
����������
�������

Citation: Korenkov, M.; Kharkevych,

Y. On the Asymptotics and

Distribution of Values of the Jacobi

Theta Functions and the Estimate of

the Type of the Weierstrass Sigma

Functions. Axioms 2022, 11, 12.

https://doi.org/10.3390/axioms

11010012

Academic Editor: Andriy

Zagorodnyuk

Received: 17 November 2021

Accepted: 23 December 2021

Published: 25 December 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article

On the Asymptotics and Distribution of Values of the Jacobi
Theta Functions and the Estimate of the Type of the Weierstrass
Sigma Functions

Mykola Korenkov and Yurii Kharkevych *

Faculty of Informations Technologies and Mathematics, Lesya Ukrainka Volyn National University,
43025 Lutsk, Ukraine; kalchuk_i@ukr.net
* Correspondence: kharkevich.juriy@gmail.com

Abstract: A refined asymptotics of the Jacobi theta functions and their logarithmic derivatives have
been received. The asymptotics of the Nevanlinna characteristics of the indicated functions and
the arbitrary elliptic function have been found. The estimation of the type of the Weierstrass sigma
functions has been given.

Keywords: Weierstrass function; Jacobi theta functions; Nevanlinna characteristics; elliptic function;
entire function; meromorphic function

MSC: 30D35, 30E15

1. Introduction

In this paper, we investigate issues concerning the refined asymptotics and the distri-
bution of values of the well-known Jacobi theta functions ϑj+1(z), j = 0, 3 [1] (pp. 394–396)
and the closely related Weierstrass functions σ(z), ζ(z),℘(z) [1] (pp. 374, 372, 348). These
functions play the important role in the elliptic functions theory [1]. We also consider issues
concerning the Nevanlinna characteristics [2,3] of the arbitrary elliptic function, the type of
the function σ(z).

We have to recall some relations from [1] and the results of the well-known scientific
works.

It is known that ζ(z) = σ′(z)/σ(z),℘(z) = −ζ ′(z) [1] (pp. 348, 372) and the points
Ωmn = 2mω1 + 2nω3, where Im(ω3/ω1) > 0(n, m ∈ Z), are simple zeros of the function
σ(z) and the poles of the function ζ(z),℘(z) of the first and second orders, respectively. We
denote ω2 = ω1 + ω3 and note that the numbers 2ω1, 2ω3 are the fundamental periods of
the Weierstrass elliptic function ℘(z).

A.A. Goldberg [4] investigated the asymptotics of the function σ(z) and its Nevanlinna
characteristics in the case of the rectangular grid of zeros of this function. The general case

ω1 =
1
2

, ω3 =
λ

2
eiα (0 < λ < +∞, 0 < α < π), (1)

i.e.,
Ωm,n = m + nλeiα (m ∈ Z, m ∈ Z), (2)

has been considered in the work [5]. It has been shown that

ln |σ(z)| = V(z) + o
(
|z|2
)

, z→ ∞, z /∈ Φ(d), (3)

where
Φ(d) =

⋃
m,n∈Z

{z ∈ C : |z−Ωmn| < d}, d = const > 0, (4)
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V(z) = V(reiϕ) = H(ϕ)r2, and H(ϕ) is the indicator of the function σ(z) that had been
introduced in [5]. The distribution of the values of the function σ(z) had been investigated
in the work [5]. Yu. I. Lyubarsky and M.L. Sodin [6] showed that the remainder in (3) can
be estimated more accurately, that is, under the conditions (1) and (2), the following relation
is true:

ln |σ(z)| = V(z) + O(1), z /∈ Φ(d). (5)

This result has been obtained on the basis of the double periodicity of the function
|σ(z)| exp(−V(z)). The asymptotics of the functions ϑj+1(z), ϑ′j+1(z)/ϑj+1(z)(j = 0, 3)
had been investigated in [7,8]. In particular, in [7], it had been shown that the following
equalities are true under the conditions (1) and (2) (z→ ∞)

ln |ϑ1(z)| = U(z) + o
(
|z|2
)

