4. Algebraic Generators of C|[¢p™]

In the following we show that C[ ¢* | restricted to S® becomes an algebra. The multiplication of two
harmonic polynomials on C? is not harmonic but its restriction to S is again the restriction to S* of
some harmonic polynomial. We shall see that this yields the fact that C[¢™ ], restricted to S3, becomes
an associative subalgebra of S3H. Before we give the proof we look at examples that convince us of the

necessity of the restriction to 5% .
Example 1. ¢+(10D . =(0.00) 45 decomposed to the sum

1 2

_ V2 11
¢+(1,0,1) (Z) X ¢ (0,0,0)(2) _ W( ¢+(20 1)(2) + ?¢+(2,1,2) (Z))

| |22¢+(001)< )7

which is not in C[¢*]. But the restriction to S is

V2

2
Zpt@01 4
¢ 3

: ¢~ 100 € C[p*]|ss.

¢+(2,1,2) + %¢+(0,0,1) + é¢(1,1,1) +

3v2

See the table at the end of this subsection.
We start with the following facts:
1. We have the product formula for the harmonic polynomials vfa,b).

a1+az2+b1+ba
k1 ko _ § 25, k1+keo—j
v(ahbl)v(az,bz) o C |Z’ ’U (a1+a2—3,b1+b2—7) (64)

for some rational numbers C; = C; (a1, az, b1, be, k1, k). See Lemma 4.1 of [12].

2. Letk = ki + ko, a = a1 + as and b = by + by. The above Equation (64) yields that, restricted to

S3, the harmonic polynomial v ( ) is equal to a constant multiple of U v modulo a linear

a1 b1) “(az,b2)
combination of polynomials v( 1 <j <min(k,a,b).

anJ)

k 0
3. ( U(l’g‘_l) ) and ( -~ ) are written by linear combinations of ¢t ("E+1) and = (m—1k1),
(l m—l1)
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4. Therefore the product of two spinors ¢ (mulik1) . g(malzk) pelongs to Clopt]|gs . ClodT]|gs
becomes an associative algebra.

5. ¢*(™bk) is written by a linear combination of the products ¢=(muhk) . pEmalzk2) for 0 < my +
mo<m—1,0<+L<land0<ki+k <k.

Hence we find that the algebra C[¢™]|gs is generated by the following I, J, &, ju:

1 0
[ = t(00.1) — . J= +(0,0,0) _ :
¢ 0 ¢ -1
—Z1 21

The others are generated by these basis. For example,

2 1 z 1
$=(00) — /3 ( 2 > = —vJ(k+p), o0 =2 22 ) = 1) (1 — k),

2921

—21Z 1 2 1
=112 = \/§< 222 ) = 21/J()x+ v), ¢ 10 = \/§< “1 ) = —uJA—v)

Z9

2
wﬂmt:( e >:5w+u+Ju—u»

|Z2!2 - \21\2

2 2
¢U$U:<wﬂ o )Zg@%+ﬂ+Ju+w»

2Z1%

3.5. 2-Cocycle on S°H

Let S?H = Map(S3, H) = C°(S3,ST) be the set of smooth even spinors on S3. We define the

Lie algebra structure on S®H after Equation (22), that is, for even spinors ¢; = (ul) and ¢y = <u2> ,
U1 V2

we have the Lie bracket
V1V9 — V1V9
(¢, ¢2] = : (66)

(ug — t2)vy — (U — 1) V2
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Fora ¢ = ( u> € S*H, we put
v

1
o v=1? 0 ( u ) 1 Ou
(p et _ = —
0 - 2\%0 v 2v-1 Ov
Lemma 2. Forany ¢, ¢ € S°H, we have
©@-v) = (00)- ¢+ ¢ (0Y), (67)
Opdoc = 0. (68)
S3
The second assertion follows from the fact
Ofdo =0,
S3
for any function f on S3.
Proposition 7.
+1—k) Em+1—-4k) _ . . ,_
9/ 10 pHmlk)  _ m(m +Hmlk) | 9(_1) (m—1,k—1,0)
¢ m+1 ¢ +2(=1) m+ 1 ¢ ’
_ +3 VI 1D)(m+1-1)
o/—1 (mlk) _ _9] m (mlk) L 9(_1)k +(m+1,k,1+1)
VSLY (m = 2) 2 g mt) g YT E S D ,
on S3.
Now we shall introduce a non-trivial 2-cocycle on S°H .
Definition 3. For ¢, and ¢» € S*°H, we put
1
c(¢1, d2) = o2 tr (©¢: - ¢ ) do. (69)
m S3
Example 2.
1 v—1 1
- +(1,1,2) +(1,0,1) —(000)yy — = 70

