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1. Introduction

It is well-known that every connected odd dimensional Lie group is equipped with a left invariant
almost contact metric structure. These structures give rise to almost contact metric structures on
corresponding Lie algebras [1]. In literature, some certain classes of such structures are studied.
In [2], some general results on 5-dimensional Sasakian Lie algebras were stated, and it was proved that
an odd dimensional nilpotent Lie group with a left invariant Sasakian structure is isomorphic to the real
Heisenberg group. In addition, a classification of five-dimensional Sasakian Lie algebras were obtained.
Then, in [3], left invariant K-contact structures on five-dimensional Lie groups were investigated.
Three-dimensional homogeneous almost contact metric structures were considered in [4]. In [5],
cosymplectic and a-cosymplectic Lie algebras were investigated in terms of corresponding symplectic
Lie algebras and suitable derivations on them.

Our aim in this manuscript is to determine almost contact metric structures on five-dimensional
nilpotent Lie algebras by direct calculation. We use the classification of five-dimensional nilpotent
Lie algebras given in [6]. We consider some certain classes of almost contact metric structures,
and, by this approach, we get some general results on left invariant almost contact metric structures
on five-dimensional nilpotent Lie groups.

2. Preliminaries

Let M?"* ! be a differentiable manifold of dimension 2n + 1. If there is a (1,1) tensor field ¢,
a vector field ¢ and a one-form # on M satisfying:

¢*=-I+n®¢ @) =1,

then, M is said to have an almost contact structure (¢, ¢, 7). A manifold with an almost contact
structure is called an almost contact manifold. If, in addition to an almost contact structure (¢, ¢, 77),
M also admits a Riemannian metric g such that

8(@(X),¢(Y)) = g(X,Y) = n(X)n(Y),
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for all vector fields X, Y, then M is an almost contact metric manifold with the almost contact metric
structure (¢, ¢, 77, ). The Riemannian metric g is called a compatible metric. The one-form defined by

D(X,Y) =g(X,9(Y)),

for all X,Y € X(M), is called the fundamental two-form of the almost contact metric
manifold (M, ¢,¢,7,8). In [7], a classification of almost contact metric manifolds was obtained
via the study of the covariant derivative of the fundamental two-form. A space having the same
symmetries as the covariant derivative of the fundamental two-form was written, and, then, this space
was decomposed into twelve U(n) x 1 irreducible components Cy, ..., Cy». There are 212 invariant
subspaces, each corresponding to a class of almost contact metric manifolds. For example, the trivial
class for which V& = 0 [8], corresponds to the class of cosymplectic (called co-Kahler by some authors)
manifolds, C; is the class of nearly-K-cosymplectic manifolds, etc. [7]. For classification of almost
contact metric structures (see also [9]). In this work, we focus on cosymplectic, nearly cosymplectic,
x-Sasakian, B-Kenmotsu and almost cosymplectic structures.

Let (¢, ¢, 77,8) be an almost contact metric structure on M with the fundamental two-form ®.

(¢,&,1,8) is called:

e nearly cosymplectic if Vx®(X,Y) =0,

e  w-Sasakian (Cg) if Vx¢p(Y) = a(g(X,Y)& — n(Y)X) for a constant «,

e  B-Kenmotsu (Cs) if Vx¢(Y) = B(®(X,Y)n(Z) — ©(X,Z)5(Y)) for a constant B,

o semicosymplectic (C1 @ Cr®C3 B C7 P Cg B Co ® C19 @ Cq1) if 6P = 0and oy = 0, where J denotes
the coderivative of a differential form,

e almost cosymplectic (C; ® Cg) if d® = 0 and dyy = 0, where d denotes the exterior derivative of a
differential form,

for all vector fields X, Y, Z on M.

In literature, there are different but related definitions of cosymplectic structures. Here, we remind
them and relate to the classes we use. In [5,10], an almost cosymplectic manifold is defined as a smooth
manifold with a one-form # and a two-form ® such that A ®" is a volume form. If both # and & are
closed, then the manifold is said to be cosymplectic. In the same context, if dy = 0 and d® = 2any A ¢
for a constant «, then the manifold is called a-cosymplectic. An almost contact metric manifold
(M, ¢,¢,1,8), where (17, @) is a « cosymplectic structure is called an almost co-Kihlbaser manifold.
In addition, if this manifold is normal, then it is said to be co-Kahler. An almost contact metric manifold
(M, ¢,&,1,8) such that (7, ®) is an a-cosymplectic structure is called an almost « co-Kéghler manifold.
A normal almost & co-Kédhler manifold is said to be a co-Kéahler. Refer to [5,10] and references therein.
“Almost cosymplectic”, “cosymlectic” and “a-Kenmotsu” structures in our paper correspond to “almost
co-Kéhler”, “co-Kdhler” and “a co-Kdhler” in [5], respectively. Throughout the paper, the definitions
in and [7,8] will be followed.