, z /∈ Φ(d), (6)

ϑ′1(z)/ϑ1(z) = −
2πi

λ sin α
Im z + o(z), z /∈ Φ(d), (7)

where U(z) = U(reiϕ) = S(ϕ)r2 and S(ϕ) is the indicator of the function ϑ1(z) that had
been given in [7]. Similar formulas have been received in the case j = 1, 3. In the works [8,9],
it has been revealed that exceptional sets (outside which Formulas (5)–(7) are true) can
be significantly narrowed but due to less accurate estimate of their remainder. This is
true for the functions ϑj+1(z), ϑ′j+1(z)/ϑj+1(z)(j = 1, 3). In the work [10], the Julia rays [1]
(pp. 572–573) of the function σ(z) have been examined on the basis of Formula (2) from [9].
The papers [11,12] have been devoted to various issues related to the application of the
Nevanlinna theory of meromorphic functions values distribution.

In this paper, we have proved that the following formulas are true under the condi-
tions (1) and (2)

ln|ϑ1(z)| = U(z) + O(1), z /∈ Φ(d),

ln
∣∣ϑj+1(z)

∣∣ = U(z) + O(|z|), z /∈ Φj(d) (j = 1, 3),

ϑ′1(z)/ϑ1(z) = −
2πi

λ sin α
Im z + O(1), z /∈ Φj(d) (j = 0, 3),

where

U(z) =
π(|z|2 − Rez2)

2λ sin α
, (8)

Φj(d) =
⋃

m,n∈Z

{
z ∈ C :

∣∣z−Ωmn + ωj
∣∣ < d

}
(j = 0, 3), (9)

d is an arbitrary constant, d > 0, ω0 = 0, Φ0(d) = Φ(d) and Φ(d) is given by the equality (4).
We found the more accurate estimates of the remainders in the above mentioned asymptotic
formulas than in the similar formulas in the works [7,8]. We have shown that the following
equalities are true under the conditions (1) and (2):

T(r, ϑj+1) =
πr2

2λ sin α
+ o(r2), T(r, ϑ′j+1/ϑj+1) =

πr2

2λ sin α
+ O(r) (j = 0, 3),

where the Nevanlinna characteristics of the corresponding functions are on the left-hand
sides of the equalities. The similar formula has been obtained for the characteristic T(r, f )
of the arbitrary elliptic function f , f 6= const. We have also found the estimation of the type
of the function σ(z) and proved that none of the numbers a, a ∈ C, is the exceptional value
for the functions ϑj+1(z), ϑ′j+1(z)/ϑj+1(z)(j = 0, 3) and for the arbitrary elliptic functions
f , f 6= const in Nevanlinna’s sense. We have obtained the formula

δ(0, σ) = 1− π2

λ sin α

 2π∫
0

H+(ϕ)dϕ

−1

(10)
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for the Nevanlinna defect δ(0, σ) of the function σ(z).
Concerning a possible continuation of research and an application of the obtained

results, let us indicate the following. It would be good, based on the Formula (10) and the
formula for the indicator H(ϕ), write down the defect δ(0, σ) in an explicit form via the
parameters λ, α. One can also investigate the question if the number a = 0 is an exceptional
value of the function σ(z) in the Borel’s sense and the question on the Julia’s rays for
the functions ϑj+1(z)(j = 0, 3) similarly to how it was done in [10] for the function σ(z).
The obtained asymptotic formulas can be applied for an investigation of properties for
the solutions of differential equations and their systems, in which the functions ϑj+1(z),
ϑ′j+1(z)/ϑj+1(z)(j = 0, 3) play a role, similar to the main facts of the Nevanlinna theory
used in the papers [13–16].