Proposition 8. c defines a non-trivial 2-cocycle on the algebra S*H. That is, c satisfies the

following equations:

C(¢1 ¢2) = —c(¢2, 1), (71)
c(f1- P2, @3) + (P2 d3, 1) +c(d3- 1, ¢2) = 0. (72)

And there is no 1-cochain b such that c(¢p1.¢2) = b( [d1, P2 ).
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Proof. By Equation (68) and the Leibnitz rule Equation (67) we have

S3

0 = /53 tr(®(¢1-¢2))do—=/sgtr(@¢l.¢2)da+/ tr (¢1- Oy )do

Hence

(o1, ¢2) + c(pa, $1) =0.

The following calculation proves Equation (72).
c(¢1- P2, p3) = /3 tr(©(¢1-¢2) - ¢3)do
S

= /53 tr(9¢1'¢2'¢3)d0+/ tr(©¢s - @3 - ¢1)do

SS

= c(p1, P2 P3) + (P2, 3-P1) = —c(d2-P3,01) — c(d3- P1, Pa).

Suppose now that c is the coboundary of a 1-cochain b : S®H — C. Then

c(@1, ¢2) = (00)(P1, 2) = b([¢1, P2])

for any ¢1, ¢, € S?H. Take ¢ = 59+ (12 = ( _022 ) and ¢, = YL (p+(10D) 4 o= (000)) =

v—1z
0
a coboundary. [

> | . Then [¢y, ¢2] = 0, s0 (6b)(¢y, d2) = 0. But c(¢y, o) = + . Therefore ¢ can not be

3.6. Calculations of the 2-Cocycle on the Basis

We shall calculate the values of 2-cocycles c for the basis {¢=(™!*)} of C[#*]. First we have a lemma

that is useful for the following calculations.

Lemma 3.
I 1! k!
k _ 2 a.0! :
do = 2 Oa.cOpd Ol - 73
/53 Hat) U 7 T TG 1T) (at b — k) e 73
2.
k L do = (—1)* 952 alb! P
o Vi) Vie,ay Ao = (=1)"7" 2m @t b1) tmd O (at+b—k),l - (74)
5 1! k!
k —1 2 a.0! .
do = 2 Oa.cObd Ol - 75
/53 w(a,b) UJ(c,d) o m (a—|— b+ 1) (a T h_ ]C)' ,cYb.d Ykl ( )
4.
k L do = (—1)* 952 alb! 58S
o W p) Wieqydo = (—1) @ CEXED) a,d Ob,c O(atb—k) 1 - (76)
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Lemma 4.

1.
C(¢i(m,l,k:)7 (bi(p,q,r)) —=0.

m — 2k +2)y\/k(m+2—k)
m+1

C<¢+(m,l,k)’ — 1¢+(p,q,r)) _ (_ 1)mfsz+1 (

5m,p 5l,pfq 5k7pfr+2

_(m=2k)(m —k+1)

1 Om.p 01.q Ok -
3.
. o s (m—2k+2 k—1)k
c(¢Tmbh) /T pany = (1) 1 m4)— 1( ) Omp+1 0L p—r+1 Ok pq+2
m — 2k)\/k(m+1—k
+ (_1>l ( )m_ﬁ 1 ) 5m,p+15l,r6k:,q+1 .
4.

m+171(m—2l+1)\/(m—l+1)(m—l—|—2)

g, TNy = (1) "

5m,p71517p77“+15k,p7q

Lm =204+ 1) /([ +1)(m—1+1)
m+ 2

+(=1)

6m,p—15l,'r—16k,q .

om s (m=2A+ 1) JI(m—1+1
el MR /1= eaeny = (1) 3 77”)H—2( ) Om.pOlp—g+10k,p—r+1
(m—20—1)(l+1)
- m+ 2 5m,p(5l,q5k,r

