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Abstract: Given any sequence z = (zy),»; Of positive real numbers and any set E of complex
sequences, we write E; for the set of all sequences y = (y5),~1 such thaty/z = (yn/zn),>1 € E;
in particular, s? denotes the set of all sequences y such that y/z tends to zero. Here, we consider

the infinite tridiagonal matrix B(r, s, t), obtained from the triangle B(r, s, t), by deleting its first row.

Then we determine the sets of all positive sequences a = (an)n21 such that (E,) o C E,, where

B(r,s,t)

E = lo, Cg, Or c. These results extend some recent results.
Keywords: matrix transformations; BK space; (SSIE) with operator; triple band matrix

MSC: 40H05, 46A45

1. Introduction

As usual, we denote by w the set of all complex sequences y = (¥»),>1 and by cp, ¢
and {« the subsets of all null, convergent and bounded sequences, respectively. Also let
U™ denote the set of all sequences u = (u,),~, with u, > 0 for all n. Given a sequence
a € w and a subset E of w, Wilansky [1], introduced the notation a ! x E = {y € w : ay =
(anyn),>1 € E}. We write s,, s and SE,C) for the sets ((1/an)n>1)_1 * E for any sequence
ae Ut and E € {{w,co,c}. In[2], we gathered some results on the (SSIE) and the (SSE),
defined as follows. The sequence spaces inclusion equations (SSIE) and sequence spaces equations
(SSE) with operators are determined by an inclusion or identity each term of which is a sum

or a sum of products of sets of the form (xa)r and ()( f(x)) v where x is any of the symbols

s, s%, or s(9, a is a given sequence in U", x is the unknown, f maps U+ to itself and

T is a triangle. In [2], we dealt with the class of (SSIE) of the form F C E, + Fj, where
F € {co, 0P, wp,we } and E, F' € {cp, ¢, loo, l¥, wp, W}, (p > 1). In [3], Altay and Basar
defined the generalized operator of the first difference defined by B(r,s),y = ryn + syu—1
forall n > 2 and B(r,s);y1 = ry;1. Then, these authors dealt with the fine spectrum of the
generalized difference operator B(r,s) over the sequence spaces ¢y and c. In [4], Kirisci
and Basar gave characterizations of the classes (E B(r,s) F ) and (E B(r,s)r FB(,,S)> where E
is any of the spaces {«, ¢, cq, £, or {1 and F is any of the spaces /, ¢, cg, or £1. In [5],
the authors dealt with the fine spectrum of the generalized difference operator B(r,s) over
the sequence spaces £, and bv, (1 < p < o). Then, in 2007 Furkan, Bilgic and Altay [6],
dealt with the spectrum of the operator represented by the triangle
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B(r,s,t) =

~
v2)
<

0

over cg and c¢. In [7], Bilgic and Furkan dealt with the fine spectrum of B(r,s,t) over
the sequence spaces /1 and bv. Finally, in 2010 Furkan, Bilgic and Basar [8], studied the fine
spectrum of the operator B(r, s, t) over the sequence spaces [, and bv,.

In this paper, we extend some results stated in [9], and we consider the infinite matrix

A = B(r,s,t) obtained from B(r, s, t) by deleting its first row which is not a triangle, but
an infinite tridiagonal matrix. The main results are stated in Sections 6 and 7, where we

give some new characterizations of the inclusions ( X”)Bﬁ) C Xq Where x =s, 9 or s,
1,

We extend some results stated in [9] with the study of the cases (1) s = 0Oand 7, t # 0,
(2)r=0ands,t # 0,and (3) t = 0 and 7, s # 0. Then, we characterize the set of all positive
(c)

sequences a such that (sff)) o0 C s, ’. So, we give some conditions, under which
1,5,

the condition limy,_seo (*Ypy+1 + SYn + tyy—1)/ay = I implies lim, o Y /an = I, for all y
and for some scalars [, I’.

