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1. Introduction

The existence of weapons of mass destruction represents an increase in the potential
threat to peace in different areas of the world. Some of these weapons, with capacity for
killing and bringing significant harm to numerous humans, may not only be in the hands
of great powers, but also of regional powers and even terrorist organizations.

Regarding the use of nuclear, biological, chemical (NBC) weapons, this possibility
must be always considered in asymmetric armed conflicts, where their use is more likely
than in conflicts between great powers. An adversary with NBC capacity may introduce
agents, materials and weapons at any time in a more or less indirect way. The launch
and dispersal of NBC agents or materials can be carried out with different means such as
missiles, aircrafts of all kinds, field artillery, difficult-to-detect aerosols, etc. Once an NBC
incident occurs, it is vitally important to be able to predict the danger area to evacuate
the civilian population and alert the mobilized units in that area [1]. The methods used to
estimate the hazard area can be classified into:

(i) Simplified methods: These are preliminary estimates based on the characteristics

of the incident and meteorological data. They are usually carried out by hand by a
trained person.

(ii) Improved methods: These are automatic or manual estimates that are usually made
taking into account the type of incident, the place where it occurred, and the weather
conditions. They are more accurate than previous ones and update as weather condi-
tions change.

(iii) Methods based on mathematical simulation: These are fully automatic methods

that estimate the hazard area by numerical simulation, from the type of incident,
meteorological data, and space-time domain information.

Currently, the most widely used mathematical models to simulate the evolution of a
chemical agent are based on the Gaussian models. They are closed-form analytical solutions
of the classic advection-diffusion equation

% LV (eu) = V- (KVe) 45,

o Ox]0,T], D
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derived from some suitable hypotheses [2,3]. Specifically, it is assumed that:

Hypothesis 1. The concentration of the chemical agent c is not dependent on time (the solution is
steady state) and, specifically, dc /ot = 0.

Hypothesis 2. The incident occurs at a fixed point b = (0,0, H), where the chemical agent is
emitted at a constant rate Q > 0, in such a way that the source term is given by S(x) = Qdp (x),
where 8y, (x) is the Dirac delta at point b.

Hypothesis 3. The wind velocity field u is constant and aligned with the positive x1-axis, that is
u = (u,0,0) for some constant u > 0.

Hypothesis 4. The diffusion coefficients are the same in all directions and only depend on the
downwind distance x1, that is, the diffusion matrix K is given by K = K(x1)I3, where K(x1) is a
real function and I3 is the identity matrix.

Hypothesis 5. The effect of diffusion on the x1-axis is neglected (dominant convection), that is,
K(x1)9%c/9x1> = 0.

Hypothesis 6. Topographic variations and obstacles (trees, buildings, etc.) are neglected, in such a
way that the space domain is Q) = [0,00) x (—00,00) X [0, 00).

Hypothesis 7. There is no chemical agent for x; < 0, and the chemical agent does not penetrate
the soil. Thus, the following boundary conditions can be considered

c(0,x2,x3) = c(+00,x2,x3) =0, Vxp € R,x3 >0,
C(xll —o0, X3> = C(xll 00, X3) = 0/ vxl/ X3 2 O/ (2)
K(x1)dc/0x3(x1,x2,0) =0, c(x1,x2,+00) =0, Vx1 >0, xp € R.

Under these hypotheses, the general Equation (1) is rewritten as

2 2
uac_K<8c 0°c
ax1

+ ) + Q0,0 3)

BXQz 8x32

and completed with condition (2). The explicit solution of systems (2) and (3) is obtained
by using the Laplace transform [3], and it is known as the Gaussian-plume model:

Qexp((— 37 (exp (515 + exp (7))

4Tur

, (4)

c(r,x2,x3) =

where

If the chemical incident is instantaneous and only occurs at the initial time ¢t = 0,
the Gaussian-plume model is not suitable. In this situation, hypotheses (H3)-(H7) hold,
but (H;) and (Hy) must be replaced respectively by:

Hypothesis 8. There is no chemical agent before the incident, that is,
C(Xl,Xz, X3, 0) =0, VX1, x3>0,x; € R. (5)
Hypothesis 9. The incident occurs at the initial time t = 0, and at a fixed point b = (0,0, H),

in such a way that the source term is given by S(x) = Q1dp(x)do(t), where Qr is the total amount
of chemical agent released.



Axioms 2021, 10, 177 3 of 21

Under these hypotheses, the general Equation (1) is rewritten as

oc oc d%c d%c
5 + ME = (ax22 + E)x?,2> + Qrdp(x)d0(t), Qx]0,T],

and completed with the initial condition (5), and boundary conditions (2) formulated as
Vt > 0. The system is solved again by using the Laplace transform, and the explicit solution

mep(—%) (exp<—7(x3;H)2) + exp(—%#))
8(7r)?2

c(r,x2,x3,t) = (6)
is referred as the Gaussian-puff model.

