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Abstract: The main purpose of this paper is to study extension of the extended beta function by
Shadab et al. by using 2-parameter Mittag-Leffler function given by Wiman. In particular, we study
some functional relations, integral representation, Mellin transform and derivative formulas for this
extended beta function.

Keywords: classical Euler beta function; gamma function; Gauss hypergeometric function; confluent
hypergeometric function; Mittag-Leffler function
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1. Introduction and Preliminaries

Special functions play important roles in science and engineering due its variety
of applications; that is why many researchers have been working on them for many
years [1-8]. The classical beta function is one of the most important member of the class
of special functions, and it is also known as the Euler Integral of first kind. It has a wide
range of applications in science, especially in engineering mathematics. In the last few
years, the extension of the classical Euler beta function and gamma function has been an
interesting topic for researchers due to their pivot role in advanced research.

The classical Euler beta function defined as follows [9].

1
B(x1, %) = / PN - )2 ld, R(x), R(xa) > 0. (1)
0
The gamma function defined as follows [9].
['(x1) :/ 1 lemtdr, R(x;) > 0. )
0

The study of the extension of the special function began in early 1990. Chaudhry
and Zubair extended the gamma function [10] in 1994 for the first time, as defined in the
following.

I(x1;7) 2/0 et g R(xy) > 0,7 > 0. ®3)

In the sequence, Chaudhry et al. extended the classical Euler beta function [11] in
1997 defined as follows:

—r

1
B(x1, x2;7) = /O PI1(1 - )y leRTn gy, )
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where min{R(x;), ®(x2)} > 0and R(r) > 0.

Remark 1. If we set r = 0 in (3) and (4), we obtain gamma function and beta function given by
(1) and (2), respectively:
[(x1;0) = I'(x1) ©)

and
B(xl,xz;O) = B(Xl,XQ). (6)

In the above extension, Chaudhry and Zubair have used an exponential function as
kernel to extend the classical Euler beta function and gamma function in terms of integrals.
After few years, many researchers have used confluent hypergeometric function  F; defined
as [9] in order to generalize the classical Euler beta function and gamma function.

The confluent hypergeometric function defined as follows [9]:

oy (r)n 2"
1Fi(ri;r052) = n;o(rZ)n L @)

where (r), represents the Pochhammer symbol defined as follows [9].

(), = Lo+m _ [ (n=0;r € C\{0})
" I(r)  \r(r+1)---(r+n—-1) (neN;reC).

In 2011, Ozergin et al. [12] have used the confluent hypergeometric function to
generalize the classical Euler beta function and gamma function as follows:

rﬁ’l'“)(xl) = /0 1 L ER (7’1;7’2;—t - ;)dt, ®)

where R(x1) > 0,R(r1) > 0, R(r2) > 0and R(r) > 0. The following is also the case:

1 —r
B (x1, x2) :/o T (Vl;rz?t(l_Q)dt’ ©)

where min{®(x1), R(x2)} > 0, min{R(r1), R(r2)} > 0and R(r) > 0.

Remark 2. (1) If we set r1 = 1y in (8) and (9), we obtain extended gamma function and extended
beta function given by (3) and (4), respectively:

T () = T(xy;7) (10)

and
Bgrl'rl)(xll x2) = B(X1, X2; 7’)- (11)

(2) If we set r1 = rp and r = 0 in (8) and (9), we obtain gamma function and classical Euler
beta function given by (1) and (2), respectively:

" (x1) = T(x) (12)

and
B(()rl'rl) (x1,x2) = B(x1, x2). (13)

In the above extension, Ozergin et al. have used confluent hypergeomteric function
1F; as a kernel to extend the classical Euler beta function and gamma function in terms
of integrals. After a few years, some researchers have used the Mittag-Leffler function
defined as [13] to modify the classical Euler beta function and gamma function.
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One parameter Mittag-Leffler function is defined as follows [13].

