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Abstract: It is known that the hybrid numbers are generalizations of complex, hyperbolic and dual
numbers. Recently, they have attracted the attention of many scientists. At this paper, we provide the
Euler’s and De Moivre’s formulas for the 4 X 4 matrices associated with hybrid numbers by using
trigonometric identities. Also, we give the roots of the matrices of hybrid numbers. Moreover, we
give some illustrative examples to support the main formulas.
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1. Introduction

The complex number systems and their well-known properties have significant roles in
algebraic number theory, geometry, dynamic equations, physics, etc. One of the well-known
properties is the computation of roots and powers of complex numbers. An alternative
way for obtaining roots and powers of complex numbers is to write polar forms for
them. Therefore, the theorem, which is called De Moivre’s Theorem, for the conversion
of complex numbers to their polar forms was introduced by the French mathematician,
Abraham De Moivre.

The complicated concepts for powers of complex number, in polar form, could be
basically re-expressed by the following formula which is the expression of De Moivre’s
formula:

(cos@+isin®)" = (cosnb + isinnd).

Considering the De Moivre’s formula, Euler’s formula, which was introduced by
Leonhard Euler, could be exploitted to reduce any trigonometric identity to much easier
exponential identities. Hence, Euler’s formula is given as follows:

cosf +isinf = e
Recently, there has been huge amount of interest to the mentioned formulas whether
they could be applied to many special number systems such as quaternion number system,
which is the expansion of complex number system. In recent years, many researchers have
interested in applications of this formula for quaternions. In [1], these formulas have been
generalized for quaternions and also denoted the existence of unaccountably many unit
quaternions satisfying x = 1. In [2], the authors have studied the Euler’s and De Moivre’s
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formulas for the matrices associated with quaternions and also obtained any powers of
these matrices. That is, for given

cosf —uysinf —upsinf —uzsinf
A—| m sin 6 cos 0 —uzsin®  upsinf
upsinf  —uzsinf cos —uqsinf
uzsin® —upsinf  uqsinf cosf

where g = cos 0 + usinf, u = (uy, up, u3), the nth power of this matrix is written as

cosnf  —uysinnd —upsinnd —uzsinnd
An — uq sin nf cosnb —ugsinnf  upsinnf

upsinnf —uszsinnd cos nf —uq sinnf

ugsinnf —upysinnf  uqsinnd cos no

In [3], these formulas for the quaternions with the dual number coefficients are
obtained. Furthermore, solutions of the equation x" = 1 is discussed whether they have
solutions for a general unit dual quaternion. Moreover, these formulas have been studied
for split quaternions, which were introduced by J. Cockle. In [4], De Moivre’s formula for
split quaternions and roots of a split quaternion using this formula have been expressed.
In [5], the authors have studied De Moivre’s formula for real matrices of timelike and
spacelike split quaternions, respectively. Additionally, the Euler theorem for real matrices of
pure split quaternions have been mentioned in the same study. Also, in [6], these formulas
have been examined by using matrix theory over the split quaternions. In [7], the authors
consider the unit dual quaternion and obtain the De Moivre’s formula. In [8], the Euler and
De Moivre’s formulas for fundamental matrices of commutative quaternions have been
obtained. In [9], the author obtained the De Moivre’s formula of the hyperbolic quaternions.
In [10], the authors studied two generalizations of dual-hyperbolic balancing numbers:
dual-hyperbolic Horadam numbers and dual-hyperbolic k-balancing numbers. They gave
Catalan’s identity, Cassini’s identity, and d’Ocagne’s identity for them. Moreover, in [11],
the authors introduced a special kind of spacelike hybrid number, namely the F(pn)-
Fibonacci hybrid numbers and they gave some of their properties. Also, in [12], the author
studied on a representation of De Moivre’s formula of the Pauli quaternions. Recently,
there has been huge amount of papers deal with the geometric and physical applications
of complex, hyperbolic and dual numbers which are well-known two dimensional number
systems. At this content, Ozdemir, [13], introduced the hybrid numbers as below:

H={Z=a+bi+ce+dhlab,cde R,iZ2=-1,=0,HK = 1}.

In [14], the authors studied the concept of similarity for hybrid numbers by using the
solutions of some linear equations. In [15], the author gave a new method for finding nth
roots of a 2 x 2 real matrix with the help of hybrid numbers. He gave the De Moivre’s
formula according to type and character of the 2 x 2 real matrix.

2. Matrix Representations for Any Unit Hybrid Number

In this section, we give some fundamental definitions and properties. Let us denote
any hybrid number as Z = a + bi + ce + dh € H. Here, the real number a is called the
scalar part, denoted by S(Z) and bi + ce 4 dh is also called the vector part, denoted by
V(Z)in [13].

Definition 1. The conjugate of a hybrid number Z is

Z=S(Z)—-V(Z)=a—bi—ce—dh.
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Moreover, by using hybridian product, we have ZZ = ZZ. Additionally,
C(Z2)=22Z=2Z=0a*+(b—c)> -2 —d?
is called the character of the hybrid number of Z, [13].

