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Abstract: The empty-space subsequent filling mining method is the main mining scheme for un-
derground metal mines to achieve large-scale mechanized mining. The stage height, one of the
main parameters of this method, affects the various production process aspects of the mine and
influences the stability of the goaf. In order to determine the stage height scientifically and rationally
in the empty-space subsequent filling mining method, a formula for the stabilized critical safe height
of a high goaf in an underground metal mine was derived based on Pu’s arch equilibrium theory,
Bieniawski’s pillar strength limit theory, and the Kastner equation and combined with the results of
an orthogonal analysis to rank the importance of the main factors in the formula. A copper mine in
Jiangxi Province was used as a case study, with the reliability of the formula verified by numerical
simulation and industrial testing. The factors in the formula influencing the critical stabilized safe
height of the goaf were, in descending order, the compressive strength of the rock body, the width
of the two-step mining pillar, the width of the one-step mining room, the mining height, and the
depth of mining. Based on the calculation results, the recommended stage heights are 30 m (−378 m
middle section) and 25 m (−478 m middle section) in the area of poor rock body stability and 50 m
in the area of better rock body stability. The simulation results show that the goaf is significantly
affected by the compressive stress under the condition of a certain rock body stability and that the
compressive stress increases with increasing goaf height. The minimum recommended values of the
sidewall safety coefficients in areas of poor and better rock stability are 1.04 and 1.06, respectively.
The volume deviation coefficients of the three industrial test mines were all controlled within 3%,
indicating that no obvious collapse and destabilization phenomenon occurred in the goaf. This paper
provides some theoretical and applied guidance for the stage height design of similar underground
metal mines using the empty-space subsequent filling mining method.

Keywords: critical height of goaf; the empty-space subsequent filling mining method; rock stability;
numerical simulation; industrial tests

1. Introduction

In underground metal mining, the empty-space subsequent filling mining method
has become one of the main mining schemes because of its advantages of high produc-
tion capacity, low cost, high recovery rate, and protection of underground and surface
environments [1–7]. The empty-space subsequent filling mining method, whether it is
staged open-field subsequent filling or segmented open-field subsequent filling, generally
divides the ore block into a one-step mining room and a two-step ore pillar during the
mining process and carries out the mining in two steps. After the completion of stoping,
the stage height of the goaf can reach tens or even hundreds of meters. Once the goaf
height becomes unstable, it poses a threat to the equipment and personnel involved in
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underground production and increases the difficulty of mining in adjacent areas, resulting
in resource waste [8–10].

Many hydrogeological, rock stress-strain behavior, geometric, and engineering factors
affect the safe proportions of goaf [11–15]. Extensive research has been conducted on the
ultimate exposed area and ultimate span of the goaf roof in underground mining. Based on
a summary of numerous mining engineering practices, Matthews proposed a diagrammatic
method for assessing the relationship between the stability index N of a rock mass and
the shape coefficient of the exposed mining area [16]. Jang et al. proposed a stability
stress mechanics model for goaf and discussed the relationship between the ultimate
exposed area of goaf and the span ratio, joint density of the fracture surface, and joint
diameter [17]. Swift et al. used an elastic beam model and a pillar strength formula to study
the relationship between the exposed area of goaf, the pillar stability, and a safety factor [18].
Gao et al. simulated the distribution and variation patterns of stress, displacement, and the
plastic zone in goaf for different span ratios using the PLAXIS 2D finite element analysis
software [19]. Zhienbayev, A. et al. performed the calculations, modelling, and statistic
analysis of factual rock falls from the roof to ensure the roof span stability in terms of
room-and-pillar system of mining [20]. Hosseini, M. et al. conducted a sensitivity analysis
using the numerical, squat pillar, and Mathews stability methods through the Taguchi
technique to properly understand the influence of geometric parameters and stress on stope
stability according to Sormeh underground mine data [21]. Although the ultimate exposed
area and ultimate span of the goaf roof have been studied extensively, the influence of goaf
height on goaf stability has not been adequately examined.

Bagde evaluated the impact of mining height on the stability of goaf through empirical
methods, numerical simulations, and on-site rock deformation monitoring [22]. Soni et al.
used numerical simulation to study the variation of pillar strength with height during the
implementation of the room-and-pillar mining method in mines [23]. Zhang et al. used
an orthogonal experimental design method to investigate the effects of the height, length,
and width of mining pillars and the length and width of mining rooms on the stability of
goaf [24]. Qiu et al. derived a limit equilibrium equation for mining pillars based on the
area-bearing theory and used this equation to optimize the structural parameters of the
mining area, such as the mining height, pillar spacing, and row spacing [25]. The research
results obtained to date are of great significance in optimizing the mining height using the
room column method. However, there has been relatively little research on the stability of
high goaf using the subsequent filling mining method. Research on the safe critical height
for maintaining self-stability in high goaf is still at an early stage.

A copper mine in Jiangxi was taken as a case study in this research to examine
this issue. Using Bieniawski’s ultimate pillar strength theory [26], Pu’s arch equilibrium
theory [27], and the Kastner equation [28], a formula was derived for the critical stable
height of goaf. A sensitivity analysis of the factors affecting the critical safe height of goaf
was conducted using the orthogonal range analysis method. On the basis of rock mechanics
experiments and reduction of rock mechanics parameters, the critical safe height of the goaf
of the copper mine was calculated. The value obtained was verified through numerical
simulation analysis and on-site experiments. The research results provide a theoretical
basis and engineering reference for designing reasonable mining stage heights for similar
underground metal mines under various geological and mining conditions.