This paper is organized as follows. In Section 2, we recall some results on AK and
BK spaces and on the set S, ;. In Section 3, we consider the operator C(a), and recall
the definitions and properties of the sets T, C, I’ and C;. Then we state some properties
of the set ¢. In Section 4, we recall the inverse of B(7,s,t). In Section 5, we state some

characterizations of the sets of all positive sequences a such that ( XQ)BT;S;) C Xa, Where

X =s,or s in the general case. In Section 6, using the sets of the form éa, we give additional
characterizations in each of the cases 1) (x4) ——— C Xa, with A >0. 2) (x4) .—— C xq and

B(r,s,t) B(r,5,0)
( Xg)Bm) C Xa, and 3) A <0. Finally, in Section 7, we extend the previous results to the set
SO of all positive sequences a such that (sff)) T C s,gc). Then, under some conditions
r,s,

we give simplifications of the previous set.

2. Notations and Preliminary Results

Let A = (k) k>1 be an infinite matrix and y = (yx)x>1 be a sequence. Then, we write

Any = 2 a,kYk, for any integer n > 1 )
k=1

and Ay = (Any),~; provided all the series in (1) converge. Let E and F be any subsets
of w. Then, we write (E, F), (see for instance [10]), for the class of all infinite matrices
A for which the series in (1) converge for ally € E and all n, and Ay € F forall y € E.
So, if A € (E,F) then we are led to the study of the operator A = Ay : E — F defined
by Ay = Ay and we identify the operator A to the matrix A. A Banach space E of complex
sequences is said to be a BK space if each projection P, : E — C defined by P,(y) = yx
forall y = (yx),>1 € E is continuous. A BK space E is said to have AK if every sequence
¥ = (yi)k>1 € E has a unique representation y = Y= ; yre®) where () is the sequence
with 1 in the k-th position and 0 otherwise. To simplify the notations, we use the diagonal
matrix D, defined by [D,]un = a, for all n, and write

D, *E = (1/‘1)71 *E = {(]/ﬂ)nzl cw: (]/H/an)nzl € E}r

forany a € UT and any E C w. We may also write the identity E, = D, * E. Then, we
define s, = D, * o, sg = D, * cg and s,gc) = D, * c. Each of the spaces D, * x, where

X € {€w,co,c}, is a BK space normed by [|y[|s, = sup, -1 (|yn|/an) and s0 has AK. Now,
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leta = (ap)n>1,b = (by)n>1 € UT. By S, we denote the set of all infinite matrices
A = (Ayp)n =1 such that [|Alls,, = sup,oq (b T2y [Auklax) < co. Ttis well known that
A € (sq,8p) if and only if A € S;},. So, we can write (sq,s5) = S;5. When's, = s;, we
obtain the Banach algebra with identity S,), = S,, (cf. [2]), normed by [|A[ls, = [|Alls,,-
We also have A € (s4,s,) if and only if A € S,. If a = (r"),,>1, the sets S, sg, s0 and
sf,c) are denoted by S,, s;, 59 and sﬁc), respectively. When r = 1, we obtain s; = {c,
s? = ¢p and sgc) = ¢, and writing ¢ = (1,1,...) we have 51 = S,. It is well known that
(s1,81) = (co,s1) = (c,81) = S1 (see, for instance, [1]). We also have A € (¢, cp) if
and only if A € S; and limy oAy = Ofork = 1,2, ...; and A € (¢, ¢) if and only if
A € Sy, limy oo Y5 Ay = I and limy, 0 Ay = I, for some scalars land [, k= 1,2, ...
In the sequel, we use the next property. Let x and x' be any of the symbols s0, s(c), ors,
then the condition A € (x4, x},) and Dy ,,AD, € (xe, X;) are equivalent. For any subset E
of w,we put AE = {5 € w : 7 = Ay for some y € E}. If F is a subset of w, then we write
F(A) = FA ={y € w: Ay € F} for the matrix domain of A in F.

3. The Operators C(a), A(a) and the Sets T, C, T, C; and €

An infinite matrix T = (t,x)nk>1 is said to be a triangle if t,, = 0 for k > n and
tun # 0 for all n. Now, let U be the set of all sequences (uy,),>1 € w with u, # 0 for all n.
If a = (ay)y>1 € U, we define by C(a) the triangle defined by [C(a)],, = 1/a, fork < n,
(see, for instance, [2] (p. 166)). It is easy to see that the triangle A(a), whose the nonzero
entries are defined by [A(a)],,,, = a, and [A(a)],, ,, 1 = a,_1, is the inverse of C(a), that is,
C(a)(A(a)y) = A(a)(C(a)y) =y forally € w. If a = e then we obtain A(e) = A, where
A is the well-known operator of the first difference defined by A,y = v, — y,—1 for all
y € wand all n > 1, with the convention yy = 0. It is usual to write X = C(e). We note
that A and X are inverse to one another, and A, 2. € Sg forany R > 1.