Definition 2. The hybrid number Z is called spacelike, timelike or lightlike if C(Z) < 0,C(Z) > 0
or C(Z) = 0, respectively. The characters of the hybrid number Z are identified by exploiting

these conditions. Furthermore, \/|C(Z)| represents the norm of the hybrid number Z, denoted by
|Z|| [13].

Definition 3. For the hybrid number Z = a + bi + ce + dh, the vector, ez = ((b—c),c,d) is
called the hybrid vector of the number of Z and it can be written as [13].

Ce(Z) = —(b—c)> +c*+d°

Therefore, the hybrid number Z is called elliptic, hyperbolic or parabolic, if C¢(Z) < 0,Ce(Z) > 0 or
Ce(Z) = 0, respectively. The types of the hybrid number Z are identified by using these conditions.
Furthermore, \/|C¢(Z)| is the norm of the hybrid vector of Z, denoted by N(Z) [13].

The polar representation of a hybrid number depends on the type of the hybrid vector
and the casual character. Taking into account these conditions, we summarized the polar

representations of the hybrid numbers in the following Table 1 with data from [13] :

Table 1. The polar representations of the hybrid numbers.

Character of Hybrid Number Polar Form

Conditions

Unit elliptic hybrid

V= bitce+dh

Z = cosf + Vsinf l1Z]

Unit spacelike hyperbolic hybrid

__ bitcet+dh
V= N7

Z = sinh6 + V cos hf cosh =

Unit parabolic hybrid

V = bitcetdh
N(2)

Z=ec+V € =sgn(S(Z))
VZ=0

Unit lightlike hyperbolic hybrid

V= bi+ce+dh
Z=a(1+V) 2 N2

Unit timelike hyperbolic hybrid

__ bi+ce+dh
V — ZNC(SZ)
coshf = 4
7
sinh® = VA
VZ =

N

Z = *£(cosh 0 + V sinh 0)

2

—_

Moreover, the unit parabolic hybrid number also can be rewritten as

Z = cosg t + Vsing 0, 1)
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if Z is a unit parabolic hybrid number and ¢ # 0, V = M, cosgh = a, singd = c,
V2 = 0. Here cos g9 and sin g9 denote the cosine and sine Galilean trigonometric functions,
respectively. In [14], the left matrix representation of the hybrid number Z is given by

a c—b b d T
7 _ b a—d 0 b
L=10¢ —d a+d b-c

d —b a

Similarly, the right representation of the hybrid number Z is given by

fa c—b b d |
70— b at+d 0 -b
R=4Ve d a—d c—b|
ld —c b a |

3. De Moivre’s Formula of 4 x 4 Real Matrices of Hybrid Numbers

In this section, we examine both the left and right matrix representations for each
conditions. We give all the investigation for

Z=x+Vy=x+(v1,00,03)y € H

as below:

L. If Z is a unit elliptic hybrid number, then

cosf  (vp —vqp)sind v1 sin 6 v3sin 6
v1sinf cosf — vz sinf 0 v1 8in 6
v, sin 0 —v3sin6 cosf +v3sin® (v —vy)sinf |’
v3 sin 6 v, sin 6 —vpsinf cos 6
If Z is a spacelike unit hyperbolic hybrid number,
sinh @ (vg — v1) cosh 6 v1 cosh@ vz cosh @
7 _ U coshf sinh6 — vz cosh6 0 v1 cosh 6
L™ 10, cosh @ —v3 cosh 6 sinh 6 + v3coshf (v; —vy)coshf |’
v3 cosh 6 vy cosh 6 —vq1 cosh 6 sinh 0
If Z is a timelike unit hyperbolic hybrid number,
cosh 6 (vy —v1) sinh 6 v1 sinh 0 v3 sinh 0
7, 4|0 sinh @ coshf — v3sinhf 0 v1 sinh 6
L= = 1v,sinh6 —v3sinh 6 coshf +v3sinh§  (v1 — vp)sinh6|”
v3 sinh 6 vy sinh 6 —vq sinh 6 cosh 6

If Z is a unit parabolic hybrid number, then we get

e (n—v1) v v3
U1 €—03 0 (%1

Z, = .
vy vz €e+uvz (v1—02)

03 (%) —01 €
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Moreover, if Z is a unit parabolic hybrid number and especially ¢ # 0, then

cosgh  (vp —vy)singt v15ingh v3sin g6
v18ingd cosg0 — v3singt 0 v1singd
Z . .
0,0 —v30 cosgf + v3singd (vq — vp)singt
U3Singt VSingt —vysingd cosgtl

If Z is a lightlike hybrid number, then

a a(vy—10q) avq avz
avy a— avs 0 U1
Z; = .
avy —av3 a+avs a(v; —vy)
avs avy —avy a

IL. If Z is a unit elliptic hybrid number,

cos®  (vp —vp)sind v1sinf v3sinf
v1sinf cosf + v3sinf 0 —ov1sin@
Zr . . . . .
Uy sin v3 sin 6 cosf —vzsinf (vp, —vp)sind
v3sin 6 —vp sinf 01 sin 6 cosf