Previous considerations (hypotheses (Hz)-(Hy7)) clearly reveal the limitations of Gaus-
sian models (4) and (6) to simulate the evolution of a chemical agent in an urban region,
and consequently, to determine the hazard area if the chemical incident occurs in an urban
domain. The main objective of this paper is just to develop a novel method to deal with
chemical incidents in urban areas. To avoid the limitations of the Gaussian models, we
will deal with the general equation, Equation (1), to characterize the source of the chemical
agent, from measurements made at atmospheric monitoring stations located at different
points of the city. The scientific literature on this subject is very rich, and there are many
papers dealing not only with the mathematical study of inverse source problems [4-6],
but also with interesting environmental applications in surface water [7-10], in groundwa-
ter [11,12] and in the atmosphere [2,8]. In this paper, the problem will be studied within
the framework of optimal control problem of partial differential equations (PDEs). Taking
advantage of previous works of the authors on the control of the urban heat island [13,14],
and thinking about a 3D urban domain, the main novelty of the model proposed in this
paper is that the classic advection-diffusion equation, Equation (1), will be completed with
a reaction term depending on the air temperature, and combined with a 3D microclimatic
model to simulate the wind velocity between buildings and the heat transfer between
air, soil and buildings. Additionally, taking into account that the admissible set may be
nonconnected, the inverse problems will be formulated and solved within the framework
of mixed integer nonlinear programming (MINLP).

This paper is organized as follows. The mathematical model proposed to simulate
the chemical agent evolution is presented in Section 2.1, and completed in Appendix A,
where the 3D microclimatic model is detailed. From this model, in Section 2.2 MINLP
is used to formulate the inverse problems within the framework of optimal control of
PDEs. A completed numerical method to solve these problems is detailed in Section 2.3,
and numerical results are presented and discussed in Section 3. Finally, some conclusions
are summarized in Section 4.

2. Materials and Methods
2.1. Numerical Simulation: The State Model

In this section, we present the 3D mathematical model that we will use in the numer-
ical resolution of the problem. We will consider a three-dimensional bounded domain
03P ¢ R3 corresponding to an urban area, where 9Q3P is the boundary of said domain,
this is walls and ceilings of buildings, floor and, additionally, fictitious borders that delimit
our domain (see Figure 1). We will denote by I''N the boundary corresponding to an
incoming air flow. We will assume that the air temperature can affect the concentration
of the chemical agent and that, eventually, there may be sedimentation effects. Therefore,
the evolution of the concentration of the chemical agent c4 (gr/m?) will be given by the
solution of the following equation:
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aaitA tua-Veat ngCTA — V- (KcVea) = Fe+G(a,ca), Q3P X]0,T],
3
ca=cN, TINx]o,T|, o
KCBCJ — 0, (aQiD \ rqu) X]O, T[,
aIIA

ca(0) = C%, Qi‘D.

where w¢ (m/s) is the sedimentation velocity (constant), uy (m/s) is the air velocity, 84 (K)
is the air temperature, Fc (gr/ m? s) is the source term, G (gr/ m3 s) represents the influence
of air temperature on the chemical agent (in order to simplify the model we will assume
that G(64,c4) = G(84)ca, with G(-) a negative function), K4 (m?/s) is the diffusion
constant, cIN (gr/m?) is the concentration of the chemical agent on the inlet boundary
F;N , and 094 (gr/m?3) is the initial concentration of the chemical agent. We must mention
that V- (uac) = V-ugca +ug - Veyg = u- Vey since we are assuming that V-uy =0
(when we are considering air layers close to the ground, it is usually considered that
the air behaves like an incompressible fluid). Regarding the source term, it is frequently
considered [15] to be of the form:

Fe(x,t) = Qc(t)dp.(x), (8)

where Q¢ (t) (gr/s) is the release rate and b is the point in which the source term is located.
In the case of an instantaneous release, we will consider the following term:

Fe(x,t) = Qcdo(t)dp(x), )

where Q¢ (gr) is the total amount of chemical agent released at time ¢t = 0. In the case we
have an instantaneous release, we will rewrite (9) in terms of an initial condition:

cA(0) = Qcdp ().

wind
direction
e

.;PS

o
o

o

o

x
000

o
Qy

Figure 1. Scheme of a 3D urban domain where a chemical incident occurs at point b.

The temperature 64 (K) and air velocity ug (m/s) will be obtained by solving a
microclimatic model in which we will take into account the temperature of the soil 85 (K)
and buildings 0p [K] (see Appendix A).

2.2. Optimal Control: The Inverse Problem

In this section, we will formulate the inverse problem consisting of the characterization
of the source term associated with the chemical incident from a set of measurements taken
in the urban area. For this, we will formulate the inverse problem by means of an optimal
control problem [16]. Let us start by establishing the following notations:
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e We will assume that the possible release point locations (bc) are in a bounded re-
gion U,; given by the union of M convex closed and bounded subsets (admissible
release zones):

M
U = U Zigs
k=1
where int(Z!,) Nint(Z! ) = @, Vi # j, and

zk, =[5, uk) < (15, ub) < [, 4], k=1,...,M,

where lll.‘ and uﬁ‘ are, respectively, the lower and upper bounds for the x; coordinate of
Z’; ;1 =1,2,3. Let us empathize that the set {/,; can be nonconnected.

e ()¢ is the release rate or the total amount of chemical agent released. We will asume
that Qc € V4, where V,; = {Q € X: 0 < Q(t) < Quax, YVt € [0, T]} if the source
term is given by (8) or V,y = {Q € X : 0 < Q¢ < Quux } if the source term is given
by (9), where X = L?(0, T) in the first case and X = R in the second one.

U {E;1 :i=1,...,Np, n=1,...,Nr} is the set of measurements taken in the urban area
atpoints (x;,t,) € (BP\TN)x [0,T],i=1,...,Np,n=1,...,Nr.

*  We consider the following objective function:

Np Nr

J(be,Qc) = Y Y (ca(xi tn) — 1)

i=1n=1

We must observe that to evaluate the previous function at each element (b, Qc) it is
necessary to solve the state equation, Equation (7).
We will study the following optimal control problems [16].