To simplify notation, for a € U", we write ¢, (a) = a, ! Y}, a, for all n. We also
consider the sets C and C; of all positive sequences a = (an),~q such that (c,(a)),~; € ¢,
sup, cq(a) < oo, respectively. It is known that, lim;, e ay, = 1—1/1 holds if and only
if limy 0 1, 1 YF_; ax = I, for some scalar I > 0. In all that follows, we associate with
any positive sequence a the sequence a~ defined by [a~], = a,_1 for all n > 1 with
the convention [a7]; = ap = 1. We write a®* = (a;,),,~,, where a;, = [a~], /a, and we let
¢={ac Ut :a* € c}. We define by T and T the sets of all positive sequences such that
lim, . ay < 1and limsup,_,ay < 1. Finally, by G; we define the set of all positive
sequences such that a, > C+", for all n, and for some C > 0 and y > 1. Note that, if 2 and
b € Cy, then we have a + b and ab € C;. It can easily be seen that (R"),>1 € C1 if and only
if R > 1, and there is no real number « for which the sequence (n*), -, belongs to Ci. Itis

knownthat C=T cT C a C Gy, (cf. [2]). Now, we need the following lemmas.
Lemma 1. We have C; N¢ = T.

Proof. The inclusion T C C; N is immediate. So, we only need to show the inclusion
a N¢ c T. For this, we assume a ¢ I, under the condition 2 € ¢. Then we have
lim;, e a5, > 1. So, for any given € > 0 there is an integer 4 > 0 such that ay, > 1 — e for all
n>gq+1and

2q 2q 2q-1
1 1 a a2q-1
o)) = LY 4> @(2@) =3 (k ..") 11
q \k=q

12q 3 T jog \Tk+1 g

> (1—e)q+...+(1—e)+1_1_<1£—8)q+1,
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Then we have

O AR e

and ([C(a)a]zq) ¢ Lo, which implies a ¢ C;. So, we have shown C; N¢ C T and Part (ii)
q
holds. This completes the proof. [

Lemma 2 ([2], Theorem 4.2, p.172). for each a € w we have a € T if and only if (sgc))A = sff).

Lemma 3. Leta € U*. Then we have: limy,_« af, < 1 implies
1 n
lim a, k:Zz(n —k+1)ay_y = I, for some scalar .

Proof. By Lemma 2, the conditiona € fimplies (sff)) A s[(f) and (sfﬁ) o= ((S§C>)A)A =

(&gc))A - S{SC)~ Since (sﬁ”)Az = Zzs,(f), the conditiona € T implies Dl/aZzDa € (¢, c). Now,
the matrix Dy /,£2Dy, is the triangle defined by [Dy,2%D,],, = a,'(n —k + 1)ay fork < n,

and we conclude that a € T implies

n

lim a,,* Y (n—k+1)a =1

n—o0 =1

Finally, from the inclusion Ic /C\l, we obtain

n

Ly -kt Dacy = =Y

n =2 =1
1 n—1 n—1
— s (n—]—l—l)a]—a—'Za]fO(l)(n—)oo)
j=1 "=t

This concludes the proof. [

4. The Inverse of the Triangle B(r, s, t)

In the following, we use the triangle B(r, s, t) which can be considered as the operator
defined by (B(r,s,t)y); = ry1, (B(7,s,t)y), = ry2 +sy; and (B(r,s,t)y),, = ryn + sy,—1 +
ty,—o for all n > 3, where r, s, t are real numbers. Throughout this paper, we assume that two
reals among the reals 7, s, t are nonzero. We associate with the matrix B(r, s, t) the equation

b(u) = tu> + su+r=0. (2)

We denote by 17 and u; the roots of (2). In the case r, t # 0 the roots of (2) are distinct
from zero. We have the following result, where we let A= s — 4tr, which was stated in [6],
and rewritten in [9].

Lemma 4 ([9]). Let 1, s, t be reals with r, t # 0. Then, the inverse of B(r, s, t) is a triangle whose
the nonzero entries are defined for k < n, in the following way.

