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1. Introduction

Type-2 fuzzy sets, which were introduced by Zadeh [1] in 1975, are an extension of the ordinary
(type-1) fuzzy sets since truth values of the latter are precise on the unit interval [0, 1], while the former
are equipped with fuzzy truth value mappings from [0, 1] to itself. Type-2 fuzzy sets are used mainly
in different control systems [2-8] and other related fields [9-15].

There is some literature studying operations on type-2 fuzzy sets, such as type-2 aggregations [16],
type-2 t-(co)norms [17-20], type-2 negations [21] and type-2 fuzzy implications [22], and other
operations [23-29] and so on. All of the results obtained in the above work are based on continuous
type-1 operations. On the other hand, uninorms, which are a generalization of t-norms and
t-conorms, are not continuous if their neutral elements are in the open interval (0,1). Fuzzy
implications (coimplications) [30,31] also are important operations in fuzzy logic and applied in
related fields [32-34]. By using uninorms and other fuzzy logic operations, we can construct fuzzy
implications (coimplications), such as (U,N)- and RU-implications (coimplications) [32,35] (Their
concepts can be seen from Definitions 9 and 10 in this work, respectively). The well-known classes
of uninorms are the %nin and %max classes [36], representable uninorms [36], idempotent uninorms
[37,38] and uninorms continuous in (0,1)? [39]. Xie in Ref. [40] introduced the concept of type-2
uninorm, and extended uninorms, which belong to %nin and %max classes, to type-2 fuzzy sets and
discussed under which conditions they are type-2 uninorms. Now, in this work, we will extend
representable uninorms and fuzzy implications (coimplications) derived from them to type-2 fuzzy
sets. The paper also discusses in which algebra of fuzzy truth values they are classified in, i.e., type-2
uninorms and fuzzy implications (coimplications), respectively.

The rest of this paper is organized as follows. In Section 2, we recall some fundamental concepts
and related properties and introduce the definitions of type-2 uninorms and fuzzy implications
(coimplications). In Section 3, we investigate extended representable uninorms. Especially, we study
their distributivity over type-2 meet and uninon and hence present conditions under which extended
representable uninorms are type-2 uninorms. In Sections 4 and 5, we consider extended (U,N),
(RU)-implications (coimplications) derived from representable uninorms, and study in which algebras
of fuzzy truth values they are type-2 fuzzy implications (coimplications), and discuss their properties
on type-2 fuzzy sets.
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2. Preliminaries

Some concepts and facts will be listed in this section. For the sake of convenience, we use .# to
denote the unit interval [0, 1].

Definition 1. In References [41,42], a binary function U : 9% — .7 is called a uninorm if it is commutative,
associative, non-decreasing in each place and there exists some element e € % (called neutral element of U) such
that U(x,e) = x forall x € 7.

Obviously, the function U is a t-norm if e = 1, and a t-conorm if e = 0. Fodor and Yager [36]
proved that U(0,1) € {0,1}. U is said to be conjunctive if U(1,0) = 0, and disjunctive if U(1,0) = 1.
We use U, and Uj to denote the sets of conjunctive uninorms and disjunctive uninorms, respectively.

The usual classes of uninorms are the %nin and %max classes [36], representable uninorms [36],
idempotent uninorms [37,38] and uninorms continuous in (0, 1)2 [39]. Because representable uninorms
are needed in this work, we only review definitions of representable uninorms. For the left three kinds
of uninorms, one can refer to [36,37,39].

Definition 2. A uninorm U with neutral element e € (0,1) is said to be representable if there exists
a strictly increasing and continuous function h : [0,1] — [0, +-c0] with h(0) = 0, h(e) = 1 and h(1) = 400
such that U is given by U(x,y) = h~'(h(x) + h(y)) for all (x,y) € [0,1]\{(0,1),(1,0)}, and either
u(0,1) = U(1,0) = 1or U(0,1) = U(1,0) = 0.

Here, h is called an additive generator of L.
Definition 3. In reference [31], a function I : 92 — .7 is called a fuzzy implication if it is decreasing in its
first variable and increasing in its second variable and satisfies 1(0,0) = 1(0,1) = I(1,1) = 1 and I(1,0) = 0.

Definition 4. In reference [30], a function | : 9> — 7 is called a fuzzy coimplication if it is decreasing in
its first variable and is increasing in its second variable and satisfies J(0,0) = J(1,1) = 0and J(0,1) = 1.

Definition 5. In references [22,24], fuzzy truth values are mappings of & onto itself. The set of fuzzy truth
values is denoted by F.

Example 1. Two special fuzzy truth values are the following:

M@={1’xza 1(36)2{1,x:1,

0, otherwise. 0, otherwise.

Generally, for any constant e € [0, 1], we define fuzzy truth value e as

e(x) = 1, x=e
) 0, otherwise.

Definition 6. In reference [20], a fuzzy truth value f € % is said to be

(i) normal if there exists some x € [0,1] such that f(xg) = 1. The set of all normal fuzzy truth values is
denoted by Fy.

(ii) convex if forall x < z <y, f(z) > f(x) A f(y). The set of all convex fuzzy truth values is denoted
by yc.

Let Fcn denote the set of all convex and normal fuzzy truth values.

According to Zadeh’s extension principle, a two-place function * : .#% — .# can be extended to
>, 1 #2 — . by the convolution of x with respect to A and V. Let f,¢ € .Z, then

(freg)z) =V (f(x) Ag(y).

Z=X%Y
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Here, > is called the extended *, or extend operation of *.