Proof. Since 6 vab) =(a+b— 2/{:)0&71)), we have

1
c(¢+(m7l,k)’ . /_1¢+(p,q77“)) - /3 tr [@¢+(m7lak) A /_1¢+(p7q,7")]dg
s

272

1 [(m+1-k) \/(p +1—7)! / ¢ K(m =2k + 2)0f;, "a-a
. .
S3

=~ 12 17 (1 — 1! lal(p — o)l
4 ElY(m =D\ rlg!(p — ¢)! —(m—Qk)U?l,m_l) “Yigp—q)

By the above lemma we obtain the value of c(¢T(™bF) \/—1pTPan), The others
follow similarly. [
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3.7. Radial Derivative on S°H

We define the following operator dy on C'*(S?):

do f(2) = \zya%f(z) _ %(H ) f(2).

) u
For an even spinor ¢ = ( ) we put
v

do’LL

doU

dop =

Note that if p € C[¢*] then dyp € C[p*].

Proposition 9.

1.
do(¢1 - ¢2) = (dot1) - P2 + ¢1 - (do2) -
2.
dogtmbk) = T pmdk) g e mlk) _m+3 G (mdk)
2 ’ 2 '

3. Let o = ¢y - - - ¢y, such that ¢; = ¢tmiliki) op ¢, = ¢=(malik) 4 —1 ... n. We put
Yo X me X me
it =T (misli ki) i py=¢p— (misliski)
Then N
do() = 5

4. Let @ be a spinor of Laurent polynomial type:

@.

p(z) = Z Comamdt ™ (2) + Z C_mupy® "™ (2).

m,lk m,lk

Then

/ tr(dop)do = 0.
S3

2168

(77)

(78)

(79)

(80)

(81)

(82)

Proof. The Formula (79) follows from the Definition Equation (50). The last assertion follows from the

fact that the coefficient of ¢*(*%1) in the Laurent expansion of dy vanishes. [

Definition 4. Let C|¢*; N| be the subspace of Cl¢*] consisting of those elements that are of

homogeneous order N: p(z) = |Z’N90<|§_\)-
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C[¢T; N] is spanned by the spinors ¢ = ¢ - - - ¢,, such that each ¢; is equal to ¢; = ¢ (mali-ki) or
¢y = ¢~ (mikiki) where m; > 0and 0 < I; < m; + 1, 0 < k; < m; + 2 as before, and such that

N = > m; — > (mi+3).

iz py=gp T (mislisky) i pi=¢p— (misliski)

C[¢™*] is decomposed into the direct sum of C[¢™; NJ:

= P Clo™; N

NeZ

Equation (80) implies that the eigenvalues of dy on C[¢*] are {§; N € Z } and C[¢*; N] is the

. . . N
space of eigenspinors for the eigenvalue .

Example
¢ +(1,0,1) ¢(000)€C[¢ ],
d0(¢+(1’0’1) ) ¢—(0,0,0)) _ _§(¢+(1,0,1) ) qb—(o,o,o))'

Proposition 10.
c(dotr,d2) + c(¢p1,dop2) = 0. (83)

— - 2

In fact, since Ody = (v —v)(v+v) =v? — ? = dy 0, we have

0 = / tr (do(©¢1 - ¢2) ) /tT (do© 1) - P2 + Oy - dopo ) do
53 53

= / r((©dopr) - ¢2) do + / tr (©¢1 - doga ) do
g3 S3
= C(dggbl, ¢2) + C(¢17 d0¢2)
4. Extensions of the Lie Algebra C[¢*] ® U(g)

In this section we shall construct a central extension for the 3-dimensional loop algebra
Map(S3,g") = S*H ® U(g) associated to the above 2-cocycle ¢, and the central extension of
C|¢*] ® U(g) induced from it. Then we shall give the second central extension by adding a derivative

to the first extension that acts as the radial derivation.

4.1. Extension of S*g® = S°H @ U(g)

From Proposition 2 we see that S*g" = S*H ® U(g) endowed with the following bracket [, |gsqm

becomes a Lie algebra.

[0 X, @Y Jgagn = (¢ ¢) ® (XY) — (4 ¢) @ (YX), (84)
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for the basis vectors X and Y of U(g) and ¢, ¢ € S*H .