(o) Zn
Erl (Z) = V;) m, %(7’]) Z O,Z eC. (14)

In 2017, Pucheta [14] had introduced a new modified extension of the gamma and
beta functions by using one parameter Mittag-Leffler function E,, (z), as follows:

I (x1) = /Ow FITE, (“0dE R(x) > 0,R(r) > 0. (15)

B (x1, x2) = /01 L1 — g, (rt(1 — £))d, (16)
where min{R(x1), R(x2)} > 0,R(r) > 0and R(r1) > 0.
Remark 3. (1) If we set r1 = 1 in (15), then we obtain gamma function given by the (2).
I(x1) = T(x). (17)
(2) If we take r1 = 1 and r = 0 in (16), then we obtain the beta function given by (1).
Bj(x1,%2) = B(x1,x2). (18)

In the above extension, Pucheta had used one parameter Mittag-Leffler function E;, (z)
as a kernel to modify the classical Euler beta function and gamma function in terms of
integrals. One year later in January 2018, Shadab et al. [15] have adopted as similar method
used by Pucheta [14] to extend the classical Euler beta function by using one parameter
Mittag-Leffler function E,, (z).

Another Extension of classical Euler beta function defined as follows [15]:

1
B (%1, %) = /0 (1= g, (- (1 -7, (19)
where R(x7), R(x2) > 0,R(r) > 0and R(ry) > 0.

Remark 4. If we take r1 = 1 in (19), then we obtain the equation extended beta function given by

().
Bq(xl/xZ) = B(x1/x2;r)' (20)

In the above extension, Shadab et al. have used one parameter Mittag-Leffler function
E; (z) as a kernel to modify the classical Euler beta function in terms of integrals. After
some time in November 2018, Atash et al. [16] received motivation from Shadab and
Pucheta and introduced a new extension of gamma function and classical Euler beta
function by using a 2-parameter Mittag-Leffler function E,, ,,(z) (Wiman’s function).

The 2-parameter Mittag-Leffler function(known as Wiman's function) is defined as
follows [13].

[e9) Zn
p— —_— > > .
Erry(2) EO Tk T 12) R(r1) >0,R(rp) >0,z€C (21)

The new extended gamma function is defined as follows [16]:
{7 (xy) = / Iy (—t =), (22)
0

where R(x1) > 0, min{R(r1), R(r2)} > 0and r > 0.
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The new extended beta function is defined as follows [16]:

1 —r
B (x), xy) = /0 fl(1— 21, L, <t> Erpr (—q(l — t)’1>dt, (23)
where R(x1), R(x2) > 0, R(r1),R(r2) > 0,rand g > 0.

Remark 5. (1) If we take r = 0 in (22), then we obtain another extended gamma function defined
as follows:

07 () =T () = [ L (0t (24)

where R(x1) > 0,R(r1) > 0and R(ry) > 0.
(2) If we take r1 = rp = 1 in (22), then we obtain the extended gamma function given by (2?).

i () =T ). (25)

(3) If we set ro = 1 and v = 0 in (22), then we obtain the modified gamma function given by
(15).
I (1) = I (). (26)

(4) If we substitute ry =1 = rp and r = 0 in (22), then we obtain the gamma function given
by (2).
11
Iy (x1) = T(x1). (27)

(5) If we take r1 = ro = 1 and v = q in (23), then we obtain the extended beta function given
by (4).
11
Bl (x1,%2) = B(x1, %;7). (28)

(6) Ifweset ry =1y = land r = q = 0 in (23), then we obtain the beta function given by (1).
B(g,lél)(xl,m) = B(x1,x2). (29)

In the above extension, Atash et al. have used 2-parameter Mittag-Leffler function
E;, r,(z)(Wiman'’s function) as a kernel to modify the classical Euler beta function in terms
of integrals. As given above, many researchers have worked on various extensions and
modifications of gamma and classical Euler beta function in terms of integrals for which the
kernel contains the exponential function, confluent hypergeometric function, Mittag-Leffler
function and 2-parameter Mittag-Leffler function. Furthermore, they studied their various
properties and applications.