(i) IfA#Othenu; = (—s — \/Z) /2t and uy = (—S + \/K) /2t are the real or complex roots
of (2) and we have:

(a) ([B(r,s,t)]fl)nk =— (u’;”*l - u’f*”*l) /V/A, for A > 0.
(b) ([B(r,s,t)]fl)nk = i(ué_”_l - u’{_”_l) /—A, for A < 0.



Axioms 2021, 10, 218

50f12

(ii) If A= O then uy = —s/2t, is the double root of (2) and the non-zero entries of the inverse
of B(r,s, t) are defined by ([B(r, s, t)]_1> = rt(n—k+ 1)uk.
n

(iii) Assume A< 0, and let u; = pe®, be a root of (2). Then, the inverse of B(r, s, t) is the triangle
whose the entries are given by

1sin(n —k+1)6

<[B(r’slt)]_1>nk 7

k<n.
r p"ksin6 fork<n

5. On the Sets S and :S\O

—_~—

In the following, we use the infinite tridiagonal matrix B(r, s, t) obtained from B(r, s, t)

by deleting its first row. For r = 0 the matrix B(r, s, t) is the double band matrix denoted
by B(s, t). In this section, we recall the characterizations of the set of all @ € U™ such that
(X”)B(rs ) C Xa, with x = s, or s” in the case A# 0. Let

S — +. o S0 — +.(0) 0
S = {a el : (S“)B(r,s,t) C sa} and S {a el : (sa)B(r/s/t) C sa}.

Then we have a € S if and only if the condition |ry,, 1 + syn + ty,_1|/an < K; implies
lyn|/an < Ky for all y, for all n and for some K; and K, > 0. Similarly, we have a € S°
if and only if the condition (ry,+1 + syn + ty,—1)/a, — 0 implies v, /a, — 0 (n — 00)
for all y. In the following, we recall some results on the characterizations of S and S0 stated

in [9]. We begin with the characterizations of S and S0 in the case A# 0 and we consider
the conditions:

1 n
sup <a ) ’ué‘"‘l ulf_”_l‘ak1> < oo 3)
n n kf
and
lim L (u’;*"*l — ke 1)ak L =0(n— o) fork=1,2,. @)

Using the identity ( Xu) = (Xa-)B B(rs) fOr X =, or s%, (cf. [9]), we obtain the fol-

sit)

lowing proposition, where we assume A# 0, the case A= 0 is studied in Part (ii) of
Theorem 1.

Proposition 1 ([9]). Letr, s, t be reals with r, t # 0. Assume A# 0 and let uq and uy be the roots
of (2). Then we have: (i) a € S if and only if (3) holds. (i) a € S if and only if (3) and (4) hold.

6. New Characterizations of the Sets 3, or :S’\O

In the following, we extend some results on the characterizations of S and SO stated
in [9]. For this, we let y = s, or s”, and we simplify these characterizations using the sets
of the form C, = [a} ol , for & # 0, in each of the cases (1) (XH)BTr\s/t) C Xa, with A >0, (2)
()(g)B(rs 5) C Xaan nd (Xa) ;o sosn C X and (3) A <0.

6.1. Characterizations of ( Xa) C Xa Where x = s, or s° for A >0.

B(r,s,t)

For any nonzero real number &, we write

% Cp = ae U’ :sup Mi& < o
n>1 ”121 an k=1 ‘a‘k

~

C,X = D(Mn)
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Note that C, = 6\04- It is trivial that, if 2 and @’ € C, then we have a + a4’ € C,.
We obtain the following extension of the results stated in [9], since we only dealt with

the sets S and 3'\0, for A> 0, in the case s # 0.

Theorem 1. Let v, t # 0. Then we have:
(i)  Assume A> 0 and let uy # uy be the roots of (2). Then

o~ ~

S = 8% = Conax(1/u|,[1/12))-
(ii)  Assume A= 0, and let uy be the double root of (2). Then S=80= 61/\u1\'
Proof. Statement (i) with s # 0 and (ii) were shown in [9]. It remains to study the case
s = 0 for A> 0, where the polynomial associated with the matrix B(r,0, t) is b(u) = tu® +r.
The equation tu?> +r = 0 has two roots u; and —u; where u; = /—r/tif rt < 0 and

up = iv/r/tifrt > 0. Then we have a € S if and only if (3) holds, and the condition in (3)
is equivalent to