2. Methods
2.1. Study Site

The Jiangxi copper mine is located in shangrao City, Jiangxi Province. The mine area is
about 2.7 km long from north to south and 2.5 km wide from east to west, covering an area
of about 6.75 km2. The average surface elevation of the mine is +50 m, and the elevations
of the first and second mining sections are −308 m to −378 m and −408 m to −478 m,
respectively. There are a total of 11 large ore bodies in the copper–sulfur–gold section, with
S1, N1, N2, and N3 being the main ore bodies. The dip of the ore body ranges from 76◦
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to 88◦, with an average of 83◦; the ore body mainly strikes EW-NEE, S dips; distributed
between exploration lines 03 and 14; and the length of the ore body along the strike ranges
from 700 to 1300 m; the thickness of the single project ranges from 1.00 m to 66.70 m, with
an average true thickness of 12.5 m. The ore body mainly exists in the contact zone with
altered phyllite, with a small amount occurring in blast breccia, altered quartz diorite, and
quartz porphyry. Tectonic development of folds and fractures results in poor stability of
the ore rocks. The empty-space subsequent filling mining method is the main mining
method used in the mine, accounting for 66% of the total. Mining is conducted in intervals.
The current mining structure parameters used in the mine have poor compatibility with
geological and mining conditions, resulting in frequent collapse events of the one-step
mining room during the mining process.

2.2. Experiments Rock Mechanics Parameter and Their Reduction

The rock samples were taken from the underground mining stope of a lead-zinc copper
mine in Jiangxi Province. In accordance with the requirements of the rock mechanics
parameter experiments, the specimens were drilled using a rock drilling core machine
with a diameter of φ = 50 mm. The specimen is cut and sanded into a cylindrical shape.
For uniaxial and triaxial compression tests, the recommended ratio of specimen height
to diameter is 2:1, which is 100 mm in height and 50 mm in diameter. The actual error is
controlled within ±3 mm. For the Brazilian splitting test, the ratio of specimen height to
diameter is controlled at 1:1. The actual error is controlled within ±2 mm.

Rock mechanical parameter experiments were conducted using MTS 322 rock me-
chanical press and MTS 815 rock mechanical press. The experiment was conducted using
the transverse isobaric triaxial method at room temperatures in the range of 24–28 ◦C
and 55%–79% relative humidity. The displacement loading method was used to maintain
a loading rate of 0.045 mm/min throughout the experiment. The loading process stops
automatically when the maximum load is reached and the specimen fails.

Since the rock strength obtained from the indoor tests is actually the rock strength of
the intact rock mass, it differs significantly from the rock strength in the field. Therefore, it
is necessary to discount its strength. The empirical discounting method has the advantages
of being simple to apply and dealing effectively with some uncertain factors. It has become
the most important method for studying the strength parameters of rock masses. The Hoek–
Brown strength criterion for discounting the strength of a rock mass based on certain indoor
and field test data has become the most commonly used discounting method. Empirical
formulas for discounting the strength of the rock mass based on the geological description
of the rock mass in the field and the statistical data from the investigation of the joints and
fractures on the structural surface are considered.

2.3. Theoretical Modelling

After excavation of the rock mass, the stresses in the rock mass are redistributed.
The pillar is pressurized by the overlying rock layer, and the top rock layer shows large
compressive deformation, forming a small pressure-free arch. It is worth noting that once
formed, the pressure-free arch will not disappear with the backfilling of the mining space
and is an irreversible deformation phenomenon. Therefore, the smaller pressure-free arches
above adjacent spaces gradually merge to form a large pressure-free arch. As shown in
Figure 1, a plastic zone with radius Rp will be formed above the goaf. The size of the plastic
zone is not only related to the nature of the rock body and the structural parameters of
the stope, but is also affected by the mining burial depth. The load on the pillar is the
self-weight of the rock body within the plastic zone above its roof. As long as the pillar can
withstand the gravity of the rock body within the plastic zone of the top plate surrounding
the rock, the long-term stability of the pillar can be ensured.
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Figure 1. Theoretical modelling of the critical safe height of goaf.

According to the bearing mechanism of the pillar, the load carried by the pillar is the
self-weight of all the rock bodies within the plastic zone above its roof. The radius of the
plastic zone can be solved using the Kastner equation:

Rp = R0

[
(P0 + c · cot φ)(1 − sin φ)

c · cot φ

] 1−sin φ
2 sin φ

(1)

where Rp is the radius of the plastic zone, m; R0 is the radius of excavation, m; P0 is the
vertical self-weight stress at the excavation, MPa, P0 = γ H; c is the cohesive force of the
rock mass, MPa; φ is the angle of internal friction of the rock mass, ◦; γ is the capacitance of
the top plate surrounding rock, kN/m3; and H is the mining depth, m.

In order to ensure the stability of the pillar, the maximum range is used to calculate
the roof pressure of the stope. Practice has shown that the radius of the plastic zone is
less affected by the shape of the excavation section. Therefore, the excavation radius in
the calculation is replaced by the equivalent excavation radius—that is, the radius of the
external circle with different shapes is used instead. The excavation radius R0 can be
expressed as follows:

R0 =

√(
L
2

)2
+

(
H1

2

)2
(2)

where L is the mining space span, m, and H1 is the height of the mining pillar, m.
The principle of calculating a rectangular mining pillar is shown in Figure 1. According

to the theory of area-bearing capacity, the bearing capacity of a mining pillar is the gravity
of the rock body in the overlying plastic zone, and the area of bearing is the sum of the
area of the pillar itself and the mining area apportioned by the pillar, so that the following
equilibrium equations can be obtained:

σpWpLp =
(
W0 + Wp

)
LpPzz (3)

where σp is the axial average stress of the ore column, MPa; Pzz is the vertical stress in the
thickness of the plastic zone of the overlying rock layer, MPa; W0 the width of the mining
room, m; Wp the width of the mine pillar, m; Lp the length of the stope, m.