Example 2. (i) If * is t-norm Tp; = min or t-conorm Sy = max, then we get
(femg)@ =V (fx)Agy)
z=xA\Y
(fesu8)@ =V (fx)Agy).

z=xVy

The forms of (1) and (2) are rewritten as f M g and f LI g, respectively.
(ii) If * is uninorm U, then we have extended uninorm by

frug)z) =V (fx)rgy).

z=U(xy)

30f18

@

@)

The operations M and LI above define two partial orders T and < on .# [20]. In particular, f T g
ifand only if fMg = f,and f < gif and only if f Ll g = g. In general, the two partial orders are not

the same and neither implies the other. However, the two partial orders coincide in .Zcy;.

Forany f € .7, let

=V ), ff=\V fy), =V (fFx).

y=x y<x x€[0,1]

Remark 1. In reference [20], the following holds. (i) For any fuzzy truth value f, f" is increasing and fR is

decreasing.
(ii) A fuzzy truth value f is convex if and only if f = f& A fR.
(iii) For any fuzzy truth values f and g, it holds that

fug = (fAghvFErg) =(fVe) A(fFAgh),
frg = (FAgHVIFRAg) =(Fve A(FRagh).

Proposition 1. Let f,g € F. If f is convex and g is normal, then

fufng)=fn(fug) =r.

Theorem 1. In reference [20], let T be a t-norm and S be a t-conorm. The following hold for all f,g € %

only if h is convex:

(i) (fng)erh=(ferh)n(g>rh), (fug)>rh=(ferh)U(g>Th),
(it) (fNg)>sh=(f>sh)N(g>sh), (fUg) >sh=(f>sh)U(gr>sh).

if and
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Definition 7. Forany f € %, let

frloy =V fly), x<1,

y>x
flx) =\ fly), x>0,
y<x
f =V flw.
ye(0,1)

Type-1 uninorms and fuzzy implications (coimplications) are defined in the algebra
I = (4,V,A <,0,1). We will define type-2 uninorms and fuzzy implications (coimplications)
analogously to their respective type-1 counterparts. The underlying set of truth values is generalized
from .# to a subset of .#, and since it may not be a lattice, the two partial orders defined by T and <
are considered instead of <.

Definition 8. Let A = (<7,0,1,C, <), where o C F.

(i) A function e : F2 — F is called a type-2 uninorm over <, if it is commutative, associative,
non-decreasing in each variable with at least one of the partial orders T and =<, and there exists e € %, called
the neutral element of e, such that f ee = f forall f € F.

(i) A function o : F2 — F is called a type-2 fuzzy implication over A, if it satisfies

0oc0=101=001=1,100=0,

and it is antitone in the first arqument and monotone in the second argument w.r.t. at least one of the partial
orders C and <.
(iii) A function o : F2 — F is called a type-2 fuzzy coimplication over A, if it satisfies

000=1¢1=0,001=1,

and it is antitone in the first and monotone in the second argument w.r.t. at least one of the partial orders C and
=

Remark 2. It is worth pointing out that extended fuzzy implications (coimplications) or uninorms are not
necessary type-2 fuzzy implications (coimplications) or uninorms. We will try to find the conditions under
which extended fuzzy implications (coimplications) or uninorms are type-2 fuzzy implications (coimplications)
or uninorms.

3. Extended Representable Uninorms

Lemma 1. Let of C %, U be a type-1 uninorm with neutral element e € (0,1), and 0>y be its extension. Then
D1 i commutative, associative and has neutral element e.

Proof. Itis easy to check that >(; satisfies commutative, associative properties,

and (fue)(z) = V. (f(x)Aey)= V (f(x)=/f(2) a

U(xy)=z U(x,e)=z
In the following, we first will consider the case that U is a conjunctive representable uninorm, i.e.,
it satisfies U(0,1) = U(1,0) = 0.

Proposition 2. Let o7 C .#, U be a type-1 conjunctive representable uninorm with neutral element e € (0,1),
and g be its extension. Then, ((f >y h) (g >y h)) = ((fNg) >y h) forany f,g € o ifand only if h is
convex on .S .
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Proof. Let

() = (

and

(IT)

=((foum)r

(frgcuh)z =V

U(pAgy)=z

(f(p) Anglq) Nh(y))

(g >uh))(z) = V

U(p,s)AU(q,t):z

(f(p) A g(q) AR(s) AR(t)).

(<) Suppose h is convex on .Z.

It can be proved that (I) =

(II) always holds for z = 0 or 1. In fact, if z = 0, then

(M =V (fp)Asla) AR())
U(pAgy)=0
= (f(p) Ng(q) Ah(y))
pAg=0 O y=0
= (Vv (Upenrg@arm)V( VvV (flp)rgla) Ah(y))
p=0, 4>0, y>0 q=0, p>0, y>0
VoY G Ag) AnG)
= (F(0) AR ARER) v (3(0) A FXR ARER) v (1(0) A g1R A 1K),
and
(1) = V (f(p) Ng(q) Nh(s) Ah(t))
U(p,s)AU(q,t)=0
= V (f(p) ng(q) A (1))
U(p,s)=0, U(q,t)>0
VA V (f(P) g(g) A (1))
U(p,s)=0, U(q,t)=0
= (f(p) Ng(q) Ah(s) Ah(t)))
(p=0, or s=0), q,t>0
VAR 0 o (f(rf)/\g() h(s) Ah(t)))
p,520, (=0, Or t=0
— (f( )/\gLR/\hLR/\hLR)\/( LR/\gLR/\h( )/\hLR)
Vo (FER A g(0) ARER A RERY v/ (FER A LR A RLR A R (0))
= (f(0) AGER ARER) v (FER A GER A K(0))
Vo (fERAG0) ARER) v (FER A GER AK(0))
= (f(O) AR ARER) v (g(0) A fER ARER) v (1(0) A gHR A FER).
thus, (I) = (II) forz = 0.
If z =1, then
(I) = Vo (f(p)Aglg) Nh(y))
U(pAgy)=1
= (V. (fprgl@nhy))V( V (f(p) A g(q) AR(y)))
pAG=1, y>0 pAG>0, y=1
= (p:q:\{ y>0(f(P)/\g(q)Ah(y)))V(p \/ (f( ) Ag(q) AR(y)))