Ly 1 [ (-1 oy = 0(1) (1 o0). 6)
nj=1

The sequence ‘1 — (—1)k7"71‘ is nonzero only if n — k is even, that is, n — k = 2i, and

we have ‘1 — (fl)kf'1 ~11 = 2. So, the condition in (5) is equivalent to
NCON
. Y ‘Mf T an—2i-1 = O(1) (n — e0).
noi=0

Now, if we let j = n — 2i — 1 we obtain

1 n—1 j—n 1 n—1 j
aZ‘ul S |uft| Z:‘ul‘aj:O(l) (= o).
j=0 ni*1l j=0

This last condition means (a,|u}]), ., € Cianda € C Nzt Then, the identity

S = 89, follows from the inclusion C; C Gy. So, the condition (an|u]) > € C; implies
there are K > 0 and 7 > 1 such that a,, |u}}| > K7". This completes the proof. [

Example 1. Assumer = 2, t = 1 and s = —3. Then we have u1 = 1 and up = 2, and
by Theorem 1, we obtain S = 80 = C;. Moreover iflimy, 00y < 1, then x € S.

Example 2. We obtain a similar result, forr = —t =1ands = 0.
In the following we need the next remark.
Remark 1. By Theorem 1, we can state the following result. Let v, t # 0 and assume A> 0. Then,

the condition lim, et < min(|uy], |us|) implies a € S. Then, if A= 0 then u; = up = —s/2t
and the condition limy,_coapy < |uq| impliesa € S.

Theorem 1 may be rewritten in the following way.

Corollary 1. Let v, t # 0 and assume a® € c. Then we have:

(i)  Assume A> 0 and let uy # uy be the roots of (2). Then § = SVanda e 8 if and only if
limy, 00 ap, < min(|uq], |uz]).
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(ii)  Assume A= 0 and let uy = up = —s/2t be the double root of (2). Then we have S =80and
a € Sifand only if lim, e a8 < |u1).

Proof. The identity S S0 = & follows from Theorem 1. (i) We only study the case s # 0, since
the proof of the case s = 0 is similar. By Remark 1, we have lim, o a5 < min(|u], |u2])
implies a € S. Conversely, let a € S. By Theorem 1, we have a € Cmax(|1 S, |1/ ua))-

If |uq| < |uz|, then we have (a,|uq|"), ., € C1 and since a® € c, by Lemma 1 we obtain

limy—ye0 a8 < |u1]. Similarly, if || < |u1], then we have (a4|uz|"), -, € C; and by Lemma 1,

n>1
we have limy 0 a4, < |uz]. So, the condition a € Crax(|1/uy|,1/u,|) iMplies limy e ay <

min(|uy], |u]) and we have shown that a € S implies lim, e a§ < min(|uy|, |[u|). This
concludes the proof of Part (i). (ii) can be shown using similar arguments as those used
above. This completes the proof. []

As a direct consequence of Theorem 1, we state a result which is an extension of Corollary 1.

Corollary 2. Let a® € c. If s = 0and A= —rt <0, then S= 35 and the condition a € S holds
ifand only if limy, e ay < v/r/t.

By Corollary 1, we obtain the following result stated in [9].

Corollary 3. Assume A> 0 with r, t # 0. The condition min(|u1], |uz|) > 1 is equivalent to
the statement:

}i_r)r;o(rynﬂ +sYn + typ—1) =0 = nl1_1>ro10yn =0 forall y.

We may illustrate Corollary 3 with the next examples.

Example 3. Since the absolute values of the roots of the equation u?

than 1, we have

— u — 3 = Oare strictly upper

nh—r>r<>10(3yn+1 +Yn —Yno1) =0 = lim y, = 0 forall y.
Example 4. The condition || > 1 is equivalent to the statement
J%[aywl —(a+1Dyn +yn]) =0 = Jlim y, = 0 for all .

6.2. Characterizations of the Inclusions (Xu) C Xaand ()(a) C Xa

B(r.5,0)

Using the equivalence of the conditions B~!(r,s) € (Xm)d;) and
Dy/pBY(r,5)Da € (Xe X.), We obtain the following known result on the inclusions
(Xa)B(r,s) C Xa, With x =s, or s0.