*  Problem 1. Estimation of the release point: We will estimate the release point assum-
ing that the emission rate Qc of the chemical agent is known:

min J(b, Qc). (10)
bc€Uyg

e  Problem 2. Estimation of the release rate: We will estimate the release rate (or the

total amount) Q¢ assuming that the release point SC is known:

Qrcrleigﬂd J(bc, Qc). (11)

e  Problem 3. Estimation of the release point and rate:

min bc, . 12
(bC,QC)euudead] (bc, Qc) (12)

Let us observe that problems 1 and 3, Equations (10) and (12), respectively, can be
formulated as Nonlinear Mixed Integer Programming Problems (MINLPs); if we introduce
an integer variable yc € {0,1}M such that ylé = 1, if the release point is in the zone Zi‘d,
and ylé = 0 in other cases. Taking into account the previous variable, we can reformulate
problem 3, Equation (12), in the following classical framework of MINLPs (problem 1,
Equation (10), is analogous):

min ](bCrQC)
(bc, Qc, ye) ER3 %V x{0,1}M
s.t. h(bc,Yc) < 0 (13)
AyC = C

where:
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e A€ M,,mwithmy = 1is such that Ayc = Z,ICVL 1 y’é, therefore:
A :( 11 --- 1 ),

and ¢ = 1 € R™. Observe that the constraint Ayc = ¢ implies that there is only one
1 in the control vector yc with the rest of its components being equal to 0. We will
denote by

Vi = {yc € {0,1}": Ayc =c}

the admissible control set for the discrete variable yc.
* Givenbc = (p, p2, p2) € R®and yc € Vu,

h'(bc,yc)
h(bc, YC) = hz(bC/ YC) € R6'
h3(be, yc)

being

A kik
Zyc(lj—l’c)
k=1

W (bc,yc) = ER? j=1,2,3

R k
)3 yc(P]c - ”]’)
k=1

Observe that if yc € ),y and b € R3 satisfies h(bc,yc) < 0, then be € U,,.
If we fix the variable y. € )/,; we obtain a classical NLP problem:

min ](bc, Qc)
(bc, Qc)ER3 x Vg (14)
s.t. h(bc,yt) < 0.

We denote by (b, Qf) a solution of the optimal control problem (14) associated with
the discrete variable y(-. Thus, if we consider the following set:

F (Vo) = {(bérQ?yY?_’) € Upg X Vg X Vaa
(b, Q¢ ) solution of (14) associated with y¢ },

we can solve problem (13) by taking (bc, Qc, yc) € F(V,4) such that:

J(bc,Qc) = min{](be, Qc) : (be, Qcrye) € F(Vaa)}- (15)

For low values of M, the size of the set F(Y,;) is small, and the MINLP problem,
Equation (15), can be easily solved by an exhaustive search. For large-size problems, more
appropriate methods, such as Branch and Bound, Generalized Benders Decomposition
or external approximation (see, for instance, [17-19]) must be used. In any case, a quick
method for solving the NLP problem, Equation (14), is the key for solving the MINLP
problem, Equation (15). Consequently, the next section is devoted to present a numerical
method for solving the NLP problem, Equation (14).

2.3. Numerical Resolution

To solve the NLP problem, Equation (14), we will use an algorithm of interior points,
more specifically, IPOPT [20]. The use of this class of interior point algorithm requires,
at least, the evaluation of the cost functional and the constraints, the evaluation of the
gradient of the cost functional and the Jacobian matrix associated with the constraints.
Since the constraints are linear, the problem lies in calculating the cost function and its
gradient. In this section, we will detail how to carry out these computations.
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The first step is the numerical resolution of the state equation, Equation (7). In order
to achieve this, we will propose a space-time discretization based on the method of the
characteristics and the finite element method [21,22]. Spatial and time discretizations
have been performed in the scientific software FreeFem ++ [23]. For simplicity in the
notations, and without loss of generality, we will assume that that the sedimentation rate is
incorporated in the term uy4 - Vc 4 and we will use the notation u instead of ug4.

Let us consider N + 1 points {¢"})_; in the interval [0, T] such that:
e =0y
e tN=T,
o "l fT=At, Vn=0,...,N-1

1
We define o« = A and we consider the material derivative for a scalar field c:

Dc 0 Jc

ﬁ(x, t) = ic(X(x,t),t) = g(x, t)+u(x,t) - Ve(x, t),

X
where X (x,t) = u(x,t). We can consider the following approximation for the material

ot

derivative in a time #"11:
Dc

ﬁ(l,nJrl) ~ a(cn+l — " OXZ),

with X} (x) = X(x, t,,41,ts) being the solution of the following initial value problem:

X
e u(X(x,t,7),7).
X(x,tt) = x.

Thus, ¢" o X}! ~ ¢"(x — u,(x)At). This approximation, as we will see later, is very
important for obtaining the gradient of the objective function.

So, given ¢, we compute {CZJrl 111\[;01 solving the following equation:

ac =V (KeVey) = B 4 G0 e +a(ch o Xp), Q3P

n+l _ IN

=0, Ty, (16)
acn—i-l

c ar?A =0, 2P \TY.