If Z is a spacelike unit hyperbolic hybrid number,

sinh 0 (vy —v1) cosh 6 vy cosh 6 v3cosh 6
7. |01 coshf sinh 6 4+ vz cosh 6 0 —1v7 cosh @
R = 10, cosh# v3 cosh 0 sinh @ — v3cosh® (vy —vp)cosh@ |’
v3 cosh 6 —v, cosh @ v1 cosh 6 sinh 6

If Z is a timelike unit hyperbolic hybrid number,

cosh® (v, —v1)sinh6 v1 sinh 6 v3sinh 6
P sinh 6 coshf + v3sinhd 0 —vqsinhf
R v, sinh 0 v3sinh 0 coshf —v3sinhf (v; —v1)sinh@ |’
vz sinh 0 —vpsinh v1 sinh 6 cosh 6

If Z is a unit parabolic hybrid number,

e (n—-v) v U3
U1 €+ 703 0 —01

Zp = .
(%) U3 e—v3 (v2—71)
03 —07 01 €

Furthermore, if Z is a unit parabolic hybrid number and especially ¢ # 0, then

co§89 (vy — vl)siﬁg() v1singt v3si1.1g9
7o — v18ingt €080 + v3singt 0 —vysingd
R= vpsingH v35ingH cosgf — v3singd (vp — vy)singd
U3sing0 —0p8ingt v18ing0 cosgt

If Z is a lightlike hybrid number,

a a(vp—v1) av av3
Z. — |01 a4 avs 0 —avq
R avy avs a—v3 a(vp—v1)|’

aos —aovy aoq a
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Here, we compute the right matrix multiplications for given four conditions at the
following four lemmas.

Lemma 1. Given two matrices

cosf®  (vp —1vq)sind v18in6 vz sin6
v1sinf cosf + v3sinf 0 —vpsinf
Zr = . . . .
vy sin 6 v3sin 6 cosf —vzsinf (v, —v1)sind
v3sin 6 —vp sin @ 01 sin 6 cosf
and
cosaw (v —vq1)sina v sina v3sina
Wo — v1sine  cosa + v3sina 0 —vqsina
R= 10, sina vz sina cosa —vzsina  (vp — o) sina
v3sina —vpsina vy sinw cos o
Then,
cos(f + a) (v2 —v1) sin(0 + ) vy sin(0 + ) v3sin(0 + )
Z We — |91 sin(0 +a) cos(6 + a) + vzsin(6 + a) 0 —v1sin(0 + )
RYR = 10y sin(6 4 o) v3sin(0 + a) cos(0+a) —v3sinf  (vp —vp)sin(6+a) |’
v3sin(6 + ) —vysin(6 + «) vy sin(6 + a) cos(0 + «)

Proof. It can be seen easily by matrix multiplication and using the following trigonomet-
ric equalities:
cos(f + &) = cosfcosa —sinfsin 6,

sin(f 4+ a) = sin 6 cos a + cos Osin 6,

0} — 0 + 2010y = —1.
O
Lemma 2. Let
sinh 0 (vy — v1) cosh 6 v1 cosh @ vz cosh
P cosh® sinh 6 + vz cosh 6 0 —1v7 cosh 0
R v, cosh 0 v3 cosh 0 sinhf —v3coshf (v, —v1)cosh6
v3 cosh 6 —vp cosh 6 v1 cosh 6 sinh 6
and
sinh & (vy — 1) cosha v1 cosh & vz cosh &
v1cosha  sinha + v3 cosha 0 —1v7 cosh
Wi = .
vy cosh vz cosh sinha — vz cosha  (vp — v71) coshw
v3 cosh a —1vy cosh v1 cosh a sinh «
Then,
cosh(6 + a) (v2 — v1) sinh(6 + &) vy sinh(6 + a) v3sinh(6 + a)
7 We — |91 sinh(6 +a) cosh(6 + «) + v3 sinh(6 + ) 0 —vy sinh(0 + a)
R¥R =\ v, sinh(6 + &) v3 sinh(6 + a) cosh(f + a) —v3sinh® (v, —vq)sinh(6 +a) |”
v3 sinh(6 + ) —v; sinh(0 + a) vy sinh(6 + a) cosh(6 + a)

Proof. It can be seen easily by matrix multiplication and using the following trigonomet-
ric equalities:

cosh(6 + &) = cosh 6 cosh a + sinh 6 sinh 6,

sinh(6 + &) = sinh 6 cosha + cosh 6 sinh 6,

0} — 0% + 2010 = 1.
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Lemma 3. Let

cosh 6 (vy —v1) sinh 6 v1 sinh 0 vz sinh
7. — 4|01 sinh @ coshf + v3sinhf 0 —1v1 sinh 6
R==1v,sinh6 v3 sinh 6 coshf —v3sinh® (v, — vq)sinh 6
vz sinh 0 —vysinh 6 v18inh 6 cosh 6
and
cosh « (vg — v1) sinh v1 sinh « vz sinh «
v1sinha  cosha + v3 sinha 0 —v1 sinha
Wi =+ . . . .
vy sinh a vz sinh a cosha —v3sinha (v — v7) sinha
vz sinh a —vysinh v1sinh o cosh «
Then,
cosh(0 + «) (v2 —v1) sinh(6 + ) v sinh(0 + «) vz sinh(6 + )
ZeWe — 4 |1 sinh(0 +a)  cosh(f + a) + v3 sinh(6 + «) 0 —v; sinh(6 + «)
RTER = = 9, sinh(0 + ) v3sinh(0 + a) cosh(6 4+ a) —v3sinh® (v, —vq)sinh(6+a) |°
v3sinh(0 + a) —v; sinh(6 + a) vy sinh(6 + ) cosh(f + a)