2. Preliminaries

We will use the main notions, facts and standard notations from the Nevanlinna theory
of the meromorphic functions values distribution known from the paper [3]. Let us recall
some of them. For the given function g : D → R, D ⊂ R, we denote by g+, g− such func-
tions that g+(x) = g−(x) = 0, when x ∈ R \ D, and g+(x) = (|g(x)|+ g(x))/2, g−(x) =
(|g(x)| − g(x))/2, if x ∈ D. Herewith, the equality g(x) = g+(x)− g−(x), x ∈ D is true.
Namely, ln+ x = ln x, if x ≥ 1, and ln+ x = 0, if 0 < x < 1. The Nevanlinna characteristics
of the meromorphic function f are introduced by the equalities

m(r, f ) =
1

2π

2π∫
0

ln+
∣∣∣ f (reiϕ)

∣∣∣dϕ,

N(r, f ) =
r∫

0

n(t, f )− n(0, f )
t

dt + n(0, f ) ln r,

T(r, f ) = m(r, f ) + N(r, f ).

Here the quantity n(r, f ) (also denoted by n(r, ∞, f )) is the number of the function
poles f (taking into account their multiplicities), in the disc {z ∈ C : |z| 6 r}, r > 0. If a ∈ C,
then the notations n(r, a, f ), N(r, a, f ), m(r, a, f ) are used instead of n(r, 1

f−a ), N(r, 1
f−a ),

m(r, 1
f−a ), respectively. The Nevanlinna defect of the meromorphic function f at the point

a, a ∈ C̄, is defined as follows:

δ(a, f ) = lim
r→∞

m(r, a, f )
T(r, f )

.

If δ(a, f ) > 0, then a is called an exceptional (defective) value in Nevanlinna’s sense
for the function f .

3. Main Results

Without loss of generality, we will assume that the conditions (1) and (2) hold. We
denote η1 = ζ( 1

2 ) = |η1|eiψ, η1 = η1(λ, α). It is obvious that η1 = η1(λ, α). We will recall
some statements and facts that are used below.

As it was noted in the proof of Theorem 1 in [9], the following relation holds under
the conditions (1) and (2)

ln|σ(z)| = V(z) + O(1), z /∈ Φ(d), (11)

where

V(z) =
π|z|2

2λ sin α
+ Re

[(
η1 −

π

2λ sin α

)
z2
]
, (12)



Axioms 2022, 11, 12 4 of 11

where Φ(d) is given by the Formula (4). The Formula (11) follows from the relations (12.5)
and (12.6) of the work [6]. From (11), it follows that, uniformly in ϕ, ϕ ∈ [0, 2π], the
following equality holds (r → ∞)

ln
∣∣∣σ(reiϕ)

∣∣∣ = H(ϕ)r2 + o(r2), z = reiϕ ∈ C \Φ(d), (13)

where the function H(ϕ), being the indicator of the entire function σ(z), is defined by
the equality

H(ϕ) = |η1| cos(2ϕ + ψ) +
π

λ sin α
sin2 ϕ, (14)

whereas V(reiϕ) = H(ϕ)r2. Thus, Formula (11) refines the relation (1) from Theorem 1 of
the work [5] taking into account the remark for this theorem.

Using the method of finding the asymptotics for n(r,℘), n(r, a,℘) (a ∈ C), introduced
in [1] (pp. 420–422), we can show that the following relation holds for the arbitrary elliptic
function f (a ∈ C̄)

n(r, a, f ) =
πsr2

D
+ O(r), r → ∞, (15)

where D is the area of fundamental parallelogram of its periods, and s is the number of
the poles of the function f (taking into account multiplicities) located in this parallelogram.
Herewith, the quantity O(r)/r is uniformly bounded with respect to a, a ∈ C̄. Namely, if
the conditions (1) and (2) hold, we obtain (a ∈ C̄)

n(r, a,℘) =
2πr2

λ sin α
+ O(r), r → ∞. (16)

Therefore, as r → ∞, we get

n(r, 0, σ) =
1
2

n(r, ∞,℘) =
πr2

λ sin α
+ O(r), N(r, 0, σ) =

πr2

2λ sin α
+ O(r). (17)

The above formulas refine the corresponding relations, which were formulated in
Theorem 3 in [5].