2. Results

In this paper, motivated by Pucheta [14], Shadab et al. [15] and Atash et al. [16], we
extend the extended beta function defined as (19) by using the 2-parameter Mittag-leffler
function E;, ,(z) (Wiman’s function) given by (21).

(

Definition 1. An extension of extended beta function B (:
following:

)

‘1172)

(x1,x2) with r > 0 is defined by the

1
By (x1,x2) :/0 P11 — t)xz—lE,l,rz(—r(ta - t))_1>dt, (30)

where min{R(x1), R(x2)} >0, R(r1) > 0, R(rz2) > 0and E,, 1, (z) is the 2-parameter Mittag-
Leffler function given by (21).
Remark 6. (1) If we set ro = 1 in (30), then we obtain another extension of the beta function given
by (19).

Bgzrl)(xllxz) = By, (x1,x2). (31)
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(2) If we take r1 = 1 = ry in (30), then we obtain the extended beta function given by (4).

Bg?l)(xhxz) = B(x1,x2,7). (32)

(3) If wesetr1 =1 =ryand r = 0in (30), then we obtain the beta function given by (1).
B(y (x1,%2) = B(x1,%2). (33)

In this paper we also study some of the results of an extended beta function defined
as (30).

Theorem 1. Let r > 0, min{R(x1), R(x2)} > 0, R(r1) > 0and R(rp) > 0,
then extended beta function defined as (30) satisfies the Symmetric relation.

B! ) (x1,x2) = By ) (X2, %1). (34)

(rur2 (ror

Proof of Theorem 1. From (30) we have

r 1 — - —
BErl),rz)(xl’XZ) = fO = 1(1 — )" lErl’rz (ﬁ)dt.

By substituting t = (1 — x) in the above and interchanging cross-ponding variables,
we obtain the following

B((Q ) (x1,x2) fo x)-1lx2-lE, (736(117}() ) dx.
Then, by definition of an extension of the extended beta function, we obtain our
: (r) (r)
desired result. B(rl,rz)(xl’XZ) B(r 72)(x2, x). O
Theorem 2. Let r > 0, min{R(x7), R(x2)} > 0,R(r1) > 0and R(ry) > 0, then the extended
beta function defined as (30) satisfies the Functional relation.

Bgl),rz)(xlfo) = Bé:l)h)(xl,xz +1)+ Bng,rz)(xl +1,x). (35)

Proof of Theorem 2. We apply the definition of (30) to right hand side of the (35) and
perform some manipulations with the terms. Then, we obtain our desired result.

By (% + 1)+ Bl (11 +1,1) =

(7’1r”2
1 _ —_ —r

Jo #9711 = 1) 2y, fZ(t(l G )dt+fo Fr(l—t)% 1E’1"2(@)dt'

B 1B 01515 = 50000 0 )

B((r (X1, %2 +1) +B(r o (1 L) = [y 71 (1 - t)xZ_lEWZ( = t))dt
(
(

)
1,
r) _ p

B . (x1,2+1) + B x1+1,x)= B(rl,rz)(xl’xz)'

r1,72)

(
)

O

Theorem 3. Let v > 0, min{R(x1), R(x2)} > 0, R(r1) > 0and R(rp) > 0,
then extended beta function defined as (30) satisfies the Summation relation .

B(r)

(1’1,7‘2)

(x1,%) = Y B (1 +m,x+1). (36)
n=0

Proof of Theorem 3. From (30) we have the following.
10— _ _
Bl (31,x%2) = fy #1(1= )2y (it )t
After re-arranging the terms, we have the following.
Bm)mﬂg:ﬁm40_wmfn4%hGgﬂﬂ

(rl 12
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Then, we have the the Binomial expansion defined as follows.
(o)
1-tt=Y <1 (37)
n=0

Using (37) in the above expression, we obtain the following.
1,y — o —
Bl (v1,x2) = fo BN = )RR B (i )
Upon interchanging order of integration and summation in the above, we obtain the
following:

o 1 _
B((Q,m(xl'xZ) = Ln=0 fo (1 - t)2Err, (t(l t))dt
Then, we obtain our desired result from (30).