= (f(HA

(W) AR(0)) V (f7(0) A g"(0) A h(l))/

50f18
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and
(1) = V (f(p) Ag(q) Nh(s) Ah(t))
U(p,s)AU(q,t)=1
= % (f(p) Ag(q) Ah(s) Ah(t)))
U(ps)=1=U(q,t)
= V (f(p) Ag(q) AR(s) AR(t)))
p=1,s>0, g=1, t>0
Vo V (f(p) Ag(q) AR(s) AR(t)))
p=1, s>0, >0, t=1
Vo V (f(p) Ag(q) Nh(s) AR(t)))
s=1, p>0, g=1, t>0
Vo V (f(p) Ag(q) AR(s) AR(t)))
s=1, p>0, ¢>0, t=1
= (f()Ag(1) AR (0) AKT(0)) V (f(1) Ag"(0) AR(1) AK(0))
Vo (F7(0) Ag(1) AR(L) AR (0)) V (f7(0) Ag"(0) AR(1) AK(1))
= (F(1) Ag() AR () V (F(1) Ag"(0) AR(1))
Vo (f7(0) Ag(1) AR(1)) V (f7(0) Ag"(0) AR(1))
= (f()Ag(1) AR (0)) v (f(0) Ag"(0) AR(1)).

thus, (I) = (II) forz = 1.

Now, it is enough to consider z € (0,1). It is clear that (I) < (II). In the following, we will show
that (I1) < (I).

LetU(p,s) ANU(gq,t) =z € (0,1) in (II).

(i) Suppose U(p,s) = U(g,t) = z. Then,lety =sVt.SoU(pAq,y) =zand f(p) Ag(q) Nh(y) >
£(p) Aglg) A(s) AR(D).

(ii) Suppose U(p,s) = z < U(q, t). In this case, if U(g,s) > z = U(p,s), then g > p. We can take
y=sand getthat U(p Aq,y) = U(p,s) = zand f(p) Ag(q) Nh(s) = f(p) Ag(q) ANh(s) Ah(t).

If U(q,s) < z = U(p,s), theng < pand U(g,s) < z < U(q,t). We can prove that g € (0,1).
Otherwise, if ¢ = 0, then U(g,t) = 0, which contradicts U(g,s) <z < U(g,t)and z € (0,1). Ifg =1,
from U(g,s) < z < U(q,t), we can obtain s = 0 and t > 0. However, z = U(p,s) = U(p,0) = 0, which
is a contradiction with z € (0,1). As aresult, g € (0,1). Since U(g, -) is continuous, there exists some
c € (s,t) such that U(g, c) = z. Again, because & is convex, it holds h(c) > h(s) A h(t). That is to say,
U(pAg,c)=U(g,c) =zand f(p) Ag(q) Nh(c) = f(p) Ag(q) Nh(s) Ah(t).

(iii) Suppose U(q,t) = z < U(p,s). It is similar to (ii).

Summing up the above, we can obtain that, for any p, q,s,t € .# fulfilling U(p,s) AU(q,t) = z,
there always exists some y € .# such that U(p Aq,y) = zand f(p) Ag(q) Nh(y) > f(p) ANg(q) A
h(s) Ah(t). Thus, (II) < (I) forz € (0,1).

(=) Suppose that (I) = (II).Let f = eand g(q) = {

Foranyz € (0,1),

1, g>e,
0, otherwise.

(I = Vo (f(p)Aglq) Nh(y))

U(pAq.y)=z

= V. (ry)) =h(z),

U(ey)=z2

and

(1) = V (f(p) Ng(q) Nh(s) Ah(t))
U(p,s)AU(q,t)=z

= Vo (h(s) Ah(t))
sAU(gt)=z, =e
> Vv (h(s) A h(t))
U(gq,t)=z, s>z, g>e
= RNV (D).
U(qt)=z, q>e
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It can be proved that (h(t)) = V (h(t)). In fact, if U(g,t) = zand g > e, thent < z
U(g,t)=z, g>e t<z
and hence V (h(t)) < V (h(t)). On the contrary, if t < z, there always exists some
U(q,t)=z, g>e t<z
g = h™'(h(z) — h(t)) > e such that U(q,t) = z and so V (h(t)) > V (h(t)). From the
U(g,t)=z, g>e t<z
above, we know that V (h(t)) = V (h(t)). Following this fact, we can get that
U(g,t)=z, g>e t<z
(I1) = Vv (f(p) A 8(q) Nh(s) AR(E))
U(p,s)AU(q,t)=z
= Vo (h(s) AR(t))
sAU(q,t)=z, g>e
> Vv (h(s) A R(t))
U(qt)=z, s>z, g>e
=N (Vo (k1)
U(g,t)=z, g>e
=hR(z) AV (h(1)))
t<z
= hR(z) AL (Z).