We take the non-degenerate invariant symmetric bilinear C-valued form (- |-) on g and extend it to
U(g). For X = X' ... X! and Y = Y/' ... Y#= written by the basis Xy,---, X,,,, Y1,---,Y}, of g,
(X|Y) is defined by

(X]Y) = tr(ad(Xy) - - ad(X;7)ad(Y{™) - - ad(Y,m)).
Then we define a C-valued 2-cocycle on the Lie algebra S3gH by

(1 @X,$RY)= (X]Y)c(dr, p2). (85)

The 2-cocycle property follows from the fact (XY'|Z) = (Y Z]X) and Proposition 8.
Let a be an indefinite number. There is an extension of the Lie algebra S*gH by the 1-dimensional
center Ca associated to the cocycle c. Explicitly, we have the following theorem.

Theorem 5. The C-vector space
$%g"(a) = (S"H® U(g)) @ (Ca), (86)

endowed with the following bracket becomes a Lie algebra.

[a, 0@ X] = 0, (88)
for the basis vectors X and Y of U(g) and ¢, ¢ € S*H.

As a Lie subalgebra of S3gH we have Cl¢p*]| @ Ul(g).

Definition 6.  We denote by g(a) the extension of the Lie algebra C[¢*] ® U(g) by the 1-dimensional
center Ca associated to the cocycle c:

d(a) = Cl¢pT] @ U(g) ® (Ca). (89)

The Lie bracket is given by
(00X, vaY] = (0-9)® (XY) = (- 9) @ (YX)+(X|Y)c(¢,9)a, (90)
[a,0®X] = 0, 91)

for X, Y € U(g) and ¢, ¢ € C[¢*].
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4.2. Extension of g(a) by the Derivation

We introduced the radial derivative dy acting on S*H. d, preserves the space of spinors of Laurent
polynomial type C[¢*]. The derivation dy on C[¢*] is extended to a derivation of the Lie algebra
Cl¢*] ® U(g) by

do (6 ® X ) = (doop) @ X . (92)

In fact we have from Equation (78)

do ([¢1® X1, 62 ® Xp] ) = do ((d192) ® (X1X3) — (201) ® (X2X1))
= (do¢1 - P2) ® (X1X2) — (@2 - do1) @ (X2 X1) + (é1 - dop2) ® (X1X2)

— (doa - 1) ® (X2 X7).

On the other hand

[do(pr ® X1), d2@ Xo| + [¢1 @ X1, do(d2 @ X)]
= (do1 - P2) ® (X1 X2) — (02 - doo1) ® (X2 Xy) + (@1 - dog2) ® (X1X7)

—(doo2 - ¢1) ® (XoX1) + (X1]|X2) (c(dodr, ¢2) + c(d1, dog2)) a.

Since ¢(dop1, ¢2) + c(¢1, dodpa) = 0 from Proposition 10 we have

do ([¢1 ® X1, o ® Xa] )

= [do(¢1 ® X1), 2 @ Xo| + [1 @ X7, do(P2 ® Xa)] .

Thus dy is a derivation that acts on the Lie algebra C[¢*] @ U(g) .
We denote by g the Lie algebra that is obtained by adjoining a derivation d to g(a) which acts on
Cl¢*] ® U(g) as dy and which kills a. More explicitly we have the following

Theorem 7. Let a and d be indefinite elements. We consider the C vector space:
g = (Clo"]®@Ulg)) ® (Ca) & (Cd), (93)

and define the following bracket on'g. For ¢, 1 € C|¢*| and the basis vectors X and Y of U(g), we put

[0 X, p@Y]g = [¢0X, QY] 94)
= (¢ ¥)® (XY) = (¥ ¢) @ (YX)+ (X[Y)c(d,¥)a,

[0, 0@ X]; = 0, [doéo®X]|z=do®X, (95)

[d,al; = 0. (96)

Then (g, [-,-|3) becomes a Lie algebra.
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Proof. It is enough to prove the following Jacobi identity:
Hda ¢1 ®X1]§7 ¢2 ®X2]§+ [[¢1 ®X17¢2 ®X2]§7 d]ﬁ + H¢2 ®X27 d]ﬁ7 (bl ®X1]§: 0.
In the following we shall abbreviate the bracket [, |5 simply to [ , |. We have

[[d, 61 ®X1], 02 ® Xa] =[dod1 @ X1, do @ X]
=(doo1 - $2) @ (X1X2) — (@2 - doo1) ® (XaX1)
+ (X1 X2)e(doy , ) a.