The following relations have been indicated in the work [5]

T(r, σ) =
r2

2π

2π∫
0

H+(ϕ)dϕ + o(r2), (18)

m(r, 0, σ) =
r2

2π

2π∫
0

H−(ϕ)dϕ + o(r2), (19)

using which, we get

δ(0, σ) = lim
r→∞

m(r, 0, σ)

T(r, σ)
=

2π∫
0

H−(ϕ)dϕ/
2π∫
0

H+(ϕ)dϕ.

Using Formula (14), we have

2π∫
0

H−(ϕ)dϕ =

2π∫
0

H+(ϕ)dϕ−
2π∫
0

H(ϕ)dϕ =

2π∫
0

H+(ϕ)dϕ− π2

λ sin α
.
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Then, we get

δ(0, σ) = 1− π2

λ sin α

 2π∫
0

H+(ϕ)dϕ

−1

. (20)

Thus, we have obtained the formula for finding the Nevanlinna defect δ(0, σ) of the
Weierstrass sigma function σ(z).

We note that the final calculation of δ(0, σ) done in the work [4] has some technical
difficulties in the given case. Here, the number η1 depends on two parameters λ and α, in
terms of which, the set of ϕ such that H(ϕ) ≥ 0 should be described. For such calculations,
the following relation can be useful

η1 = π2

(
1
3
− 2

∞

∑
n=1

1
sin2 nπτ

)
=

π2

3

(
1− 24e−2πτ + O

(
e−4πImτ

))
(21)

being true when Imτ → ∞, τ = ω3/ω1, which has been indicated in [10] (p. 7).
To prove the next theorem, we represent the indicator H(ϕ) of the function σ(z) in

the form
H(ϕ) =

√
A2 + B2 cos(2ϕ− θ) +

π

2λ sin α
, (22)

where A = |η1| cos ψ− π
2λ sin α , B = −|η1| sin ψ and A/

√
A2 + B2 = cos θ, B/

√
A2 + B2 =

sin θ, following from Formula (14).
Furthermore, we formulate and prove the statements related to the estimation of the

type of the function σ(z) , the refined asymptotic, the Nevanlinna characteristics, and the
function values distribution.

Theorem 1. For the quantity of the form ∆T [σ] of the function T(r, σ) under conditions (1) and (2),
the following relation holds:

1
2π

2π∫
0

H+(ϕ)dϕ = ∆T [σ] ≥
1

2π

√
A2 + B2 +

1
4λ sin α

, (23)

where A and B are related to the equality (22).

Proof. Since the entire function σ(z) has the order ρ = ρ[σ] = 2, then we denote

∆T [σ] = lim
r→∞

T(r, σ)

r2 , ∆M[σ] = lim
r→∞

ln M(r, σ)

r2 ,

where M(r, σ) = max{|σ(z)| : |z| ≤ r}, r ≥ 0. Using (18), we obtain ∆T [σ] =
1

2π

2π∫
0

H+(ϕ)dϕ,

hence the left-hand side in (23) is valid. According to the properties of the entire function
indicator and according to the equality (22), we find

∆M[σ] = max{H(ϕ) : 0 ≤ ϕ ≤ 2π} =
√

A2 + B2 +
π

2λ sin α
.

From Theorem 1 [3] (p. 554), we get

∆T [σ] ≥
1

2π
∆M[σ] =

1
2π

√
A2 + B2 +

1
4λ sin α

,

so the right-hand side of the relation (23) is valid. Theorem 1 is proved.