For spatial discretization, we will assume that the domain (3P is polyhedral and
we consider {T,f} n>0 as a family of regular meshes of the domain Q3P. We define the
following finite element space:

X;? = {Z S C(QiiD) P € Pl(T)/ VT € Tlf’ Z|l—IN - 0}‘
A
n+1 1 N—1

Thus, the fully discretized problem consists of {c’}"™" },"; C X,’f solving the following
variational formulation:

“/an cf’lzdx—l—/ﬂw KVt ~Vzdx—/ﬂw G0tz dx
A A A

17)
_ n+1 n n A
_/QiDFC ZdX+DC/()?qD(CAOXh)ZdX, vzewh'
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Remark 1. Taking into account the definition of the Dirac Delta as a distribution, the first addition
in the second term of Equation (17) can be computed using the following formula:

/Q%D Fg*lz dx = /Q Qc(t”H)ébC (X)zdx = Qc (") z(be). (18)

However, if we want to model a case in which the emission is not strictly punctual, the
following approximation of the Dirac Delta can be considered:

1
oo [Cew() Ixl <1
0 x| =1

where C > is such that:

/n p(x)dx = 1.

From the previous function, we can define

Pqe(x) = elnp<x — q>~

€

which converges to dq(x) = 6(x — q) when € — 0. Taking into account the previous sequence,

Fe(x,t) ~ Qc(t) ppce(x),

thus

- Fitzdx ~ Qi - Pbee(X)zdx. (19)
A A

If Fc is given by (8), let us consider the following discretization for the control vari-
able Qc(t):

N
Qc(t) = Q%X[to,tl](t) +) QCX(ty 1] ()
n=2
where Qc = (Q, Q%,..., QL) € R". Thus,

sc = (QG, Q& -, Q& P P PEYEYEs - yE) € RT X R x {0,1}M
—_—— —_— ——
Qc bc yc

denotes the discrete global control.

On the contrary, if Fc is given by (9), we obtain

sc = (Qc,pe Pe, Pe Y e - y&) € R" x R? x {0, 1}M
QC bc yc

as the global control variable.
In order to simplify the notations, we will assume that the measurements are made at
the times associated with the time discretization. Thus,

Np N
J(be,Qc) =Y. Y (% (x) — "),

i=1n=1

is the discretized objective function, where {c”} })V_; are the solutions of the fully discretized
state equation, Equation (17).

To calculate the gradient of the cost functional, we can use the linearized equations or
the adjoint state equations. In the computations that we present below, we will assume
that F¢ is given by (8) and the modifications for treating case (9) are straightforward. We
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will denote by dgJ(Qc, bc)(0Q) the directional derivative of | with respect to Q¢ in the
direction 6Q and by 6,J(Qc, bc)(db) the directional derivative of | with respect to b in
the direction db. Next, we present the expressions for the previous directional derivatives
considering the linearized equations and the adjoint state equations, considering the two
approaches for the computation of Dirac delta.

e  Directional derivative of | with respect to Q using the linearized equations:

Ny N
60J(Qc,bc)(6Q) =2) Y (ch(xi) —¢)dgch (%), (20)

i=1n=1

where, given (5QC?4 =0,0qc" € W;f, n=20,...,N—1,1is the solution to:

/ docMzdx + / . KcViégc™ - Vzdx — / b G0 )dqcy 2 dx
o3 0% (1)
sQ"*! 03D Pocezdx+a /Q3D (0gci o Xjy)zdx, Vze WP?’
o A

in case (19). In case (18) dgc’y € W;l“ is the solution to:

/ bc zdx+ [ | KeVogey - Vzdx— [ G(o5 ekt zdx
. ’ 22)
50" 2(be) +rx/Q%D (6oc" o XIzdx, Yz e W

*  Directional derivative of | with respect to b using the linearized equations:

Np
6pJ(Qc, be)(db) =2 Z ca(xi) — i )opcly (xi), (23)

i=1n=1

where, given (Sbc% =0, (5bc’}‘+1 e WA, n=0,...,N —1, is the solution to

“‘/03 5bc”+lzdx+/Q3D KCV(SbCZ+1'VZdX_/Q3D G(9Z+1)5bcg+lzdx
A 4 A (24)
= Qn+1 / 3D 5b‘Pb,e(‘5b)Z dx + (X/QBD (5bCZ © XZ)Z dx, Vz e WI{"
A A

in case (19). In case (18) (5bc”+1 € W;;1 is the solution to:

[ o zdx+ / KeVouey - Vzdx— [ G(O4)dpezdx
A A (25)
= Q" 1Vz(bc) - ob +a/Q3D(5bcg oX!zdx, Vze WP

A

Remark 2. It should be noted that in Equation (25) the term QgHVz(bc) - 0b appears. This
term is the result of the approximation of the derivative of the Dirac delta [24,25]. The basic idea is
to consider a polynomzal approximation & (-, b) of the Dirac delta 5(x — b). Indeed, let us assume
that b € T € 1/ and let $(X) € Py (T) such that

| PRFR = plEr(b)), P ePi(D), 26)

where T is the reference element and Fy : T — T, with Fr(x) € [P1(T)]>. To obtain the above
polynomial, let us consider a basis B = {p1, p2,...,pL} of the vector space P1(T). We know
that (26) is equivalent to:
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[ ®IBE = pelFr(b)), Vk=1,...,L

We denote by pp = (@y,...,ar)" the coordinates of § on the basis of B (¢ = Y-, @;p;). We
know that ¢p is the solution to the following linear system:

Gybg = P(Fr(b)),
where pg = (P1,...,pr)" and Gg € Sym(Mpr(R)) is the Gram matrix associated with B:
Galij = [PRPE & ij=1..L

Thus, R R

p(x) = <o pp(x) >
< G 'p5(Fr(b)), pz(x) > 27)
= < pp(Fr(b)), G5 'pp(x) > .

