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Abstract: For a regularly converging-in-C series A(z) = Y7 ; 4, f (Anz), where f is an entire transcen-
dental function, the asymptotic behavior of the function M;l (M4(r)), where Mg (r) = max{|f(z)] :

|z| = r}, is investigated. It is proven that, under certain conditions on the functions f, «, and the

a(M; ' (Ma(1)))

coefficients a;, the equality lim,_, ! ) = 1is correct. A similar result is obtained for the

Laplace-Stiltjes-type integral I(r) = [~ a(x)f(rx)dF(x). Unresolved problems are formulated.
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1. Introduction
Let

flz) = i fiZ* 1)
k=0

be an entire function, M¢(r) = max{|f(z)| : |z| = r}, and @¢(r) = In Mf(r). For an entire
function ¢ with Taylor coefficients g, the study of growth of the function @;1 (In Mg (7))

in terms of the exponential type was initiated in papers [1,2] and was continued in [3]. As
a result, it is proven that, if | fx_1/ fx| /* +o0 as k — oo, then

lim
r—+00 r

o (InMy(r)) 1/n
f sV i (1]
kioo(ml) |

We remark that <I>f_1(x) M;l(ex) and, thus, @J?l(ln Mg(r)) = Mj?l(Mg(r)). The
) In M " (Mg (1))

T In M (Mg (1) .
order p[g]g = lim,— ;.o —~—— and the lower-order A[g] F=lim, L of
the function f with respect to the function g are used in Reference [4]. Research on the
relative growth of entire functions was continued by many mathematicians (an incomplete
bibliography is given in [5]).

Let (A,) be a sequence of positive numbers increasing to +oco. Suppose that the series

[e9)

Az) = Z anf (Anz) 2)

n=1

in the system f(A,z) is regularly convergent in C, i.e., Y37 1 |an|Mf(rAy) < +oo for all
r € [0,+00). Many authors have studied the representation of analytic functions by
series in the system f(A,z) and the growth of such functions. Here, we specify only the
monographs of A.F. Leont’ev [6] and B.V. Vinnitskyi [3], which are references to other
papers on this topic.

Since series (2) is regularly convergent in C and the function A is an entire function, a
natural question arises about the asymptotic behavior of the function ijl (My(r)).
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We suppose that the function F is nonnegative, nondecreasing, unbounded, and
continuous on the right on [0, +o0); that f is positive, increasing, and continuous on
[0, +c0); and that a positive-on-[0, +-00) function 4 is such that the Laplace-Stietjes-type
integral

1) = [ a0 f(r)aF(x) ©

exists for every r € [0, 4+00). The asymptotic behavior of such integrals in the case f(x) = e*
is studied in the monograph [7]. A question arises again about the asymptotic behavior
of the function f~1(I(r)). Here, we present some results that indicate the possibility of
solving these problems.

2. Relative Growth of Series in Systems of Functions

As in [8], by L, we denote a class of continuous nonnegative-on-(—oo, +-o0) functions
a such that a(x) = a(xg) > 0 for x < xp and a(x) T +o0 as xg < x — +oo. We say that
we Ll ifa e Landa((1+0(1))x) = (1+0(1))a(x) as x — +oo. Finally, & € Ly, ifa € L
and a(cx) = (1 +o0(1))a(x) as x — +oo for each ¢ € (0, +0), i.e., a is a slowly increasing
function. Clearly, Ls; C L°. We need the following lemma [9].

Lemma 1. If B € L and B(5) = limy_ 4 ﬁ((;(t;;)x), 8 > 0, then in order for B € LY, it is

necessary and sufficient that B(6) — 1as § — 0.

We need also some well-known (see, for example, [10]) properties of the function
In M f (T) .

Lemma 2. If a function f is transcendental, then the function In My(r) is logarithmically convex
and, thus,
dIn Mf (1’)
rf(r) = W /( +OO, r— +OO,

. — . dln M . )
(at the points where the derivative does not exist, where r;lnfr(r) means the right-hand derivative).

