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Abstract: For the mean curvature vector field H and the Laplace operator A of a submanifold in the
Minkowski space, a submanifold satisfying the condition AH = fH + gC is known as a generalized
null 2-type, where f and g are smooth functions, and C is a constant vector. The notion of generalized
null 2-type submanifolds is a generalization of null 2-type submanifolds defined by B.-Y. Chen. In this
paper, we study flat surfaces in the Minkowski 3-space L% and classify generalized null 2-type flat
surfaces. In addition, we show that the only generalized null 2-type null scroll in L2 is a B-scroll.
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1. Introduction

Let x : M — E™ be an isometric immersion of an n-dimensional connected submanifold M in
an m-dimensional Euclidean space E™. Denote by H and A, respectively, the mean curvature vector
field and the Laplacian operator with respect to the induced metric on M induced from that of E™.
Then, it is well known as

Ax = —nH. (€))

By using (1), Takahashi [1] proved that minimal submanifolds of a hypersphere of E™ are
constructed from eigenfunctions of A with one eigenvalue A (£0). In [2,3], Chen initiated the study
of submanifolds in E” that are constructed from harmonic functions and eigenfunctions of A with
a nonzero eigenvalue. The position vector x of such a submanifold admits the following simple
spectral decomposition:

x=x0+x5, Axg=0, Axg=Axg (2)

for some non-constant maps xg and x,;, where A is a nonzero constant. A submanifold satisfying (2) is
said to be of null 2-type [3]. From the definition of null 2-type submanifolds and (1), it follows that the
mean curvature vector field H satisfies the following condition:

AH = AH. 3)

A result from [4] states that a surface in the Euclidean space E? satisfying (3) is either a minimal
surface or an open part of an ordinary sphere or a circular cylinder. Ferrandez and Lucas [5] extended
it to the Lorentzian case. They proved that the surface satisfying (3) is either a minimal surface or
an open part of a Lorentz circular cylinder, a hyperbolic cylinder, a Lorentz hyperbolic cylinder, a
hyperbolic space, a de Sitter space or a B-scroll. Afterwards, several authors studied null 2-type
submanifolds in the (pseudo-)Euclidean space [6-21].
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Now, we will give a generalization of null 2-type submanifolds in the Minkowski space. It is well
known that a Lorentz circular cylinder S!(r) x R} is a null 2-type surface in the Minkowski 3-space L®
satisfying AH = %ZH, where S!(r) is a circle with radius r and R1 is a Lorentz straight line. However,
the following surface has another property as follows: a parametrization

1 1 1 1
x(s, t) = (452 ~3 Ins, ZSZ + 5 Ins, t)

is a cylindrical surface in 3. On the other hand, the mean curvature vector field H of the surface is
given by
1 1 1 1
H=(->-—, —~+—
< i a1’ 452'0>
6

-2 <H+(i,i,0)>.

Next, we consider another surface with a parametrization

and the surface satisfies
AH =

1 1
x(s, t) = (2szt +t,st, 2szt) .

The surface is a conical surface in L3, and it satisfies the following equation for the mean curvature

vector H 1 1
AH=-H+ —(1,0,1).
t2 +2t3( 01)

Thus, based on the above examples, we give the definition:

Definition 1. A submanifold M of the Minkowski space is said to be of generalized null 2-type if it satisfies
the condition
AH = fH+gC 4)

for some smooth functions f,g and a constant vector C. In particular, if the functions f and g are equal to each
other in (4), then the submanifold M is called of generalized null 2-type of the first kind and of the second kind
otherwise.

In [22], the authors recently classified generalized null 2-type flat surfaces in the Euclidean 3-space.
Conical surfaces, cylindrical surfaces or tangent developable surfaces are developable surfaces (or flat
surfaces) as ruled surfaces in the Minkowski 3-space IL3. In this paper, we study developable surfaces
in L3 and completely classify generalized null 2-type developable surfaces, and give some examples.
In addition, we investigate null scrolls in the Minkwoski 3-space L? satisfying the condition (4).