Similarly

[[d2® X2, d],¢1 @ X1 | =(61 - dod2) @ (X1X2) — (dog2 - 1) ® (X2X1)
+ (X1|X2) c(¢1, doop2 ) a.
[[61® X1, 62 ® Xa], d] =~ [d, ($1° ¢2) @ (X1X2) — (02 d1) ® (XaX1) + (X[ X2)e(d1, 62) a]
= — do(¢1 - ¢2) @ (X1X3) + do(¢2 - h1) ® (X2 X1).
The sum of three equations vanishes by virtue of Equation (78) and Proposition 10. [J

Remember from Definition 4 that C[¢*; N| denotes the subspace in C[¢*] generated by the products
¢1- - - ¢n with each ¢; being ¢; = ¢pT(miliki) or ¢; = p=(miliki) j =1 ... n, such that

is py=¢pT(misliky) i pi=¢p— (marli ky)

N.

Proposition 11. The centralizer of d in g is given by
(Clp*; 0] @U(g)) ® Ca ®Cd. 97)
The proposition follows from Equation (80) .
5. Structure of g

5.1. The Weight Space Decomposition of U(g)

Let (g, [, ];) be a simple Lie algebra. Let h be a Cartan subalgebraof gand g =h @ > . ga be
the root space decomposition with the root space g, = {X € g; ad(h)X =< a,h > X, Vh € b}.
Here A = A(g,b) is the set of roots and dim g, = 1. Let 1T = {ay; i = 1,--- ,r = rank g} C h* be
the set of simple roots and {«/; ¢ = 1,--- ,r} C b be the set of simple coroots. The Cartan matrix
A = (aj)ije1.. , 18 given by a;; = (o), a;). Fix a standard set of generators H;, = o, X; € ga,,
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Yi € g—q;s SO that [Xz; E/J] = Hjéij’ [H“ XJ] = ajin and [Hz, 3/]] = —(ljfﬂ/j. Let A:t be the set of
positive (respectively negative) roots of g and put

Then g = ny @ bh @ n_. The enveloping algebra U(g) of g has the direct sum decomposition:

U(g) =U(n_)-U(bh)-Ulny). (98)

In the following we summarize the known results on the representation (ad(h), U(g)) [14,15].
The set
{y/...ym™H CHE XX my, ng, e NUOD

forms a basis of the enveloping algebra U(g). The adjoint action of § is extended to that on U(g):
ad(h)(z -y) = (ad(h)z) -y + - (ad(h)y).

A € b* is called a weight of the representation (U(g), ad(h) ) if there exists a non-zero x € U(g) such
that ad(h)r = hax — xh = A(h)x for all h € b . Let X be the set of weights of the representation
(U(g), ad(h) ). The weight space for the weight ) is by definition

gy = {r€U(g); ad(h)r=Ah)z, VhEh}.
Let A = Z::l n;o; — Z:Zl m;og, Ny, 1y 2 0. For any ll, lg, A 7l7“ Z 0,
X, = Yy YTm’"H{l---Hi”X?l---XﬁT

gives a weight vector with the weight \; X € g¥ . Conversely any weight A may be written in the form

A=Y nja; — Y., myq, though the coefficients n; , m; are not uniquely determined.
Lemma 5.

1. The set of weights of the adjoint representation (U(g), ad(h)) is
S={) kia;; o€l keZ} (99)

If we denote
Se={£) mo €5; n;>0} (100)

then Y4 N A= Ai.
2. If A\ € X then —)\ € X,
3. Foreach A\ = Y ;| ki, €%, gY is generated by the basis

~ - mi my 17l1 lr Yy N1 Ty
X)\<lla"'>lr7m1a"'7mran17"'>nr)—Yi Y; Hl ...}[7")(1 Xr
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with n;, m;, l; € NUO such that k; =n; —m;, 1=1,---,r.