The existence of metric connections on five-dimensional almost contact metric manifolds
compatible with the almost contact structure was investigated in [11]. The space of torsion
tensors of a metric connection splits into ten U(2)-irreducible subspaces Wy, W5, ..., Wyo. Thus,
there are 2!9 classes of almost contact metric structures in five-dimensions according to components of
torsion tensor [11].

An almost contact metric structure (¢, ¢, 17, g) on a connected Lie group G is said to be left invariant
if ¢ is left invariant and if the left multiplication map L, : G — G, L,(x) = a.x has properties

poLy=Lao¢, La(¢)=¢,

foralla € G.
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Let ¢ be an odd dimensional Lie algebra. An almost contact metric structure on g is a quadruple
(¢,¢,1,8), where 77 is a one-form, ¢ is an endomorphism of g, ¢ € g such that

¢*=—1+neg 7@ =1 g¢X)eY))=gXY)~nXn(Y),

for all vector fields X, Y and g is a positive definite compatible inner product on g. It is also convenient
to use defining relations for the structures on Lie algebras. For instance, an almost contact metric
structure (¢, ¢, 7, g) on a Lie algebra g is said to be nearly cosymplectic if Vx®(X,Y) = 0 for any X, Y
in g, etc.

Let G be a connected Lie group endowed with a left invariant almost contact metric structure
(¢,&,1n,8) and g = T,G be the corresponding Lie algebra of G. Then, this structure uniquely yields
an almost contact metric structure (¢,¢,7,g) on g.

In this work, we study almost contact metric structures on five-dimensional nilpotent Lie algebras.
The classification of nilpotent Lie algebras of dimension < 5 was obtained in [6] (see also [12,13]).
Indeed, g; are five-dimensional nilpotent algebras with the corresponding basis {ej,...,e5} and
non-zero brackets as follows:

31 le1,e2] = e5,[e3,e4] = €5,

[ le1,e2] = e3, [e1, €3] = e5, [e, e4] = e5,

g3 ¢ [er,e0] =e3, [er,e3] = ey [e1,e4] = e5,[e2, €3] = e5,
4 le1,e2] = e3, [e1, €3] = ey, [e1,e4] = €5,

35 le1,e2] = ey, [e1, €3] = e5,

36 le1,e2] = e3,[e1, €3] = ey, [e2, €3] = €5

The rest of the classes g7, gs, g9 are abelian.

3. Almost Contact Metric Structures on g;

Let G be a connected Lie group and (¢,¢,7,¢) a left invariant a.cm.s. (almost contact
metric structure) on G. Denote the corresponding a.c.m.s. on g by the same symbols. Choose the basis
{e1,...,e5} such that basis elements are g-orthonormal.

First, we investigate the existence of some classes of almost contact metric structures on each g;.

The algebra g;: By Kozsul’s formula, the covariant derivatives of the basis elements are as follows:

1 1 1 1
Veeo =565,  Vees = —35e, Veer = —5e5, Vees = e,
\v4 -1 \V/ - _1 v - _1 v 1
e3€4 = 365, e365 = —5€4, e,63 = — 565, e,65 = 563,
v =1 \V/ =1 \v4 =_1 \v4 =1
es€1 = —35€2, es€2 = 561, es€3 = —564, e5€4 = 5€3.

o  There exists no cosymplectic structure on g.
To see this, assume ® =} bijeij is a two-form on g; such that V& = 0. Then, for any elements
ei, €j, ek of the basis:
(Ve @)(ej,ex) = ei[®(ej, )] — P(Veej ex) — Pej, Veex) 1)
= —@(Vgie]-,ek) - CD(E‘]', Vez.ek) =0.

It is easy to see that V& = 0 if and only if b;; = 0 for any i, j. Thus, (¢, &, 1,8) is not cosymplectic.
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e  There is no nearly cosymplectic structure (i.e., (Vx®)(X,Y) = 0). Let ® = Zbijeij , by direct
calculation, we obtain,

(Ve ®@)(eiej) =0 <= biabaz + biaboy = b1zb1g + bzboy =0,

where bi} = b§3 and b%3 = b§4 and the remaining coefficents are zero. Thus ® = bize'd + byge' +
baze?® + byse?. By polarizing the equation (Vx®)(X,Y) = 0, we get

Vx®(Y,Z) + Vy®(X,Z) = 0. @)

Then for X = ey, Y = e3 and Z = e5 in the equation (2), we obtain bj3 = —by. In addition,
replacing e3, es5 and e, for X, Y, Z respectively in the equation (2), we get bj3 = 2bys. Thus,
b13 = bps = 0. On the other hand, we get by = bys and 2bp3 = —bjsfor X =e3, Y =ejand Z =e5
and X = e1, Y = es5 and Z = e3 respectively in the equation (2), which implies b4 = by3 = 0.