Fora € L, B € L, and entire functions f and g, we define the generalized («, )-order
Pa,plg]r and the generalized lower (a, B)-order A, g[g]f of ¢ with respect to f as follows:

— a(M; 1 (Mg(r)) (M1 (Mg(r)))

_ o Wy W) — f
ouplly = Tim 50 » Auplsly = Hm B(r)

Suppose that a, > 0 for all n > 1. Since

A(z) = Z an Z fk(Z)\n)k = Z fr (Z ﬂn)\ﬁ)zk/
n=1 k=0 k=0 n=1
in view of the Cauchy inequality, we have
Ma(r) = | fil (Z Wt'é)f" > an fil (Aur)" )
n=1

foralln > 1,k > 0and r € [0, +00). We also remark that, if p¢(r) = max{|fi|r* : k >0} is
the maximal term of series (1), then

M) < Y el = Y 1Rl @n)F2 % < 20,(20). )
k=0 k=0
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We choose ng > 1 such that a,, > 0 and A, > 2. Then, from (4) and (5), we get

ap,
Ma(r) = max{an | fil (Angr)* : k> 0} > angpp(2r) > - My(r),

_1{ 2 dlnMJ?l(x)
where Mf (%MA(r)) > r. By Lemma 2, ——— "\ 0as x — +o0and, thus, for every
c>1
-1 -1
1 1 cX dlan (t) dlan (x)
_ - _J 7 < J 7
In M; " (cx) — In M (x) / i< — L 0,5 e,

i.e., the function Mj:l is slowly increasing. Therefore,
Mj?l(MA(r)) > (1+40(1))r, r = +oo. (6)

On the other hand, since series (2) is regularly convergent in C, for each r € [0, +c0),
there exists pa(r) = max{|an|Mf(rAy) : n > 1} and, for every r € [0,+00) and T > 0,

we have M ()
o0 o0 f 1/ n
My(r) < an|M¢(rAy,) < 1+1)r _— (7)
A( ) n:]| ”| f( Vl) VF(( ) )n; Mf((1+T)T/\n)
Then, by Lemma 2, for r > 1, we have
In M (14 7)rAn) — In My (rA (o dinMy(x) | (i
M+ D) —InMy(rA) = [ e [ (x)dne>
>Tf(rAn) In(1+ 1) > T¢(An) In(1+ 7).
Therefore, if Inn < ql"f()\n) foralln > ngand In(1+ 7) > g, then
0 Mf(r)\,,) ad i { In(1+ 1) }
— < exp{—-Tr(A,)In(14+ 1)} < exps ———— 2 Inn y < +oo
L M0+ oAy < & P UT) InAHT 0, expy =y
and (7) implies, for r > 1,
Ma(r) < Tua((1+71)r), T = const > 0. 8)
Additionally, we have
pa(r) < ma><{|an| Yol (rAn)E s > 1} <
k=0
< Y max{lag |y : n > 1} fl* = Y up(k)|filr, )
k=0 k=0

where up(0) = max{|a,|exp{cInA,}: n > 1} is the maximal term of Dirichlet series

D(o) = i |an|exp{oInA,}.

n=1

Using estimates (6), (8), and (9), we prove the following theorem.

Theorem 1. Let f be an entire transcendental function, a, > 0 for all n > 1, and series (2) be
regularly convergent in C. Suppose that Inn < qTr(Ay) for some g > 0 and all n > ng and that
Inpp(o) _
a]nMJ?l(e”) =
Ify <1, then Aya[Flf = pau[F|f = 1 for every function a such that a(e*) € L. If v =0,
then Awu|Flf = panlFlf = 1 for every function a such that a(e*) € L°.

