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Abstract: The asymptotic behavior of resolvents of a proper convex lower semicontinuous function
is studied in the various settings of spaces. In this paper, we consider the asymptotic behavior of the
resolvents of a sequence of functions defined in a complete geodesic space. To obtain the result, we
assume the Mosco convergence of the sets of minimizers of these functions.
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1. Introduction

The notion of the resolvent for convex functions is one of the most important subjects in
the convex minimization problems. We have proposed various resolvents in many spaces
and have studied their properties. Moreover, the asymptotic behavior of resolvents at
infinity includes crucial problems in studying the properties of resolvents. There are results
on the asymptotic behavior of the resolvent of convex functions at infinity. For example, in
a Hilbert space H, for a proper lower semicontinuous convex function f: H — ]—o0, 0], a
resolvent J¢: X — X is defined by the following:

= argmin — x||?
Jy() = argn {F) +ly =~}

for all x € X. As the asymptotic behavior of this resolvent, the following result is found.

Theorem 1 (See [1]). Let H be a Hilbert space and f: H — |—oo, 00| a proper lower semicontinu-
ous convex function. For each x € X, if { Ju fx} is bounded by some sequence {, } C |0, 0o such
that y, — oo, then argmin f # @ and

li = Paromin £X-
/\grc}o ]/\fx argmin fX

On the other hand, geodesic spaces are metric spaces which have some convex struc-
tures. In geodesic spaces, many types of resolvents are also proposed and studied. A
complete CAT(0) space, which is an example of a geodesic space, is a generalization of
Hilbert spaces. In this space, the following resolvent is proposed (see [2]). Let X be a com-
plete CAT(0) space and f: X — |—c0, 00| a proper lower semicontinuous convex function.
We define the resolvent J;: X — X of f by the following equation:

J5(x) = aryg;;in{f(y) +d(y, %)}

for all x € X. For this resolvent, we can also consider asymptotic behavior at infinity and
have results similar to Theorem 1 (see [3]). In these cases, a convex function f is fixed. In a
Banach space, the convergence of a sequence for resolvents of maximal monotone operators
has been considered in many papers. For example, see [4-10].
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Therefore, we will also consider the convergent sequence of convex functions { f, }
and their resolvents. We characterize the convergence of a sequence of convex functions by
using the set convergence of minimizers. Mosco convergence is one of the useful notions of
set convergence. It is defined in Banach spaces and complete admissible CAT(x) spaces.
See [11-13] for more details.

This paper considers the asymptotic behavior of the resolvents of a given convergent
sequence of convex functions on a complete CAT(0) space and a complete admissible
CAT(1) space. As a convergence of a sequence of convex functions { f, }, we suppose that
{argmin f, }, the sequence of sets of minimizers of f,, is convergent in the sense of Mosco.

2. Preliminaries

Let X be a metric space. For x,y € X, cyy: [0,d(x,y)] — X is called a geodesic with
the endpoints x and y if ¢y : [0,d(x,y)] — X satisfies the following:

cxy(O) =Xx;
ny(d(x/]/>) =Yy
d(cxy(u), cxy(v)) = |u —v| for u,v € [0,d(x,y)].

We say that X is a uniquely geodesic space if there exists ¢y, uniquely for each x,y € X.
For x,y € X, a geodesic segment [x, y] joining x and y is an image of c,, defined by [x,y] =
cxy([0,d(x,y)]). A convex combination z between x and y is a point of [x,y] such that
d(x,z) = (1—1t)d(x,y) and d(z,y) = td(x,y), and we denote this z by tx & (1 — t)y. Let X
be a uniquely geodesic space and x1, X2, x3 € X. A geodesic triangle A(x1,x2,x3) C X with
vertices x1, Xp, x3 is defined by A(xq,x, x3) = [x1, x2] U [x2, x3] U [x3, x1]. For a geodesic
triangle A(x1,xp, x3), a comparison triangle A(X1,%,%3) C R?is defined as a triangle
whose vertices X1, Xy, X3 satisfy ||[¥1 — Xa|| = d(xq,x2), ||[X2 — X3|| = d(x2,x3), |[X3 — X1|| =
d(x3,x1). Furthermore, for p € [x;, xj] (i,j = 1,2,3 and i # j), a comparison point p of
p is a point on [X;,%;] such that ||p —X;|| = d(p,x;). X is called a CAT(0) space if for
any geodesic triangle A(xq,x2, x3), any p,q € A(x1, x2,x3), and their comparison points
7,9 € A(%X1,%,%3), the following holds:

d(p.q) <[P -1l

Let X be a geodesic space and A (x1, x, X3) a geodesic triangle on X. In the same way
as above, we define a comparison triangle A (¥, %,,%3) C S?. X is called a CAT(1) space
if for any geodesic triangle A(x1, xp, x3) with d(x1, x2) + d(x2, x3) + d(x3,x1) < 27, any

p,q € A(xq,x2,x3), and their comparison points 7,7 € A(X, X2, X3), it holds that:

d(p,q) < ds(p.7).

