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1. Introduction

In this paper, we investigate issues concerning the refined asymptotics and the distri-
bution of values of the well-known Jacobi theta functions 9; 4 (z),j =0,3[1] (pp. 394-396)
and the closely related Weierstrass functions 0(z), {(z), ¢(z) [1] (pp. 374, 372, 348). These
functions play the important role in the elliptic functions theory [1]. We also consider issues
concerning the Nevanlinna characteristics [2,3] of the arbitrary elliptic function, the type of
the function o (z).

We have to recall some relations from [1] and the results of the well-known scientific
works.

It is known that {(z) = ¢/(z)/0(z), p(z) = —C'(z) [1] (pp. 348, 372) and the points
Qun = 2mwq + 2nws, where Im(ws/w1) > 0(n, m € Z), are simple zeros of the function
0 (z) and the poles of the function {(z), p(z) of the first and second orders, respectively. We
denote wy = wj + w3 and note that the numbers 2w, 2ws3 are the fundamental periods of
the Weierstrass elliptic function p(z).

A.A. Goldberg [4] investigated the asymptotics of the function ¢(z) and its Nevanlinna
characteristics in the case of the rectangular grid of zeros of this function. The general case

1 A
wlzi,w3:§el”‘(0<)\<+oo,0<(x<n), 1)
ie., ‘
Qm,n =m + nAe'” (m €Z,me Z), 2)

has been considered in the work [5]. It has been shown that

In|o(z)| = V(z) +o(|z|2), z 00,z ¢ O(d), 3)
where
®(d) = |J {z€C:|z—Quu| <d}, d = const >0, 4)
mneZ
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V(z) = V(re?) = H(@)r? and H(¢) is the indicator of the function ¢(z) that had been
introduced in [5]. The distribution of the values of the function ¢ (z) had been investigated
in the work [5]. Yu. I. Lyubarsky and M.L. Sodin [6] showed that the remainder in (3) can
be estimated more accurately, that is, under the conditions (1) and (2), the following relation
is true:
Injo(z)] = V(z)+0(1), z ¢ ®(d). (5)
This result has been obtained on the basis of the double periodicity of the function
lo(z)| exp(—V(z)). The asymptotics of the functions 9;1(z), ]+1( )/%i11(2)(j = 0,3)

had been investigated in [7,8]. In particular, in [7], it had been shown that the following
equalities are true under the conditions (1) and (2) (z — o)

In[81(z)| = U(z) +0([2I?), = ¢ (), ©)
0(2)/81(2) = — 1o Imz +o(z), = ¢ P(d), )

where U(z) = U(re'?) = S(¢)r? and S(g) is the indicator of the function ¢, (z) that had
been given in [7]. Similar formulas have been received in the case j = 1, 3. In the works [8,9],
it has been revealed that exceptional sets (outside which Formulas (5)-(7) are true) can
be significantly narrowed but due to less accurate estimate of their remainder. This is
true for the functions ¢;,1(z), ]+1( )/9i41(2)(j = 1,3). In the work [10], the Julia rays [1]
(pp- 572-573) of the function o (z) have been examined on the basis of Formula (2) from [9].
The papers [11,12] have been devoted to various issues related to the application of the
Nevanlinna theory of meromorphic functions values distribution.

In this paper, we have proved that the following formulas are true under the condi-
tions (1) and (2)

In|; <z>| — U(z) +0(1), z ¢ O(d),

In|8;1(z)| = U(z) + O(z]), z ¢ @;(d) (j = T,3),

8,(2)/01(z) = —Azsz;lalmz +0(1), 2 ¢ ®;(d) (j = 0,3),

where (22— Rez?)
7(|z|> — Rez
U = = isime ®)
®i(d)= |J {z€C:|z—Qun+wj| <d} (j=0,3), )

mmneZ

d is an arbitrary constant, d > 0, wy = 0, Po(d) = ®(d) and ®(d) is given by the equality (4).
We found the more accurate estimates of the remainders in the above mentioned asymptotic
formulas than in the similar formulas in the works [7,8]. We have shown that the following
equalities are true under the conditions (1) and (2):