e  There is no non-zero parallel vector field on g;. Let ¢ = )_a;e; be a parallel vector field on g1
(i.e., V¢ = 0). Then, by the Kozsul formula, we havea; =0fori=1,...,5.
Note that since (Vx7)(Y) = g(Vx¢,Y) for all vector fields X and Y, we have Vi # 0 for
any almost contact metric structure (¢,¢,7,¢) on g1. In particular, (¢,¢,7,g) is neither C;
(nearly-K-cosymplectic), nor Cs.

e Avector field ¢ on g is Killing if and only if € (es).
Let & = Y aje; be a Killing vector field. Then, for any ¢;, ¢;, we have g(V,,¢,¢;) = —g(Ve,, ei).
Then,

1 1
(Ve G e5) = —Ealandg(v%g,gz) — _ﬁal

yields a; = 0. Similarly, since g(Ve, ¢, e5) = —g(VesG,e1), we have i = 0 and
(Ve G e5) = —g(VesC,eq) gives az = 0. In addition, g(V,,(, e5) = —g(Ves G, e3) implies ag = 0.

As aresult, ¢ = ases.

12 34

o  There exists 1/2-Sasakian structure on g1, where the fundamental two-form is ® = —e'“ —¢
and ¢ = es. Note that this structure is given in [2] as a Sasakian structure because of the coefficient
2 in the defining relation of a Sasakian structure.

e  There is no B-Kenmotsu structure.
Assume (¢, ¢, 17,8) is a p-Kenmotsu structure with fundamental two-form ¢ = Zbijeij . Then,
8(Veé, ej) = g(ng ¢, e;) for any basis elements e;, ej, which implies that § = aje; + azep + azes +
ageq and 7 = biel + bye? + bze® + bye*. On the other hand for X = ¢1, Y = e1, Z = ¢; and for
X =e1,Y = €1, Z = es5 in the defining relation of a f-Kenmotsu structure, we obtain bj5 = 28b1b1
and by = —2Pb1bss, respectively. Thus, by = b5 = 0. Similar arguments work if X, Y, Z
are replaced by other basis elements. We get b;; = 0 for all ;, j. As a result the structure is
not -Kenmotsu.

e  There is no almost cosymplectic structure.
Lety = Y biel and @ = Zbi]-eif. Then, since de® = —e!?2 —¢3* and de! = 0 fori = 1,2,3,4,
we get dp = —bs(e!? + ¢3*). This yields dy = 0 iff bs = 0. On the other hand, we have
dd = b15€134 + b25€234 + b356123 + b456124, which is zero iff 515 = b25 = b45 = 0. In this case,
® N D = 2(bybzy + bigbys — bi3boy)e'?3* and 7 A ®? = 0, which contradicts with the assumption
that (¢, ¢, 7, ) is an almost contact metric structure.

e  There are semi cosymplectic structures on g;.
For any vector X = Y x;e; on g1, we have 6®(X) = x5(bya + bsg). Thus, 6& = 0 for all X iff
b1y = —b34. In addition, 67 = 0 for any one-form 7. Choose, for example, the a.cm.s. (¢,¢,7,8),
where ¢ = e5, 17 = ¢> and ® = ¢!? — ¢3*. This structure is semi cosymplectic.

e Consider the a.cms. (¢,&,1,5), where ¢p(e1) = —ey, p(e2) = —es, ¢(e3) = e, Pp(es) = €1 and
& =es, 1 = ¢® on g;. We show that there is a metric connection V¢ compatible with this structure.
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Assume that V¢ is a metric connection of g. Then, V¢ = V + A, where A is a skew-symmetric
(2,1) tensor field. Since V¢ is compatible with ¢ = e5, we have V{ e5 = 0 for all basis elements e;.
We obtain

1 1 1 1
Aley,e5) = e Aley, e5) = —5e Ales, e5) = e Aleg,e5) = —5¢s

Metric compatibility of V¢ yields
0=ei[g(er,e2)] = g(Vee1,e2) +gler, Ve ea),

and thus g(e1, V¢ e2) = 0. Note that Vg e; = V,eq + A(eg, e1) = 0. Similarly, g(ey, V§ e2) =

g(es, Vg, e2) = 0. Hence, Vi ex = ases + ageq for some constants a3, a5 and A(ey, e2) = azes +
1

asey — 56s5.

Since V° is also compatible with ¢, that is, V°¢ = 0, we have
0= (Ve ¢)(e2) = Ve, (¢(e2)) = (Ve e2) = =V e3 — p(azes + ages).

Thus,
c
V61€3 = —a36y — 461 = A(el,eg).