B(r) )(xl/x2) Zn OB(rlr)(xl‘FVl,Xz—f‘l). O

(r1,m2

Theorem 4. Let r > 0, min{R(x7), R(1 —x2)} > 0,R(r1) > 0and R(rp) >0,
then the extended beta function defined as (30) satisfies another Summation relation.

BE:])’rz)(xl,l —x) =) (1 +m,1). (38)
Proof of Theorem 4. From (30), we have the following.
Bl (11 30) = Ji #9720 = ) 2 Ery g (i .
From Bmormal expansion defmed as follows :
(1-t)% = i (2 141 < (39)
N nt '
n=0
Using (39) in above expression we have the following.
(r) n -
B(:lrrz)(xll f tx] 1211_ x2 tnErl,rz <t(11t)>dt

Upon 1nterchang1ng the order of integration and summation in the above, we obtain
the following

B(”) )(Xl,l—xz) Zn 0 Xz)n f pritn— lEVMz( (fjﬂ)dt

(T’] 12
Then, from (30), we obtam our desired result.

Bgzrrz)(xl’l —x2) =Yoo xz B E:B,rz)(xl +n,1). O
Theorem 5. Let r > 0, min{R(x1), R(x2)} > 0,R(r1) > 0and R(rp) >0,
then the extended beta function defined as (30) has a relation with beta function defined as (1).

(r) v (=)
B(rerZ)(xlIXZ) N ngf) I'(rp +nry)

B(x1 —n,xp — n). (40)
Proof of Theorem 5. From (21), substiute 2-parameter Mittag-Leffler function E;, r,(z) to
(30), then we obtain the following.
(r) — (L1 ~1yo0 (=r)"
(i) (F1%2) = Jo #9711 = 2 00 gty 4
Upon interchanging the order of integration and summation from the above, we
obtain the following.

00 —r)" 1 o o
BE:]),;'Z)(X]/ x2) = Zn:(] %ﬁ) ri—n 1(1 _ t)xz =17
Then, from (1), we obtain our desired result.

()"

(r) (x1,%2) = X0 WB(xl—n,xz—n), O

(1’1 ,1’2)
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Theorem 6. Let r > 0,R(x1 +5s) > 0,R(xz +5) > 0,R(r1) > 0,R(r2) > 0and R(s) >0
then the Mellin Transform of an extended beta function defined as (30) is given by the following.

/Ooo r(sfl)Bg:) )(xl,xz)dr = B(x1 +5,x2+ )T rin) (s). (41)

1.2

Proof of Theorem 6. Upon multiplying an extended beta function defined as (30) by r(s~1)
and integrating it with respect to r from limit r = 0 to ¥ = co, we obtain the following.

I r(s’l)BE:]),rz) (x1,x0)dr = [;7rt~Y <f01 11— )2 E, (ﬁ)dt) dr.
I r(sfl)Bgzlrz) (x1,x2)dr = f01 t1(1 — ¢)¥21 (fooo r6-VE, . (t(l t))dr) dt.

Substitute the above v = ﬁ, then we obtain the following.

fooo 7(571)3(212) (x1,22)dr = fol Pl — )] (fooo US*lEWz (—v)dv) dt.
Then, from (1) and (24), we obtain our desired result.
I r(s—l)BgirZ) (x1,x2)dr = B(x1 +s,x2 + s)F(()r]’rZ)(s). O
Theorem 7. Let r > 0, min{R(x1), R(x2)} > 0,R(r1) > 0and R(ry) > 0, then the extended
beta function defined as (30) has another integral representation.

—r

cos (x))2(sin (x))?2

Bl (1,%2) =2 [ (cos (1) sin () iy Jar. @

Proof of Theorem 7. From (30), we obtain the following.
B (1xa) = fo #1711 = )2y (it )t

(r1r2)
Upon substituting t = (cos (x))? in the above and rearranging the terms, we obtain
our result.