An admissible CAT(1) space is a CAT(1) space such that the distance of any two
points is smaller than 71/2. Let X be an admissible CAT(1) space and {x,} a sequence
of X. The sequence {x,} is said to be spherically bounded if there exists y € X such that
supd(x,,y) < m/2foralln € N.

We describe the fundamental properties of complete CAT(0) spaces and complete
admissible CAT(1) spaces. The following inequalities are called parallelogram laws.

Theorem 2 (See [3,14]). Let X be a complete CAT(0) space, x,y,z € X, and t € [0,1]. Then,
d(tx @ (1 —t)y,z)? < td(x,2)? + (1 = t)d(y,z)* — t(1 — t)d(x,y)%

Theorem 3 (See [14]). Let X be a complete admissible CAT(1) space, x,y,z € X, and t € [0,1].
Then,

cosd(tx @ (1 —t)y,z)sind(x,y) > cosd(x,z) sintd(x,y) + cosd(y,z) sin(1 — t)d(x,y).
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In particular, for t = 1/2, it holds that:

1 1 d(x,y) 1
_ _ >
COSd( x D Y, Z) COS

or equivalently, that:

cosd(x,z) + % cosd(y,z),

1 1
— logcosd(zx ® 2y,z>

d(x,y)

< .
- 2

(—log(cosd(x,z))) + %(— log(cosd(y,z)) + log cos

NI~

Let X be a metric space and {x, } a bounded sequence in X. For x € X, we assign the
following equation:

r(x, {x,}) = limsupd(x,x,), r({xn}) = inf r(x, {x,}).
n—oo xeX
Then, if x € X satisfies (x, {x,}) = r({x,}), it is called an asymptotic center of {x;, }.
Moreover, if for any subsequence of {x, } its asymptotic center is a unique point x, we say
that {x, } is A-convergent to x. Any bounded sequences in complete CAT(0) space have
a A-convergent subsequence. Likewise, any spherically bounded sequences in complete
admissible CAT(1) have a A-convergent subsequence. See [15-17].
Let X be a complete CAT(0) or complete admissible CAT(1) space, and C a closed
convex subset of X. Then, for x € X, there exists a unique xy € C such that:

d(xp,x) = yig(f:d(y,x).

We define Pc: X — C by the following;:

Pc(x) = argmind(y, x).
yeC

for x € X. This Pc is called a metric projection onto C and has the following properties. If
X is a complete CAT(0) space, then

d(x, Pcx)? +d(Pex,y)? < d(x,y)?
forally € Cand x € X. If X is a complete admissible CAT(1) space, then
cosd(x, Pcx) cosd(Pcx,y) > cosd(x,y)

forally € Cand x € X.

Let Cq,Cy, C3, . .. be nonempty closed convex subsets of a complete CAT(0) or complete
admissible CAT(1) space X. We define the sets d-LiC, and A-Ls C, as follows: v € d-LiC,
if and only if there exists {v, } such that v, — vand v, € C, for each n; w € A-LsC, if and
only if there exists a bounded sequence {w; } such thatw € AC{w;} and w; € Sy, for each i.
If a closed convex subset Cy of X satisfies the following:

d-LiCy C Cy C A-LsCy,
we say that {C, } converges to Cj in the sense of Mosco and denote M-limy, s« C, = Co.

3. Main Results

Let f1, f2, f3, ... be the proper convex lower semicontinuous functions on a CAT(0) or
complete admissible CAT(1) space X. As the convergence of a sequence of convex functions
{fn}, we suppose the following conditions:

(@) M-lim, e argmin f; = argmin f;
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(b) Forallb € X, there exists {b, } such that b, — band limsup, ., fu(bn) < f(D);
(c) For any subsequence {fy, } of {f,} and a A-convergent sequence {c;} whose A-limit is
¢ € X, it holds that f(c) < liminf;_, fu,(c;).

We consider the asymptotic behavior of a resolvent on CAT(0) space. Let X be a
complete CAT(0) space, f: X — | —0c0,00] a proper convex lower semicontinuous function,
and x € X. We say that a function ¢: [0, 00 — R satisfies the condition (A) if the following
conditions hold:

*  @isincreasing;

*  @is continuous;

e @(d(-,x)) is strictly convex for all x € X;

e ¢(t) —kt — o0 as t — oo, for all constants k € R.

If ¢ satisfies the condition (A), then the function f(-) + ¢(d(+, x)) has a unique mini-
mizer. We define a resolvent ¢ of f with ¢ by the following equation:

J¢(x) = argmin {f(y) + ¢(d(y, x))}
yeX

for x € X. For example, ¢1(t) = t? and @,(t) = tanh tsinh ¢ satisfies these conditions. If
we define the resolvent with @; () = #2, it is the resolvent described in the Introduction.
For complete CAT(—1) spaces, which are a special case of CAT(0) spaces, the resolvent with
@2(t) = tanhtsinh t is defined and studied in [18].