2. Preliminaries

The Minkowski 3-space IL? is a real space R® with the standard flat metric given by
(,) = —dx? +dx3 +dx3,

where (x1, X2, x3) is a rectangular coordinate system of R3. An arbitrary vector x of L3 is said to be
space-like if (x,x) > 0 or x = 0, time-like if (x,x) < 0 and null if (x,x) = 0 and x # 0. A time-like or null
vector in L3 is said to be causal. Similarly, an arbitrary curve ¢ = 7y(s) is space-like, time-like or null if all
of its tangent vectors ' (s) are space-like, time-like or null, respectively. From now on, the “prime”
means the partial derivative with respect to the parameter s unless mentioned otherwise.
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We now put a 2-dimensional space form in L3 as follows:

Q) = S7 = {(x1,x2,x3) €L} —x2+x3+x5 =1}, if e=1;
H? = {(x1,%2,x3) € L3| —x2 + x5+ 2% = -1}, if e=—1.

We call S? and H? the de-Sitter space and the hyperbolic space, respectively.

Let v : [ — 1.3 be a space-like or time-like curve in the Minkowski 3-space L.? parameterized by
its arc-length s. Denote by {t,n, b} the Frenet frame field along 7(s).

If (s) is a space-like curve in L3, the Frenet formulae of «(s) are given by [23]:

7' (s) = t(s),
{(s) = K(s)n(s), 5
n'(s) = —ex(s)t(s) + T(s)b(s),
b’(s) = et(s)n(s),
where (t,t) = 1,(n,n) = e(= £1), (b, b) = —e. Here, the functions «(s) and 7(s) are the curvature
function and the torsion function of a space-like curve 7(s), respectively.
If 7(s) is a time-like curve in IL3, the Frenet formulae of y(s) are given by [23]:
7' (s) = t(s),
{(s) = x(5)n(s) o
n'(s) = —x(s)t(s) + t(s)b(s),
b'(s) = —7(s)n(s),
where (t,t) = —1,(n,n) = (b,b) = 1. Here x(s) and 7(s) are the curvature function and the torsion

function of a time-like curve 7 (s), respectively.

If y(s) is a space-like or time-like pseudo-spherical curve parametrized by arc-length s in Q?(¢),
lett(s) = 9/(s) and g(s) = y(s) x 7/(s). Then, we have a pseudo-orthonormal frame {(s), t(s), g(s)}
along 7(s). It is called the pseudo-spherical Frenet frame of the pseudo-spherical curve 7(s). If vy is a
space-like curve, then the vector g is time-like when < is on S?, and the vector g is space-like when 7 is
on HZ2. Similarly, if the curve 7y is time-like, then the vector g is space-like. The following theorem can
be easily obtained.

Theorem 1. ([24,25]) Under the above notations, we have the following pseudo-spherical Frenet formulae of y:
(1) If y is a pseudo-spherical space-like curve,

7' (s) = t(s),
t'(s) = —ey(s) — exg(s)g(s), @)

t'(s) = 7(s) + x5(s)g(s), ®)

The function xg(s) is called the geodesic curvature of the pseudo-spherical curve 1.



Symmetry 2017, 9, 14 4 0f 15

Now, we define a ruled surface M in L3. Let I and ] be open intervals in the real line R.
Leta = a(s) be a curve in L3 and B = B(s) a vector field along a with &/(s) x B(s) # 0 for every
s € J. Then, a ruled surface M is defined by the parametrization given as follows:

x=x(s,t) =wa(s)+tB(s), se€], tel

For such a ruled surface, « and f are called the base curve and the director curve respectively.
In particular, if B is constant, the ruled surface is said to be cylindrical, and if it is not so, it is called
non-cylindrical. Furthermore, we have five different ruled surfaces according to the characters of the
base curve a and the director curve j as follows: if the base curve « is space-like or time-like, then the
ruled surface M is said to be of type M, or type M_, respectively. In addition, the ruled surface of
type M. can be divided into three types. In the case that B is space-like, it is said to be of type MY or
M? if B is non-null or null, respectively. When B is time-like, p’ is space-like because of the causal
character. In this case, M is said to be of type M3.. On the other hand, for the ruled surface of type M_,
it is also said to be of type ML or M2 if B’ is non-null or null, respectively [26].

However, if the base curve a is a light-like curve and the vector field B along « is a light-like vector
field, then the ruled surface M is called a null scroll. In particular, a null scroll with Cartan frame is
said to be a B-scroll [27]. It is also a time-like surface.