Now, we define

UxFr(x)|¢(Fr(x)) if xe€T,

Mx’b)_{ 0 if x¢T,

where JxFr(x) is the Jacobian matrix of Fr. If we use expression (27):

xFr(x)| < ps(Fr(b)), G5 'pg(Fr(x)) > if x€T,

5h(X,b)—{ .
0 if x¢T

Taking into account the above definition, given an element zj, € W}f:
/QsD Sn(xb)zp(x)dx = /T\IxFT(X)I < p(Fr(b)), G5 'pg(Fr(x)) > zi(x) dx
A
= < ﬁA(FT(b))fG,;A|IXFT(X)‘ﬁA(FT(X))Zh(X) dx >

= < P(Fr(b)), G5 /T P (%)% (%) d% >,

)

where 2j,(X) = z;,(F; 1(X)). Now, Zj, = Ele Py therefore:

< Pa(Fr(0), 65" [ ppE R x> = < py(Fr(b)),G5" [ pa(R)2), Py(x) x>

Thus:
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Finally:
./‘Q%D Vbéh(x,b)zh(x) dx = Vp< ﬁ§(FT(b))/G§16§2hB >

= 2, 3JxPs(Fr(b))]xFr(b)
Vz(b).

In view of the expressions (20) and (23), we observe that to calculate the gradient of
the objective function using the linearized equations, we have to solve N times (21) or (22)
and 3 times (24) or (25). Indeed,

)
%(Qc,bc) — 6J(Qc,bA)(1,0,....,0),
0
ﬁ(Qc,bc) = 30J(Qc,bc)(0,1,...,0),
9]
W(QCIbC) = 5Q](QC/bC)(O/O/-~/1)/
and 3
%(QCIbC) = 5b](QC/bC)(1/0/0)/
0
T Qcbe) = 5J(Qc,be)(0,1,0)
)
%(QC;bC) = 5b](QC/bC)(0/0/1)'

Therefore, to calculate, for example, % (Qc, bc), we have to solve (21) or (22) taking

dg = (1,0,...,0), for computing %(Qc,bc) and we have to solve (21) or (22) taking

dg =(0,1,...,0), and so on.
Next, we will see that if we use the adjoint state equations it will only be necessary to
solve one equation to calculate the gradient of the cost functional.

e Directional derivative of | with respect to Q and b using the adjoint state equation.

On the one hand,
Ny N
50bJ(Qc,be)(6Q,6bc) =2) " Y (ch(xi) — &' )dgpclh (xi), (28)
i=1n=1
where, given 8¢}y = dgpc = 0, 6yt = dgpci™ € WA, n =0,...,N — 1is the

solution to:

‘ /Q3D Sepzdx+ /QSD KcVocy™ - Vzdx — /Qw G0 ) oc"  z dx
A 31 5

= sQ"t! - Poeezdx + QZH /Qso b Pb,e(0b)zdx (29)
vRRA A

+u / p(0ch 0 Xy)zdx, Vze Wi,

A
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in case (19). In case (18), 6y = dgpcy™ € Wit is such that
1 1 ) .
“/nw oci zdx + /QSD Kevéey - Vzdx— /Q L G(eL)ac 2 dx
! A
(30)
= 0Q" z(bc) + Q"' Vz(bc) - 6b +a /Q;D (6c" o XNzdx, Vze W

Now, we will see how we can obtain the equations for the adjoint state. Let us consider

{rN, C WA such that rlY = 0 and let us take, foreachn =1,...,N — 1,7 as a test
function in (29) or (30):

N-1

)

n+1l.n n+1 n n+1ys n+l.n
Py {zx/ﬂiD(SCA r dx+/ KcVcly VrAdx—/QZDG(QA )oc'y rAdx}
Z { / JcAoXh)rAdx—i-dQ”H/ Pbe el X

Qe / Obe Pb,e(db)r dx}
in case (19) and for (18):

N-1

)

n+1.n n+l | n _ n+1 n+1.,n

Py {oc/ﬂiDécA rAdx—i-/Q%DKCVcA Vr'y dx /QZD G0 )oc’y rAdx}

N-1

=) { / (8¢t o XiH)rly dx + 6Q" 1 (be) + QEFIV (be) '5]9}-
n=0

Taking into account that (5C94 = r% =0,

N-1

y {oc/m g+1rgdx+/ KVt vrdx— [ GlonHecs )y dx}

n=0 A

N-1

— n+1 n+1y,n+1 n+1 n
E{R/Oif’(&“ o X )rly T dx +0Q /Q%D Pb,eln dX

31)
”+1/ b Pp,e(6b)r) dx}
in case (19) and for (18):
RSl +1 +1 +1y 5141
n;) {(X/Q}D 5c’y rfgdx—i—/ﬂi‘D KVl -Vrﬁdx—/oi‘D GO h)éch dx}
B N1 (32)
= {a / (0T o Xty dx + 6Q" 1 (be) + QLT Vi (be) - (Sb}
n=0 ay
Therefore, if we define rﬁ eWA n=N-— ., 0, as the solution to:
“/QiD razdx + /Qw KcVrly - Vzdx — /QiD G0tz dx
(33)
=« /03}4 (zo X”+1) 1 gx +2 Z i+l (x;) — E?“)z(xi),

i=1



Axioms 2021, 10, 177

13 of 21

we know that:

N-1
5Q,b](QC,bC)(5Q, obc) = ;} {‘5Qn+1 03D Pbc,e T’Z dx
"= A (34)

+QitHt oo 5bc¢be(5b)TAdx}

3D

in case we take an approximation of the Dirac delta (19) and if we consider (18):