Theorem 2. Under the conditions (1) and (2), the following formulas hold:

ln|ϑ1(z)| = U(z) + O(1), z /∈ Φ(d), (24)
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ln
∣∣ϑj+1(z)

∣∣ = U(z) + O(|z|), z /∈ Φj(d) (j = 1, 3), (25)

ϑ′j+1(z)/ϑj+1(z) = −
2πiImz
λ sin α

+ O(1), z /∈ Φj(d) (j = 0, 3), (26)

where

U(z) =
π
(
|z|2 − Rez2

)
2λ sin α

, (27)

Φj(d) =
⋃

m,n∈Z

{
z ∈ C :

∣∣z−Ωmn + ωj
∣∣ < d

}
, j = 0, 3, (28)

and d is the arbitrary constant, Φ0(d) = Φ(d), and Φ(d) is defined by the equality (4).

Proof. Under conditions (1) and (2), the following equalities hold:

ϑ1(z) = ϑ1(0)σ(z) exp(−η1z2), (29)

ϑj+1(z) = ϑj+1(0) exp(−η1z2 − ηjz)
σ(z + ωj)

σ(ωj)
(j = 1, 3), (30)

as the consequence of the formulas (6.8:3), (6.11:4) and (6.11:8) in the work [1]. Hence,

ln|ϑ1(z)| = ln|σ(z)| − Re(η1z2) + O(1), (31)

ln
∣∣ϑj+1(z)

∣∣ = ln
∣∣σ(z + ωj)

∣∣− Re(η1z2) + O(|z|), j = 1, 3. (32)

Using (11) and (12), and also notations (28), we get (j = 1, 3)

ln
∣∣σ(z + ωj)

∣∣ = V(z + ωj) + O(1) = V(z) + O(|z|), z /∈ Φj(d), (33)

whereas V(z + ωj) = V(z) + O(|z|). Hence, from Formulas (12) and (31)–(33), we have
(j = 1, 3)

ln|ϑ1(z)| = V(z)− Re(η1z2) + O(1) =
π
(
|z|2 − Rez2

)
2λ sin α

+ O(1), z /∈ Φ(d),

ln
∣∣ϑj+1(z)

∣∣ = V(z)− Re(η1z2) + O(|z|) =
π
(
|z|2 − Rez2

)
2λ sin α

+ O(|z|), z /∈ Φj(d).

Using notation (27), we obtain the relations (24) and (25).
The equalities (29) and (30) imply that

ϑ′1(z)/ϑ1(z) = σ′(z)/σ(z)− 2η1z = ζ(z)− 2η1z, (34)

ϑ′j+1(z)/ϑj+1(z) = σ′(z + ωj)/σ(z + ωj)− 2η1z− 2ηj =

= ζ(z + ωj)− 2η1z− 2ηj, j = 1, 3. (35)

Let us rewrite the Formula (12.8) from [6] (p. 27) in the form

ζ(z) = 2η1z− 2πi
λ sin α

Imz + O(1), z /∈ Φ(d),

(η is defined by (12.8) and is such as η = 2η1). Using the last formula, the relations (34) and
(35), we have

ϑ′j+1(z)/ϑj+1(z) = −
2πiImz
λ sin α

+ O(1), z /∈ Φj(d), (j = 0, 3)

hence the relation (26) is valid. Theorem 2 is proved.
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Remark 1. It follows from the Formulas (24)–(26) that, as z = reiϕ ∈ C \ Φj(d), j = 0, 3,
uniformly in ϕ, ϕ ∈ [0, 2π], the following relations hold (r → ∞):

ln
∣∣∣ϑj+1(reiϕ)

∣∣∣ = S(ϕ)r2 + o(r2), (36)

ϑ′j+1(reiϕ)/ϑj+1(reiϕ) = −2πi sin ϕ

λ sin α
r + o(r), (37)

where

S(ϕ) =
π sin2 ϕ

λ sin α
, (38)

whereas U(reiϕ) = S(ϕ)r2. Hence, the relations (24)–(26) refine the statement C of Theorem 2
from [7].