1im0—>+oo
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Proof. Since & € L?, from (6), we get

o -1 r
AaalFly = lim AM (MEO)) (o))

=1.
r—-+oo a(r) oo a(r)

On the other hand, in view of the Cauchy inequality, we have In |f| < In M((r) —
kInr for all r and k. We choose r = 1, = M;1(eX). Then, In|fi| < k —kIn Mfl(ek), ie,

f
—In|fi| = k(lan_l(ek) —1). Therefore,

im Inpp (k) < Tim Inpp (k) < Tim Inpp(o)

_n#p\9)  _ 10
koo —Infi T koo k(InM (k) = 1) T ot oIn M () ’ uo

If v < 1, then in view of (10), lj‘{‘nﬂ;g < pforeach p € (v,1) and all k > kg and, thus,

up(k) < |fx| 7P for all k > k¢. Therefore, in view of (9) and (5),

ko—1 00 oo
Halr) < (2 " 2>uD<k>|fk|r" <o)+ Y [l <

k=0  k—=ko k=Ko
< O(rfo1h —|—2max{fk17p(2r)k :k>0} =
= 0("7h) +2max{(|fil (@) PP s k> 0} =
= O(R ™) 4 2(up ((2r) PP < g ((2r) ), 2 g, (11)

because Inr = o(Inpf(r)) as r — +oco for every entire transcendental function f and
1 — p < 1. Therefore, from (8) and (11), we get

Ma(r) < Tua((1+0)r) < Tup((2(1+ 1))V 7)) < TM((2(1+ 1))V (1)

and, thus, ijl(MA(r)) < (1401)2(1+ 1))V (=P as r — +co. If a € Ly, then we

obtain

(M7 (Ma()

rrte g (r1/0-p))

(12)

Suppose that a(e*) € Lg;. Then,

“(71/(1—;7)) — zx(exp{ ] i ; lnr}) = (1+4o0(1))a(exp{Inr}) = (1 +o0(1))a(r)

as r — +oo. Therefore, (12) implies the inequality py«[A]f < 1, where in view of the
inequality Ay q[A]f > 1, we get Ayu[A]f = puu[A]f = 1.

If v = 0, then (12) holds for every p € (0,1) and all 7 > ro(p). If we put ﬁ =1+,
then § — +0as p — +0, and in view of the condition a(e*) € L?, by Lemma 1, we have

i ) g alepl(4d)in) gy s

roteoa(r)  rote a(exp{Inr})
Therefore,
M MA() (&M (MA() a(r)
= 711}1"'1:100 0((7’1/(1*7’)) - r—1>1:',1-loo< p((r) ’ D((rlJr(S)) 2

— a(M;1 (Mg (r)) i &) paalFly
77‘%1300 a(r) rﬁljoo “(r1+6) a B(9) ‘
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In view of the arbitrariness of 5, we get pr,«[A]f < 1,and again, Aya[A]f = pualAlf = 1.
Theorem 1 is proven. [J

We remark that, if f; > 0 for all k > 0, then Mf(r) = f(r). Therefore, from Theorem 1,
we obtain the following statement.

Corollary 1. Let f be an entire transcendental function, fy > 0 forallk > 0,a, > Oforalln > 1,
and series (2) be regularly convergent in C. Suppose that f'(r)/f(r) > h > 0 forall ¥ > r,

Inpp(o) _
oclnf=1(e?) -
Ify <1, then Ayu[Alf = pualAlf = 1 for every function o such that a(e*) € Lg;.

If vy = 0, then Ay o[A]f = panlAlf = 1 for every function a such that a(e*) € L°.

Inn =O(A,) as n — oo and limy—, 4o

3. Relative Growth of Laplace-Stieltjes-Type Integrals

Suppose again that f is an entire transcendental function f; > 0 for all k > 0, and
xo > 1is such that [;° a(x)dF(x) >> 0. Then,

102 [ a()f(rmdF () = ()
i.e., asabove, f~1(I(r)) > (1+o0(1))rasr — +oo, where for a € L0,

Aaalllf = rETwW > 1.