Consequently, h(z) > hR(z) A hL(z). Since h(z) < hR(z) A ht(z) always holds, then h(z) =
hR(z) A hE(z) holds for any z € (0,1). Because h(0) = hL(0) and h(1) = hR(1), then h(z) = hR(z) A
hk(z) always holds for z = 1 or 0. Consequently, / is convex on .#. O
Theorem 2. Let o7 C %, A = (/,0,1,C, <), Ubea type-1 conjunctive representable uninorm with neutral

element e € (0,1) and g be its extension. Then, 1 is a type-2 uninorm on A with neutral element e if and
only if o C Fc. Moreover,

(f(0) A gMR) v (g(0) A fLR) z=0,
(f(1)Ag"(0)) v (g(1) A £7(0)) z=1,
(fougz) = E}{)UU(%) Agoh~l(h(z) — h(x))) or (3)
V (g)Afoh Y (h(z) —h(y)))  otherwise,
y€(0,1)

where h is an additive generator of U.

Proof. (<) Lemma 1 shows that >(; is associative, commutative and has neutral element e. Suppose
fi, f2, f3 € & and fi C fp. Then f; M f, = f1. From the above proposition, we obtain that (f; >y
fg) [l (f2 >u fg) = (fl |_|f2) >u f3 = f1 >u f3, which implies thatf1 >u f3 C fz >u f3. That is to say,
> is increasing with the partial order C.

Consequently, > is a type-2 uninorm on A.

(=) Forany fi, f», f3 € o with f; C f,, we have f; > f3 C fo Dy f3, which means that (f; >y
f)N(fa>u f3) = i bu fs = (fiTf2) Bu fa. Thus, (fi >u f3)1(fi Bu f3) = (A1 f2) >u fa.
Again from Proposition 2, we have that f3 is convex. Thus, & C .

Forany f,g € o, itholds that (f >y g)(z) = V  (f(x)Ag(y)).

U(x,y)=z
z=04 x=0o0ry = 0. Then )

(FE AV (V. (fx)Ag)

y=0, x€[0,1]

Vo (f@ag) = (

U(x,y)=0 x=0,
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z=1<x=1andy € (0,1],ory = 0and x € (0,1]. Then

Vo f@Aag) = (V. @AtV (V. (Fx)Ag)

U(xy)=1 x=1, y€(0,1] y=1, x€(0,1]

= (f()Ag(0)V(g(1) A f(0)).

If z € (0,1), then x,y € (0,1) and U(x,y) = z = y = h Y (h(z) — h(x)) or x = k1 (h(z) —

h(y)). So vV (f(x)Ag(y)) = Vv (fx)Agy) = V (f(x)Agoh™'(h(z) —h(x)))
U(x,y)=2z h=Y(h(x)+h(y))=z x€(0,1)
or }él)(g(y)Athfl(h(Z)—h(J/)))- O
ye(o,

Similar to the above, we have the following facts for disjunctive representable uninorms.

Proposition 3. Let o C .7, U be a type-1 disjunctive representable uninorm with neutral element e € (0,1)
and >y be its extension. Then, ((f >y h)U (g >y h)) = ((fUg) >y h) forany f,g € o ifand only if h is
convex on 5.

Theorem 3. Let o7 C %, A = (/,0,1,C, <), U be a type-1 disjunctive representable uninorm with neutral
element e € (0,1) and >y be its extension. Then, >y is a type-2 uninorm on A with neutral element e if and
only if & C %c. Moreover,

(f(1) AgHR) v (g(1) A fER) z=1,
(f(0) Agh(1)) v (g(0) A f1(1)) z=0,
FougE) =1 Y (0 AgoIr ) ~h(x))or @
V. (gy) A foh  (h(z) —h(y))) otherwise,
ye(0.1)

where h is an additive generator of U.

4. Extended (U,N)-Implications ((U,N)-Coimplications) and Their Properties

Definition 9. A function Iy N : #% — .7 is called a (U,N)-operation if there exists a uninorm U and a strong
negation N such that

Iun(x,y) =U(N(x),y), x,y € 7.

Baczyriski and Jayaram in Reference [32] have proved that I iy is a type-1 fuzzy implication if
and only if U is a disjunctive uninorm.

By the same way, we can define (U,N)-coimplications [i; y from a conjunctive uninorm U and a
strong negation N, that is

Jun(x,y) = U(N(x),y), x,y € 7.

For a (U,N)-implication Ij; y derived from a disjunctive uninorm U and a strong negation N, its
extended operation is given by

(fory 8)(2) = Vo (f(x)Agy)

U(N(x),y)=z

Vo (foN(x)Ag(y))
U(xy)=z
= ((foN)>ug)(2)
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For a (U,N)-coimplication [i; y derived from a disjunctive uninorm U and a strong negation N,
its extended counterpart is given by

(f By 8)(z) = Vo (f(x) A gy)

U(N(x)y)=2

= V (foN(x)ng(y))

U(xy)=z

((foN) >u g)(2).

Lemma 2. Let & C .F, Iy y be a (U,N)-implication derived from a disjunctive representable uninorm U and
a strong fuzzy negation N, and 1>y, , be the extended operation of Iy,N. Forany f,g € o, if f, ¢ € Fn, then
f >y § is normal.