Knowing that Pzz = γRp and substituting it into the above equation, the average axial
stress of the ore column can be obtained as follows:

σp =

(
W0 + Wp

)
γR0

[
(γH+c·cos φ)(1−sin φ)

c·cot φ

] 1−sin φ
2 sin φ

Wp
(4)
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The bearing strength of the pillar depends mainly on the compressive strength of the
rock body (obtained by discounting based on the uniaxial compressive strength of the
rock) and is related to the shape and width of the pillar. Researchers have proposed a
variety of theoretical and empirical formulas for the bearing strength of mining pillars. The
Bieniawski strength formula for mining pillars is one of the more widely used. In this study,
the Bieniawski formula was used to calculate the strength of the mine pillar as follows:

Sp = σc

[
0.64 + 0.36

(
Wp

h

)]α

(5)

where Sp is the strength of the ore column, MPa; σc is the average compressive strength
of the ore column, MPa; h is the height of the ore column, m; α is a constant = 1.0 when
the width-to-height ratio of the ore column is less than 5 and 1.4 when the width-to-height
ratio of the ore column is greater than 5.

In order to simplify the problem, only the main influences that can be quantified are
considered. From Equations (4) and (5), a factor of safety can be derived for rectangular
pillars, K = σp/Sp. When K > 1, the ore column is in a stable state; when K > 1, the ore
column is in an unstable state; when K = 1, the ore column is in a critical state. When
the column is in the critical state, the critical height of the column instability meets the
relationship equation:

h = α

√√√√√ σcWp
(
0.36Wp

)α

(
W0 + Wp

)
γR0

[
(γH+c·cot φ)(1−sin φ)

c·cot φ

] 1−sin φ
2 sin φ − 0.64σcWp

(6)

2.4. Numerical Simulation Tests

FLAC 3D (Fast Lagrangian Analysis of Coutinua) uses the “Explicit Lagrangian”
algorithm and the “Hybrid-Discrete Partitioning” technique to simulate the plastic damage
and flow of materials very accurately. It has a good pre-processing function. When
calculating, the program automatically dissects the model into hexahedral cells, and each
cell can have its own material model, and the material can be yielded and flowed under
the action of external force and stress field. Its post-processing functions are also very
powerful. Users can print or plot their own data or graphs with the appropriate commands
according to their needs. Therefore, FLAC 3D is one of the most ideal tools for solving
the goaf stability problem. In this study, the software was used to simulate and analyze
the safety critical heights of the goaf. In addition, the stability of the mining pillars is also
discriminated using the Mohr-Coulomb strength criterion [29,30]. The principal stress is the
main parameter of rock mechanics after discounting, and its relation is as follows [31,32]:

σ3 = σ1 tan2
(

45◦ − φ

2

)
− 2c · tan

(
45◦ − φ

2

)
(7)

f =
σ3

σ′3
(8)

2.4.1. Modeling

The model created in Rhino 6.0 was meshed and imported into Flac 3D, as shown
in Figure 2. The length of the model along the strike of the ore body was set to 300 m,
the length and width of the one-step mining room were 50 m and 12 m, respectively, and
the length and width of the two-step mining pillar were 50 m and 18 m, respectively. To
minimize the influence of the boundary conditions on the stresses in the mining operation
area, the left and right sides of the back-mining area were enlarged by 150 m of bedrock to
ensure that the boundary conditions were applied to the bedrock and were transmitted to
the mining area through the bedrock. The height of the model was set to 800 m, and the
average thickness of bedrock at the top was set to 400 m to avoid the top self-gravitating
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stress acting directly on the goaf. The average thickness of bedrock at the bottom was set to
400 m to avoid the bottom boundary condition acting directly on the mining area, which
would have caused stress concentration.

Figure 2. Numerical modeling of the critical safe height of goaf.

Based on the hosting conditions of the ore body, the model boundary was constrained
from horizontal displacement, i.e., the boundary displacements in the x and y directions
were zero.

2.4.2. Basic Assumption

In view of the complexity and variability of the actual engineering geological envi-
ronment of the mine and the characteristics of the ore body endowment, the following
assumptions need to be made in the numerical simulation process:

(1) The horizontal thickness and inclination of the excavated ore body are fixed values;
(2) The ore body is assumed to be an ideal elastic-plastic body, and the strength and

volume of the material do not change with plastic deformation after the yield point;
(3) The ore body and peripheral rock are locally homogeneous and isotropic materials,

and plastic deformation does not change the material isotropy;
(4) Considering the brittleness of the rock, all physical quantities involved in the analysis

are independent of time;
(5) Strain hardening (or softening) is not considered;
(6) The sides of the model limit horizontal displacements and the bottom limits verti-

cal displacements;
(7) Considering the limitations of the finite element program, it is assumed that there

is no influence of tectonic activities in the site, the original rock ground stress is of
geostrophic field type, there is an integrated contact between the rock layers, the
interior of the rock layer is a continuous medium, the influence of groundwater
activities is not taken into account in the model, and the existence and influence of
structural surfaces, fissures, and weak layers in the rock layer and ore body are not
taken into account;

(8) The loads selected for the calculations will not change with the orientation of the
units, but will always maintain their original orientation, with the surface loads acting
normal to the surface of the deformed units and can be used to simulate “following”
forces, the magnitude of which is the weight of the overlying rock formation;

(9) Simulation of the most hazardous scenario, i.e., mining in intervals.