N-1

505](Qc,bc)(3Q,6bc) = {5Q"+1rz<bc>+Q2“Vrf’4<bc> ~5b}. (35)

n=0

It should be noted that the equation for the discrete adjoint state (33) is valid for any
choice of approximation of the Dirac delta. The considered approximation of the Dirac
delta appears in the expression of the gradient of cost functionals (34) or (35). Furthermore,
to calculate the gradient of the cost functional it is only necessary to solve the equation for
the adjoint state once. Indeed, given {71};11\]:0 C W;:‘, with rf}l] = 0, the solution to (33) is

9]

a—Qk(Qc,bc) - Pbee rA Yax, k=1,...,N, (36a)

a] a(Pb,

Sy (Qebe) = Z Qi /Q . e (be) rhdx, k=1,23, (36b)

in this case we consider (19); for (18):

]
@(Qc,bc) =k 1(bc), k=1,...,N, (37a)
abk(Qc, Z Q”+1 bc), k=1,2,3. (37b)

3. Results and Discussion

In this section, we will present the results that we obtained in the numerical simula-
tions. All the numerical simulations were carried out with scientific software FreeFem++ [23]
interfaced with IPOPT [20] on a 2019 MacBook Pro (2.5 GHz Intel Core i5 with four kernels).

We considered a scale three-dimensional mesh composed of nine buildings with
heights of, respectively, 8, 5,4, 5, 6, 8, 8, 5 and 4 m (back to front and left to right), with the
geometrical configuration presented in Figure 2 (the depth of the soil considered is 3 m).

Figure 2. Geometrical configuration of the solid domain (soil and buildings, 6622 elements).
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Associated with the previous geometrical configuration, we have considered the
domain occupied by the air (effective computational domain for the control problem); in
our case, we considered the upper boundary 10 m from the ground, see Figure 3.

Figure 3. Computational domain for the control problem (12,736 elements).

In order to obtain the solution of the microclimate model (see Appendix A), we have
considered the parameters listed in Table 1.

Table 1. Microclimate model parameters.

Coefficient Air Asphalt Buildings
Density pa =116 x 10 pc =211 x 10° pp = 2.3 x 10°
Specific heat cpa = 1.007 cpc =0.92 cpp =0.88
Conductivity ay = 0.05 ac = 0.06 ap = 0.06
Emissivity ec =095 ep =095
Albedo ac = 0.05 ap = 0.08

The convective heat transfer coefficients for the corresponding interfaces were 12 = 100
onTd, hd =1000onT4, h8 =100 0onTE, h{}, =100 on T}, and h{f = 1 on IK.

To compute the radiation temperatures appearing in the heat equations for soil and
buildings, we assumed that Rswnet(x,t) = (RMsyair + RMgwairf) o(x,t), and
Riw,dow (X, t) = RMy dow 0(X, t), where, for our particular problem, we considered
RMy gir = 650 Wm ™2, RMy giff = 350 Wm ™2, and RMijq,dory = 450 Wm 2. The function
o(x,t) € [0,1] models the attenuation of the previous maximum values, taking into account
the movement of the sun: effect of shadows, night and day, and so on. In our simplified case,
we have assumed that o(x, t) = max{sin(27t/86,400),0}, V(x,t) € (TAUTAUTR) x [0, T]
(that is, over soil and roofs we considered no attenuation due to shadows and radia-
tion only depending on time). Finally, we considered the initial values u% = (0,0)
m s}, 994 = 92 = 9% = 300K, and the boundary conditions ugN = (0,107%,0) m
s~1, 0IN = 300K.

We also considered that G = 0, C% =0gr m2and Kc =101 m?s lin Equation (16).
For the time discretization, we have considered a final time T = 10,800 s and At = 900 s
(N = 12 time steps). In Figure 4, we can see the air velocity us and the air temperature 64
on the boundary 93P at time T = 10,800 s.
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Temp.
304.56
304.36
304.16
303.96
308.77
30357
303.37
303.17
302,97
30278
30258
302.38
302.18
301.88
301.78
301.59
301.39
301.19
300.99
300.79
300.59
300.4

300.2

step 12 300
Contour Fill of Temp. . @

Figure 4. Microclimate model at time T = 10,800 s.

We will assume that in each building there are three sensors placed at 1,2 and 3 m
from the ground (see Figure 5). Therefore, we have a total of N, = 27 measurement points.

Measurement points

Figure 5. Measurement points in each building (1, 2 and 3 m from the ground).

We also assumed that we have measurements in each time step (N7 = 12). To validate
the methodology proposed in this work, we have generated artificial measurements taking
as the release point bg = (2,12,6) € Z2, = [1.2,31.8] x [10.2,13.8] x [4.2,11.8] and Qg =
{er(xi,ty) : i=1,...,Np, n=1,...,Nr}, where cg is the solution of the discretized state
equation, Equation (17), associated with the release point bg and the release rate Qg (t) =
3(1+sin(27t /86,400 — 2 7t At /86,400)) gr m—3 s~ 1, t € [0, T], such that Qg (t) € Vg =
[0,10]. For instance, Figure 6 shows the concentrations in the measurement points placed at
3 m from the ground, if the delta approximation (19) is used. In this case, the distribution
of the chemical agent at T = 10,800 s can be seen in Figure 7.

Therefore, the main objective of this section is to show how the methodology we
propose allows one to recover the release point br and the discharge rate Qg using artificial
measures (see Figure 6).
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Measurements taken 3 meters from the ground

T
= Building 1
- Building 2

Building 3

0.4/ | o Building 4 °
+ Building 5 <
0.35|| = Building 6 L

—Building 7
[| —Building 8
—Building 9

Concentration (gr m'3)

Time step (900 s each time step)

Figure 6. Concentration in the measurement points placed 3 m from the ground.