Proof. If f, g is normal, then there exist xg, yy such that f(xo) = 1 and g(yo) = 1. It can be proved that

there correspondingly exists some zg such that U(N(xg), o) = zo. In fact, if xo = 1 and yp € [0,1),

thenzg = 0;if xo = land yp = 1, thenzp = 1;if xo = 0 and yp € [0,1], thenzy = 1;if xy € (0,1) and

Yo = 0,thenzyg = 0;if xg € (0,1) and yp = 1, then zg = 1; if xp € (0,1) and yy € (0,1), then take

zo0 = h=1(h(N(x0)) + h(yo)) € (0,1), where h is an additive generator of representable uninorm U.
Consequently, we have that

(f Bryy 8)(20) = vV o (f(x)Agy)
U(N(x),y)=z0
= (Vv (fx)rgy)) V( \ (f(x) Ag()))
U(N(x0),50)=20 U(N(x)y)=z0, x#X0, Y7Yo
= 1
Namely, f >y, & is normal. O

Lemma 3. Let o/ C %, Iy N be a (UN)-implication derived from a disjunctive representable uninorm U
and a strong fuzzy negation N, and t>y, , be the extended operation of Iy N. Forany f,g € </, if f,g € Fc,
f > Iun 8 S fc,

Proof. Assume that f,g € #cand0 < x <z <y < 1. Then,

(f By )X) A (f iy 8 ) = V (f(x1) A f(ya) A g(x2) Ag(y2))-
Iun(x1.x2)=x, IuN(Y1.y2)=Y
Since0 < x <z <y < 1,itholds that 0 < x1,x2,¥1,¥2 < 1. Leta™ = x1 Ayy, at = x1 Vy,
b= =x3 Ay, bt =x3Vys. Then, x,y € Iyn([a—,at],[b~,b"]). Again because I y is continuous in

(0,1)?, there exist z; € [a~,a"] and z; € [b~,b"] such that z = I;; 5 (21, 22). Because f and g is convex,
then f(x1) A f(y1) < f(z1) and g(x2) A g(y2) < g(z2) and hence

(f gy A (f oy 9)y) = V (f(x1) A fy1) Ag(x2) Ag(y2))

Iun (x1,%2)=%, IuN(Y1,42)=Y

< Vo (f(z1) Ag(22))

hyn(z1,22)=2

= ([P 8)2)

Thus, (f >1,y § = (f 1y DEN(f >IN ¢)R for any z € (0,1). Again because (f D1,y 8)(0) =
(F Bt ©(0) = (F 1 9(0) A (f B1 £)F(0) and (F 1 (1) = (F 1y R) = (F By
g)L(l) A (f D> Iun g)R(l)f f Pruny & = (f > run g)L N (f D> Iun g)R always holds for any z € ..
Namely, f >y, § € Zc. O
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Remark 3. The above proof that >,  is convex on z € (0,1) is similar to that of Proposition 3.6 in Ref. [29].
However, for the consistency of this proof, we give it again.

Lemma 4. Let o7 C .F, I N be a (U,N)-implication derived from a disjunctive representable uninorm U and
a strong fuzzy negation N, and t>p, , be the extended operation of Iy, N. Then,

(fl_lg) I>IU,N h = (f I>IU,N h) - (g DIU,N h)

or
h > I (leg) = (h PN f) U (h >l g)

forany f,g € F if and only if h is convex on &

Proof.

(frg) By h)(z) = Vo (f(p)Aglg) AR(y))

U(N(pAg)y)=z

= v (f(p) A glq) Nh(y))
U(N(p)VN(q).y)=z

= V. (foN(p)AgoN(q) Ah(y)),
U(pvay)=z2

and

((f Pryy MU @By M) (z) = Vv (f(p) A g(q) Ah(s) Ah(t))
U(N(p)s)VU(N(9) )=z

= V. (foN(p)AgoN(q) Ah(s) Ah(t) ’
U(ps)vU(q,t)=z

(hopy AU )z =V (e, HE) AR, 8)Y)

xVy=z

= V (f(p) Ng(q) NhoN(s) NhoN(t)),
U(ps)VU(q,t)=z

and

(hoy FUD)E =V (M)A ((FUg)@)

U(N(y),x)=2
= Vo (f(p)ng(g) Ao N(y)).
U(pVay)=z
Similarly to the proof of Proposition 2, we can prove (f1g) >y, = (f By, B) U (g Bry 1)
or (h>p, fIU(h>p,y 8) =hp,, (fUg) forany f,¢ € 7 if and only if h is convex. O

Theorem 4. Let &/ C F, A = (4/,0,1,C, %), Iyn be a (U,N)-implication derived from a disjunctive
representable uninorm U and a strong fuzzy negation N, and >y, be the extended operation of Iy .
If o C Fcn, then >y, is a type-2 fuzzy implication. In addition,

(5(0) A f7(0)) v (F(1) Agl(D) =0,
(F(0) AV (5(1) A FIR) =1,
(f Bry 8)(2) = 6}{)1) (f(x) A(goh~! (h(z) —h(N(x))))) or (5)
V (WA oNon k@) ~hy)))  otheruise,
yel,

where h is an additive generator of U.
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Proof. From Equation (4), one can easily obtain that

7

7

~

1
1
1
0.

Let f,¢ € & with f T ¢. Then, fg = f. In the following, we will prove that g >, h C
> Iun h for any h € /. In fact, according to Lemma 4, it holds that

@y MN(foueh) = (DD (fNE) >y k)
= ((fory DUy 1) N(g >y h)-

Since f,g,h € &/ C Fcy, from Lemmas 2 and 3, we obtain that (f >y, 1), (g 1, 1) € Fen-
Again from Proposition 1, we can obtain that

((f [>IU,N h) - (g DIU,N h)) M (g [>IU,N h) = (g l>IU,N h)

Thus, if f C g, then (g >y, h) M (f By, h) = (§ >y h) forany h € &, or g >y, hE f >y, b,
which means that >,  is decreasing in the first place with respect to the partial order C. Remember
that the partial orders C and =< coincide in #cy. Then, >y, is decreasing in the first place with
respect to the partial order < as well.