2 12

+OU%,'Hnﬂﬁlﬂ%H)ZZAﬁn“+(Xﬂ(ijJL

r
2Asinx

T(r,8j41) =

where the Nevanlinna characteristics of the corresponding functions are on the left-hand
sides of the equalities. The similar formula has been obtained for the characteristic T(r, f)
of the arbitrary elliptic function f, f # const. We have also found the estimation of the type
of the function ¢(z) and proved that none of the numbers 4,4 € C, is the exceptional value
for the functions 9;,1(z), ¢ f t11(2)/0j41(2)(j = 0,3) and for the arbitrary elliptic functions
f, f # const in Nevanlinna’s sense. We have obtained the formula

2 27 -1
6(0,0) =1— A;:M (O/ H*(fp)d(/)) (10)
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for the Nevanlinna defect §(0, o) of the function o (z).

Concerning a possible continuation of research and an application of the obtained
results, let us indicate the following. It would be good, based on the Formula (10) and the
formula for the indicator H(¢), write down the defect §(0,¢) in an explicit form via the
parameters A, «. One can also investigate the question if the number a = 0 is an exceptional
value of the function ¢(z) in the Borel’s sense and the question on the Julia’s rays for
the functions 8,1 (z)(j = 0,3) similarly to how it was done in [10] for the function ¢(z).
The obtained asymptotic formulas can be applied for an investigation of properties for
the solutions of differential equations and their systems, in which the functions ¢;,1(z),
19]4 41(2)/8i41(2)(j = 0,3) play a role, similar to the main facts of the Nevanlinna theory
used in the papers [13-16].

2. Preliminaries

We will use the main notions, facts and standard notations from the Nevanlinna theory
of the meromorphic functions values distribution known from the paper [3]. Let us recall
some of them. For the given function ¢ : D — R, D C R, we denote by ¢, ¢~ such func-
tions that g7 (x) = ¢~ (x) =0, whenx € R\ D,and g" (x) = (|g(x)| + g(x)) /2,8 (x) =
(lg(x)| — g(x))/2, if x € D. Herewith, the equality g(x) = ¢*(x) — ¢~ (x),x € D is true.
Namely, In"x =Inx,ifx>1,andIn" x = 0,if 0 < x < 1. The Nevanlinna characteristics
of the meromorphic function f are introduced by the equalities

27
m(r, f) = % /ln+‘f(rei‘?)’d(p,
0

N(r, f) = / wm + (0, f)Inr,

0
T(r,f) = m(r, f) + N(r, f).

Here the quantity n(r, f) (also denoted by n(r, oo, f)) is the number of the function
poles f (taking into account their multiplicities), in the disc {z € C : |z| <r},r > 0.Ifa € C,
then the notations n(r,a, f), N(r,a, f), m(r,a, f) are used instead of n(r, J%u), N(r, J%a),

m(r, j%a), respectively. The Nevanlinna defect of the meromorphic function f at the point

a,a € C,is defined as follows:

L mlraf)
o f)=lm =y

If 6(a, f) > 0, then a is called an exceptional (defective) value in Nevanlinna’s sense
for the function f.

3. Main Results

Without loss of generality, we will assume that the conditions (1) and (2) hold. We
denote 71 = {(1) = [mle",m = n1(A, a). It is obvious that 173 = 13 (A, a). We will recall
some statements and facts that are used below.

As it was noted in the proof of Theorem 1 in [9], the following relation holds under
the conditions (1) and (2)

In|o(z)| = V(z) + O(1), z ¢ ®(d), (11)
where )
__mlz]
Viz) = 2Asinx +ReK171 B 2/\sinzx)zz}’ (12)
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where ®(d) is given by the Formula (4). The Formula (11) follows from the relations (12.5)
and (12.6) of the work [6]. From (11), it follows that, uniformly in ¢, ¢ € [0,27], the
following equality holds (¥ — o)

ln‘a(rei"’)’ = H(@)r* +0(1?), z = re'? € C\ ®(d), (13)

where the function H(¢), being the indicator of the entire function ¢(z), is defined by
the equality

sin? @, (14)

H(¢) = || cos(2¢ +¢) +

Asina

whereas V (re'?) = H(¢)r?. Thus, Formula (11) refines the relation (1) from Theorem 1 of
the work [5] taking into account the remark for this theorem.