A non-degenerate surface in L3 with zero Gaussian curvature is called a developable surface.
The developable surfaces in L3 are the same as in the Euclidean space, and they are planes, conical
surfaces, cylindrical surfaces and tangent developable surfaces [13].

3. Generalized Null 2-Type Cylindrical Surfaces

For a surface in the Minkowski 3-space L?, the next lemma is well known and useful.

Lemma 1. ([16]) Let M be an oriented surface of 3. Then, the Laplacian of the mean curvature vector field H
of M is given by
AH = 2A(VH) +eVH? + (AH + eH|A|*)N, 9)

where ¢ is the sign of the unit normal vector N of the surface M and VH, A are the gradient of the mean
curvature H and the shape operator of M, respectively.

Theorem 2. All cylindrical surfaces in L3 are of generalized null 2-type.

Proof. Let M be a cylindrical ruled surface in the Minkowski 3-space L3 of type M1, M or M3.
Then, M is parameterized by
x(s,t) = a(s) +tB,

where the base curve a(s), which is a space-like or time-like curve with the arc-length parameter s,
lies in a plane with a space-like or time-like unit normal vector f that is the director of M, that is,
(B,B) = e1(= £1) and {'(s),&/(s)) = e2(1).

Now, we take a local pseudo-orthonormal frame {ej,e5,e3} on L3 such that e; = % and ey = a%
are tangent to M, and e3 normal to M. It follows that the Levi-Civita connection V of 1% is expressed as

%elel = €e1€2 = 66261 =0, %ezez = e3%(s)es, 10)
66163 =0, 66263 = —epk(s)en,

where «(s) is the curvature function of a(s) and e3(= =+1) is the sign of e3. From this, the mean
curvature vector field H of M is given by

5 e3 (11)
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and the Laplacian AH of H is expressed as

MM = Derear(s)x ()en — 5(67(5) + e1x”(5))es 12

Suppose that M is of generalized null 2-type. With the help of (4) and (12), we obtain the
following equations:

gC1 =0, (13)
3
Eelszx(s)x’(s) =gCy, (14)
1 3 1 17 1
5E1€2K (s) + 52K (s) = fielx(s)f+gc3, (15)

where C = ¢1Cye1 + 2Caen — €162C3e3 with C; = (C,e1), Co = (C,ep) and C3 = (C, e3). In this case,
C; is a constant, and C,, C3 are functions of the variable s.

If g is identically zero, then, from (14), the curvature x(s) is constant, and from (15), the function f
is constant, say A. Thus, M satisfies AH = AH, that is, it is either a Euclidean plane, a Minkowski plane,
a Lorentz circular cylinder S? x R}, a hyperbolic cylinder H! x R or a Lorentz hyperbolic cylinder
S% x R according to [16].

We now assume that g # 0. It follows from (13) that C; = 0. By using (10), we can show that the
component functions of C satisfy the following equations:

Ch(s) + e1ezx(s)Cz(s)

- (16)
Ch(s) + e2x(s)Ca(s) =0,

which yield ezC%(s) — elszcg(s) = ﬂd% for some nonzero constant dy, where = (C,C).
Case 1: If M is of type M3, then ey = —1, ¢ = 1 and 77 = 1. We may put from (16)
Ca(s) = dpsinf(s), Cs(s) = dycosb(s), (17)
where 0(s) = o + [ x(s)ds for some constant xj. Therefore, the constant vector C becomes
C = dpsinb(s)ey + docos6(s)es. (18)
Combining (14), (15) and (17), one also gets

_3x(s)x'(s)
8= 77 24,

cscl(s), f= e k2(s) + 3x’(s) cot 8(s). (19)

Thus, the mean curvature vector field H of the cylindrical surface My satisfies
AH = fH+ gC,

where f, g and C are given in (18) and (19), respectively.

Case 2: Let M be of type Ml+ In this case, ¢ = 1, ¢ = 1 and the constant vector C is space-like,
time-like or null.