B(0,s,t)

Lemma5. Letr,s #0,a = —s/rand let a € UT. Then, the following statements are equivalent,
where x = s, or 89, (i) (Xa)B(r,s) € Xar (1) (Xa)p(y,5) = Xa, (ii0) B(r,5) € (Xa, Xa) is surjective,
(iv) B(r,5) € (Xa, Xa) i bijective, (v) a € C,.

Using Lemma 5, we may extend the results stated in Corollary 1 and determine the sets
S and SO when either 7, or t is equal to zero.

Proposition 2. Let r, s, t € R. Let uq be the root of the equation tu+s = 0 if s, t # 0, and let uj,
be the root of the equation su +r = 0ifr, s # 0. Then we have:

(i) (a)lfr—Oands t # 0, then we have: S = S0 — Cl/uO b Ift =0andr,s # 0, then
S SO C1/14
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(ii) Let a® € c. Then we have: (a) Ifr = O and s, t # 0, then S = :9\0 and a € gifand
only if limy, oo af < |tg]. (B)Ift = 0and r,s # 0, then S = SO and a € & if and only
iflimy 00 afy < |uf].

Proof. (i) (a) Case r = 0 and s, t # 0. Then, the matrix Bm) is the triangle denoted

by B(s, t) and by Lemma 5, we have S=380= Ci Juy» Where 1 is the root of the equation

tu+s = 0. (i) (b) We have ()(a) OT (Xa-)B(rs), for x = s, or s? and as above,
by Lemma 5 we obtain S = S S0 = =G 1wy (ii) follows from Lemma 1. This means that, under

the condition a® € ¢, we havea € C1 ifand only if 2 € r. O

6.3. Case A< Qwithr,s, t #0

Here, we obtain interesting results on the characterizations of S and SO stated in
Part (i) of Proposition 1, with A< 0. We have u; = pele with p > 0 and up = u; are the roots
of Equation (2). Consider the conditions,

1 n
sup( Ly Jsin(n—k+ 1>erp’<ak1> <, ©)
n \Pn 5
fim SN =REDO k=10, @)
n—co P”ﬂn
and
lima} < 0- (8)

n—oo

We obtain the following results.

Proposition 3 ([9]). Assume A< 0 and let uy = peie be a root of Equation (2). We have: (i) a)
ae8 1f11nd only if condition (6) holds. B) a € SO zfand only if conditions (6) and (7) hold. (ii)
Cl/p C 80 C &. (iii) The condition in (8) implies a € S0,

By Proposition 3 we obtain the following corollary.

Corollary 4 ([9]). Assume A< 0and let uy = pe'® with p > 0and 6 # mmn for m € Z, be a root
of Equation (2).

(i) Let (anp"),>1 € Cy. Then, for every y:
nlgl(}o {pzynﬂ —2(pcosB)y, + yn_l} /ay =0= nlgl(}o Yn/an = 0.

(i) For any p > 1, we have limy_ e [0*Yni+1 —2(0cosO)yn +yn_1] = O implies
lim, ooy = Oforally.

Finally, we state an elementary example.

Example 5. If lim, ey, < 1, then we have imy oo (Yn+1 +Yn +Yu—1)/an_= 0 implies
limy 00 Yn/an = 0, for all y. This result follows from the fact that (8) implies a € Cy,, and from

2i7t/3

Corollary 4, where uy = e , is a root of the equation u® +u +1 = 0.

7. Characterization of the Set ST(?)

In this section, we deal with the set g(F) = {a ceUut: (sﬁf)) T - sf,c) } This study
r,s,

consists in determining the set of alla € U™ for which
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lim Yt Y Bty gy Yy

n—ro0 an n—oo (y

—

for all y and for some scalars /, I. We state some general results on S(¢) and give interesting
simplifications of this set. In this way, we confine our study to the case A > 0 and we
assume st < 0 < rtif A > 0.