In addition, (V¢ ¢)(es) = 0 implies ¢(V¢ e4) = 0. By the identity ¢? = —I + 7 ® &, we get
0= 4)2(V§1e4) = —V51€4 + g(Vgle4, es)es,

which gives V¢ e, = A(ey,e4) = 0. Note that g(V¢ ey, e5) = 0 since V€ is a metric connection.
Similarly, V¢ es = A(ez, e3) = 0. By direct calculation, we get

Ve,eq = Aey, eq) = ager + azes,

1
Ve,ea = azes +ases, Ales es) = azes + ageq — 565
To sum up,

A = @ {ag(—eB+e*) — 1B} + e @ {az(—e'® + %) + 1e15}

Since (¢, ¢, 77, g) has a totally skew-symmetric metric connection, by Proposition 4.1 in [11], we
conclude that (¢, ¢, 7, g) is in the class W5 @ Wy @ W5 & W, with respect to the classification of
Puhle in [11].

Similar observations can be made for existing structures on each g;.

The algebra g,: By Kozsul’s formula, the covariant derivatives of the basis elements are as follows:

1 1 1 1 1
Ve 2 = 563, Vees = —5e2+ 565, Vees =—3e3, Ve = —5e3,
Ve,e3 =13 Vees = % Vees = —3es, Veer=—3e0— 3%
€3 = 2611 e €4 = 285/ e €5 = 264/ e3€1 = 262 265/
v —1 \V/ 1 \v4 —_1 v 1
e3€2 = 361, e3€5 = 361, e,€2 = —365, e,€5 = 762,

1 1 1 1
v€5el = _763/ v6562 = _264/ v6563 = Zell v6564 = 262/
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e  There exists no cosymplectic structure.
The proof is similar to that of g;.

o  There exists no nearly cosymplectic structure.
Assume that there exists a nearly cosymplectic structure (¢, ¢, 7, g) with the fundamental two-form
® = Y bjje'l. Then, for any basis elements ¢;,¢;, we have (V,,®)(e;,¢;) = —®(e;, Voe;) = 0.
Thus, we get:

(Vgl )(61,62) =0= b13 =0, (vgl¢)(61,63) =0= b12 = b15, (VQZCD)(Ez,Q) =0= b23 =0,

ng )62,3)—0:>b12—0

(Vez )(6’2, 64) =0= b25 (ngé)(ez,(%) =0= bz4 =0,

(Ve; @) (e3,61) = 0= b3s = 0and (V,,P)(e4,€2) = 0 = bys = 0.

Thus, the fundamental two-form is of type ® = byge'* + byee®*. From the equation
P(X,Y) = g(X,¢(Y)), the endomorphism ¢ is defined by ¢(e1) = —bises, Pp(e2) = 0,

5 5 .
¢(e3) = —bageq, P(eq) = brger + bges, p(es) = 0. Let & = izl aie;and y = izl bie'. Then,
4)2(62) =0=—ey + 77(62)5 = bya, = 1,byas =0 = a5 = 0.
On the other hand,
¢%(es) =0 = —es +17(es) = bsas = 1 = as # 0. Therefore, the condition ¢*> = —I + 7 ® & does
not hold. Thus, the structure is not nearly cosymplectic.
e  There is no non-zero parallel vector field on g.
If a non-zero vector field { = Y ae; is parallel (V¢ = 0), by calculating g(V,,¢, ¢;) for basis
elements, we geta; =0, fori =1,---,5. It also shows that V# # 0 for any almost contact metric
structure (¢, ¢, 77,g) on g. In particular, (¢, &, 7, g) is neither C; (nearly-K-cosymplectic), nor Cy.
e Avector field ¢ on g is Killing if and only if ¢ € (es).
Assume ¢ = ) a;e; is a Killing vector field. Then, for any e;, ¢;, we have 8(Veé, e]') = —g(ng(;‘, e).
Thus,

1 1
2(Ve,C,e3) = _Eal' 8(Ve G e0) = _Eal =a =0,

and similarly,
g(V€4Cfe5) = _g(V€5§re4) =a; =0,

g(v€1§/e5) = _g(v€5§/el) = a3 = 0,
8(Ve,G,e5) = —g(VesC,e2) = ay = 0.

e There is no a-Sasakian structure. Assume that a structure (¢,¢,1,g) on g is a-Sasakian.
Then, ¢ € (es), since it is a Killing vector field. On the other hand, by considering the relation
VxG = —ap(X), we get the endomorphism:

s 5 _ . _ s
pler) = 5 es, plea) = 5 ea, Ples) = —5rer, Plea) = —5 ea.
In addition, the structure must satisfy the defining relation of the class of x-Sasakian structures:
(Vxp)(Y) = a(g(X,Y)E = n(Y)X).

However, it is easy to see that this relation is not satisfied for X = Y = e;. Hence, the structure is
not n-Sasakian.