In particular gj is generated by the basis

Xolly, -+ lpyng, - Ny, my) = Yo KPTH{*--H,{TXT---X;”
with n;, l; e NUO, i =1,--- ,r. In particular

U(h) C g5 -

(03 8] € oxiu- (101)
5.2. Weight Space Decomposition of g

In the following we shall investigate the Lie algebra structure of
g = (Clp1®@U(g)) ®(Ca)® (Cd). (102)
Remember that the Lie bracket was defined by

(00X, veY] = (9¢)@(XY) - (¥9) @ (YX)+ (X[Y)c(,¥)a,
[a,qb@X]ﬁ:O, [a,d]EZO,

[do@ X = dop@ X,

1
for the basis vectors X and Y of U(g). Since ¢+ 01 = <O> we identify X € U(g) with o700 ® X

Thus we look g as a Lie subalgebra of g:

[¢+(0,0,1) ® X, ¢+(0,0,1) ® y] = [X, Y]g , (103)

[

and we shall write (0D @ X simply as X.
Let
h = ((Co™®™)@b) @ (Ca)®(Cd) =h& (Ca)® (Cd). (104)

We write h = h + sa + td Gawithh €hands, t € C.Forany h € h, ¢ € C[p*] and X € Ul(g),
it holds that

(07O @ h, 90 X]g = ¢ (hX —Xh),
[d, 9@ Xz = (dot) ®X,

[¢+(0,0,1) ® h, a]ﬁ = 0, [¢+(0,0,1) ® h, d]a =0, [d,a]ﬁ =0.
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Then the adjoint action of h=h+sa+tde E)\ on g is written as follows
ad(h) (¢ ® X + pa+vd) = ¢ @ (hX — Xh) +tded @ X , (105)

foré =@ X + pa+vd €.
An element )\ of the dual space h* of b can be regarded as an element of h* by putting

(\a) = (\d) =0, (106)

So A C bh* is seen to be a subset ofﬁ*. We define the elements §, Ag € H* by

(6,0 ) = (Do, ) =0,  (1Zi=Zr) (107)
(d,a) =0, (9,d) =1, (108)
(Ao,a) =1, (Mg, d) =0, (109)
Then the set { a1, - -+, a;, Ay, § } forms a basis ofa*. Similarly ¥ is a subset of H*

Since E is a commutative subalgebra of g, g is decomposed into a direct sum of the simultaneous
eigenspaces of ad (h), h € b.
ForA=vy+kdebh*,yv=>_ ko€, kieZ,i=0,1,---,r, weput,

Bi={ecd [hel= (ke forvhehy. (110)

A is called a weight of g if g, # 0. g, is called the weight space of \.
Let 3 denote the set of weights of the representation <§, ad(ﬁ)).

Theorem 8.

1.
~ m
Y = {56+>\, AGZ,mEZ}
U{%é; mEZ}.
2. For \ € ¥, A\ # 0 and m € Z, we have

grsa = Clo;ml @) . (111)

ds = (Cl*0]@gf)e (Ca)a(Cd) Db,

Clp*sml®gy , forO£meZ.

Q)
SE
>
I
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4. g has the following decomposition:
P 52 P Grmsin. (112)

Proof. First we prove the second assertion. Let X € g fora A € 3, A # 0, and let p € C[¢*; m] for
am € Z. We have, for any h € b,

[¢+(0’0’1)®h,g0®X]§ g @@(hX_Xh) :<)\;h>SD®X7

m

that is, for every he H we have

~

[h,¢®X]§:<%5+A,ﬁ>(cp®X). (113)

Therefore we have p @ X € gmsy .

Conversely, for a given m € Z and a § € ﬁ%ﬂ »» we shall show that £ has the form ¢ ® X with
¢ € Clpr;m] and X € g{ . Leté = ¢ ® X + pa + vd for ¢ € Cl¢p*], X € U(g) and p, v € C. ¢ is
decomposed to the sum

6= on

neZz

by the homogeneous degree; ¢, € C[¢T; n]. We have

[h,6] = [TV @ h+sa+td, $@ X +pa+vd]= ¢ [h, X]

+4() 560 ©X)

nez

for any h = ¢+ %) ® h + sa + td € b. From the assumption we have
m ~
= < AMh>0®X +(%t+ < M\ h>)(ua + vd)

+%t (; 6n) @ X.