Bl (¥1,x2) =2 Ji? (cos (x))* ! (sin (1)) Ery (e e ) 4% O

Theorem 8. Let ¥ > 0, min{R(x7), R(x2)} > 0,R(r1) > 0,R(ry) > 0and k € N,
then the extended beta function defined as (30) has the following relation.

r k ' r
Bérl),rz) (x1,x2) Z Y grz rz)(xl +n,x +k—n). (43)

Proof of Theorem 8. From (35), we have the following.
B (x1,%2) = B! y(r1, 22+ 1) + BE:i,rz)(xl +1,x7).

(rlrrz) (1’1,72
Then, apply the same result of (35) on each term of the right hand side of the above

equation. We obtain the following. BE ) )(xl,xz) =B\ (x1+2,x) + ZBE;)JZ)(xl,xz) +

" (r1r2)
B(:lrrz) (Xl, X7 + 2).

Upon continuing the same process on the right hand side of the above equation and
applying mathematical induction on k, we obtain the following.

NG ) (x1,%2) = Yo i g;fr)(xﬁnxﬁk_n) O

(7’1,1’2
Derivative formulas of (30). Certain derivative formulas for the extended beta func-
tion (30) are established in the following theorem.

Theorem 9. Each of the following derivative formulas holds true for m € Ny and n € Nj.

am 1 X1— m Xy — -
axlmBgl),rz)(xl,xz):/o FII (1) (1= 12 By (—r (61— 1) ) (48)

A
axZn B(rlrrZ)

(x1,%2) = /01 P17 (1= 2 T (1= OB (—r(t(1 =) )t (@5)
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gmtn
2 gl
9x1Mxy"  (r1r2)

(x1,%2) =/01 F 1™ (£)(1 — 1)~ Ln" (1—t)Erl,z(—r(tu—t))-l)dt. (46)

Proof of Theorem 9. In order to prove first part of the theorem, differentiating the ex-
tended beta function (30) with respect to the variable x; under the integral and applying
the Leibniz rule for differentiation under integral sign are necessary procedures.

Then, we obtain the following.

m m 1 _ _ -1
Bl (e, x2) = o [ T 1= 2 (e - 1)t

(r1m2

oM om _ -1
WBEjl)rz (x1,%2) = [ ( t) 11— ) 1Erl,y2(7r(t(1ft)) )dt.

Substitute the value Wt’(l = t11n" () in the above equation, we obtain our desired
result.( ) .
" plr _ -1 -1 -1
oo BlL) (e, x) = [y I (1) (1= 0%y (—r (K1 — 1) )t
In a similar manner, we can obtain the remaining two parts. [

Theorem 10. The derivative formula hold true.
o g(r) 1( 1 (=r)"n
aVB(fl r2) (1, 22) = ( )f e % Eiso tr(1-t)" (71ﬂ+72)dt

Proof of Theorem 10. By differentiating the extended beta function (30) with respect to
the variable ¥ under the integral and applying the Leibniz rule for differentiation under
integral sign, we have the following

‘%BEQ 72)(x1’x2 - arfo #1111 - t)xrlErl,rz(_r(f(l - t))il)dt,

Then, apply the definition of 2-parameter Mittag-Leffler function (21).

2 g 1 ~1y ="
;B(ﬁ rZ)(Jq,xz = arf() i1 —p)elye g t)”r(r1n+r2)dt
2 g(r) _ 1 -1 (=r)"
WB(H,Q)(xl,xz = fo FH(1—1p)* (ar) Yoo Wﬁit
By differentiating the above series with respect to the r term and then placing the
value % (—7r)" = —n(—r)""! in the above equation and rearranging the terms, we obtain
our desired result. oy
9 plr 1 1 1 —r)"n
WB(rwz) (x1,%2) = f X1 )21y g t)"F(rln+72)dt
O

3. Another Representation of an Extended Beta Function

We can represent an extended beta function defined as (30) by replacing 2-parameter
Mittag-Leffler function E,, ,,(z) with well known functions such as the H-function, G-
function, confluent hypergeometric function, Wright-Fox function and Bessel-Maitland
function.