Using the method of finding the asymptotics for n(r, ), n(r,a, p) (a € C), introduced
in [1] (pp. 420-422), we can show that the following relation holds for the arbitrary elliptic
function f (a € C)

7'[51’2

n(r,a, f) =

where D is the area of fundamental parallelogram of its periods, and s is the number of
the poles of the function f (taking into account multiplicities) located in this parallelogram.
Herewith, the quantity O(r)/r is uniformly bounded with respect to 4, a € C. Namely, if
the conditions (1) and (2) hold, we obtain (a € C)

+0O(r), r — oo, (15)

2
n(r,a,p) = AZ:;[;“ +O(r), r — oo. (16)
Therefore, as r — co, we get
1 mr? r?
1 _ — . 17
n(r,0,0) 2n(r, 0, 0) Teing O(r), N(r,0,0) 73 eina O(r) (17)

The above formulas refine the corresponding relations, which were formulated in
Theorem 3 in [5].
The following relations have been indicated in the work [5]

2 27
T(r,0) = 2% /H*((p)d(p%—o(rz), (18)
0
> 2
m(r,0,0) = zrn/H*((p)d(ano(rz), (19)
0

using which, we get

7T
r 0, (7
5(0,0) _rl%, T, o) /H dqv//H*(qv)dqv-

Using Formula (14), we have
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Then, we get

5 27 -1
50,0) =1- 2 — (/ H+(<p)d(p) . 20)

0

Thus, we have obtained the formula for finding the Nevanlinna defect 6(0, ¢) of the
Weierstrass sigma function o (z).

We note that the final calculation of (0, ') done in the work [4] has some technical
difficulties in the given case. Here, the number #; depends on two parameters A and «, in
terms of which, the set of ¢ such that H(¢) > 0 should be described. For such calculations,
the following relation can be useful

2
(32 ) S0 ol
n=1

being true when Imt — oo, T = w3 /w4, which has been indicated in [10] (p. 7).
To prove the next theorem, we represent the indicator H(¢) of the function ¢ (z) in
the form

— JA21 B2 T
H(p¢) =V A?+B COS(2¢_9)+2Asina’ (22)
where A = |ij1|cos ¢ — sri—, B = —|1|sing and A/vV A? + B2 = cos6, B/ A% + B2 =
sinf, following from Formula (14).
Furthermore, we formulate and prove the statements related to the estimation of the
type of the function ¢(z) , the refined asymptotic, the Nevanlinna characteristics, and the
function values distribution.

Theorem 1. For the quantity of the form At o] of the function T (r, o) under conditions (1) and (2),
the following relation holds:

271

1
ﬂ/ t(p)de = Arlo >—\/A2 24
0

2
4)\ sina’ (23)

where A and B are related to the equality (22).

Proof. Since the entire function ¢ (z) has the order p = p[c] = 2, then we denote

— T(r,0 — InM(r, o
Arlo] = lim (rz ), Apmlo] = }g{;#

7

27
where M(r, o) = max{|o(z)| : |z| < r},r > 0. Using (18), we obtain Ar[o] = 5= [ H* (¢)dg,

0
hence the left-hand side in (23) is valid. According to the properties of the entire function
indicator and according to the equality (22), we find

Aplo] =max{H(¢):0< ¢ <27} = A2+ B2+

2)\ sina’
From Theorem 1 [3] (p. 554), we get
1
> I ,/ 2 2
Arle] 27 Amlo A+B+4/\smtx

so the right-hand side of the relation (23) is valid. Theorem 1 is proved. O
Theorem 2. Under the conditions (1) and (2), the following formulas hold:

In|¢,(z)| = U(z) + O(1), z ¢ ®(d), (24)
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In|d;11(2)| = U(z) + O(|z]), z ¢ ®;(d) (j = 1,3), (25)
, 27l ‘

81(2)/8j41(2) = — ;;;f: O(1), z ¢ &;(d) (j=0,3), 26)

where ( ) )