2.4.3. Parameters

Based on the numerical simulation test scheme shown in Table 1, combined with the
results of the rock body mechanical parameter discounting in Table 3 in Section 3.1, the
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corresponding mechanical parameters were set for the overlying rock layer, the ore body,
and the bottom plate of the model.

Table 1. Test Programs.

Program
Number

Rock
Stability

Compressive
Strength (σt/MPa)

Width of the Stope
Length of the

Stope (m)
Height of the

Stope (m)
One-Step Mine

Room (m)
Two-Step Mine

Pillar (m)

1 Poor 10.93 12 18 50 25
2 Poor 10.93 12 18 50 30
3 Poor 10.93 12 18 50 35
4 Better 22.97 12 18 50 45
5 Better 22.97 12 18 50 50
6 Better 22.97 12 18 50 55

2.4.4. Simulation Schemes

The two-step mining process was used to analyze the critical height of the pillar
instability for the two types of areas with better and worse surrounding rock stability. The
length and width parameters of the one-step mining room and the two-step pillar were
unchanged; only the mining height of the stope was changed. Parameterization of the
mining height in the field of values in the vicinity of the theoretically calculated values
of the critical safe height of stope in different stability area was conducted. The specific
parameters of the mining height are shown in Table 1.

3. Results and Discussion
3.1. Results of Experiments Rock Mechanics Parameter and Their Reduction

Comparison of the results in Tables 2 and 3 reflects that:

Table 2. Experiment results of rock mechanical parameters.

Materials
Compressive

Strength
(σt/MPa)

Tensile
Strength
(σc/Mpa)

Elasticity
Modulus
(Em/Gpa)

Density
(ρ/t·m−3)

Poisson’s
Ratio (µ)

Cohesion
(Cm/Mpa)

Internal
Friction
Angle
(φm/◦)

Overburden
Rock 68.54 8.89 39.29 2.84 0.24 10.31 50.41

Phyllite ore
body 33.80 6.28 27.40 2.97 0.34 3.33 43.39

Floor 46.69 6.05 24.63 2.88 0.32 7.14 50.43

Table 3. Summary of discounted rock mechanics parameters results of rock mechanical parameters.

Materials
Compressive

Strength
(σt/Mpa)

Tensile
Strength
(σc/Mpa)

Elasticity
Modulus
(Em/Gpa)

Density
(ρ/t·m−3)

Poisson’s
Ratio (µ)

Cohesion
(Cm/Mpa)

Internal
Friction
Angle
(φm/◦)

Overburden
Rock 29.99 3.89 25.25 2.84 0.24 10.31 50.41

Phyllite ore
body

(better)
22.97 4.27 24.64 2970 0.34 3.33 43.39

Phyllite ore
body (poor) 10.93 2.03 9.69 2970 0.34 3.33 43.39

Floor 18.23 3.75 20.69 2880 0.32 7.14 50.43
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The gap between the mechanical strength of rocks before and after discounting is
significant. For example, the compressive strength, tensile strength, and elasticity modulus
of the Overburden rock are 68.54 Mpa, 8.89 Mpa, and 39.29 Gpa before reduction, and
22.99 Mpa, 3.89 Mpa, and 25.25 Gpa after reduction.

The gap between the same kind of rocks in the areas with different stability is signifi-
cant after reduction. For example, the compressive strength, tensile strength, and elasticity
modulus of the Phyllite ore body are 22.97 Mpa, 4.27 Mpa, and 24.64 Gpa, respectively, in
the region with good stability, and 10.93 Mpa, 2.03 Mpa, and 9.69 Gpa, respectively, in the
region with poor stability.

Other rock mechanical parameters remain unchanged before and after the reduction.

3.2. Quantitative Analysis of Each Influencing Factor

The analysis of the critical safe height of the goaf showed that the factors affecting
the stability of the goaf were the rock body compressive strength, mine room width, pillar
width, mining height, bearing capacity of the overlying rock layer, mining depth, and
mining radius. Together with the geological conditions and mining technology conditions
of the mine, the main influencing factors were identified as the rock body compressive
strength, mine room width, mine pillar width, mining height, and mining depth. The
sensitivity of each of these factors was analyzed quantitatively using orthogonal extreme
difference analysis. The values of the main influencing factors were established in the range
of five-factor, five-level-structure orthogonal tests. Table 4 lists the parameters of the critical
safe height of the goaf and the results of the orthogonal experiments.

Table 4. Parameters and results of orthogonal experiments.

Number of
Tests

Mining
Depth

(m)

Compressive
Strength

(MPa)

Width of
Mining Room

(m)

Width of
Mining Pillar

(m)

Height of
Stope

(m)

Critical Height for
Pillar Destabilization

(m)

1 300 11 10 12 20 20.7
2 300 12 12 14 30 32.1
3 300 13 14 16 40 43.7
4 300 14 16 18 50 55.4
5 300 15 18 20 60 67.2
6 400 11 10 16 50 33.7
7 400 12 12 18 60 45.1
8 400 13 14 20 20 67.7
9 400 14 16 12 30 44.9