Building 1

Building 4
Building 2

Building 3

Figure 7. Chemical agent isosurfaces at T = 10,800 s.

We have obtained the following results taking a convergence tolerance for the IPOPT
algorithm equal to 10710

1.  Problem 1, Equation (10). Estimation of the release point: In this case, we fix the
release rate to Qr and we try to recover the release point b using the artificial
measurements. To this end, we start from the initial control by = [1.2,10.2,4.2] € Z2,
and run the optimization algorithm in the following cases:

(a) Delta approximation (19) and linearized Equation (23): 22 iterations, optimal
cost 6.3054131 x 10722, CPU time 6502 s;

(b)  Delta approximation (19) and adjoint state Equation (36b): 32 iterations, opti-
mal cost 3.2106931 x 10721, CPU time 4766 s;

(c) Delta definition (18) and linearized Equation (23): 37 iterations, optimal cost
1.3769812 x 10~2°, CPU time 1779 s;

(d)  Delta definition (18) and adjoint state Equation (37b): 35 iterations, optimal
cost 8.3016154 x 10721, CPU time 1958 s.

In all the above cases, the release point used for the generation of artificial data is
recovered by the algorithm.

2. Problem 2, Equation (11). Estimation of the release rate: In this case, we fix the
release point to bg and we try to recover the release rate Qg using the artificial mea-
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surements. We start from the initial control Qy = 0 € V,; and run the optimization
algorithm in the following cases:

(a) Delta approximation (19) and linearized Equation (20): 26 iterations, optimal
cost 1.8307661 x 101, CPU time 11,177 s.

(b) Delta approximation (19) and adjoint state Equation (36a): 29 iterations, opti-
mal cost 1.8307668 x 10711, CPU time 4696 s.

(c) Delta definition (18) and linearized Equation (20): 25 iterations, optimal cost
1.8564142 x 10~1%, CPU time 2798 s.

(d) Delta definition (18) and adjoint state Equation (37a): 27 iterations, optimal
cost 1.0237655 x 1071, CPU time 709 s.

In all the above cases, the release rate used for the generation of artificial data is
recovered by the algorithm.

3.  Problem 3, Equation (12). Estimation of the release point and rate. We try to recover
the release point br and the release rate Qg using the artificial measurements. We
start from the initial control by = [1.2,10.2,4.2] € ng and Qg = 0 € V,; and run the
optimization algorithm in the following cases:

(a) Delta approximation (19) and linearized Equation (28): 252 iterations, optimal
cost 1.2557307 x 10~ 1%, CPU time 180,895 s.

(b) Delta approximation (19) and adjoint state Equations (36a) and (36b): 263 iter-
ations, optimal cost 1.1373912 x 10~'8, CPU time 90,977 s.

(c) Delta definition (18) and linearized Equation (28): 209 iterations, optimal cost
1.1029007 x 10~!2, CPU time 40,522 s.

(d) Delta definition (18) and adjoint state Equations (37a) and (37b): 211 iterations,
optimal cost 4.4262276 x 10~14, CPU time 14, 785 s.

In all the above cases, the release rate and point used for the generation of artificial
data are recovered by the algorithm.

4. Conclusions

In this paper, we propose a methodology for source identification of chemical incidents
in urban areas. To achieve this, the classic advection-diffusion equation was completed with
a reaction term depending on the air temperature, combined with a 3D microclimatic model,
and numerically solved within the framework of mixed integer nonlinear programming
(MINLP). In view of the results obtained, we observe that the proposed methodology
is effective in identifying a source of contamination produced by a chemical agent in
the academic cases studied. Both the proposed Dirac delta approximation and its own
definition provide us with comparable results. The numerical resolution of the optimization
problem using the adjoint state equations is more effective from the point of view of CPU
time. Combining the search for the release point and rate requires a very high number of
algorithm iterations, which penalizes CPU time.
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Appendix A

In this appendix, we include the microclimate mathematical model that we have used
in the numerical simulations. The microclimate model is similar to that used by authors
in [14]. We summarize it here for convenience of the reader. So, we consider a 2D domain
QP = {(x,y) eR?>: 0 < x <a, 0 <y < b}and two positive functions Hs, Hy : Q2D —
[0, 00) that represent the height of the layers of soil and air. We also consider a subdomain
3P ¢ (P corresponding to the buildings and a function Hg : Q2P — [0, o) representing
the height of these buildings. Then, we define the following 3D domains:

Q3P ={(x,y,2) eR®: (x,y) € O*P, 0 <z < Hs(x,y)},
0 ={(x,y,2) € R*: (x,y) € OF Hs(x,y) <z < Hs(x,y) + Hp(x, )},
Qz\D :{(x/]//Z) S R?) : (xly) S QZD/ Hs(xly) <z< Hs(x’y) +HA(x’y)}\QSD’

which correspond, respectively, to the domain occupied by soil, buildings and the air. We
can see that 9030 = TS UTAUTBUTY, 003P =T4duTRury urfuriNurgurury
and HQ%D = Fg U Fg U F%‘/, where:
e T} is the lower boundary of the soil;
e T ‘Sq is the interface boundary between air and soil;
. l"g is the interface boundary between soil and buildings;
o T8 is the boundary of buildings associated with roofs;
e T} is the boundary of buildings associated with walls;
o T'llis the upper boundary of the air;
e TN is the wind inflow boundary;
e T QUT is wind outflow boundary;
U Fg is the lateral boundaries for the air;
e I'Yis the lateral boundaries for the soil.
We consider the following equations that model the behavior of the air temperature
04 (K), density p4 (m? s~2) and velocity uy (ms~!):
Jdu A