Proof. Going on with the similar way at the proofs given above and using the following
trigonometric equalities:

cosh(6 + &) = cosh 6 cosh a + sinh 6 sinh 6,

sinh(6 + &) = sinh 6 cosh a + cosh § sinh 6,
0} — 0% + 2010 = 1.

The proof can be verified, clearly. [

Lemma 4. Let

[ cosg  (v2 —vyp)singt v15ing6 35166
7 v18ingh €080 + v3singt 0 —v1singt
R = . . . .
UzSZ.I’ZgG U3SZI"lg9 cosgt —.v3smg6 (v — v1)sing6
| v3singt) —Upsingd v18ingt cosgtl
and )
cosga  (v2 — vy)singn v1Singn vz sina
W U18ingx  COS & + U3Singn 0 —Uysinga
R = . . . .
vasinga v3singa cosgt — v3singa (v2 — v1)singa
| v3singn —Uosinga v1Singn cosgu
Then,
cosg (0 + «) (v2 — vq)sing (6 + a) vysing (6 + «) v3sing (6 + a)
7 We — vysing (0 4+ a)  cosg(6 + o) + v3sing (6 + a) 0 —vysing (0 + o)
RYYR vosing (6 + a) v3sing (6 + «) cosg (0 + ) —v3singd  (vo —vy)sing(0+a) |’
v3sing (6 + «) —vpsing (6 + a) vysing (6 + «) cosg (6 + «)

Proof. By following similar steps at the proofs given above and using the following
trigonometric equalities:
cosg (6 + &) = cosgBcosga,
sing(0 + ) = singBcosgn + cosgfsingd,

03 — v3 + 20107 = 0.

The proof can be seen easily. [J
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Theorem 1. Let

cosf®  (vp—vp)sind v1sinf v3sin 6
v1sinf cosf + v3sinf 0 —ovysin@
ZR . . . .
vy sinf v3sinf cos® —v3sin® (vp —v1)sinf
v3sin 6 —vp sin 0 01 sin 6 cosf

be a right matrix representation for a unit elliptic hybrid number. Then the nth power of the matrix
is given as follows:

cos nf (v — v1) sinnd v1 sin nf v3 sin nf
Zn _ |V sinnf cosnb + vz sinnd 0 —vq sinnf
R v, sinnb v3 sinnf cosnb —uvzsinn (vy —vp)sinnb |’
v3 sin nf —vp sinnf v1 sinné cos nf

Proof. We use the mathematical induction method for all non negative integers n. For n = 2,
by applying matrix multiplication:

cos 26 (v —v1)sin26 01 sin 26 v3 sin 26
72 _ U1 sin20 cos 20 + v3 sin 20 0 —v1 sin 26
R ™ |v,sin26 v3 sin 26 cosnh —v3sin2 (vy —v1)sin26|°
v3 sin 26 —vp sin 20 v1 sin 26 cos 20

Suppose that the theorem is true for n =k, i.e.:

cos k@ (vg — 1) sinkf v1 sin k6 v3 sin kO
Zk _ |0 sink® coskb + v3 sin k6 0 —vq sinkf
R™ v, sinkd 3 sin k6 cosk® —v3sinkf (vy —vy)sinkd |
v3 sin k6 —vy sinkf v1 sin k6 cos k6

Then, let us show that the theorem is valid for n = k + 1. One can verify that it holds for
n =k +1 as below:

cos(k+1)0 (vy — 1) sin(k+1)0 vysin(k+1)6 vssin(k+1)6
Z(k+1) _ |01 sin(k+1)0 cos(k+1)8 + vzsin(k+1)6 0 —vysin(k+1)6
R 7 |oysin(k+1)6 vzsin(k +1)6 cos(k+1)0 —vzsin(k+1)0 (v —vq)sin(k+1)0|"
vgsin(k +1)0 —vysin(k+1)0 vy sin(k +1)0 cos(k+1)0
Also, we give De Moivre formula for negative powers by following the same way.
In other words, for n = —1, we obtain the inverse matrix as following:
[ cos® —(v2 —v1)sin® —v;sinf —v3s8in6
71 _ —v18inf  cosf — v3sinf 0 v1 8in @
R = —v, sin 6 —v3sinf cosf +v3sinf  —(vp —vp)sinf
| —v3sin® vy sin @ —vp sinf cos 0
[ cos(—0) (v2 — v1) sin(—0) vy sin(—0) v3 sin(—0)
_ |opsin(—0) cos(—0) + vz sin(—0) 0 —o; sin(—0)
~ |ovasin(—6) v3sin(—0) cos(—0) —v3sin(—0) (vy —ovq)sin(—0)|"
|03 sin(—0) —vy — sin(—0) vy sin(—0) cos(—0)