Let (¢,¢,1,8) is a B-Kenmotsu structure with fundamental two-form & = Zbi]-eif .
Then, g(V,,C, ej) = g(Ve].@‘, e;) for any basis elements ¢;, ej. Since g(Ve G en) = —“73, g(Ve,G e1) =
3 =a3=0and g(Ve,(, es) = =%, g(Ve,le2) = 5 = ay = 0, we have § = aje1 + a2ep + ase4

and n = bie! + bye? + bye*. On the other hand, for X = ¢}, Y = e3, Z = e5 and for X = e3,
Y = e3, Z = e5 in the defining relation of a -Kenmotsu structure, we obtain bps = 0 and by3 =0,
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The

respectively. Similar arguments work if X, Y, Z are replaced by other basis elements. Thus, we get
bl-]- = 0 for all i, j. As a result, the structure is not f-Kenmotsu.

There exists a semi cosymplectic structure.

By checking covariant derivatives, it can be seen that 6y = 0 for any one-form 7. In addition,

for a two-form & = Zbi]-eij, by assuming é® = 0, we get by = 0 and b3 = —bps. If we
choose ® = e!3 — ¢4, then the endomorphism ¢ is ¢(e;) = —e3, Pp(e2) = ey, Ple3) = ey,
P(ey) = —ea, Pp(es) = 0. For & = esand 7 = ¢, (¢, &, 1, ¢) is a semi cosymplectic structure on g».

There exists an almost cosymplectic structure.
The almost contact metric structure (¢, ¢, 1,8), where & = ep, 7 = e2 and ® = e!® + ¢ is almost
cosymplectic, thatis d® = dy = 0.

algebra g,: By Kozsul’s formula, the covariant derivatives of the basis elements are as follows:

1 1 1 1 1 1
Ve = 563, Vee3 = —5e2+ 564, Veey = —3ze3+ 3565, Vees = —szey,
1 1 1 1
Ve,e1 = —563, Ve,e3 = 561+ 365,  Vee5 = —5¢€3,
1 1 1 1 1 1
Vg3€1 = —3562 — 564, v83e2 = 561 — 365, v6364 = 561, v6385 = 562,
1 1 1 1
Ve,e1 = —5e3 — 565, Veesz = 5eq, Ve,e5 = 561,
Vee; = —ie \V4 - _1 \V/ _1 \VA _1
estl — — 3764, e5€2 = —5€3, es€3 = 762, e564 = 5€1.

There exists no cosymplectic structure.

The proof is similar to that of g;.

There exists no nearly cosymplectic structure.

Let (¢, ¢, 1, ) be a nearly cosymplectic structure with fundamental two-form ® =Y, bi]-eif . Then,
for any basis elements ¢;, ¢;, we have (V. ®)(e;, ¢;) = —®(e;, Ve,ej) = 0. After some calculations,
we see that this equation holds if and only if ® = byye?*. However, the condition 7 A ® A ® # 0 s
not satisfied since ® A ® = 0.

There is no non-zero parallel vector field on g3.

The proof is similar to these of g1 and g».

A vector field ¢ on g3 is Killing if and only if { € (e5).

Let ¢ = Y aje; be a Killing vector field. Then, for any e;, ¢;, we have 8(Ves, e]-) = fg(Ve]@, e).
Now, g(Ve, G, e3) = —8(Ve G e1) = a2 =0,

8(Ve G es) = —g(Ve,G,e1) = a3 =0,

8(VeG,es) = —8(Vesl,e1) = ag =0,

2(Ve,G,e3) = —g(Ve, G, e2) = a1 = 0. In other words, ¢ is Killing if and only if § = ases

There is no a-Sasakian structure.

Let (¢, ¢, 7, g) be an a-Sasakian structure on g3. Then, ¢ € (e5), since it is a Killing vector field.
On the other hand, by considering the relation Vx¢ = —a¢(X), we get the endomorphism as:

Pler) = %64' 9(e2) = %63’ ¢les) = _%eb P(es) = —;—Zel.

However, for X = Y = ¢, this structure does not satisfy the the defining relation
(Vx@)(Y) = a(g(X,Y)¢ —n(Y)X).

There is no -Kenmotsu structure.

Let (¢,¢,1,8) be a B-Kenmotsu structure with fundamental two-form ® = Zb,'jeif , ¢ = Y ae;,
n = Lbie'. Then, g(V,(, e]-) = g(ngg, e;) for any basis elements ¢;, ej, which implies that
¢ =me;+meyand y = by el + bye?. However, replacing basis elements for vector fields in the
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defining relation of a f-Kenmotsu structure, we get b;; = 0, for any i, j. Thus, there does not exist
a B-Kenmotsu structure.

o  There exists a semi cosymplectic structure.
The almost contact metric structure (¢, ¢, 7, ) for which & = e5, 77 = ¢° and ® = ¢!
cosymplectic, that is, 6& = oy = 0.

4 _ ¢23 is semi

o  There exists an almost cosymplectic structure.
The almost contact metric structure (¢,¢,7,¢), such that § = ey, 7 = eland ® = ¢® —¢
almost cosymplectic.