Theorem 3. Under conditions (1), (2) and for j = 0, 3, the following relations take place (r → ∞)

n(r, 0, ϑj+1) =
πr2

λ sin α
+ O(r), N(r, 0, ϑj+1) =

πr2

2λ sin α
+ O(r), (39)

T(r, ϑj+1) =
πr2

2λ sin α
+ o(r2), (40)

m(r, a, ϑj+1) = o(r2) (a ∈ C). (41)

There is no number, a, a ∈ C, being the exceptional value of the function ϑj+1(z), j = 0, 3, in
Nevanlinna’s sense.

Proof. As it follows from (29) and (30), the points Ω(j)
mn = Ωmn − ωj, j = 0, 3, where

m ∈ Z, n ∈ Z, and Ω(0)
mn = Ωmn, are simple zeros of the function ϑj+1(z) because they

are simple zeros of the function σ(z + ωj), ω0 = 0. Then, it follows from the equality
n(r, 0, ϑ1) = n(r, 0, σ) and relations (17) that two relations are valid as j = 0 in (39). It is
obvious that, for j = 1, 3, two formulas are also valid in (39) because zeros of the function
ϑj+1(z) are generated by “shifting” of zeros of the function ϑ1(z) on the vector −ωj in
this case.

Note that zeros of the functions ϑj+1(z), j = 1, 3, are located on the countable set
of rays starting at z = 0. Thus, using relation (36), we can say that uniformly in ϕ, ϕ ∈
[0, 2π] \ Pj(δ), the following equality holds (j = 0, 3):

ln
∣∣∣ϑj+1(reiϕ)

∣∣∣ = S(ϕ)r2 + o(r2), r → ∞, (42)

where Pj(δ) is the set for which mesPj(δ) = δ for the arbitrary δ > 0 and S(ϕ) is defined by the
equality (38). From (42), it follows that, as r → ∞ and a ∈ C uniformly in ϕ, ϕ ∈ [0, 2π] \ Pj(δ),
the following relations hold (j = 0, 3) :

ln+
∣∣∣ϑj+1(reiϕ)

∣∣∣ = {S(ϕ)r2 + o(r2)}+ = S+(ϕ)r2 + o(r2) =
r2π sin2 ϕ

λ sin α
+ o(r2), (43)

ln+ 1∣∣ϑj+1(reiϕ)− a
∣∣ = {− ln

∣∣∣ϑj+1(reiϕ)− a
∣∣∣}+ =

=

{
− ln

∣∣∣ϑj+1(reiϕ)
∣∣∣− ln

∣∣∣∣∣1− a
ϑj+1(reiϕ)

∣∣∣∣∣
}+

=
{
− ln

∣∣∣ϑj+1(reiϕ)
∣∣∣+ o(1)

}+
=

=
{
−S(ϕ)r2 + o(r2)

}+
= {−S(ϕ)}+r2 + o(r2) = o(r2). (44)
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Using (43), (44) and relation (7.14) from Theorem 7.4 [3] (p. 59), we obtain (j = 0, 3)

T(r, ϑj+1) = m(r, ϑj+1) =
1

2π

2π∫
0

ln+
∣∣∣ϑj+1(reiϕ)

∣∣∣dϕ =

=
r2

2λ sin α

2π∫
0

sin2 ϕdϕ + o(r2) =
πr2

2λ sin α
+ o(r2), r → ∞,

m(r, a, ϑj+1) =
1

2π

2π∫
0

ln+ 1∣∣ϑj+1(reiϕ)− a
∣∣dϕ = o(r2), r → ∞ (a ∈ C).