Similarly, if f < g, then h > Iun f=2hp> Iun 8 for any h € &/, namely, > Iun is increasing in the
second place with respect to the partial order <, whence >, ; is increasing in the second place with
respect to the partial order C.

To sum up, >, , is a type-2 fuzzy implication on A. By simple computation, one can easily obtain
(5). O

The following are some properties for type-2 fuzzy implications.

Theorem 5. Let o/ C Fcn, A = (7,0,1,C, <), Iy y be a (U,N)-implication derived from a disjunctive
representable uninorm U and a strong fuzzy negation N, and 1>y, , be a type-2 fuzzy implication. Then, we
have the following properties for >y, : /

(i) for,ye=foN; if N(e) =e thene >y, f = f.

fr(0) z=0,
(ii) 0 ‘>Iu,N f =1 (f ‘>Iu,1\l 0)(2) = f(O) z=1,
0 z € (0,1).
1) z=0,
(i) fop1=1 (1>, fl(z) =9 f1) z=1,
0 z € (0,1).

(iv) f >IN (g\/h) = (f >y g) v (f >y h);
(g \ h) DIu,N f = (g ‘>IU,N f) \ (h l>IU,N f)
(U)f [>Iu,N (g/\h) < (f [>IU/N g) A (f DIu/z\] h)/
(g A h) I>Iu,1\] f < (g [>Iu,1\1 f) A (h I>Iu,N f)
@i) fi b1y (2 By f3) = (A Bu, f2) By, f3, where Uc is a conjunctive uninorm given by
Ue(x,y) = N(U(N(x),N(y))) (namely, U is a representable uninorm dual with U with respect to N).

Proof. (i) and (v) can be easily obtained.

(vi)
(fi Brgn (2 iy f2))(2) = Vo (Ao N)(p)A(f20N)(q) A f3(y))
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(A u f2) By f3)(2) = ((fioN)(p) A (f2o N)(9) A f3(y)

U(NoUc(N(p),N(q), y)=2

Since Uc(p,q) = No U(N(p), N(q)), then f1 >y, (f2 D1,y f3) = (fi Bu, f2) iy f3- O

Just like (U,N)-implications, we can obtain the following facts about (U,N)-coimplications.

Lemma 5. Let o7 C %, i N be a (U,N)-coimplication derived from a conjunctive representable uninorm U
and a strong fuzzy negation N, and 1>y, , be the extended operation of JuyN. Forany f,g € </, if f, ¢ € Fn,
then f >y, & is normal.

Lemma 6. Let o7 C %, i N be a (U,N)-coimplication derived from a conjunctive representable uninorm U
and a strong fuzzy negation N, and >, ; be the extended operation of Juy,N. Forany f,g € &, if f, g € Fc,
then f >y, § € Zc.

Lemma 7. Let o C %, Jy N be a (U,N)-coimplication derived from a conjunctive representable uninorm U
and a strong fuzzy negation N, and >, ; be the extended operation of Iy N. Then,

(fl—lg) ‘>]u,N h= (f I>]u,1\1 h) r (g I>IU,N h)
or

h [>]U/N (fl_lg) = (h D]U/N f) r (h I>]U,N g)
forany f,g € o if and only if h is convex on &

Theorem 6. Let o7 C .7, A = (<7,0,1,C, <), Jun be a (UN)-coimplication derived from a conjunctive
representable uninorm U and a strong fuzzy negation N. If o C Fcy, then 1>y, is a type-2 fuzzy
coimplication on A. In addition,

(g(0) AR v (f(1 ) A g z=0,
(f(0)Ag"(0)) V (g(1) A (1)) z=1,
(f BN g)(z) = 6}()1 (f( ) (goh ( (Z) h(N(x))))) or (6)
V (g( ) A (fONOhfl(h(Z) —h(y)))) otherwise,

ye(0,1)

where h is an additive generator of U.

Theorem 7. Let o7 C Fcn, A = (7,0,1,C, <), Ju N be a (U,N)-coimplication derived from a conjunctive
representable uninorm U and a strong fuzzy negation N and >y, be a type-2 fuzzy coimplication on A.
Then we have the following facts.

(l)f l>]u,N € :fON; lfN(E) =e, then e DIU,N f:f

fr0) z=1,
(i) f Dy 0=0; (0 > Jun fz) =9 f(0) z=0,
0 z€ (0,1).
fl( ) z=1,
(iii) 1>y, f=0; (f D Jun 1)(z) =¢ f(1) z=0,
0 z€(0,1).

(iv) f ‘>]U,N (g\/ h) = (f ‘>IU,N g) \ (f D]u,N h);
(gVh) >un f=I(g > Jun v (h B Jun f)-

(U)f I>]u,N (g/\h) < (f I>]u,N g) A (f I>]LI,N h)/
(g A h) I>]LI,N f < (g >IN f) A (h D]u,N f)
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@i) fi By (2 By f3) = (fi Bu, f2) By fa where Uy is a disjunctive uninorm given by
Uy(x,y) = N(U(N(x),N(y))) (namely, Uy is a representable uninorm dual with U with respect to N).

5. Extended RU-Implications (RU-Coimplications) and Their Properties

Definition 10. (i) A function Iy; : .#% — .7 is called an RU-operation if there exists a uninorm U such that
Iu(x,y) =sup{z € [0,1]|U(x,z) <y}, x,y € S.
(i) A function Jij : % — 7 is called an RU-cooperation if there exists a uninorm U such that

Ju(x,y) =inf{z € [0,1]|U(x,z) >y}, x,y € 7.