34 is

The algebra g,: By Kozsul’s formula, the covariant derivatives of the basis elements are as follows:

1 1 1 1 1 1
Ve ea = Se3, Vees = —562 + 564, Veey=—5e3+ se5, Vees = —564,

2 2 2 2
Ve,e1 = —%63, Ve,e3 = %61,
Ve,e1 = —%62 — %64, Ve,e0 = %el, Veseq = %el,
Ve,e1 = —%63 — %(35, Ve,e3 = %el, Ve,e5 = %el,
Vese1 = —%64, Vesey = %el.

e  There exists no cosymplectic structure.
Assume that the two-form ® =} bz-]-eif is parallel. Then, (V,,®)(ej, ex) = 0 for any basis elements
ei, ej, ex. This gives b;; = 0. Thus, there is no non-zero parallel two-form on g4.

e  There is no nearly cosymplectic structure on g4.
Let ® = Zbi]-eif be the two-form of a nearly cosymplectic a.c.m.s. Replacing X and Y by basis
elements, we have (V,,®)(e1,e2) = —%b13 = 0 and similarly b;; = 0, except for byy, bps and bss.
Thus, ® = b24€24 + b25€25 + b35€35. Wegetbyy = 0,bps =0and bzs =0for X =e1, Y = e, Z = e3;
X=e,Y=e,Z=c¢and X =e¢1,Y = ¢4, Z = e5 respectively from the equation (2).

e  There is no non-zero parallel vector field on g4.
If a non-zero vector field { = Y aje; is parallel (V¢ = 0), by calculating g(V,,¢, e]-) for basis
elements, we geta; =0, fori =1,---,5. It also shows that Vy # 0 for any almost contact metric
structure (¢, ¢, 7, ) on g4. In particular, (¢, ¢, 7, g) is neither C; (nearly-K-cosymplectic), nor Cs.

e  Avector field ¢ on g4 is Killing if and only if { € (e5).
Let ¢ = Yaee; be a non-zero Killing vector field. Then, for any e;e;, we have

g(VeiC, ej) = _g(vl?jg/ 6,’). Thus,
g(vﬁg/e'&) = —g(v63g,€1) =a; =0,
g(v€1€r€4)
g(V€1€fe5) = *g(v%érel) = a4 =0,

g(v@‘:/el’)) = _g(v€3€/62) = a1 = 0.

No condition is obtained for as. In other words, ¢ is Killing if and only if { = ases.

—8(Ve, G e1) = a3 =0,

e  There is no a-Sasakian structure.
Let (¢, ¢, 1, g) be an a-Sasakian structure on g4. Then, ¢ = es, since it is a unit Killing vector field.
On the other hand, by considering the relation Vx& = —ap(X), we get ¢(e2) = —»-Ve,e5 = 0.
However, in this case, g(¢(e2), ¢(e2)) # g(e2,e2) —11(e2)n(e2).

e  There is no f-Kenmotsu structure.
Let (¢,G,7,g) be a f-Kenmotsu structure with fundamental two-form ® = Zbijeif , 6 = Y ae;,
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The

N = Zbiei. Then, g(V,C, e]-) = g(ngg, e;) for any basis elements ¢;, ej, which implies that
¢ =me; +aeyand n = by el + bye?. However, after an easy calculation on the defining relation
of a f-Kenmotsu structure, we get b;; = 0, for any i, j.

There exists a semi cosymplectic structure.

For any two-form @ = Zbijeij any X =) x;e; € gu,

6D(X) = — Y (Ve ®)(ej, X) = —{x3b12 + x4b13 + x5b14}.

Thus 6®(X) = 0 for any X iff by = b3 = by = 0. In addition, for any one-form 1 = ¥ b;e’,
we have
o ==Y (Ven)(e) = =) 8(Vei, ei) = 0.

23 + 645

Thus for example, the a.c.m.s. for which & = e, 7 = el and ® = is semi cosymplectic.

There exists no almost cosymplectic structure.

Since dy(X,Y) = 3{(Vxn)(Y) = (Vyn)(X)}, dy(X,Y) = 0 iff (Vxy)(Y) = (Vyn)(X),
or equivalently, g¢(Vx¢,Y) = g(Vy¢, X) for all X, Y in g4. Substituting basis elements for X and
Y implies that dy = 0iff { = aje; + axep. Any almost cosymplectic structure is almost-K-contact,
thus for the fundamental form ® =} bijeij of an almost cosymplectic structure, we have V§<I> =0,
where ¢ = ajeq + azep. Vg@(ei, €]) =0 yields P =0.

algebra gs: By Kozsul’s formula; the covariant derivatives of the basis elements are as follows:
Vee2 = %64' Ve e3 = %65, Veey = —%62, V65 = —%63,
Vo1 = —3es, Vees =301, Veer = —3e5, Vees = ey,
Ve461 = _%62 v6462 - %61/ v6531 = —%63, Vg5€3 = %el

There exists no cosymplectic structure.