Then by using mathematical induction method, we obtain

cos(—nb) (v2 — v1) sin(—nb) vy sin(—n@) v3 sin(—nf)
z-n_ |1 sin(—n6)  cos(—n@) + vz sin(—nb) 0 —vy sin(—n@)
R | vy sin(—nb) v3 sin(—n0) cos(—nf) —vzsin(—nf) (vy —v1)sin(—nb) |’
v3 sin(—nf) —0vy sin(—nf) vy sin(—n@) cos(—nb)

Finally, the proof is completed. O
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Theorem 2. Let

sinh 0 (vy — v1) cosh 6 v1 cosh @ v3 cosh
7 v1coshf sinh 6 + vz cosh 6 0 —1v7 cosh 0
R vy cosh v3 cosh 6 sinh® — v3cosh® (v, — 1) cosh6
v3 cosh 6 —1vy cosh 0 v1 cosh 6 sinh 6

be a right matrix representation for a spacelike hyperbolic hybrid number. Then, the nth power of
the matrix is given as follows:
If nis an odd number, then

[ sinhnf (v — v1) cosh né v1 cosh nf v3 cosh 16
zn U1 coshnf sinhn6 + v3 cosh nb 0 —1vq coshnf
R v, coshnb v3 cosh nd sinhnf — vz coshnd (vy —vq1)coshnb |’
| v3 cosh nf —v, coshnf v1 cosh nf sinh n6
If n is an even number, then
[ coshn@ (v — v1) sinhnf v1 sinh n6 v3 sinnf
|01 sinhnf coshnf + vz sinh nf 0 —vq sinh nf
R 1v, sinh nf vz sinh nf coshn® —v3sinhnf (vy —vq)sinhnf |
| 3 sinh n6 —1vy sinh n6 v sinh nf cosh n6

Proof. The proof can be calculated by following the same steps at the proof of the Theorem 1
and by using the Lemma 2. O

Theorem 3. Let

cosh 6 (vy — 1) sinh 6 v1 sinh 0 vz sinh §
70— 1|91 sinhf cosh6 + v3sinh6 0 —vq sinh 0
R vy sinh 6 v3 sinh 0 cosh® — v3sin® (vy —v1)sinh @
vz sinh 0 —vysinh 6 v18inh 0 cosh 6

be a right matrix representation for a unit timelike hyperbolic hybrid number. Then the nth power
of the matrix is given as follows:

cosh nf (v2 — v1) sinh n6 v1 sinh nf v3 sinnd
Z = (£1)" vy sinhnf  coshnb + v; sinhno 0 —v1 sinh né
R v, sinh n6 v3 sinh n6 coshnf — v3sinhnf (vy —vy)sinhnf |’
v3 sinh n6 —vy sinh né v1 sinh n6 cosh n6

Proof. The proof can be seen clearly by using the same way of Theorem 1 and Lemma 3. [J

Theorem 4. Let

e (nn—v) v v3

mM €+7v3 0 —01
Zr =

U2 U3 e—v3 (v2—11)

03 —02 0 €

be a right matrix representation for a parabolic hybrid number. Then the nth power of the matrix is
given as follows:

e ne" vy —v1) ne" v, ne" lovs
71— ne" vy €' 4 ne"lug 0 —ne" 1oy
R ne" v, ne" lovs €" —ne" vy ne" vy —vy)

n—1 n—1 n—1

ne" tus ne" v, ne" tog e
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Proof. We can write that Zr = €l4 + A where 14 is a 4 by 4 unit matrix and

0 Uy — U1 01 U3

v % 0 —0
A= 1 3 1

(%) 03 —03 U — 01

03 —02 01 0

Since A? = 0, then we get
n—= "y +ne" 1A

with the induction method over n. O

Moreover, the theorem given above can be written in the following form with cosine
and sine Galilean trigonometric functions.

Theorem 5. Let

c0§g9 (vg — Ul)siﬁge v15ingH UgSiT'ZgQ
v18ingh €080 + v3singt 0 —v18ingt
| vpsingd v3sin g6 cosgt) — v3singd (vy — vy)singt
U3sing0 —0p8ingt v18ing0 cosgtl

be a right matrix representation for a unit parabolic hybrid number and ¢ # 0. Then, the nth power
of the matrix is given as follows:

cosgné (v2 — v1)singnd v1singnd v3singnf
n _ | 018ingnt  cosgnd + vssingnt 0 —018ingn6
R V28iNgn6 v3singnd cosgn® — v3singnf (vy — vq)singnd
U3Singno —vpsingnt v18ingno cosgnt

Proof. The proof is easy through the Theorem 1 and Lemma 4. [

Theorem 6. Let

a a(vy—v1) avq avs
avq a4 avs 0 —avq
Zr =
avy avs a—avy a(vy —v1)
aos —aoy aoq a

be a right matrix representation for a lightlike hybrid number. Then the nth power of the matrix is
given as follows:

ahton—1 a”Z”fl(Uz _ Ul) a”2”7101 un2n7103

7 - aZZ”jvl amn 1+:1;’2” Lo, » 0 » 767’12” Lo '
a"2" o, a"2" o, a2t — g2y g"2" (v — vq)
11”2”7103 —a”Z”*102 11"2”7101 anznfl