First of all, we consider the constant vector C is non-null. Then, from (16), we may put

{Cz(s) =dycoshf(s), Cz=dgsinh6(s) ify =1, 20)

Ca(s) = dosinh8(s), C3=dgcoshf(s) ify=—1,

where 6(s) = — [ x(s)ds + ko with a constant .
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By using (14), (15) and (17), the functions f(s) and g(s) are determined by

«" (s 3k (s)x' (s .
{ﬂ@—_“g+ﬁgﬁeﬂ@mmmg 3(5) = el iy =1, on

f(s) = =55 —x2(s) +3¢(s) coth 6(s),  g(s) = spokitds ify = 1.

Thus, for the non-null constant vector C, the cylindrical surface M, is of generalized null 2-type,
that is, it satisfies
AH = fH+gC,

where f, g and C are given by (20) and (21), respectively.
Next, let the constant vector C be null, that is, # = 0. Then, we get

Ca(s) = £Cs(s).

We will consider the case Cy(s) = Cs(s). It follows from (16) Co(s) = €©), where
0(s) = — | x(s)ds + ko for some constant k. In this case, we have
7
£9 = =S8 -2 3, gl6) = 2 (oK) @)

and, for the null constant vector C, the surface satisfies the condition AH = fH + gC.

Case 3: Let M be of type M?!, thatis, ey = 1, &, = —1. In this case, the constant vector C is
space-like, time-like or null.
Applying the same method as in Case 2, the functions f(s) and g(s) are determined by

f(s) = K):((ss)) +x2(s) + 3x'(s) coth 6(s), g(s) = % ify =1,
f(s) = KK((SS)) +x2(s) + 3«'(s) tanh 0(s), g(s) = % ify = -1, (23)
f(s) = K:((S? +x2(s) + 3« (s), g(s) = %E_Q(S)K(S)K/(S) ify =0,

and the component functions of C are given by

Ca(s) =dysinh6(s), Cs(s) =dpcoshf(s), ify=1,
Cy(s) =dgcosh(s), Cz(s) =dpsinhf(s), ifn=-1, (24)
Ca(s) = £Cs(s), ifn =0,

where 6(s) = [ x(s)ds + ko for some constant xj.
Thus, from Cases 1, 2 and 3, Theorem 2 is proved. O

Example 1. We consider a surface defined by

(1, 1 1, 1
x(s, t) = (4s 5 Ins, 45 + 5 Ins, t) . (25)
This parametrization is a cylindrical ruled surface of type M. In this case, the mean curvature vector field

H of the surface is given by
11 1 1

H=(->— "\, —+-—0).
< 4 452’ 4+452'0>

By a direct computation, the Laplacian AH of the mean curvature vector field H becomes

3 3
AH - 7r—7/0 7
(254 2s% )
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and it can be rewritten in terms of the mean curvature vector field H and a constant vector C as follows:
AH = 6 H+C

where C = (%, }I, 0) is a null vector. Thus, the cylindrical ruled surface defined by (25) is a generalized null
2-type surface of the first kind.

Remark 1. A cylindrical surface in L® generated by the base curve w(s) with the curvature «(s) = % and a
constant director B is a generalized null 2-type surface of the first kind if the constant vector C is null.

4. Generalized Null 2-Type Non-Cylindrical Flat Surfaces

In this section, we classify non-cylindrical flat surfaces satisfying
AH = fH + gC. (26)

It is well-known that a non-cylindrical flat surface in the Minkowski 3-space IL? is an open part of
a conical surface or a tangent developable surface.
First of all, we consider a conical surface M in 3. Then, we may give the parametrization of M by

x(s,t) =wag+1tp(s), se€l, t>0,

such that (f'(s),B'(s)) = €1 and (B(s),B(s)) = e, where ag is a constant vector. We take the
orthonormal tangent frame {1, e} on M such that e; = %% and e; = %. The unit normal vector of M
is given by e3 = e7 X e5. By the Gauss and Weingarten formulas, we have

~ €187 €1€2K¢(8) ~ 1 ~ ~
v(flel = 7762 + %631 v8162 = ?elr V€261 = VEZeZ = 01
(27)
= e1xg(s) =
vé’] €3 = t €1, ve233 = O/

where #¢(s) = (B(s), B'(s) x B”(s)), which is the geodesic curvature of the pseudo-spherical curve
B(s) in Q?(¢). From (27), the mean curvature vector field H of M is given by

7€1Kg(5)

H=
2t

€3, (28)
and the Laplacian AH of the mean curvature vector field H is expressed as