The proof is similar to that in other algebras.

There is no nearly cosymplectic structure on gs.

Let® = ):bijeif be the two-form of a nearly cosymplectic a.cm.s. Replacing X and Y by basis
elements, we have (V,,®)(¢;, ¢;) = 0, which shows that b;; = 0, except for by, bps, b3y and bys.
Then ® = b23€23 + b25€25 + b34€34 + b45€45. We obtain by; = bys = b3y = bys = 0 for X = e,
Y:€2,Z:65,'X:el,YIEZ,Z263;X263,YI€1,Z:€2aHdX:64,Y:€1,Z:€3
respectively in the equation (2).

There is no non-zero parallel vector field on gs.

The proof is similar to other cases. In particular, (¢, {, 77, g) is neither C; (nearly-K-cosymplectic),
nor C,.

A vector field ¢ on g5 is Killing if and only if ¢ € (ey, e5).

Let { = Yae; be a non-zero Killing vector field. Then, for any e;e;, we have
8(Ve e) = —g(Ve,d, e;). Thus,

g(v€1gre4) = —8(Ve4§r€1) =ay =0,

g(vg1§,€5) = _g(V€5§rel) = a3 =0,
§(Ve, 8 es) = —g(Ve, 8 e2) = a3 = 0.

No condition is obtained for a4 and as. Thus, ¢ is Killing if and only if { = a4es + ases.

There is no a-Sasakian structure.

Let (¢,¢,1,8) be an a-Sasakian structure on gs. Then, { = ayeq + ases, where aﬁ + a% = 1land
11 = byes + bses. By the relation Vx¢ = —ag(X), we get p(ez) = —3teq and ¢(e3) = —32ey.
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Since g(¢(e2), p(es)) = g(ea, e3) — n(ea)n(es), we have ag.as = 0. This implies ¢(e;) = 0,
or ¢(e3) = 0. Assume without loss of generality that ¢(e;) = 0. Then, g(¢p(ez), P(e2)) #
(e, e2) —1(e2)n(e2).

e  There is no p-Kenmotsu structure.
Let (¢,&,7,g) be a B-Kenmotsu structure with fundamental two-form ® = Zbi]-eif , ¢ =Y ae;,
n = Ybie'. Then, g(V.¢, e]-) = g(Vej(',‘, e;) for any basis elements ¢;, ej, which implies that
¢ = aje1 +azey +azez and 1 = bre! + bye? + bsed. Replacing basis elements for X, Y, Z in
the defining relation of f-Kenmotsu structures results in & = 0. Thus, there does not exist a
B-Kenmotsu structure.

o  There exists a semi cosymplectic structure.
For any two-form @ = Zbijeij any X =) x;e; € g5,

6@(X) = — Y (Ve @) (e;, X) = —{x4b1p + x5b13}

Thus, 6®(X) = 0 for any X iff by, = b3 = 0. In addition, for any one-formy =} bie!, we have

o ==Y (Ven)(e)) = — Y _g(Vel,ei) =0.

Thus, for example, the a.c.m.s. for which § = e5, 7 = e®and O = el* 4¢3

is semi cosymplectic.
o  There exists an almost cosymplectic structure.

Consider, for instance, the a.c.m.s. given by & = e, 7 = e! and ® = ¢? + ¢34,

The algebra g,: By Kozsul’s formula, the covariant derivatives of the basis elements are as follows:

1 1 1 1
Vee2 = 5e3, Vee3 = —5e2+ 564, Veey = —3e3,
1 1 1 1
vt‘:‘zel = _ie:)’/ v8263 = iel + 265/ VezeS = _263/
1 1 1 1 1 1
v63el = —362 — 564, VESeZ = 561 — 365, v6364 = 361, v€3€5 = 562,
v —__1 \V/ 1 \v4 —_1 \V/ 1
e,€1 = —3€3, e 63 = 361, es€2 = —35€3, es€3 = 5€2.

o  There exists no cosymplectic structure on gg.
It is easy to see that V& = 0 if and only if & = 0, where & is a two-form.

e  There is no nearly cosymplectic structure.
Let ® = Zbi]-eif be a two-form with the property that (Vx®)(X,Y) = 0. Then, we obtain
D = by5el® + bpge? + byse®. By considering ® as the fundamental two-form of an almost contact
metric structure (¢, ¢, 7, g), from the condition ¢ = —I + 1 ® &, we get b2, = 1 and bys = 0.
Wegetbs =by =0for X =e5, Y =e, Z=c3and X = ¢, Y = e3, Z = ¢4 respectively in the
equation (2).

e  There is no non-zero parallel vector field on g.
The proof is the same as before.

e Avector field ¢ on g is Killing if and only if & € (e4, e5).
Let ¢ = }_a,e; be a Killing vector field. Then, for any e;, ¢;, we have g(Vec, e]-) = —g(VEj(j, e;). Thus,

8(Ve,G,e3) = —g(VesG,e2) = a1 =0,

g(V€1Cfe3) = *g(v%érel) =a; =0,
g(v€1§/e4) = _g(v€4€/el) = a3 = 0.