The authors [35] have proved that Ij; is a fuzzy implication if and only if U(0,z) = 0 for any
z € [0,1). Since for any representable uninorm U, whether it is disjunctive or conjunctive, it always
holds that U(0,z) = 0 for any z € [0,1). Then, we can get RU-implications from any representable
uninorm. The authors in Ref. [35] also have proved that if U is a representable uninorm with an
additive generator £, then Ij; is given by

_ )t (r(y) = k(%) (xy) €[0,12\ {(0,0),(1,1)},
lulxy) = { 1 (x,y) = (0,0) or (1,1). @)

Similarly, it can be proved that that J;; is a (RU)-coimplications if and only if U(1,z) = 1 for
any z € (0,1]. For any representable uninorm U, whether it is disjunctive or conjunctive, it always
holds that U(1,z) = 1 for any z € (0, 1]. Thus, we can get RU-coimplications from any representable
uninorm. By simple computation, we can obtain that

_ ) N r(y) = h(x)  (xy) €[0,1]*\ {(0,0),(1,1)},
Julxy) = { 0 (x,y) = (0,0) or (1,1). (®)

Lemma 8. Let U be a representable uninorm with an additive generator h and Iy; be its RU-implication. Then,

Iu(l,y) =0 fory # 1, Iy(x,0) = 0 for x # 0, Iyy(e,y) = O=y fory € [0,1], Iy(0,y) = 1 = Iy(x,1)
for x,y € [0,1], Iy(x,y) € (0,1) for (x,y) € (0,1)? and I is continuous if and only if (x,y) € [0,1]%\

{(0,0), (1, 1)}

Proof. It is easy to prove it. 0

Lemma 9. Let &/ C .7, Iy be an RU-implication derived from a representable uninorm U and >y, be its
extended operation. Forany f,g € <, if f,g € Fn, then f >y, g is normal.

Proof. It is similar to Lemma 2. O

Lemma 10. Let o/ C %, U be a representable uninorm, Iy be a RU-implication derived from U and >y, be
its extended operation. Forany f,g € </, if f, g € Fc, then f >, § € Fc.

Proof. It is similar to Lemma 3. O

Lemma 11. Let &/ C %, U be a representable uninorm, Iy be a RU-implication derived from U and >y, be
its extended operation. Then,

(fl_lg) > 1y h= (f > 1y h)l—l(g >y h)
or
hl>1u (fug) = (h Dluf)u(h I>Iug)

forany f, g € o if and only if h is convex on .&.
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Proof. We only prove the first distributive equation. The second equation can be similarly proved.

Let
(D=((fng) o=\  (f(p)Agq) Ah(y))
Lu(prgy)=z
and
(II) = ((f By W) U (g >y h))(z) = V (f(p) Ng(q) Nh(s) Ah(t))

Iu(ps)VIu(qt)=z2

_ _ 1, g>e
(=) Letf=e8(0) =1 1 iherwise.

Then, forany z € (0,1),

and
(I = Vv (h(s) Ah(t))
Iy(es)VIu(qt)=z, q>e
= Vv (r(s) Ah(t))
sVIy(g,t)=z, g>e
> Vv (h(s) A h(t))
Iu(g,t)=z, s<z, g>e
= KA vV (1)
u(qt)=2 q=e
Just as the proof of Proposition 2, we can similarly prove that V (h(t)) = V (h(t)) =
Iu(g,t)=z, qg>e t>z
hR(z). Thus, (IT) = h*(z) A hR(z) and hence h(z) = hl(z) A hR(z) for any z € (0,1). Again, h(z) =
ht(z) A hR(z) always holds for z = 0 or z = 1. Consequently, h(z) = h*(z) A hR(z) for any z € 7.
That is to say,  is convex on .#.
(«<)Ifz =1, then (I) = (II) always holds. In fact,

() = Vo (f(p)Aglq) Ah(y))
Iu(pAgy)=1
= Vo (f(p)Aglg) Ah(y))
pAq=0 O y=1

Vo (flp

p=0, >0, y>0

(Vv (flp

) A

) A
q=0, p>0, y>0

)

)

g(g) A
V g(q) Ah(y))
V. (Vv (flp)Agle)

p>0, 4>0, y=1
= (FO)AgHEARER) v (8(0) A fE
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and
(1) = V (f(p) Ng(q) Nh(s) Ah(t))
Iu(ps)VIu(qt)=1

= V (f(p) Ag(q) AR(s) AR(t)))
Iy(p.s)=1, Iy (q,t)>0

Vo( V (f(p) Ag(q) Ah(s) Ah(t)))
Iy (q.t)=1, Iy(p,s)>0

= (p:o \S/qt>0(f(P) Ag(q) Ah(s) Nh(t)))

V (s:1 ’\g/qt>0(f(P) Ag(q) Ah(s) Ah(t)))

V(Y G0 A8 A AR()

V(Y G0 g A AR()

= (f(OI) ABLR A gERARERY v/ (FER A RLR A gER A (1))

vV (g(o) hLR fLR hLR)\/(h( ) fLR /\gLR/\hLR)

= (f(0) AG R ARER) v (g(0) A FER ARER) V (h(1) A MR A FER).

Hence, (I) = (II) forz = 1.

If z € [0,1), then it is obvious that (I) < (II). Now, we will prove (II) < (I) for z € [0,1).
Let Ii;(p,s) V Iy (g,t) = zin (II).