7(|z|” — Rez?
)= Dema @
®id)= |J {z€C:|z—Qun+wj| <d}, j=0,3, (28)

mmnez

and d is the arbitrary constant, @y (d) = ®(d), and O(d) is defined by the equality (4).
Proof. Under conditions (1) and (2), the following equalities hold:

91(z) = 91(0)o(2) exp(—mz?), (29)

o(z +w]-)
o(wj)

8;41(z) = 8,,1(0) exp(—mz* — 7j2) (j=13), (30)
as the consequence of the formulas (6.8:3), (6.11:4) and (6.11:8) in the work [1]. Hence,

In|®y(z)| = In|o(z)| — Re(12%) + O(1), (31)

In|8;,1(z)| = In|o(z + w;)| — Re(112*) + O([z]), j = 1,3. (32)

Using (11) and (12), and also notations (28), we get (j = 1,3)
In|o(z 4+ wj)| = V(z+wj) + O(1) = V(z) + O(Jz]), z & ®;(d), (33)

whereas V(z + wj) = V(z) + O(|z|). Hence, from Formulas (12) and (31)~(33), we have
(i=13)

(\z| —Rez)
In|8;(z)| = V(z) — Re(112%) + O(1) = —iena +0(1), z ¢ ®(d),

(\z| —Rez)
1n|19j z)| = —Re(m12%) +O(|z]) = —iema +0(|z]), z & @j(d).

Using notation (27), we obtain the relations (24) and (25).
The equalities (29) and (30) imply that

81(2)/1(2) = 0'(2)/0(2) — 2mz = {(2) — 2z, (34)
8711(2)/8j41(2) = o' (z + wj) /0 (z + wj) = 2mz — 29 =

={(z+wj) —2mz—2n;, j =1,3. (35)
Let us rewrite the Formula (12.8) from [6] (p. 27) in the form

27
{(z) =2z — )\sinlemz +0(1), z ¢ ®(d),

(7 is defined by (12.8) and is such as # = 2171). Using the last formula, the relations (34) and
(35), we have

ZniImz

9i41(2)/8j41(2) = +0(1), z ¢ ®j(d), (j =0,3)

Asina

hence the relation (26) is valid. Theorem 2 is proved. O
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Remark 1. It follows from the Formulas (24)—(26) that, as z = re? € C\ CIDj(d),j =0,3,
uniformly in ¢, ¢ € [0,271], the following relations hold (r — c0):

In[8;.1(re'")| = S(9)r? + o(r2), (36)
i ; oy 2mising
i1 (re'?)/ 041 (re'?) = T Nsina +o(r), (37)
where )
_ 7sin® ¢
Sle) = Asina (38)

whereas U(re'?) = S(@)r?. Hence, the relations (24)—(26) refine the statement C of Theorem 2
from [7].

Theorem 3. Under conditions (1), (2) and for j = 0,3, the following relations take place (r — oo)

n(r,0,8;,1) = o O(r), N(r,0,0:11) = o o(r) (39)
7Y Nsina PN T o X sina ’
2
Ttr
T(T, l9j+1) = A sina +0(1’2), (40)
m(r,a,0j,1) = o(r?) (a € C). (41)

There is no number, a,a € C, being the exceptional value of the function ¢;,1(z),j = 0,3, in
Nevanlinna’s sense.

Proof. As it follows from (29) and (30), the points Q%L = Qun — wj, j = 0,3, where

m € Z,n € Z, and Q( 21 = Oy, are simple zeros of the function 19]“( z) because they
are simple zeros of the function ¢(z + wj),wp = 0. Then, it follows from the equality
n(r,0,81) = n(r,0,0) and relations (17) that two relations are valid as j = 0in (39). Itis
obvious that, for j = 1,3, two formulas are also valid in (39) because zeros of the function
8i41(z) are generated by “shifting” of zeros of the function ¢;(z) on the vector —w; in
this case.