10 400 15 18 14 40 16.0
11 500 11 10 20 30 57.3
12 500 12 12 12 40 49.6
13 500 13 14 14 50 39.5
14 500 14 16 16 60 17.1
15 500 15 18 18 20 31.6
16 600 11 10 14 60 42.8
17 600 12 12 16 20 66.6
18 600 13 14 18 30 22.4
19 600 14 16 20 40 33.7
20 600 15 18 12 50 23.5
21 700 11 10 18 40 71.2
25 700 12 12 20 50 23.5

h1 42.02 43.82 45.14 19.94 31.4
h2 40.04 41.48 43.38 29.88 32.68
h3 37.16 39.02 38.32 40.52 40.82
h4 35.84 37.8 36.82 51.7 45.14
h5 36.24 37.8 36.26 57.88 49.88
R 6.02 8.88 37.94 18.48 8.80
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Based on the results of the orthogonal experiment polar analysis shown in Table 4, the
extreme difference R of the rock body discounted compressive strength, and the width of
the pillar were 37.94 m and 18.48 m, respectively. The extreme difference of the width of
the mine room, the height of the stope, and the depth of the mining were 8.88 m, 8.80 m,
and 6.02 m, respectively. The results show that the critical height of the pillar instability
in this copper mine results in the most significant factor being the rock body discounted
compressive strength, followed by the width of the pillar, the width of the mine room,
and the height of the stope. It is worth noting that the width of the mine room and the
height of the stope have almost the same level of influence on the critical height of pillar
instability. Therefore, the structural parameters of the stope should be adjusted according to
the geological conditions of the mine in the process of ore body recovery. The width of the
ore column should be increased as much as possible to ensure that the critical height of the
ore column instability is greater than the height of the stope while ensuring the maximum
width permitted for the limited exposure area of the empty area and the minimum width
permitted for the self-supporting height of the filling body of the one-step stope.

One factor at a time was studied to analyze the quantitative relationship between the
critical safe height of the goaf and the main influencing factors. Four model forms, a linear
function, exponential function, power function, and logarithmic function, were used for
fitting. The initial values of each influencing factor were set as follows: γ = 2.97 kN·m−3,
H = 400 m, W0 = 12 m, Wp = 18 m, σc = 10.93 MPa, C = 3.33 MPa, L = 3(W0+ Wp) = 90 m,
H1 = 50 m, and φ = 43.39◦. The fitting results are shown in Table 5.

Table 5. Functional Relationship Fitting Results.

Main Influencing
Factors Fitting Methods Fitting Formula Correlation Coefficient

Depth of Mining

Linear Function y = −0.0097x + 29.91 0.98279
Exponential Function y = 30.3933e−0.0004x 0.98896

Power Function y = 77.0907x−0.1823 0.99827
Logarithmic Function y = 56.9144 − 5.0834 ln(x + 45.6918) 0.99976

Width of Mine Room

Linear Function y = −1.42x + 43.0000 0.99683
Exponential Function y = 51.9860 × 0.9436x 0.99962

Power Function y = 163.8241x−0.7431 0.99853
Logarithmic Function y = 68.4447 − 17.482 ln(x − 0.5964) 0.99983

Compressive Strength

Linear Function y = 2.404x − 1.06 0.98682
Exponential Function y = 15.7814e0.0514x 0.98707

Power Function y = 2.0802x1.0394 0.98765

Logarithmic Function y = −14343.2765 +
2228.6499 ln(x + 611.5214)

0.87614

Width of Mine Pillar

Linear Function y = 1.45x − 0.3 0.99778
Exponential Function y = 8.27504 × 1.0646x 0.98247

Power Function y = 1.3922x1.0099 0.99769
Logarithmic Function y = −119.4666 + 42.2206 ln(x − 13.2732) 0.99999

Height of the Stope

Linear Function y = −0.108x + 31.24 0.98822
Exponential Function y = 31.5312e−0.0039x 0.98161

Power Function y = 44.4409x−0.1389 0.90038
Logarithmic Function y = 755.4333 + 105.7652 ln(x + 940.5610) 0.98000

1. The highest correlation coefficient for the function fit between the mining depth and
the critical safe height of the goaf was 0.99976 for the logarithmic function fit, i.e.,
it follows the decreasing law of the logarithmic function y = a1 + b1 ln(x + c1) (in
which a1, b1, and c1 mainly depend on the mining depth, the rock body compressive
strength, and other factors). Figure 3a shows the logarithmic function of the mining
depth and the critical safe height of the goaf fitting curve. With increasing mining
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depth, the critical safety height of the goaf followed a logarithmic function with the
rate of reduction gradually decreasing.

Figure 3. Function fitting curve. (a) Fitted curve of the logarithmic function of the critical safe height
of mine pillar and the mining depth; (b) Fitted curve of the logarithmic function of the critical safe
height of mine and the width of mine room; (c) Fitted curve of the logarithmic function of the critical
safety height of mine pillar and the compressive strength of the rock body; (d) Fitted curve of the
logarithmic function of the critical safe height of mine pillar and the width of mine pillar; (e) Fitted
curve of logarithmic function of the critical safe height of mine pillar and the height of stope.
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2. The highest correlation coefficient between the width of the mining room and the
critical safety height of the goaf function fit was the logarithmic function fit of 0.99983,
that is, following a logarithmic function of the form y = a2 − b2 ln(x + c2), where a2,
b2, and c2 mainly depend on the width of the mining room, the rock body compressive
strength, and other factors. Figure 3b shows the fitting curve of the logarithmic
function between the width of the mine room and the critical safe height of the goaf.
As the width of the mine room increases, the critical safe height of the goaf decreases
according to a logarithmic function with a gradually decreasing rate of decrease.