Hence, the equalities (40) and (41) are valid. These equalities imply that, for j = 0, 3,
the following relation holds:

δ(a, ϑj+1) = lim
r→∞

m(r, a, ϑj+1)

T(r, ϑj+1)
= 0 (a ∈ C),

so the second statement of Theorem 3 is true. Theorem 3 is proved.

Remark 2. From the relations (40), (41) and Theorem 4.1 [3] (p. 27), we have

N(r, a, ϑj+1) = T(r, ϑj+1)−m(r, a, ϑj+1) + O(1) =
πr2

2λ sin α
+ o(r2), r → ∞,

for every a ∈ C and j = 0, 3.

Theorem 4. For the functions hj+1(z) = ϑ′j+1(z)/ϑj+1(z) (j = 0, 3) under the conditions (1)
and (2), the following relations hold (r → ∞) :

n(r, hj+1) =
πr2

λ sin α
+ O(r), N(r, hj+1) =

πr2

2λ sin α
+ O(r), (45)

T(r, hj+1) =
πr2

2λ sin α
+ O(r), (46)

m(r, a, hj+1) = O(r) (a ∈ C). (47)

There is no number a, a ∈ C, being the exceptional value of the functions hj+1(z) (j = 0, 3)
in Nevanlinna’s sense.

Proof. Mentioned in the proof of Theorem 3 points Ω(j)
mn = Ωmn−ωj (m, n ∈ Z), Ω(0)

mn = Ωmn
are the simple poles of the functions hj+1(z) because they are the simple zeros of the
functions ϑj+1(z)(j = 0, 3). This is why, from (39), we have (j = 0, 3)

n(r, hj+1) = n(r, 0, ϑj+1) =
πr2

λ sin α
+ O(r), r → ∞,

N(r, hj+1) =
πr2

2λ sin α
+ O(r), r → ∞,

so both relations of (45) are valid, whereas m(r, hj+1) = m(r, ϑ′j+1/ϑj+1) = O(ln r), r → ∞;
then, according to Theorem 1.3 [3] (p. 122), we obtain

T(r, hj+1) = m(r, hj+1) + N(r, hj+1) =
πr2

2λ sin α
+ O(r), r → ∞ (j = 0, 3),
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hence the relation (46) is true.
The equalities (34) and (35) imply that

h′j+1(z) = ζ ′(z + ωj)− 2η1 = −℘(z + ωj)− 2η1, where j = 0, 3, ω0 = 0.

Let us denote Fj(z) = ℘(z + ωj). Then, using relations (2.5) from [3] (p. 128), we get
(a ∈ C)

m(r, a, hj+1) ≤ m(r,
1

h′j+1
) + O(ln r) = m(r,−2η1, Fj) + O(ln r). (48)

The function Fj(z) (j = 0, 3) is the elliptic function with fundamental periods 2ω1, 2ω3,
and it has all the same values as the function ℘(z) in its fundamental period parallelogram.
Hence, from (16) under conditions (1) and (2), it follows that (r → ∞)

n(r, a, Fj) =
2πr2

λ sin α
+ O(r),

N(r, a, Fj) =
πr2

λ sin α
+ O(r), (49)

where the quantity O(r)/r is uniformly bounded in a, a ∈ C. Putting a = eiθ in (49) and
using Cartan’s identity (4.13) [3] (p. 33), we find (j = 0, 3)

T(r, Fj) =
1

2π

2π∫
0

N(r, eiθ , Fj)dθ + O(1) =
πr2

λ sin α
+ O(r), r → ∞. (50)

Theorem 4.1 [3] (p. 27), equalities (50) and relations (49) (where we put a = −2η1) to
imply (j = 0, 3)

m(r,−2η1, Fj) = T(r, Fj)− N(r,−2η1, Fj) + O(1) = O(r), r → ∞.