Note that zeros of the functions d;,1(z),j = 1,3, are located on the countable set
of rays starting at z = 0. Thus, using relation (36), we can say that uniformly in ¢, ¢ €
[0,277] \ P;(9), the following equality holds (j = 0,3):

In[8.1(7€i%)| = S(@)7 + 0(2), 7 = o, 42)

where P;(0) is the set for which mesP;(d) = ¢ for the arbitrary § > 0 and S(¢) is defined by the
equality (38). From (42), it follows that, as ¥ — oo and a € C uniformly in ¢, ¢ € [0,27] \ P;(6),
the following relations hold (j = 0,3) :

; 127 sin?
In* (841 (ré'?)| = {S(p)2 +0()}* = SH (@) +0(?) = S L o), (49)
1 +
Intf——— = {1 9y — =
n 92 (re) —a] { n’ iy1(re'?) a‘}

a

9j11(re'?)

N +
} { ln’ i1 req’))+0(1)} =

= {~S(@) +0(A)} = (~5(9)} P +0(?) = () (a4)

= {—1n‘ i1 ( (re'?) ’—ln
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Using (43), (44) and relation (7.14) from Theorem 7.4 [3] (p. 59), we obtain (j = 0,3)

27
1 .
T(T’, 19]+1) = m(r, 1.9]+1) = E /ln+‘l9]+1(rel¢)‘d¢ =
0
2 nr?
_ i 2 2\ 2
~ 2Asina /sm pdg +o(r') = 2Asina o), r =0,

27
R S S PR
m(r,a,8;1) = 7 O/Irl 902 (re ) _a|dq) =o(r?), r > o0 (a € C).

Hence, the equalities (40) and (41) are valid. These equalities imply that, for j = 0, 3,
the following relation holds:

m(r,a,d;
8(a,9j11) = lim m(r, 8, 8j+1)

=0(aecC),
r—oo T(1,0j41) ( )

so the second statement of Theorem 3 is true. Theorem 3 is proved. [
Remark 2. From the relations (40), (41) and Theorem 4.1 [3] (p. 27), we have

72

N(r,a,0;41) = T(r,0j41) — m(r,a,8;11) + O(1) +o(r?), r — o,

- 2Asina

foreverya € Cand j =0,3.

Theorem 4. For the functions hj1(z) = 19]’«+1(z)/19]'+1(z) (j = 0,3) under the conditions (1)
and (2), the following relations hold (r — o) :

n(r, i) = LZJFO(r) N(r,hipy) = r’ +0(r) (45)
YT Nsina ! Y T o sina !
2
T
m(r,a,hjq) = O(r) (a € C). (47)

There is no number a,a € C, being the exceptional value of the functions hj1(z) (j = 0,3)
in Nevanlinna’s sense.

Proof. Mentioned in the proof of Theorem 3 points Q,% = OQun — wj (m,n €7Z), Q,S?)l = Qun
are the simple poles of the functions h;,1(z) because they are the simple zeros of the
functions 9;11(z)(j = 0,3). This is why, from (39), we have (j = 0,3)

2
Y
n(r, hjva) = n(r,0,0j11) = =+ 0(r), 1 = 00,
N i) = =T £0(r), 7 — o0
DY o sina ) 1=

so both relations of (45) are valid, whereas m(r, hj 1) = m(r, 19]/»+1 /8i41) = O(Inr), r — oo;
then, according to Theorem 1.3 [3] (p. 122), we obtain

72

2Asina

T(r,hit1) = m(r,hip1) + N(r hj1) = O(r), r = 00 (j =0,3),
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hence the relation (46) is true.
The equalities (34) and (35) imply that

i1(2) = 0 (z+ wj) = 211 = —p(z + wj) — 211, where j = 0,3,wp = 0.
Let us denote Fj(z) = p(z + w;). Then, using relations (2.5) from [3] (p. 128), we get
(aeC)

1
,h,—) +O(Inr) = m(r, =211, F;) + O(Inr). (48)
j+1

m(r, a, h]-+1) < m(r

The function Fj(z) (j = 0,3) is the elliptic function with fundamental periods 2wy, 2ws,
and it has all the same values as the function p(z) in its fundamental period parallelogram.
Hence, from (16) under conditions (1) and (2), it follows that (r — o)

27r?
n(r,a,z:}‘) = m + O(r),
r?
N(T’,KZ,F]‘) = m + O(?’), (49)

where the quantity O(r) /r is uniformly bounded in a,a € C. Putting a = ¢ in (49) and
using Cartan’s identity (4.13) [3] (p. 33), we find (j = 0,3)
27

1 2

T(r,F}) = E/N(r,eie, F;)d6 + O(1)
0

tr

= Tsina +0O(r), r — oo. (50)

Theorem 4.1 [3] (p. 27), equalities (50) and relations (49) (where we put a = —2#;) to
imply (j = 0,3)
m(r, =21, F;) = T(r, F;) — N(r, =211, F;) + O(1) = O(r), r — co.