381 & 1 & €1€2
AH = Z—ﬁ)xg(s)xé(s)el — 2731(;(5)62 + (2t3xé’(s) + 2T3K§(s) + TﬁKg(S) e3. (29)

Suppose that «, is constant. If x; = 0, by a rigid motion, the pseudo-spherical curve B(s) in Q(e)
lies on yz-plane or xz-plane. Thus M is an open part of a Euclidean plane or a Minkowski plane. If ¢
is a non-zero constant, from (27), we can obtain by a straightforward computation

B"(s) = e2(icg(s) — e1)p'(s)- (30)
Case 1: 82(K§(S) — &1) = k? for some real number k.
Let &7 = 1. Without loss of generality, we may assume B’'(0) = (0,1,0). Thus,

B" (s) = k*p/(s) implies

B'(s) = (By sinh ks, cosh ks + B, sinh ks, B sinh ks)
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for some constants By, B, and Bs. Since ¢ = 1, we have B% — B% = 1 and B, = 0. From this, we
can obtain
Bl 1. B3
B(s) = © coshks + Dy, x sinh ks, © cosh ks + D3 (31)
for some constants Dj, D3 satisfying D% — D% = kl—z + &5, BiD1 = B3D3 and B% — B% = 1. We now
change the coordinates by %, i, Z such that ¥ = Byx — B3z, =y, Z = —B3x + Byz, that s,

X By 0 —Bj3 x
7 l=] o 1 o y
z —B; 0 B z

With respect to the coordinates (X, 7,z), B(s) turns into

B(s) = <11{ cosh ks, % sinh ks, D) (32)

for a constant D = B;D3 — B3D; with D? = k% + €. Thus, up to a rigid motion M has the
parametrization of the form

1 1
x(s,t) =g+t (k coshks, 7 sinh ks, D) .

We call such a surface a hyperbolic conical surface of the first kind, and it satisfies

_ [(e&(1-D*-k?) e2D(1 — D?%k?)
AH = (thz H (g — (0,0,1).

Next, let (e1,€2) = (—1,1). We now consider a initial condition 8/(0) = (1,0,0) of the ordinary
differential equation (ODE) (30). Quite similarly as we did, we obtain

B(s) = <11{ sinh ks, % cosh ks + Do, % cosh ks + D3> ,

satisfying B + B = 1,B,Dy + B3D3 = Oand D + D3 = 1— .
If we adopt the coordinates’ transformation,

x 1 0 0 x
g = 0 Bz B3 y
4 0 —Bs By z

With respect to the new coordinates (%, 7, Z), the vector B(s) becomes

B(s) = (11c sinh ks, % cosh ks, D) , (33)

where D = ByD3 — B3D, with D? =1 — klZ We call such a surface generated by (33) a hyperbolic conical
surface of the second kind and it satisfies

1+ D?+k? D(1+k*D?)
AH = ( K212 > ( 2k4t3

> (0,0,1).

Case 2: 82(K§(S) —¢1) = —k? for some real number k.
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Let &g = 1. We may give the initial condition by '(0) = (0,1,0) for the differential equation
B"'(s) + k?B'(s) = 0. Under such an initial condition, a vector field B(s) is given by

B 1 B
B(s) = (_kl cosks—l—Dl,Esinks,—?3 cosks+D3) ,

where Bj,B3,D; and D3 are some constants satisfying B% - B% = 1, ByD; = B3Dj3 and
D? - D} = kl—z — &5. If we take another coordinate system (X, 77, Z) such that

X=—-B3x+Biz, y=y, Z=Bix— B3z

then a vector B(s) takes the form
1 . 1
B(s) = (D, sin ks, 7 Cos ks) , (34)

where D = B1D3 — B3D; satisfying D? = k% — &3. We call such a surface generated by (34) an elliptic
conical surface and it satisfies

(e —eD*>—k? _ (D(k¥*D*-1)
AH = <k2t2 H- | —Fas— (1,0,0).

Case of e = —1 gives g = —1. It is impossible by the causal character of Lorentz geometry.

Case 3: K;(S) —e =0.