7.1. General Case
. . . (¢c) _ (.(0 c 1. . ~
In this part, we use the identity (s, ek s~ Birsh)’ which is a direct conse
7.,

7,5,t) \a
quence the identity (B(r, s, t)y) L= (B(r,s,t)y),, for all n > 2 and for all y, and we
ne

consider the following statements.
(i) For A # 0, we use the condition in (3) and the conditions

1 n
nlgr(}o o k; (u’f”*l - u’l‘*”*l>ak71 = L for some scalar L, 9)
and 1
lim — (u’;”*l — u’f”*l)ak,l = I} for some scalars [, withk = 2,3,... (10)
n—oo g
(ii) For A = 0, we have 11 = —s/2t and we consider the conditions
1 n
sup| Z(n—k+1)‘ull"ak_1 < oo, (11)
w1\ [uf]an (5
n
lim W k:Zl(n —k+ 1)u1{ak_1 = [ for some scalar [ (12)
and
: k
nlgrolo W (n —k+1)uja_1 = Iy for some scalar [, k = 2,3, ... (13)

We can state the following result.

Proposition 4. Leta € U™ and let r, t # 0. Then we have:
(i) IfA#0, thena e S if and only if (3), (9) and (10) hold.
(i) IfA=0,thena € S ifand only if the conditions in (11) and (12) hold.

Proof.
(i) Wehavea € S if and only if (s(c)) C sff) and
B(r,s,t)

D1 ,4[B(r,5,8)] 'D,- € (c,c). (14)

Since A # 0, from the characterization of (¢, c) and Lemma 4, the condition in (14) is
equivalent to (3), (9) and (10).

(ii) Here, the condition in (14) is equivalent to (11)—(13). Then, the condition in (11)
implies (an‘u’f ’)”>1 S 61. Since a® € c, by Lemma 1 we deduce that, there are K > 0
and 7 > 1 such thata, |uﬂ > Ko™, for all n and the condition in (13) holds with [, = 0
for all k. This concludes the proof.
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7.2. Characterizations of the Set g(\c) under the Conditions A > 0

In this part, we give interesting characterizations of the set S(¢) in special cases.
We obtain the following theorem.

Theorem 2. Let a® € c and assumer, s, t # 0. Then we have:

(i)  Case A> Q0 with st < 0 < rt. Then, the roots of (2) are positive, we have a € 5@ if and only
if limy—eo ay, < min(uyq, up).

(ii)  Case A= 0. We have: (n) If uy = —s/2t > O thena € o) if and only if limy, 0 a5, < U7.
(B) If uy = —s/2t < 0, then the condition a € S0 implies limy, o0 ay, < —u7.

Proof.
(i) We show that, lim,_,c a5 < min(uq, up) impliesa € S (). The condition lim,, o a8 <
min(u1, uy), means (a,a"),~, € I', where « is either u3, or 1. Since I' = C we obtain

( Zuknl ) and( Zuk”l ) €, (15)
In k31 n>1 n>1

and (9) holds. Since lim, ;00 45, < min(u,uy), we havea € S and (3) holds. Then,
the condition (a,a"),~; € I implies a,a™ — oo (n — 0). So, we obtain

_ —-1(,k—n-1 k—n—1
Knk = 4y (1/[ — U )ak—l

1 k—
(anuy) ™ ”5 Yag_y — (anuf)” “lf tag

= 0o(1) (n — o0) for all k.

This shows that the condition in (10) also holds. Conversely, assume a € g(\c)
Then we have 2 €S and by Theorem 1, we have a € Cmax(l Juy1/uy)- SO, we have
(anuf), -, € Cy if uy < up and (anu}), -, € Cy if u; > up. Since a® € ¢ we have
(anul'), -, € cwithi = 1,2 and by Lemma 1, we conclude lim;, ;e @, < min(uy, u3).
This completes the proof.

(ii) «) It can easily be seen that g(c\) c S and since § = 61 /u; and a® € ¢, we deduce that

the condition a € g(?) implies lim;, . a5 < u1. So, we have shown the necessity. Con-
versely, assume lim;, ;0 a5, < u1. Then we have (a,u}), ., € I'and by Lemma 3, this
condition implies (12). Since u1 > 0 the condition in (12) implies (11) and by Part (ii)
of Proposition 4, we have shown that the condition lim,_, a8 < u; implies a € S(¢).
This concludes the proof of «). As we have just seen, the statement in Part (ii) ),
follows from the inclusion S(©) C S, where S = 61 Juy- This concludes the proof
of Part (ii).
O

Remark 2. Under the conditions of Theorem 2, where A> 0, it can easily be seen that S ©ne=
Sne=8'ne
As a direct consequence of Part (i) of Theorem 2, with 2 = e, we obtain the next

tauberian result which can be stated as follows.