-+ Vugug — V- (vaVua) + Vpa = poag, Q3P %0, T],

V-uus =0, 03P x]0, T|

IN yIN
Uy =u ,r XO,T,
A Ta x]0,T] (A1)

1
(vaVug + pal) -ny — i(uA ‘ng)-uy =0, IQUTx]0, 7Y,
us =0, 03P\ (TN uTqUT) x]0, T,

uy(0) =u, O3,

where v is the kinematic viscosity coefficient, 0KEF is a reference temperature, g is the grav-
ity acceleration, n 4 is the unit outward normal vector to the boundary BQf’qD ,and u AN , uQUT
and uY are given boundary and initial conditions. Observe that we are considering a direc-
tional do-nothing condition for the Navier-Stokes equations [26] on boundary I'QUT.
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204 3D
? +11A . V@A -V- (KAVGA) = FA, QA X]O,T[,
04 = 6L, TINX]0,T],
00
KAﬁ =0, (Y urQUT uTH) %0, T|,
00,4 S,A A
KAE = b (0s —04), TS x]0,T], (A2)
004 W,A W
KAm:bl (GB—GA), FB X]O,T[,
00,4 R.A R
04(0) =05, 3P,

where K4 is the diffusion coefficient, bf ’A, b}/V’A and bf’A are the convection coefficients,
F, is a heat source term, and 8N and 6, are given boundary and initial conditions.
The soil temperature 65 (K):

aaif = V- (KsVbs) = Fs, Q37 x]0, TY,
d6

Ksﬁ = blArS(gA —05) + bf’s((TrA's)“ _ 9‘;), F?X]O, T[,
s s ;

Song by (6 — 6s), Tsx]0,T|, .

905

KSW =0, T¥x]o, T,

6s = 03YB, TYx]0, T,

05(0) = 62, O2°,

where Kg is the diffusion coefficient, blA’S and bf 5 are the convection coefficients, b?’s is
the radiation coefficient, TrA’S is the radiation temperature induced by solar radiation, Fs is
a source term, and 9§ UB and 62 are given boundary and initial conditions.

The buildings temperature 65 (K):

aaitB — V- (KgV0g) = Fg, O3’ x]0, T|,

KB% = bR (04 — 65) + b5 (TAR)* —63), TEx]0, T],

KBS)% = bW (0,4 —0p) + b3V ((TAY)* —63), T x]0, T, (A4)
KB;% = b8 (65 — 0p), TEX]0, 1],

65(0) = 90, Q3D’

bf’R, bf'w and bf B are the convection coefficients,

where Kj is the diffusion coefficient,
b?'R and b?'w are the radiation coefficients, TrA'R and TrA'W are the radiation temperatures,
Fp is a source term, and 69 is a given initial condition.

The characteristic parameters that define the thermal behavior of the materials in-

volved in the problem are the following;:

e pa,psand pp (g m~3) are the densities of air, soil and buildings, respectively;
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cpa, cps and cpp (Ws g~ K~1) are the specific heat capacities of air, soil and buildings;
ay, as and ap (Ws g=! K1) are the thermal conductivities of air, soil and buildings;
€s, ew and e (dimensionless constants) are the emissivities of the surfaces corre-
sponding to soil, walls and roofs, respectivel;

ag, aw and ag (dimensionless constants) are the albedos of soil, walls and roofs,
representing the ratio of reflected radiation from the surface to incident radiation
upon it;

hd, hB, h% and hﬁ (W m~2 K1) are the convective heat transfer coefficients between
soil/air, soil /buildings, walls/air and roofs/air, respectively.

From the above coefficients, we can define the coefficients associated with

Equations (A1)—(A4):

K4, Ks and K (m? s~ 1) are the thermal diffusivities of air, soil and buildings, defined
from the above data in the following way:

Ka = 4 , Kg= fs , K= LN
PACPA Pscps PBCPB

bf’A, bf’s, bf B , bf S , b¥v’A, bf’w, bf’A and bf’R (m s_l) are the coefficients related to
convective heat transfer, obtained from the following relations:

-  for the temperature of air:

pAcpAbf’A = hg‘, pAcpAb}'v’A = hit, pAcpAbf’A = hﬁ.

- for the temperature of soil:

pscpsbi® =hd, pscpsbi® = hE.

- for the temperature of buildings:

oscppby® = he,  ppeppbi™" =hiy, ppeppbi ™t = hy.

bg"s, b?’w and b?’R (m s~ K~3) are the coefficients related to radiative heat transfer
for soil, walls and roofs, respectively, obtained from following relations:

AS AW _ AR _
pscpsby” = opes, ppcppby " = opew, pPBCpBby = OBER,

with g (W m~2 K~#) the Stefan-Boltzmann constant.

Finally, in order to compute the radiation temperatures 1A%, TAW and TAR (K) on
the different solid boundaries (soil, walls and roofs), we use the following expressions
(involving the corresponding solar radiations, albedos and emissivities):

‘TBGS(TrA'S)4 = (1 —as)Rswnet (X, 1) + Ry, dow (X, 1),
‘TB€W(TrA'W)4 = (1 - ﬂw)st,net(X/ t) + le,dow(xlt)/

UBGR(T,fq’R)4 = (1 - ﬂR)st,net(X/ t) + le,dow(x/ t)/

where Ry net (X, t) denotes the net incident shortwave radiation on the surface, and
Riw,dow (X, t) denotes the downwelling longwave radiation, both measured in W m~2.
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