Proof. The proof is easy through the Theorem 1. [J

4. Euler Formula for the Matrices of Hybrid Numbers

This section is devoted to compute Euler formulas for matrices of hybrid numbers.
For this purpose, let us consider a matrix as below:

0 Uy — U 0 U3

v v 0 —0v
A — 1 3 1

U2 (% —0U3 U2— 11

03 —07 (%] 0
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Then

A2 = (U% + 20107 — U%)

S O O
O O = O
SO = OO
_ o O O

Theorem 7. Let Z be a pure hybrid elliptic number. Then, e?r = cos 01, + sin 6Zx.

Proof. The right matrix representation of the pure unit hybrid number is

0 Up — U1 (%] U3
Zn — U1 U3 0 —0q ‘
(%) 03 —03 U — 01
03 —02 (%] 0
Since 5 s .
0 0 0
2R = Iy +0Zg + (2) 7% + (3? Z3 + (4? i+ ..
and Z%2 = —I,, then we write ¢/2rR = cos 61, + sin0Zg. O

Theorem 8. Let Z be a pure hyperbolic hybrid number. Then,

2R = cosh 014 + sinh 6Z%.

Proof. The right matrix representation of the pure unit hyperbolic hybrid number is

0 vp—v1 v U3

ZR _ (%] 03 0 —01
(%) 03 —03 U — 01
U3 —0p 01 0

Since

2R = [, + 0Zg + (92)22% + (93332%{ + (24Zj§ 4.
and Z%{ = I;, we get e¥Zr = cosh 01, +sinh 0Zg. O
Theorem 9. Let Z be a pure hybrid parabolic number. Then,
¥R = I, +0Zp.

Proof. The right matrix representation of the pure parabolic hybrid number is

0 Up — U1 01 U3
Zn = U1 U3 0 —0q

(%) 03 —03 U — 01

03 —02 01 0

Since

0)2 3 4
eezR:14+ng+(2) z%<+( ) z%+< ) Zi + ..

and Z%2 = 04, we find e/Zr =1, + 0Zz. O

@

®)

(4)
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5. Roots of the Matrices of Hybrid Numbers

In this section, we give the roots of the matrices of hybrid numbers. The right ma-
trix representation in the general form for a unit elliptic hybrid number are given the
following matrix:

cosp  (vp—wv1)sinf  vysinp v3sin B
v1sinf  cosp+v3zsinf 0 —v1 sin B
Zg = ) ) >,
vp sin B v3sin B cosB—u3f (v —v1)sinp
v3sin 8 —vp sin vy sin B cos f3

where = 0 + 2l for | € Z. Thus, there exist nth roots;

cos Bs (vy —v1) sin Bs v1 sin Bs v3 sin Bs
x. — |1 sin 85 cos s + v3 sin B 0 —ov1 sin B
* 7 |vysinBs v3 sin B cos Bs —v3Ps  (vp —v1)sinfBs |’
v3 sin B —70p sin B v1 sin B cos Bs

where s = @ and s = 0,1,..,n — 1, of the equation X" = Zg. Especially, if we take
n = 2, then we get

cos %9 (02 - v1) sin %9 vy sin § v3 sin gg
Xo = U1 smg COS 5 +03951n§ 90 . —v18iny
vy sin 5 v3sin 5 cos5 —v35 (v —vqp)sin g
U3 sin % —7vp sin % vq sin % cos %
and
—cosg (01 —vz)sing - sin% —v3 sin%
X; = —7vq sin % — Cos g — vgesin % g) . U1 sin g
—vpsin 5 —v3sin 5 —cos5 +u35 (09 —vz)sing
—v3sin % Uy Sin g —7vq sin % — Cos g

of the equation X2 = Zg. Hence Xp + X; = 0.

Similarly, we have the following roots of the equation X" = Zg, where Zy, is the right
matrix representation form of the non lightlike hybrid number.

(A) If n is an even number for a unit hybrid number Z = cosh6 + V sinh 0, then there
exist 4 distinct roots:

sinh B (v —v1) cosh B v1 cosh B v3 cosh B
X vycoshB  sinh B+ v3cosh B 0 —vp cosh 8
0 vy cosh v3 cosh B sinh § —v3coshB (v, —v1)coshB|’
vz cosh —vy cosh 8 vy cosh 8 sinh
sinh 8 (v2 —vp)cosh B v1 cosh B vz cosh B
X, — _|” cosh sinh 8 + v3cosh 0 —ov1 cosh
1= " lovycoshB v3 cosh B sinhp —v3coshp (v, —v1)coshB|’
v3 cosh 8 —7vp cosh 8 vy cosh 8 sinh
cosh B (v2 —vp)sinh B vy sinh B vz sinh B
x, — |1 sinh B cosh § + v3sinh 0 —v1 sinh
27 |oysinh B v3sinh B coshp —v3zsinhf (v, —v1)sinh B’
v3 sinh —vp sinh B vp sinh cosh 8
cosh B (vy —v1)sinh B vy sinh B v3sinh B
Xa— _ |01 sinhf cosh B + v3sinh 0 —v1 sinh B
37 7 |uvysinh B v sinh 8 cosh —vzsinh B (vy —vy)sinh B |’