Corollary 5. Let r,s € Rwithr < 0, s > 2, and assume r +s —1 < 0 and s2+4r > 0.
Then, for every y € w, the condition limy_yeo (rYy11 + SYn — Yp—1) = | implies limy, oo yn =1
for some scalars I and I'.
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Proof. The proof is elementary and follows from Theorem 2, wherea =e¢,t = —1,A> 0
and min(uy, up) = up = (s — \/K> /2>1. O

We can state the next applications where a® € c.

Example 6. The condition lim, . a;, < 1 is equivalent to the following statement: for every
Y € w, we have
2 - _
lim 2t =t Yot g gy Y
n—oo ay n—o 4y

for some scalars  and I'. This result follows from Part (i) of Theorem 2, where b(u) = u? —3u +2 = 0.

Example 7. By Corollary 5, with t = —1,r = —6 and s = 5 we obtain the following result.
For every y € w, the condition

Jim (6Y11 = 5Yn + Y1) =1
implies imy oo Yy = ', for some scalars 1 and I'.
In the case A = 0 we obtain the following examples.

Example 8. Let « > 0. Then, the condition limy,_,. ay < « is equivalent to the following
statement: for every y € w we have

2 _
hm“yrHl Zayn+yn71:l:>11myl:l//

n=co an n—c0 1y
for some scalars 1 and I'. This result follows from Part (ii) of Theorem 2, where b(u) = (u — )2,

Example 9. As a direct consequence of Example 8, for any given a > 1 we obtain the following
statement. For every y € w there are scalars | and I such that the condition limy_co(a?y,, 1 —
20y + Yp—1) = 1 implies limy ooy = 1'.

We may state some characterizations of the set S(¢) when either r, or t is equal to
zero. Then, B(7,s, t) is reduced to a double band matrix and we obtain the following result,
whose the elementary proof is left to the reader.

Proposition 5. Let a® € cand let r, s, t € R. Then we have:
(i)  Assumer = 0and st < 0. Let ug > 0 be the root of the equation tu +s = 0. Then we have
a € 8 ifand only if limy, e al) < ug.

—_~—

(ii) Assume t = 0and rs < 0. Then, the matrix B(r,s,0) = B(s,r)", is upper triangular

and if uly > 0 is the root of the equation su +r = 0 then we have a € S'°) if and only if
im0 af < uf).

We are led to state the next remark, on the similar spaces associated with the double
band matrix B(r,s).

Remark 3. We have seen in Theorem 1, that the sets S and 3‘\0 with A > 0andr,s, t £ 0, are
determined by S=80= émax(|1/ul\,|1/u2\)r where uy # uy are the roots of (2). In a similar

way, let r, s # 0, and define by S, S° and S'©), the sets of all positive sequences a such that
(XH)B(r,s) C Xa, where x is any of the symbols s, s°, or s\). Using Proposition 15, we have

—

S=8"=C, July where uj) is the root of the equation su +r = 0. Concerning the sets S(©) and
S(©), we can state the following results, for a® € c. If A> 0 with st < 0 < rt, then the roots of (2)
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are positive, and we have a € S if and only if im0 ay, < min(uy, uy). Then, if rs < 0, it can
easily be shown that a € S(©) if and only if lim, e af < uj,.

8. Conclusions

In this article, we have extended some results stated in [9], where we determined

each of the sets of all € U™ such that ( XQ)B/(:;) C Xa, Where yx is any of the symbols

s, or sU. Then, we have determined the sets of all 2 € U™, that satisfy each of the next

inclusions, (1) (S’(ZC)>BW) C st(f) andr, t # 0, (2) (sff))Bm/t) C s,(f) and s, t # 0, and

3) (s,@) Bm) - sfﬁ and r, s # 0. In this way, we have stated some characterizations

of the set of all positive sequences 4, such that (s,(f)) 5ok C s,(f). In future, it should be
s,
interesting to extend these results, using the set ¢” of all sequences of p—absolute type, with

p > 1, and determine each of the sets of all positive sequences a such that (¢}) T, c

0

forp>1,and (65 ) —— C Xa, Where x is any of the symbols s, s”, or s(°). These results

B(r,s,t)
can also lead to a connection between the fine spectrum theory and the solvability of some
(SSIE) of the form xp(;s1)-11 C Xx, for A € C, where y is a linear space of sequences.
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