On the other hand, if T > ¢ — 1, then as above, for r > 1, we have

(+7)rx d1n (x
lnf((l‘f'"f)rx)—lnf(rx):/rxH d}jli(x)

> Tp(x) In(1 + x),

(14+7)rx
dlnx = / [f(x)dInx >
r

X

ie., % < ¢ W II+T) Therefore, if p;(r) = max{a(x)f(rx) : x > 0} is the
maximum of the integrand and In F(x) < gT'¢(x) for some g > 0 and all x > xo, then for
In(1+ 7) > g (for simplicity assuming xo = 0), we get

I(r):/oooa(x)f((l—ﬁ—r)rx)m Fx)<uj((1+7)r / f1+T>))dF(x>§
< yl((1+r)r) ‘/000 e f( )1n(l+T)dF(x) <

< ‘ul((l N T)r) In(1 + T) /Ooo e_l“f(x) ln(1+T)+lnF(x)d1—~f(x) <

™ T/ (x)(In(1+7)~q) _ In(+7)
Sm((1+f)r)ln(1+f)/0 e Arp(x) = m(U+ O T =

= Tui(1+7)r). (13)

Additionally, as above, we have

p(r) = max{a(x) ifk(x”)k Px > 0} <

Z max{a(x k: x> O}fkr = Zy] fkr (14)
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where j(0) = max{a(x)e”"* : x > 0} = max{a(x)x™¥ : x > 0} is the maximum of the
integrand for the Laplace integral

J(o) = /Oooa(x)e”l“xdl-"(x).

Using estimates (13) and (14), and Ay« [I]f > 1, we prove the following analog of
Theorem 1.

Theorem 2. Let In F(x) < qT¢(x) for some g > 0and all x > xq, and limy—; ;oo % =1.
If v <1, then Ao [I] s = [I]f = 1 for every function « such that a(e*) € L.

I]f P,
Ify =0, then Ay o [I]f = puull]f = 1 for every function a such that a(e*) € LP.

Proof. As in the proof of Theorem 1, we obtain —In|f| > k(Inf~1(ek) — 1) and

limy_ o0 hipllrfl(fi) < 1. Therefore, if v < 1, then up(k) < |fx|7F for each p € (v,1) and

all k > ko, and in view of (14) and (5), as in the proof of Theorem 1, we get p(r) <
yf((Zr)l/(l’F’)) for r > ry. Therefore, in view of (13), we get

I(r) < Tup(1+71)r) < TF((2(1+ T)r)l/(lfp)),
where f~1(I(r)) < (1+0(1))(2(1+1)r)"/( P as r — feo. If & € Ly, then we obtain

()

lim
roteo a(rt/(1-p))

Further proof of Theorem 2 is the same as that of Theorem 1. [J

Theorem 2 implies the following statement.

Corollary 2. Let f'(x)/f(x) > h,h > 0, InF(x) < qx for some q > 0 and all x > 0, and

Ery L
limy— 4o U?f‘{((?) = 1.

Ify <1, then Ayulllf = panll]f = 1 for every function a such that a(e*) € L;.
Ify =0, then Ayalllf = panlI]f = 1 for every function a such that a(e*) € LO.

4. Examples
Here, we consider the case when f(z) = E,(z), where

7k

Eo(z) = i

_Z_ 0<p< 4o,
S T(+5)

is the Mittag—Leffler function. The properties of this function have been used in many
problems in the theory of entire functions. We only need the following property of the
Mittag-Leffler function: if 0 < p < +oo, then ([11] p. 85)

ME, (r) = Eg(r) = (1 0(1))pe”, r = +oo (15)
and, if 1/2 < p < +o0, then [12]

Ey(r)/Ep(r) = prP L4 027", r — 40 (16)
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From (15), it follows that E; " (x) = (1 + 0(1))In!/P x as x — +co. Therefore, for

H
_ _ 1+0 _
f(x) = Ep(x), we have oln f~1(e”) = o) rng as ¢ — +o0. Since in (16), Tg, (r) =
or? +0(1) asr — +oo, thenif In F(x) < qpxp for some g > 0 and all x > x¢, and

im In pj ()

c—teo olno 0 17)
then for a(x) = Inx (x > e), by Theorem 2, we get
In E;1(I,(r)) o0
im — P PV -
Jim 1, L(r) /0 a(x)Ey (rx)dE(x). (18)

Let us now find out under what conditions (17) holds on a(x). For this, as in ([7] p. 29),
by Q), we denote a class of positive unbounded functions ® on (—oo, +c0) such that the
derivative @ is positive, continuously differentiable, and increasing to +oo on (—oo, +0c0).