3. The highest correlation coefficient between the rock compressive strength and the crit-
ical safety height of the goaf was 0.98765 for the power function fit, that is, following a
power function y = a3xb3 , in which a3 and b3 mainly depend on the rock compressive
strength and other factors. Figure 3c shows the rock body compressive strength and
the critical safe height of the goaf power function fitting curve. As the rock body
compressive strength increases, the critical safe height of the goaf increases gradually
according to a power function, with the rate of increase gradually increasing.

4. The highest correlation coefficient between the width of the mine pillar and the critical
safety height of the goaf function fit as the logarithmic function fit of 0.99999, that
is, following the logarithmic function y = a4 − b4 ln(x + c4) of the incremental law
(where a4, b4, and c4 mainly depend on the width of the mine pillar, the rock body
compressive strength, and other factors). Figure 3d shows the logarithmic function
fitting curve of the mine pillar width and critical safety height of the goaf. As the
mine pillar width increases, the critical safe height of the goaf increases gradually
according to a logarithmic function, with the rate of increase gradually increasing.

5. The highest correlation coefficient of the function fit between the mining height and
the critical safety height of the goaf was 0.98822, following a decreasing linear function
of the form y = a5 + b5x (in which a5 and b5 mainly depend on the mining height
and other factors). Figure 3e shows the fitting curve of the logarithmic function
between the mining height and the critical safe height of the goaf. As the mining
height increases, the critical safe height of the goaf decreases linearly.

3.3. Theoretical Analysis of Project Examples

The results in Table 2 show a large gap between the results of rock body compressive
strength discounting in different areas of the mine. The mine is strictly in accordance
with the established structural parameters, i.e., the one-step mining room being 12 m, the
two-step mining pillar being 18 m divided into blocks, and the existing middle section of
the division of the stopes being carried out in accordance with engineering construction
specifications. Therefore, the critical safe height of the goaf depends only on the rock body
compressive strength and the mining height. The calculation results are shown in Figure 4.

According to the results shown in Figure 4a, in the section with poor stability, when
the design mining height is in the range of 10–70 m, the critical safe height of the goaf is
between 20 and 30 m. When the design mining height is 25 m, the critical safe heights of
the goaf are 29.08 m (−378 m middle section) and 27.84 m (−478 m middle section). When
the design mining height is 30 m, the critical safe heights of the goaf are 28.63 m (−378 m
middle section) and 27.41 m (−478 m middle section). Therefore, in order to achieve higher
recycling efficiency with the goal of guaranteeing safety, the height of the stope should not
exceed 28 m (in the −378 m middle section) or 27 m (in the −478 m middle section).

According to the results shown in Figure 4b, for the section with better stability, when
the design mining height is in the range of 10–70 m, the critical safe height of the goaf is
between 45 and 65 m. When the design mining height is 50 m, the critical safe heights of
the goaf are 55.43 m (−378 m middle section) and 53.08 m (−478 m middle section). When
the design mining height is 55 m, the critical safe heights of the stope are 54.11 m (−378 m
middle section) and 51.82 m (−478 m middle section). Therefore, in order to achieve higher
recovery efficiency with the goal of guaranteeing safety, the heights of the goaf should not
exceed 54 m (−378 m middle section) and 51 m (−478 m middle section).
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Figure 4. Correspondence between the design mining height and mining depth of stopes in different
regions and the safety critical height of goaf. (a) Correspondence between the design mining height
of the stopes and the safety critical height of the goaf in the area of poor rock stability in the middle
section of −378 m and the middle section of −478 m; (b) Correspondence between the design mining
height of the stopes and the safety critical height of the goaf in the area of better rock stability in the
middle section of −378 m and the middle section of −478 m.

3.4. Numerical Simulation Testing of Project Examples

The analysis of the results is aimed at the empty field state in which the back mining
of the one-step mining room is completed and unfilled. Figure 5 shows maps of the stress
and displacement during the mining process obtained by taking the example of the mining
site in the area with better rock stability and the designed height of the mining site of
50 m; the mining site in the area with poorer rock stability and the designed height of the
mining site of 30 m. The maximum compressive stress, maximum tensile stress, maximum
displacement, and maximum compressive stress safety coefficient within the roof and
sidewall (two-step mining pillars) of the one-step mining room were counted in Figure 6
under different simulation scenarios, respectively.

Figure 5. Cont.
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Figure 5. Stress and displacement maps of the mining process. (a) Compressive stress cloud at 30 m
height of the goaf; (b) Compressive stress cloud at 50 m height of the goaf; (c) Tensile stress cloud at
30 m height of the goaf; (d) Tensile stress cloud at 50 m height of the goaf; (e) Displacement cloud at
30 m height of the goaf; (f) Displacement cloud at 50 m height of the goaf.

Figure 6. Trends in the results of the numerical simulation schemes. (a) Trends in stress, displacement
and factor of safety in areas of poor rock stability; (b) Trends in stress, displacement and factor of
safety in areas of better rock stability.

3.4.1. Compressive Stress Analysis

From Figures 5a,b and 6a, it can be seen that the compressive stress distribution of
both the roof of the goaf and the sidewall are wider, and the values are generally larger.
This is due to the stress release at the mining location after mining back and the stress
concentration in the surrounding rock around the mining area. It is worth noting that the
stress concentration phenomenon occurs at the junction of two or three faces. Therefore,
the corners of the goaf in the actual mining process are generally curved instead of forming
a right angle as in the design.