v3 sinh 8 —vp sinh vy sinh 8 cosh
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_ 0
where = 7.
If n is an odd number for a unit hybrid number Z = coshf + V sinh 6, then there exist
only one root:

cosh B (vy — 1) sinh B vy sinh B v3sinh B
vysinh B cosh B+ vz sinh 8 0 —v1 sinh B
vy sinh B v3sinh B coshf —v3zsinhf (vp —vq)sinhB|’
v3 sinh 8 —vp sinh vp sinh cosh 8

where g = %.
(B) If n is an even number for a unit hybrid number Z = sinhf + V cosh 6, there
no roots.

If n is odd number for a unit hybrid number Z = sinhf + V cosh 6,

sinh B (v —v1) cosh B v1 cosh B v3 cosh B
X, — | cosh B sinh 8 + v3 cosh 0 —v1 cosh B
07 o, cosh 8 v3 cosh B sinh § —v3coshB (v, —v1)coshB|’
v3 cosh —vycosh v1 cosh 8 sinh
where g = %.
(C) If n is an even number for a unit hybrid number Z = —(cosh6 + V sinh 0), there is
no roots.

If n is an odd number for a unit hybrid number Z = —(coshf + V sinh @), there is only
one root

cosh (v —v7)sinh B vy sinh B vz sinh B
Xo— _ |01 sinhf cosh B + v3sinh 0 —v1 sinh
07 7 vy sinh B v sinh B coshB —ovzsinh B (vy —vq1)sinhB|’
v3sinh 8 —vp sinh v1 sinh B cosh 8
where = %.

(D) If n is an even number for a unit hybrid number Z = —(sinh6 + V cosh @), there
no roots.
If n is an odd number for a unit hybrid number Z = —(sinhf + V cosh 6),

sinh (vy —v1) cosh B vy cosh B v3 cosh B
S cosh sinh 8 + v3cosh 0 —v1 cosh
0= " vy cosh B v3 cosh B sinhf —v3coshp (vp —v1)coshB|’
v3 cosh 8 —vp cosh B vy cosh 8 sinh

where = %.

Moreover, we have the following roots of the equation X" = Zg, where Z is the right
matrix representation form of the unit parabolic hybrid number. If 7 is an odd number,
then we have one root as follows:

1 1 1
€ y(nn-v) 50 203
17;1 €+ l?)3, 0 —101
Xo= |1 1) 1 10, " .
?vz 5103 € —1 7193 5(02 —01)
57)3 —E'Uz E'Ul €

If n is an even number, then we have two roots as follows:

I
ivl 12;1 ’ e—1to; Lo n—lv )
yo2 n CITAC
n 701 €

Xo =

U3 —5 92
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and
e Lop-v) iy 10s
X, = — %vl e—t %03 0l ) —%vl
?Uz glvs € —1 793 5(02 —01)
7293 —502 701 €

where € > 0. Otherwise there exists no roots. Especially, let Zr be the right matrix
representation form of the unit parabolic hybrid number and ¢ # 0. If n is an odd number,
then we have one root as follow:

cosgB  (vp —vq)singP v1sing v3sing
v1sing  cosgf + v3singp 0 —018ingp
| vasing v3sing cosgfp —v3singf  (vy — vy)singB|’
U3Sing —Upsing v18ing cosg B

where = %. If n is an even number, then we have two roots as follow:

cosgB (v2 —vq)singp vysingp v3sing
v1sing  cosgf + v3sing; 0 —v18ingp
| vasing v3sing cosg —v3singf  (vy — vy)sing
U3Sing S —0psing B v18ing cosgB
and
cos.;g/% (vg — vl)siﬁgﬁ v1sing v3si1?g,8
X; = — v1sz’ng,8 cosg B +‘03511’1gﬁ 0 ’ —vlszng’ﬁ ,
v2sing v3sing cosgp — v3singp  (vp — vy)singP
U3Sing 5 —Upsingp v1Singf cosg 3

where g = % and cosgf) > 0. Otherwise, there exists no roots.

Finally, we have the following roots of the equation X" = Zg, where Zy, is the right matrix
representation form of the lightlike hybrid number. If 7 is an odd number, then we have
only one root

pooploa—o1)  po pos
X, — |H01 B3 0 —Ho1
0=
po2 po3 p—pvs  p(v2 —01)
Ho3 —HU2 Ho1 M
where y = HZZ“.

If n is an even number, then we have two roots

po op(op—v1)  pop o3
X, — |H01 Bt HTs 0 —Ho1
0=
) 1o3 p—pvz p(va—01)
Ho3 —HU2 Ho1 H
where jt = 1122“ and
po p(oa—v1)  pur 13
X, — _ |Ho1 B s 0 —HO1
L=
) o3 p—pos p(va—o1)
pos  —Hv ) iz
¥Y2a )
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6. Applications

In this section, we give some illustrative examples.