For ® € (), let ¢ be the inverse function to &' and ¥Y(¢) = o — g,((‘?) be the function

associated with @ in the sense of Newton.

By Theorem 2.2.1 from ([7] p. 30), Inmax{a(x)e” : x > 0} < ®(c) € Qforallo > 0y
if and only if Ina(x) < —x¥(¢(x)) for all x > xg. Choosing ®(c) = ecIno for o > 0y, we
obtain ®'(0) = e(lnc + 1), ¢(x) = exp{x/e — 1} and x¥(p(x)) = x¢(x) — P(¢(x)) =
eexp{x/e — 1} for x > xg. Therefore, Inyj(c) < eclnc for all ¢ > 0y if and only if
Ina(x) < —eexp{lnx/e — 1} for x > x(. Hence, it follows that, if Inx = o(Inln(1/a(x)))
as x — +oo, then (17) holds. Thus, the following statement is true.

Proposition 1. If p > 1/2, InF(x) = O(x?) and Inx = o(Inln(1/a(x))) as x — +oo,
then (18) holds.

Remark 1. If p =1, then Ey(r) = Eq(r) = €', and we have a usual Laplace-Stieltjes integral

= [;" a(x)e™dF(x). Therefore, if InF(x) = O(x) and Inx = o(InIn(1/a(x))) as x —
—|—oo, then PRUﬂ = 1lmy o ]nl?nili(r) = 1. On the other hand, the quantity pr[1;] is called the
logarithmic R-order of 1y, and in ([7] p. 83), it is proven that, if InF(x) = O(x) as x — oo,

then pr[L] = limy— oo ln(ﬁfxl) =1,ie,ifInF(x) = O(x) and Inx = o(InIn(1/a(x))) as
x T ax)

x — oo, then pr[L1] = 1.
Similarly, we can prove the following statement.

Proposition 2. Let p > 1/2, Inn = O(/\ﬁ) asn — oo, a, > 0 forall n > 1 and series
Ap(z) = Looq anEp(Anz)be regularly convergent in C. If Inn = o(Inln(1/ay,)) as n — oo,

InE;Y(M
then lim,_, | w =1.

Remark 2. If p = 1, then we have a Dirichlet series A1(z) = Yoo, aye’*. Therefore, if this
Dirichlet series is absolutely convergent in C, a, > 0 foralln > 1, Inn = O(Ay), and Inn =

IninMa () 4 0y the other hand, the

Inr
quantity pr[A1] is called the logarithmic R-order of A1 and pr[A1] = limy— 4o % =1
An 7 an

provided Inn = O(Ay) asn — oo [13], ie., ifInn = O(A,) and In A, = o(Inln(1/ay,)) as
n — oo, then pr[A1] = 1.

o(Inln(1/ay,)) as n — oo, then pr[A1] := limy_ 4o

5. Discussion Open Problems

1. The natural problem studied was the relative growth when the domain of regular
convergence of series (2) is the disk Dgr = {z: |z| < R < +o0} and the function f is either
entire or analytic in Dg.
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2. It is well known that the study of the growth of entire functions of many complex
variables involves many options. The following problem is the simplest.

Let f be an entire function and the series A(z, w) = Y31 ,_1 amuf (Amz + pnw) be
regularly convergent in C2. A question arises about the asymptotic behavior of the function
ijl(MA(r,p)),where Ma(r,p) = max{|A(z,w)| : |z| <71, |w| < p}.

3. The condition p > 1/2 in Propositions 1 and 2 arose in connection to the application
of Equation (16). Probably, it is superfluous in the above statements.
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