Hence, taking into account (48), we have m(r, a, hj+1) = O(r), r → ∞ (a ∈ C). It is
obvious that, for a = ∞, such a relation is also valid. Thus, the relation (47) is proved. From
Formulas (46) and (47), we obtain

δ(a, hj+1) = lim
r→∞

m(r, a, hj+1)

T(r, hj+1)
= 0, j = 0, 3 (a ∈ C),

so the second statement of the Theorem is true. Theorem 4 is proved.

Theorem 5. For the arbitrary elliptic function f 6= const, the following relations hold (r → ∞) :

N(r, a, f ) =
πsr2

2D
+ O(r), (51)

T(r, f ) =
πsr2

2D
+ O(r), (52)

m(r, a, f ) = O(r), (53)

where a ∈ C, D and s are the quantities related to the Formula (15).
There is no number a, a ∈ C, being the exceptional value of the function f in Nevanlinna’s sense.

Proof. From Formula (15), we get (a ∈ C)

N(r, a, f ) =
r∫

0

n(t, a, f )− n(0, a, f )
t

dt + n(0, a, f ) ln r =
πsr2

2D
+ O(r),
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where r → ∞, so the relation (51) is true. Using again Cartan’s identity (4.13) [3] (p. 33) and (51),
we obtain (r → ∞)

T(r, f ) =
1

2π

2π∫
0

N(r, eiθ , f )dθ + O(1) =
πsr2

2D
+ O(r),

hence the relation (52) is valid. According to Theorem 4.1 [3] (p. 27) and the relations (51)
and (52), we get (a ∈ C)

m(r, a, f ) = T(r, f )− N(r, a, f ) + O(1) = O(r), r → ∞.

It proves the equality (53). The Formulas (52) and (53) imply

δ(a, f ) = lim
r→∞

m(r, a, f )
T(r, f )

= 0 (a ∈ C).

Hence, the second statement of Theorem is valid. Theorem 5 is proved.

Remark 3. Using (52), we obtain

ρ[ f ] = lim
r→∞

ln T(r, f )
ln r

= 2,

σ[ f ] = lim
r→∞

T(r, f )
r2 =

πs
2D

,

so the arbitrary elliptic function f 6= const has the order ρ[ f ] = 2 and normal type with the value
of the type σ[ f ] = πs

2D .

4. Conclusions

In this paper, we have found the Formula (10) for obtaining the quantity of Nevanlinna
defect δ(0, σ) of the Weierstrass sigma function σ(z) for the value a = 0. We have obtained
the asymptotic Formulas (24)–(26) for the Jacobi theta functions ϑj+1(z), j = 0, 3, and
their logarithmic derivatives, where the reminders are estimated more accurately than in
corresponding formulas of the paper [8]. On the basis of such formulas, we have indicated
the asymptotics of Nevanlinna characteristics of these functions, and we have proved that
there is no number a, a ∈ C, being the exceptional value in Nevanlinna’s sense for these
functions. In addition, for the functions ϑ′j+1(z)/ϑj+1(z) (j = 0, 3), the last conclusion is
also true for a = ∞. We have found the asymptotics of Nevanlinna characteristics for the
arbitrary elliptic function. It allows for concluding that there is no number a, a ∈ C, being
the exceptional value in Nevanlinna’s sense for it.

As further research, it is possible, using the Formula (10), to obtain the value of the
defect δ(0, σ) in terms of parameters λ, α in finite form. Herewith, the Formula (21) from the
paper [10] can be useful. Another important problem is the obtaining of the asymptotic values
and asymptotic curves [3] (p. 223) of the functions σ(z), ζ(z), ϑj+1(z), ϑ′j+1(z)/ϑj+1(z)(j =
0, 3). It would be desirable to investigate the questions related to its Julia rays and Julia sets
of points [1] (pp. 572–573) for the functions ϑj+1(z), in the same way as it had been done in
the paper [10] for the function σ(z). To investigate two previous problems, one can apply
asymptotic Formulas (24)–(26), formulated in this paper. These formulas could also be
useful for investigation of the differential equations solutions, where the above-mentioned
functions are.
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