Example 1. Let us consider any hybrid number Z = 6i + € + v/23h. By obtaining C(z) = 1
and C¢(z) = —1, the characterization of Z is denoted by a unit timelike elliptic hybrid number.
Therefore, the polar form of Z is:

zZ=1V,

where V = 6i + € + /23h. The matrix representation of Z is

0 -5 6 V23

7o 6 V23 0 —6

R= 1 V23 —v23 -5

V23 -1 6 0

Computing ZI?O’, we obtain

0 -5 6 V23

7-3 6 V23 0 -6

R 1 V23 —v/23 -5

By exploiting De Moivre’s formula for negative powers, we obtain the following matrix for
n= -3

cos(—30) (v2 — v1) sin(—30) v; sin(—36) v3 sin(—36)
s3_| sin(—360) cos(—36) + vz sin(—36) 0 —vy sin(—36)
R vysin(—36) v3 sin(—30) cos(—30) — v3sin(—30) (vy —vq1)sin(—30) |’
v3 sin(—36) —v; sin(—36) 07 sin(—36) cos(—30)

where vy = 6,0, = 1,v3 = V23 and 0 = % Hence, its numerical value is found the same matrix
as above.

Example 2. Let us consider the hybrid number as Z = /5 + 2h. Since C(Z) = 1 and Co(Z) = 4,
the hybrid number is called unit timelike hyperbolic hybrid number. The polar form of Z is

Z==2(V/5+V-2),

where V = h.
2.236067977 0 0 2
A 0 4.236067977 0 0
R= 0 2 0.236067977 0 ’
2 0 0 2.236067977

where v1 = vy = 0and v3 = 1,0 = arc(cosh(v/5)). Forn = 3:

38.0131 0 0 37.9999
0 76.0131 0 0
3 _ 3
Zr = (1) 0 37.9999 0.01311 0
37.9999 0 0 38.0131

Example 3. Let us consider any hybrid number as Z = 1+ i+ €+ h. Since C(Z) = —land
Ce(Z) = 2, Z is a unit spacelike hyperbolic hybrid number. The polar form of Z is denoted by

Z=1+VV?2,
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i+e+h

V2

where V = . The matrix representation of Z is

Zg =

= e
=N O
_ O O =
|
—_

-1
Let us compute the power of the matrix Zg forn = 7:

239 0 169 169
169 408 0 -169
169 169 70 0
169 —-169 169 239

(Zr)” =

This can be stated with De Moivre’s formula as below:

sinh(76) (v2 — v1) cosh(76) v1 cosh(70) v3 cosh(76)
Zv_ | @ cosh(76)  sinh(76) + v3 cosh(76) 0 —u7 cosh(76)
(Zr)" = v, cosh(70) cosh(70) cosh(70) — vz sinh(76) (v — vz) cosh(76) |’
v3 cosh(76) —vy cosh(76) vy cosh(76) sinh(76)
where v1 = vp = V3 = % and 6 = arcsin h(1). If we calculate the 7th root of Zg, we get
sinh(B) (v2 — v1) cosh(pB) vy cosh(B) v3 cosh(pB)
xi— | @ cosh(B) sinh(B) + v3 cosh(p) 0 —v1 cosh(B)
0= | v,cosh(B) v3 cosh(B) sinh(B) — vzcosh(B) (v; —vz)cosh(B) |’
v3 cosh(B) —v cosh(B) v1 cosh(B) sinh(B)

where p = g. Its numerical value is given as

0.126 0. 0712 0.712
0.712  0.838 0. —-0.712
0712 1414 1.325 0.
0712 —-0.712 0.712 0.126

Xo =

Example 4. Let us consider the hybrid number as Z = 1+ i+ h. Since C(Z) = 1and C¢(Z) =0,

then this hybrid number is called unit timelike parabolic hybrid number. Moreover, the polar form
of Z
Z=11+V),

where Vo = i + h. The matrix representation of Z is given as follows:

1 -1 1 1
1 2 0 -1
ZR=10 1 0 -1
1 0 1 1
Forn =3,
1 -3 3 3
3 4 0 -3
3 _
R=|0 3 -2 -3
3 0 3 1
If we calculate the 3th root of Zr, we get
1 -1 1 1
12 )
Xo=|2> {1 2 _1
I
3 0 3 1
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Example 5. Let us consider the hybrid number as Z = —1 — ¢ + h. Since C(Z) = 0 and
Ce(Z) = 1, this hybrid number is called unit lightlike hyperbolic hybrid number. Moreover,
the polar form of Z

Z=-1(1+V),

where Vo = € — h. The matrix representation of Z is given as follows:

-1 -1 0 1
0o 0 0 o0
ZR=| 11 2 -
1 1 0 -1
Forn =3,
-4 -4 0 4
0o 0 0 o0
3 _
R=| 4 4 -5 -4
4 4 0 -4
If we calculate the 3th root of Zr, we get
V=2 V=2 0 V=2
2 2 2
X 0 0 0 0
0= ¥ 35 3/—
-ty 2
V=2 _¥=2 V=2
2 2 2

7. Conclusions

The De Moivre’s and Euler formulas have been initially c