(i) Suppose Ii;(p,s) = Ii1(q,t) = z. Then, lety = s A t. Thus, Ii;(p Aq,y) = zand f(p) Ag(g) A
W) = £(p) Ag(a) Ah(s) A(E).

(i) Suppose I (p,s) = z > Iu(q, t).

In this case, if I11(q,5) <z = Ii;(p,s), theng > p. Lety = sand then Iy (p A q,y) = Iu(p,s) =z
and f(p) A g(g) A(y) = F(p) A g(a) A R(s) A R(E.

If I1(q,8) > z, then Iiy(q,t) < z < Iy(g,s). It can be proved that g # 0 and 1. Otherwise,
ifg =0, then Ij;(q,t) = Iy(q,5) = 1, which implies 1 = I;;(q,t) < z < Iy;(g,s) = 1—a contradiction;
ifg =1and z € (0,1), then from I;;(1,t) < z < Iy(1,s), we have that t < 1 and s = 1 and
hence Ij;(p,s) = Iu(p,1) = 1, which contradicts I;;(p,s) = z € (0,1); if g = 1 and z = 0,
then the inequality I;;(1,t) < z < Ij;(1,s) can not hold. Thus, g € (0, ) Because Ij;(g, -) is continuous
for g € (0,1), then there exists some ¢ € (s,t) such that Ij;(g,c) = z. Again because & is convex,
then h(c) > h(s) A h(t) and consequently f(p) A g(q) ANh(c) > f(p) A ( ) Ah(s) AR(t).

(iii) Suppose Ij;(g,t) = z > Iy(p,s). It is similar to (ii).

From the above, we know that if & is convex on [0, 1], then (II) < (I) for any z € .#. O

Theorem 8. Let o7 C .F, A = (47,0,1,C, %), U be a representable uninorm, Iy be a RU-implication derived
from U and 1>y, be its extended operation. If o7 C Fcy, then >y, is a type-2 fuzzy implication. In addition,

(F1) Ag/(D) V (£7(0) A g(0)) =0,
(F(0) A )V(g()AfLR) z=1,
(feug)E =1 V ( ) A (g0 (h(z) +h(x)))) or 9)

x€(0,1)

(
Y, ( )A(fo - h(z)))) otherwise,

where h is an additive generator of U.

Proof. The proof is similar to Theorem 4. g

Theorem 9. Let o7 C Fcn, A = (47,0,1,C, <), U be a representable uninorm, Iy be a RU-implication
derived from U, and 1>y, be a type-2 fuzzy implication on A. Then, we have the following facts:
(i) e >, § = g where e is the neutral element of uninorm U.
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fr(0) z=0

(ii)01>]ug:1,' (f D1y 0)(2) = f(O) z=1,
0 otherwise.

gi(1) z=0

(iii) fo,1=1 (1>, 8)(z) =1 g1) z=1,
otherwise.

(iv) If U, is a conjunctive uninorm given by U.(x,y) = N o U(N(x), N(y)), i.e., Uc is dual with U w.r.t
N, then fy >y, (f2 &1y f3) = (i Bu, f2) Biy f3

Proof. It is easy to prove it. U

For extended RU-coimplications that are derived from representable uninorms, we can similarly
obtain the following results.

Theorem 10. Let o/ C .7, A = (</,0,1,C, <), U be a representable uninorm, [ be a RU-coimplication
derived from U and 1>, be its extended operation. If o7 C Fcy, then >}, is a type-2 fuzzy coimplication on
A. In addition,

(F(0) AgH) v (£ 1 g(0)) 2=,
(F0) Ag"(0) v (3(1) A £(1)) =1,
(For 9@ =1 Y (Ao (1@ +h) o (10)
V(S0 (Fortnty) ~hzD) ot
yell,

where h is an additive generator of U.

Theorem 11. Let &7 C Fcn, A = (#7,0,1,C, <), U be a representable uninorm, J; be a RU-coimplication
derived from U and 1>, be a type-2 fuzzy coimplication. Then, the following hold:
(i) e >, f = f, where e is the neutral element of uninorm U.

£ z=1
(it) f &y 0=0; (0 Dy fiz) =4 f(0) z=0,

0 otherwise.

fl) z=1
(i) 15y, f=0; (for, D(E) =4 f1) z=0,

0 otherwise.

(iv) If Uy is a disjunctive uninorm given by Uy (x,y) = N o U(N(x), N(y)), then f1 >y, (f2 >y, f3) =
(f1 >, f2) By f3

6. Conclusions

Uninorms and fuzzy implications are important operations in type-1 fuzzy sets. In this work,
by Zadeh’s extension principle, we extended uninorms and fuzzy implications (coimplications) to
type-2 fuzzy sets and defined type-2 uninorms and fuzzy implications (coimplications). We focused
on discussing in which algebras of fuzzy truth values extended representable uninorms and its
fuzzy implications (coimplications) are type-2 uninorms and fuzzy implications (coimplications),
respectively. First, extended representable uninorms were discussed. According to the distributive
equation of extended conjunctive representable uninorms over type-2 meet, we had the sufficient and
necessary conditions under which extended conjunctive representable uninorms are type-2 uninorms.
Similar results were obtained for extended disjunctive representable uninorms. As for extended fuzzy
implications, including extended (U,N)-implications and RU-implications, which are derived from
representable uninorms, we proved that, in the algebra of convex and normal fuzzy truth values, they
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are type-2 fuzzy implications. Similarly, we obtained results for extended (U,N)-coimplications and
RU-coimplications.

Since Wang and Hu [29] proposed the concept of generated extended fuzzy implications, in future
work, we will also study generalized extended uninormes.
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