Under the conditions of the same rock stability level and the same height of the goaf,
the pressure of the sidewall in the goaf is slightly larger than the pressure of the roof, but the
difference is not large. For example, in the area of poor rock stability, under the condition
that the height of the stope is 30 m, and the maximum compressive stresses of the side
gang and the roof plate are 10.51 MPa and 9.36 MPa, respectively. Under the condition of
the same rock stability level, as the height of the goaf increases, the compressive stresses
on the roof plate and sidewalls of the goaf increase gradually. For example, in the area of
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poor stability, when the height of the goaf is increased from 25 m to 35 m, the maximum
compressive stress of the roof plate of the goaf is increased from 7.65 MPa to 12.77 MPa, and
the maximum compressive stress of the sidewalls is increased from 8.74 MPa to 14.85 MPa.
Therefore, when the stability of the surrounding rock is poor, it is appropriate to reduce the
height of the goaf to ensure the safety of the back mining.

3.4.2. Tensile Stress Analysis

From Figures 5a,b and 6b, it can be seen that the tensile stresses on the roof and
sidewalls of the goaf are distributed over a wide range and that the maximum tensile
stresses on the sidewalls run through the entire two-step pillar. On the one hand, the
tensile stress is dispersed from the center of the pillar to the left and right sides in a
symmetric trumpet shape, and the magnitude of the tensile stress is unchanged. On the
other hand, it decreases gradually from the center of the pillar to the upper and lower ends
and decreases gradually.

For a given rock stability level and mining height, the tensile stress of the sidewalls in
the mining area is slightly larger than that of the roof, but they are not very different. For
example, in the better stability area, the maximum tensile stresses of the sidewalls and top
plate are 0.82 MPa and 0.84 Mpa, respectively, when the height of the stope is 50 m.

For the same rock stability grading conditions, as the height of the stope increases,
the tensile stresses on the roof plate and sidewall of the goaf are gradually increased.
For example, in the area of better rock stability, when the height of the stope increases
from 45 m to 55 m, the maximum tensile stress of the roof plate of the stope increases
from 0.4 MPa to 0.51 MPa, and the maximum tensile stress of the sidewall increases from
0.78 MPa to 0.95 MPa. Thus, at greater goaf heights, the tensile stresses of the rock around
the mining area are much smaller than the ultimate tensile strength of the rock. Therefore,
the maximum compressive stress should be mainly considered in assessing the potential
for extrusion damage to the top plate and sidewall.

3.4.3. Displacement Analysis

Figure 6a,b show that the displacements of the roof plate and sidewalls of the stope
have large distribution ranges, mainly concentrated in the upper part of the mined area,
with a funnel-shaped distribution. In particular, the maximum displacement generally
occurs in the top plate of the mining hollow area, mainly due to the loss of support for
the top plate in the hollow area, which ultimately makes the top plate appear larger
deformation, and the side gang deformation is smaller.

Under the same rock stability grading conditions, as the height of the stope increases,
the displacement of the roof plate of the stope gradually increases. For example, in the area
of poor stability, when the height of the stope increases from 25 m to 35 m, the maximum
displacement of the roof plate of the stope increases from 28.23 mm to 47.52 mm. In the area
of good stability, when the height of the stope increases from 45 m to 55 m, the maximum
displacement of the roof plate of the stope increases from 21.85 mm to 24.36 mm. It is worth
noting that the maximum displacement of the stope roof in the less stable area is greater
than the maximum displacement of the stope roof in the more stable area. The goaf roof
displacement is strongly influenced by the rock stability level.

In summary, although the height of the stope and the stability of the regional rock body
in the tensile stress have a certain impact on the roof of the stope and the sidewall, they are
not beyond the ultimate tensile strength of the rock body. In terms of displacement, the main
influence is the deformation of the roof of the stope; the amount of deformation is relatively
small. Therefore, in order to determine the reasonable height of the stope accurately, it is
also necessary to determine the maximum compressive stress safety coefficient from the
goaf roof and sidewall. As Figure 6a,b show, when the rock stability is poor, the height of
the stope is 30 m. The roof plate and sidewall safety coefficients are 1.17 and 1.04, so the
height of the stope in this section should not be more than 30 m. In the region of good rock
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stability, the height of the stope is 50 m, and the top plate and sidewall safety coefficients
are 1.12 and 1.06, so the height of the stope in the section should not be more than 50 m.

4. Industrial Tests
4.1. Overview of the Experimental Stope

Three stopes, numbered 1, 2, and 3, were selected for industrial testing. The #1 test
stope was located between exploration lines 4 and 5 of the N1 ore body in the middle
section of −478 m, the #2 test stope was located between exploration lines 6 and 7 of the
N3 ore body in the middle section of −378 m, and the #3 test stope was located between
exploration lines 8 and 9 of the S1 ore body in the middle section of −378 m. The field
investigation and rock stability evaluation results show that the #1 test stope and #2 test
stope area rock body is poor and stability is poor; the #3 test stope area rock body is better.

Each test stope adopts the method of filling the empty field after the rock drilling stage,
and does not change the width of the one-step mining room and the two-step mining pillar.
The length of the stope is arranged according to the standard stope. However, according to
the different geological conditions and mining conditions of the areas where the test stopes
are located, different heights of the stopes are designed. Specifically, the height of the #1
test stope was 25 m, the height of the #2 test stope was 30 m, and the height of the #3 test
stope was 50 m.

4.2. Results of Industrial Experiments

Immediately after the completion of the last ore discharge from each test stope, the
GOSLAM RS100 scanner was used to scan the voided area, a 3D voided area scanning model
was established, and the scanning boundary profile of the voided area was plotted, as shown
in Figure 7. In order to more intuitively reflect the collapse of the hollow zone, the volume of
the hollow zone was compared with the design volume, as shown in Table 6.