In this case, x3(s) = 1, in other words, &; = 1, which implies by using (27) (8" (s), 8" (s)) = 0.
Since B’ (s) is a constant vector by (30), we may put p”(s) = (dy,d,d3) for some constants dy, do,
d3 satisfying —d? +d3 + d3 = 0 and so B'(s) = (dis + ki, das + ka, d3s + k3) for some constants ky, k»
and k3. Since (B'(s), B'(s)) = e1 = 1, we may set (kq,kz,k3) = (0,1,0) up to an isometry and hence
B(s) = (%s2 +c1, %52 +s+cy, %352 + ¢3) for some constants ¢1, ¢, and ¢3. However, (B(s), B(s)) = e

implies d) = ¢ = 0 and d% = d%, —C% + c% =&y, —d1c1 +dszc3 +1 = 0. Thus, B(s) takes the form

d d
B(s) = (2152 +cq,, 7352 + C3) . (35)

We call such a surface generated by (35) a quadric conical surface.

As shown in the Introduction, a quadric conical surface is of generalized null 2-type of the first
kind. Let us suppose that «; is a non-constant, i.e., Ké # 0 on an open interval. Suppose that M is of
generalized null 2-type, that is, M satisfies the condition (4). Then, we have the following equations:

3o (s)x,(s)
gz% =8Cy, (36)
g (s)
-5 =8C (37)
1 €Kq (S
~ 3 (elezxg(s) + el;c;(s) + Kg(s)) =2 th( )f +gGC;3, (38)

where C = ¢1Cieq + e2Caen — €162Cze3 with C; = (C,eq), Co = (C,e2) and C3 = (C,e3). Since
e1 = B'(s), e2 = B(s) and e3 = B/(s) x B(s), the component functions C; (i = 1,2,3) of C depend only
on variable s. Let us differentiate C;, C; and Cs covariantly with respect to e;. Then, from (27), we
have the following equations:

C1(s) + €182Ca(s) — e162K¢(5)C3(s) =0, (39)

Ca(s) = Ci(s) =0, (40)
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C3(s) — e1kg(s)Ca(s) = 0. (41)
Combining (36) and (37), and using (40), we have

Cl=-——£f and G =, (42)
Ke s
where c is a constant of integration.
Together with (37) and (42), we can find
5
K
8
=——. 4
§ 2ct3 43
Substituting (42) into (39), we get
(k2 — Beqeakor!” + 12616k,
C3:(g 12g63 12g)' (44)
K
8
Then, (38) and (44) lead to
f= t2 2 (4£1£2Kg7€ - 1281821{ S €1K4). (45)
Furthermore, it follows from (41) and (42) that
3eqcK,
/ 8
G = 3
8
and its solution is given by
381C
Csz = 2 +a (46)
s
for some constant a.
Combining (44) and (46), the geodesic curvature «, satisfies the following equation:
4 ,o 1 1 a
Ké’ - K—gxé — 3E162Kg + Eezxg’, + B—ielszxg =0. (47)
To solve the ODE, we put p = Ké. Then, (47) can be written of the form
chg — ?gp = ; <38182Kg — §€2Kg — §€1€2Kg , (48)

and it is a Bernoulli differential equation. Thus, the solution is given by

1 1 2
p= iKg (azK —|-3 81€2Kg+4 ;, 96182) ,

which is equivalent to

Nl—=

4 g

= /lp(v)dv

3 €1€2K + - 1 K2 ;8182> dxg = +ds

-1
Kg <a2K +

for some constant a,. If we put
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where )
1 1 2
(o) =ov ! (a206 + %81822}4 + Zezvz — 98182> ,
and then we have
F(kg) = £s5+a3 (49)
for some constant a3. Thus, the geodesic curvature x, is given by
Ke(s) = Fl(%s +a3). (50)
Furthermore, the constant vector C can be expressed as
3cx! (K2 — Bereak ok’ + 12eq60%" 2
C= e+ e+ (kg =3 L Sl g)eg,. (51)
Ke Kg Kg
Conversely, for some constants a1, a; and ¢ such that the function
1 1 \?
-1 6, M 4 2
= = Je20% — 2 2
P(v) =0 (azv + 31627 + 1520 9€1€2> (52)

is well-defined on an open interval | C (0, ), we take an indefinite integral F(v) of the function
P(v). Let I be the image of the function F. We can take an open subinterval J; C J such that
F: J; — Iis a strictly increasing function with F'(v) = ¢(v). Let us consider the function ¢ defined by
@(s) = F~1(+£s + a3) for some constant a3. Then, the function ¢ satisfies F(¢) = +s + a3.