For integers 7, n,t,u such that 0 <r <u,0 < n <t and for parameters 4;,b; € C and
for parameters A;, B e Ry = (0,00) (i=1,---,5j=1,---,u), the H-function is defined
in terms of a Mellin—Barnes type integral in the following manner [17-19]:

HY [ — -

1 -
- Tm/zH;Z(S)Z °ds, (47)

(aer )1t
(5 Bj)y,

(a1,A1),- -, (a, Ay)
(bll Bl)r Tty (bur Bu)

where
117, [(bj+ Bjs) [T, T(1 — a; — A;s)

Hl n+1 [(a; + Ajs) H] m+1 (1 - bf - st) /

and the contour £ is suitably chosen and an empty product, if it occurs, is taken to be unity.

() = (48)
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A Mellin-Barnes type integral of 2-parameter Mittag-Leffler function E;, ,,(z) is de-
fined as follows [13].

_ 1 [ TEr-s) N
E}'],Tz (Z) - Tm /’\2 WZ ds, 71 c R /%(72) > 0/ | arg(z)| < TT. (49)

From the above, we have a relationship between H-function and 2-parameter Mittag-
Leffler function.

A (0,1)
Ern(2) = Hij [—Z’(o,1), (1- rm)]' (50)

Using above relationship, we can replace the 2-parameter Mittag-Leffler function by
the H-function, defined as follows (30).

(r) Y L P e L ) I (0,1)
B(rl,rz)(x],x2> = /0 P (1) Hy, [t(l - ‘(0,1), (1 7’2),7’1)}# (51)

Similarly, we have relation between Meijer’s G-function defined as [17] and 2-parameter
Mittag-Leffler function defined as (21).

Er(z) = G%’; {_z

0
0, (1 — r2) :| ’ (52)

Now we can replace the 2-parameter Mittag-Leffler function from (30) by the G-function.

7

r b oe - 0,
Byl (1) = [0 (1= 1G}5L(1t)

0, (1 — 1

>]dt. (53)

Similarly we have a relation between the Wright-Fox function defined as [17] and
2-parameter Mittag-Leffler function defined as (21).

(L1) } . (54)

Ern(z) =1 {Z (r2,11)

Now, we can replace the 2-parameter Mittag-Leffler function from (30) by the Wright-
Fox function.

t(l_— 1)

1
B! )(x1,X2)=/O fx1_1(1—f)x2_11W1{

(r1.12

(1,1) ]dt. (55)

(r2,71)

Similarly, we have relation between the 2-parameter Mittag-Leffler function (21) and
the confluent hypergeometric function 1 F; (7) whenr; = 1.

1Fi (L2
Eip,(z) = 1£(72>)

Now, we can replace the 2-parameter Mittag-Leffler function from (30) with the
confluent hypergeometric function.

(56)

—r

B (x1, %) = L/l PN — 2 U (1 ) dt (57)
(7],72) 1,42 F(Tz) 0 141 712, t(l *t) .

Similarly, we have a relation between the 2-parameter Mittag-Leffler function (21) and
Bessel-Maitland function defined as follows [17].

E7’1,72(Z) = n!]Z;Z_l)(_Z)' (58)
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Now, we can replace the 2-parameter Mittag-Leffler function from (30) by the Bessel—-
Maitland function.

(r) = 7! ! ¥ -1 xp—17r1 r
By (X1, %2) —n./o 11 =027 e dt. (59)

4. Conclusions

We conclude our investigation by remarking that the results presented in this paper
are easily converted by using the interesting known extension of the beta function and other
special functions. The results presented here are new and very useful for the extension of
other special functions. We are also trying to find certain possible applications of those
results presented here for other research areas.
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