Comparing the above two equations we have = v = 0, and ¢,, = 0 for all n except for n = m.
Therefore ¢ € C[¢*;m]. We also have [, £] = ¢ ® [, X] = (A, h) ¢ @ X forall h = ¢+©0) @ h 4
sa+td € H Hence X € g{ and £ = ¢,,, ® X € ﬁ%H/\ . We have proved

gmsir = Clo™;m] @ gy .

The proof of the third assertion is also carried out by the same argument as above if we revise it for

the case A = 0 . The above discussion yields the first and the fourth assertions. L[]
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Proposition 12. We have the following relations:

1.

[a%5+a ) /g\%(ﬂ*,ﬂ}/g\ - am;""6+a+ﬁ )

fora, B € iandform,ne Z.

form,n € Z.

Proof. Let ¢ ® X € gms o and ) ® Y € gnsyp. Then we have, for b € b,

=<[Bh>[0 XYY |+ <a,h>[0R X, )Y
=<a+B,h>[00XYpRY]

On the other hand,
[d[¢o0 X, veY]]=-[¢eX,YeY,d]-[vaY,|[d¢ X]]
=T e X yeY].
Hence
m-+n

[Ew®xw®YH=<

5 5+a+5,ﬁ>[¢®x,¢®5/]

for any he E Therefore

[ﬁgam ) ﬁgaw}a C ﬁm;ngmw )

The same calculation for ¢ ® H € gms and ¢) ® H' € gns yields

[ﬁ%é; ﬁga}ﬁ - ﬁm;n(s-

O
5.3. Generators of g

2177

(114)

(115)

(116)

(117)

(118)

Let {c;}i=1...» C b* be the set of simple roots and {h;};—1... , C b be the set of simple coroots. ¢;,

fi»i=1,--- 7, denote the Chevalley generators;
[ez’, f]] = 5@'jhi7
[h, 67;] = O{i(h), [h, fz] = —Oéi(h), for Vh € h

Let A = (ai; )i j=1,.. » be the Cartan matrix of g; a;; = «;(h;).
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By the natural embedding of g in g we have the vectors

hi = ¢tV @ n, e, (119)
& = ¢t e €Gosran, fi= 0OV R €Bosay,  i=1,---,r.  (120)

It is easy to verify the relations:

[/f\liaajL = a; €, [ﬁz’,ij: —aiijj, I1<i,5<r (122)
g g

We have obtained a part of generators of g that come naturally from g.

We recall that for an affine Lie algebra (C[t,t™'] ® g) @ (Ca) @ (Cd) there is a special Chevalley
generator coming from the irreducible representation spaces t*' ® g of the simple Lie algebra g. Let
be the highest root of g and suppose that ey € gy and e_y € g_y satisfy the relations (egle_p) = 1 and
[eg, e_g] = hg, then we have a Chevalley generator { t ® e_g, 7' @ ¢y, —t" ® hg + a} for the subalgebra
(C[t,t '] ® g) ® (Ca) and adding d we have the Chevalley generators of the affine Lie algebra [2,5,16].
In the sequel we shall do a similar observation for our Lie algebra g. We put

Zo v—1 V=1 ,_
ko=¢t0OD o = /1 ( > _ Wngr(l,m) i T(¢ 0:00) _ g+10.1))

lj’ = gb*(ovovo) lj’* V4 —1 ( 22 ) = — T_1¢+(17172) — —_1(¢_(07070) — ¢+(1=071)) X
9 5 2

0
We recall that J = ¢(:00) = ( ) )

Lemma 6.
1.
Khe = Ky K = J e = i 1 = /=100, (123)
2.
c(k, ki) = c(p, ps) = 1. (124)

We consider the following vectors of g:

fr=J®e_y €Gos—o, e;=(—J)®ep € Gosto, (125)
fe=k®e_g Gﬁ%(g_@, €. = Ky @ €g G/g\%(;w 69/9\_%“9, (126)

o~
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Then we have the generators of g(a) that are given by the following three tuples:
(6 fohi) i=12m,
(B Juho) s (G b)) (20 F0ha) -
These three tuples satisfy the following relations.

Proposition 13.

1.
[@,,ﬁla: [ﬁr,a}a:o, for 1 <i<r and 7= J, Kk, u. (128)
2.
o fj]a: B | (129)
3.
[€M7ﬁ}§:\/—_1/f;9+a, [aﬁ,ﬁhzx/—_ﬁg +a. (130)
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