For any unit speed pseudo-spherical curve B(s) in Q?(e) with geodesic curvature x,(s) = ¢(s),
we consider the conical surface M in L3 parametrized by

x(s,t) =wag+1tp(s), se€l, t>0, (53)

where « is a constant vector. Given any nonzero constant ¢, we put f and g the functions, respectively,
given by

5
€ 2
f(s,t) = —ﬂizz(‘lslﬁzﬁl’ﬁo” — 1261629 +e1gt), gls,t) = — s, (54)
@ 2ct
For a nonzero constant ¢ and the pseudo-orthonormal frame {ey, e, e3} on L3 such thate; = %% and
e = % are tangent to M and e3 normal to M, we put
3¢’ c (¢ — 3e16209" + 12e162¢'%) . (55)

C= e1 + —xe +
¢* ¢° ¢°
Note that it follows from the definition of ¢ that the function ¢ satisfies (47). Hence, using (27), it is

straightforward to show that
v€1C == ngc = O,

which implies that C is a constant vector. Furthermore, the same argument as in the first part of this
subsection yields the mean curvature vector field H of the conical surface M satisfies

AH = fH+ gC,

where f,¢ and C are given in (54) and (55), respectively. This shows that the conical surface is of
generalized null 2-type.
Thus, we have the following:



Symmetry 2017, 9, 14 12 of 15

Theorem 3. Let M be a conical surface in the Minkowski 3-space 3. Then, M is of generalized null 2-type if
and only if it is an open part of one of the following surfaces:

(1) a Euclidean plane;

(2)  a Minkowski plane;

(3)  a hyperbolic conical surface of the first kind;
(4)  a hyperbolic conical surface of the second kind;
(5)  an elliptic conical surface;

(6) a quadric conical surface;

(7)  a conical surface parameterized by

x(s,t) = ag +tp(s),

where wg is a constant vector and B(s) is a unit speed pseudo-spherical curve in Q? (&) with the non-constant
geodesic curvature kg which is, for some indefinite integral F(v) of the function

Nf—=

1 1 B
P(v) =01 <a206 + %818204 + 18202 — 98182)

with a1, a3, ¢ € R, given by
Ke(s) = F‘l(is +as),

where az is constant.
Next, we study tangent developable surfaces in the Minkowski 3-space L3.

Theorem 4. Let M be a tangent developable surface in the Minkowski 3-space 1L3. Then, M is of generalized
null 2-type if and only if M is an open part of a Euclidean plane or a Minkowski plane.

Proof. Let a(s) be a curve parameterized by arc-length s in L3 with non-zero curvature x(s). Then, a
non-degenerate tangent developable surface M in L3 is defined by

x(s,t) = a(s) +ta'(s), t#DO.

In the case, we can take the pseudo-orthonormal frame {ej, ey, e3} of L3 such that e; = % and
ey = t;ﬁ (% — %) are tangent to M and e3 is normal to M. By a direct calculation, we obtain
~ ~ ~ 1 ~ €167 e17(s
Vglel == Vglez == 0, vezel = —@€y, szez = ——e1 — ( )63,
t t t(s)
(56)
e27(s)

vfl 63 = O/ veze?) =

t(s)
where (e1,e1) = e1(= 1), {ez,e2) = e2(= £1) and 7(s) is the torsion of «(s). Therefore, the mean
curvature vector field H of M is given by

7(s)

H= 2tx(s)

es3. (57)
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By a long computation, the Laplacian AH of the mean curvature vector field H turns out to be

2
253 1 2 /2 /
AH = ———e¢ —(31{7 — 2K’ Tt 3KTTf)€
223 1+2K4t4 + 2
3.2 / 2 P AVERY (58)
— | —e1x°Tt €1k Tt — 3erkT — (e1k°t + €2k ) (—
+2K4t5( 1 T & 2 (e16°t + &2 )(K)

T
—eoi?(=)"#? — £1T3Kf2> e3.
K

Suppose that M is of generalized null 2-type, that is, M satisfies AH = fH + gC for some smooth
functions f, g and a constant vector C. With the help of (57) and (58), (4) can be written in the form