Hence, taking into account (48), we have m(r,a,hj 1) = O(r), r — o (a € C). Itis
obvious that, for a = oo, such a relation is also valid. Thus, the relation (47) is proved. From
Formulas (46) and (47), we obtain

m(r,a,hjy1) ) _

6(a, hjyq1) = lim =0,j=03(aeC),

r—00 T(r/ h]+1)

so the second statement of the Theorem is true. Theorem 4 is proved. O

Theorem 5. For the arbitrary elliptic function f # const, the following relations hold (r — oo) :

2
N(r,a,f) = 7;; +0(r), (51)
2
T(r,f) = % +0(r), (52)
m(r,a, f) =0O(r), (53)

where a € C, D and s are the quantities related to the Formula (15).
There is no number a,a € C, being the exceptional value of the function f in Nevanlinna’s sense.

Proof. From Formula (15), we get (a € C)

N(r,a,f) = / n(ta, f) _tn(o’a'f)dtJrn(O,a,f)lnr = T;ng +O(r),
0
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where r — o, so the relation (51) is true. Using again Cartan’s identity (4.13) [3] (p. 33) and (51),
we obtain (r — o)

27
1 : g
1(,f) = 5 [ Nr.e?, fyao+0(1) = 25 +0(r),
0

hence the relation (52) is valid. According to Theorem 4.1 [3] (p. 27) and the relations (51)
and (52), we get (a € C)

m(r,a,f)=T(r,f) — N(r,a,f)+0(1) =O(r), r — oo.
It proves the equality (53). The Formulas (52) and (53) imply

8(a, f) :%W —0(acC).

Hence, the second statement of Theorem is valid. Theorem 5 is proved. O

Remark 3. Using (52), we obtain

plf] = B IS g
olf] = Fm TN T

so the arbitrary elliptic function f # const has the order p[f] = 2 and normal type with the value
of the type o[ f] = J55.

4. Conclusions

In this paper, we have found the Formula (10) for obtaining the quantity of Nevanlinna
defect 6(0, o) of the Weierstrass sigma function o(z) for the value a = 0. We have obtained
the asymptotic Formulas (24)-(26) for the Jacobi theta functions ;4 (z),j = 0,3, and
their logarithmic derivatives, where the reminders are estimated more accurately than in
corresponding formulas of the paper [8]. On the basis of such formulas, we have indicated
the asymptotics of Nevanlinna characteristics of these functions, and we have proved that
there is no number a,a € C, being the exceptional value in Nevanlinna’s sense for these
functions. In addition, for the functions 19]’» +1(2)/8j31(2) (j = 0,3), the last conclusion is
also true for a = co. We have found the asymptotics of Nevanlinna characteristics for the
arbitrary elliptic function. It allows for concluding that there is no number a,a € C, being
the exceptional value in Nevanlinna’s sense for it.

As further research, it is possible, using the Formula (10), to obtain the value of the
defect 6(0, 0) in terms of parameters A, « in finite form. Herewith, the Formula (21) from the
paper [10] can be useful. Another important problem is the obtaining of the asymptotic values
and asymptotic curves [3] (p. 223) of the functions o(z), {(z), 9j41(z), 19]’-+l (2)/8j31(2)(j =
0,3). It would be desirable to investigate the questions related to its Julia rays and Julia sets
of points [1] (pp. 572-573) for the functions ¢;,1(z), in the same way as it had been done in
the paper [10] for the function o(z). To investigate two previous problems, one can apply
asymptotic Formulas (24)—(26), formulated in this paper. These formulas could also be
useful for investigation of the differential equations solutions, where the above-mentioned
functions are.
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