No conditions are obtained for a4 and as.
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e  There exists no a-Sasakian structure.
Let (¢, ¢, 7, g) be an a-Sasakian structure on gg. Then, ¢ has the form ¢ = a4ey + ases and satisfies
the equation Vx& = —a¢(X). Thus, the endomorphism can be expressed with:

pler) = Sres, plea) = es, ples) = —52ea, ples) = 0, ples) = 0.

From the condition ¢? = —I + 1 ® ¢, we have
¢*(es) =0 = (a3 —1)eg + agases = a3 = 1, azas = 0

and
¢*(e5) = 0 = asageq + (a2 — 1)es = a2 = 1, agas = 0.

However, since a% = aﬁ = 1, the number a44a5 is non-zero.

e  There is no f-Kenmotsu structure.
Let (¢,¢,1,8) be a B-Kenmotsu structure with fundamental two-form & = Zbijeif , ¢ = Y ae;.
Then, g(V,,¢, e]-) = g(ngé,‘, e;) for any basis elements ¢;, ej, which implies that ¢ = aje; + azer.
However, after calculations on the defining relation, we get ® = bje!2. However, in this case,
OPAND =0.

o  There exists a semi cosymplectic structure.
The a.cm.s. (¢, &, 1,8) with & = e3, 77 = €3 and @ = e!* + ¢?° is semi cosymplectic.

e  There is no almost cosymplectic structure.
Obviously, del = 0,de? = 0,de® = —el2, de* = —e13, de® = —e2. Thus, for a one-form
N = Y bie!, we have dy =0 <= b3 = by = bs = 0, and for a two-form ® = ) bl-]-eij,
wegetdD = 0 <= b5 = by, bzs = bzs = bys = 0. So, if (¢, ¢, 1, g) with the fundamental
two-form & = ) bijeij is an almost cosymplectic structure on g4, then, ® and # have the forms
® = bpe'? + byze!d + byge' + bise!® + byze?® + bise** + byse®® and i = bie! + bye?. However,
it is easy to see that 7 A ® A @ vanishes. Thus, the structure is not almost cosymplectic.

In summary, we state the following.

Theorem 1. An almost contact metric structure on a five-dimensional nilpotent Lie algebra g is cosymplectic if
and only if g is abelian.

The existence of cosymplectic structures on Lie groups and on their compact quotients by uniform
discrete subgroups was studied in [14]. We state Theorem 1 by direct calculation.
In the sequel, we deduce

Corollary 2. There is no cosymplectic left invariant almost contact metric structure on a five-dimensional
connected Lie group whose corresponding Lie algebra is nilpotent.

Theorem 3. There is no nearly cosymplectic structure on any five-dimensional nilpotent Lie algebra.

Corollary 4. There is no nearly cosymplectic left invariant almost contact metric structure on a five-dimensional
connected Lie group whose corresponding Lie algebra is nilpotent.

Theorem 5. There exists no non-zero parallel vector field on any five-dimensional nilpotent Lie algebra.
There are non-zero Killing vector fields on g; fori € {1,2,3,4,5,6}.

Theorem 6. Let g be one of g1, 2, &3 or g4. A vector field ¢ on g is Killing if and only if { €< e5 >.
In addition, if g is g5 or ge, then ¢ is Killing iff { €< ey, e5 >.
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Theorem 7. If g has an a-Sasakian structure, then g is isomorphic to g1.
Theorem 8. There is no B-Kenmotsu a.c.m.s. on any five-dimensional nilpotent Lie algebra.
We may conclude

Corollary 9. There is no -Kenmotsu left invariant almost contact metric structure on a five-dimensional
connected Lie group whose corresponding Lie algebra is nilpotent.

Theorem 10. There exist semi cosymplectic a.c.m. structures on each g;.
Theorem 11. An a.c.m.s. on g is almost cosymplectic iff g is isomorphic to one of g2, g3 or gs.

Let G be a simply-connected nilpotent Lie group with Lie algebra g. It is known that there exists a
co-compact discrete subgroup I' of G such that G/T is a compact nilmanifold [15]. Giving examples
of discrete subgroups I' for simply-connected nilpotent Lie group G; with Lie algebra g; is an
ongoing study.

4. Conclusions

In this paper, we examined almost contact metric structures on five dimensional nilpotent Lie
algebras by direct calculation and obtained some results about the relations between the classes of
almost contact metric structures and five dimensional nilpotent Lie algebras. In addition, we got some
general results on left invariant almost contact metric structures on five dimensional nilpotent Lie
groups by studying their corresponding Lie algebras.
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