2
T
8C1 = ~5ap
€2 2 ) /
C = (3;{1’ —2KTt+3KTTt),
8527 pdpd (59)
_512i2t7-'f +gC3 = —% (—€1K3Tt2 + ek Tt — BeonT — (et + szmc/tz)(%)’

T
—ek?(=)"#? — £1T3Kt2> ,
K

where C = ¢1Cye1 + €2Coep — £162C3e3 with C; = <C, €1>, C = <C, €2> and C3 = <C, 83>. In this case,
the components C; of C are functions of only s. It follows from (56) that we have

Ci — £2KC2 = 0, (60)
Ch + e1xCy + e127C3 = 0, (61)
Ch + e21Cy = 0. (62)

By combining the first and second equations of (59), we get
3epkT2Cy + (BeakTT' Cp — 262" T2Cy + 6>T2Cy)t = 0.
This shows that we obtain
3€2KT2C1 =0,
/ ) 2.2 (63)
3erokTT C1 — 260k T°C1 + x°T1°Co = 0.

Consider the open set O = {p € M|t(p) # 0}. Suppose that O is a non-empty set. (63) shows
that C; = 0 and C, = 0, and it follows from (61) that C3 = 0. That is, C = 0 on O. In addition, (59)
gives T = 0, and it is a contradiction. Thus, the open set O is empty and 7 is identically zero. Therefore,
a(s) is a plane curve, and the surface M is an open part of a Euclidean plane or a Minkowski plane.
The converse of Theorem 4 follows a straightforward calculation. [

5. Null Scrolls

Let a = a(s) be anull curve in L? and B = B(s) a null vector field along a satisfying (a/, 8) = —1.
Then, the null scroll M is parameterized by

x(s,t) = a(s) + tp(s). (64)

Furthermore, without loss of generality, we may choose «(s) as a null geodesic of M, i.e, (a/(s), B/'(s)) =
0 for all s. By putting y(s) = a/(s) x B(s), then {a/(s), B(s), 7(s)} is a pseudo-orthonormal frame along
a(s) in L3. We define the smooth functions k and u by

k(s) = (&"(s),7(s)), u(s) = (B(s),7'(5))-
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On the other hand, the induced Lorentz metric on M is given by g11 = u(s)?t?, 12 = —land g»p =0.
Since M is a non-degenerate surface, 1 (s)t is non-vanishing everywhere.
In terms of the pseudo-orthonormal frame, we have

a"(s) = k(s)7(s),
B'(s) = —u(s)v(s), (65)
7' (s) = —u(s)a’(s) + k(s)B(s).

The mean curvature vector field H of M is given by
H= —uztﬁ +uy,
and its Laplacian AH is expressed as
AH = (—duu’ — 2u*t) + 2uy. (66)
Suppose that M is a generalized null 2-type surface. Then, we have

dur’ + 2utt = uPtf — gCy,
8C1 =0, (67)
21/13 = Mf + gC3,

for a constant vector C = Cya’ 4+ C5 + C3y with C; = —(C, B), Co = —(C,a’) and C3 = (C, 7).
Suppose that g is identically zero. By combining the first and third Equations in (67), we see that
u is constant, say 1. In this case, we have f = Zu%. Thus, M is a B-scroll, and it satisfies AH = Zu%H
(see [16]).
Consider the open set O = {p € M|g(p) # 0}. Suppose that O is a non-empty set. Then,
from (67), we find C; = 0 on a component Oy on O. Let us differentiate C; with respect to s and
use (65). Then, C3 = 0 on 0. Since

o x B =—ua, o xB=kB,
by differentiating the equation C3 = 0 with respect to s, we can obtain
kCy —uCy = 0.

It follows that C, = 0 on Oy because C; = 0 and u # 0. Since C is a constant vector, it is a zero vector.
From the first and third Equations in (67), u is a non-zero constant, say 1o, and f = Zu% on M. Thus, M
is of null 2-type and it is a B-scroll.

Consequently, we have

Theorem 5. Let M be a null scroll in the Minkowski 3-space 3. Then, M is of generalized null 2-type if and
only if M is an open piece of a B-scroll.

We now propose an open problem.

Problem 1. Classify all generalized null 2-type surfaces in the Euclidean space or pseudo-Euclidean space.
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