Figure 7. Goaf model and boundary profile.

Table 6. Statistical analysis of empty space volume in test stope.

Test Stope
Design Parameters of the Stope Volume of the 3D

Model of the
Goaf(V2/m3)

Deviation Factor *
(f /%)Length (m) Width (m) Height (m) Volume

(V1/m3)

1# 50 12 25 12,511 12,787 2.21
2# 50 12 30 15,405.5 15,752 2.25
3# 50 12 50 27,292.5 27,665.5 1.37

Note: Deviation Factor * f = V2−V1
V1

× 100%. If the stope deviation “f ” factor is “+”, it indicates that the goaf is
generally over-excavated; conversely, if the goaf deviation factor “f ” is “−”, it indicates that the stope is generally
under-excavated.

The over-excavation amounts for test stopes 1, 2, and 3 were 2.21%, 2.25%, and
1.37%, respectively, which are relatively small amounts. The over-excavation was mainly
concentrated in the corners of the roof slab of the mining area and the bottom structure
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of the stope, which may be affected by many factors such as stress concentration, skewed
boreholes, fault development, poor charging accuracy, and blasting construction. The
actual mining operation in the two-step mining room increases the difficulty of retaining
the shoring wall pillars, the ore depletion rate, and the difficulty of constructing the mine
access road.

On the whole, the actual boundaries of the three test stopes under the empty field
condition are basically consistent with the design boundaries, and there is no obvious
instability and collapse phenomenon. The industrial test results show that the mine does
not change the one-step and two-step width of the stope according to the stability of the
regional rock body and mining depth. The height of the stopes, adjusted for the stope safety
below the critical height of the stope, can effectively reduce the phenomenon of instability
and collapse of the stope. Specifically, in the middle section of −378 m, the height of the
stope in the area of better rock stability is 50 m, and the height of the stope in the area of
poorer rock stability is 30 m; in the middle section of −478 m, the height of the stope in
the area of better rock stability is 50 m, and the height of the stope in the area of poor rock
stability is 25 m.

5. Conclusions

In this study, a formula for the safe critical goaf height for the stage airfield filling
mining method was derived based on rock body strength discounting, Pu’s arch equilibrium
theory, and the ultimate strength formula of the Bieniawski pillar. The main influencing
factors were analyzed by means of an extreme quadrature experiment. In addition, the
reliability of the theoretical calculation results was verified by numerical simulation tests
and industrial tests. Based on this study, the following conclusions can be drawn.

(1) According to a comprehensive analysis of polar–orthogonal experiments, among
the main factors affecting the critical safety height of the goaf, the impact of the
compressive strength of the rock body is the most significant; followed by the width
of the two-step mining pillar; and finally, the height of the stope, the depth of mining,
and the width of the one-step mining room, the effect of which are almost the same.
The effects of the mining depth, the width of the one-step mining room, and the
critical safe height of the goaf follow decreasing logarithmic functions; the effects
of the compressive strength of the rock body and the critical safe height of the goaf
follow increasing power functions; the effects of the width of the two-step mining
pillar and the critical safe height of the goaf follow increasing logarithmic functions;
and the height of the goaf and the critical safe height of the goaf follow decreasing
linear functions.

(2) Based on the geological conditions of the mine and the current mining situation, the
permissible critical height of mining safety was calculated for each area of the mine.
The calculation results show that: in the area with poor rock stability, the heights of
the stope should not exceed 28 m (−378 m middle section) and 27 m (−478 m middle
section); in the area with better rock stability, the heights of the stope should not
exceed 54 m (−378 m middle section) and 51 m (−478 m middle section).

(3) Numerical simulation tests were carried out using FLAC 3D, and the results show that
the stope is significantly affected by compressive stress and increases with increasing
stope height; the tensile stress does not exceed the ultimate tensile strength of the rock
body; and the displacement and deformation are relatively small and do not exhibit
sudden changes. In the area of poor rock stability, when the height of the stope is
25 m, 30 m, and 35 m, respectively, the safety coefficients of the roof plate in the goaf
is 1.43, 1.17, and 0.86; the safety coefficients of the sidewall in the goaf is 1.25, 1.04,
and 0.74. In the area of better rock stability, when the height of the stope is 45 m, 50 m,
and 55 m, respectively, the safety coefficients f of the roof plate in the goaf is 1.51, 1.12,
and 0.94; the safety coefficients f of the r sidewall in the goaf is 1.33, 1.06, and 0.89.
The former heights are slightly greater than the results suggested by the theoretical
calculations, and the latter are basically the same as the theoretical calculation results.
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(4) The industrial test results show that the three test stopes are in a state of over-
excavation but that the amount of over-excavation is relatively small, within the
range of 1%–3%. The actual boundary of the open area is relatively regular and is
basically consistent with the design boundary. On the whole, the boundary meets the
basic requirements of safe production and does not affect two-step pillar mining.

The method provides a reference and a practical basis for determining a reasonable
stage height in similar metal mines using the empty-space subsequent filling mining
method. It is worth noting that the stope length does not contribute to the use of the
formula in the empty-space subsequent filling mining method. Therefore, in the future, the
stope length can be included as a key factor in the formula to adapt to different mining
methods. Meanwhile, in addition to the influencing factors considered in this study, with
the increase of the mining depth, the change of the plastic zone in the upper part of the
goaf, the effect of the backfilling body or goaf group in the upper part of the goaf, and the
vibrational inertial force generated by the blasting vibration on the stability of the goaf are
the main aspects to be considered to improve its accuracy and predictive ability.
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