Now we describe the asymptotic behavior of resolvents for a sequence of convex
functions satisfying (a), (b), and (c).

Theorem 4. Let X be a complete CAT(0) space, { f} a sequence of proper convex lower semicon-
tinuous functions from X to |—oo, 00|, f a proper convex lower semicontinuous function from X
to ] —o0,00], and {A,} C |0, 00[ an increasing sequence diverging to oo. If { f, } and f satisfy the
conditions (a), (b), and (c), then for x € X, we have:

nlgl;lo I)\nfnx = Pargminfx'
Proof. Let x € X. We put x, = J),r,x and p = Pygmins¥. Since p € argminfy C
d-Liargmin f,, from the condition (a), there exists {a, } such that a,, € argmin f, for each n
and a, — p. Since points a, and x,, are minimizers of f,, and f,(-) + ¢(d(-, x)), respectively,
then we have the follwing equation:

P(d(x0,)) < fuln) + - 9(d (5, )

L9, ).

fn([’ln)"‘)\i

n

< fn(an) +

Thus, we get ¢(d(x,,x)) < ¢(d(an, x)), which is equivalent to d(x,, x) < d(au, x).
Since {a,} is a convergent sequence, and {a, } is bounded, this implies that {x,} is also
bounded. Take a subsequence {x;, } of {x,} arbitrarily. There exists a A-convergent
subsequence {xy,;} of {x,} to some g € X. From the condition (b), there exists {b, } such
that b, — p and limsup,,_, ., fu(by) < f(p). Furthermore, using the condition (c), we get

iminfj e fu;; (xn;;) < f(q) as xy; A g. From the definition of the resolvent, we have the
following equation:

L p(d(bny 1)).

1
Sy () + Eq)(d(x”ff’x)) < fu () + Anjj



Axioms 2022, 11, 21 50f8

By the boundedness of {d(x,, x) } and {d(ay, x)}, letting j — oo, we have the following:

f(Q) S liminff”ij ('Xni]') S h]l.'gio?ff”i/(b”ij) S hmsupf”z‘]‘ (b”i]') S f(P)

j—oo j—ro0

This implies that q € argmin f. Since d(xy,;, x) < d(an;;, x), we let j — oo again and
get the following:

d(p,x) <d(g,x) < liminfd(xni].,x) < limsup d(xnl.j,x) < lim d(anl.],,x) =d(p,x).

Hence, we have g = p and d (xnl.j, x) — d(p,x). Since ap;; is a minimizer of f,; and
fn;; is convex, we have the following equations:

1
f”lij(xnjj) + A?I,‘j (P(d(xmj/ X))

- Xn;; ©® an;; 1 p Xn;; D An;;
—fnij 2 + )\n,']- (P 2 X

fri.(Xn;.) + fu. (an;;) 1 Xp.. @D ay..
< g Pl g t g ]
e ()

1 Xn;, D an;;
an,-j(xn,-j)+)\an(d( 12 ’,x>>,
ij

Xp.. D ay;.
0y ) < ).

and hence,

2
From the parallelogram law of CAT(0) space, we get the following:

Xy D an;

2
1 1 1
5 ,x) < Ed(xn,j,x)2 + Ed(ani],,x)2 - Zd(xni],,anl.j)z.

¢7l(xnl.j,x)2 < d(
Since both {d(ﬂni]-, x)} and {d(xnl.j, x)} are convergent to d(p, x), we have:
d(xni].,ani].)2 < 2(1:1(11,11,/.,x)2 — d(xni].,x)z) -0

which implies that x,,; — p. Then, any subsequence {x,,} of {x,} has a convergent
subsequence {x,,l.j }, which tends to p. From these facts, we get a desired result. [

From this theorem, we have the following corollaries. Suppose f, = f foralln € N.
Then { f, } obviously satisfies the conditions (a), (b), and (c).

Corollary 1. Let X be a complete CAT(0) space, f a proper convex lower semicontinuous function
from X to |—co, 00|, and ¢: [0,00[ — R a function satisfying the condition (A). For a positive real
number A, define J)r: X — X by the following equation:

Jaf(a) = argmin{Af(y) + ¢(d(y,a))}
yeX

fora € X. Then, for each x € X,

}}gr;o ])\fx = Pargminfx'

Let {C,, } be a sequence of nonempty closed convex subsets which converges to C in
the sense of Mosco. If {f,} = {ic,} and f = ic, then argmin f, = C, and argmin f = C,
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where ic is the indicator function of C. Since {C;, } converges to C, {ic, } and ic satisfy the
condition (a). They also satisfy the conditions (b) and (c).

Corollary 2. Let X be a complete CAT(0) space, {C,} a sequence of nonempty closed convex
subsets of X, and C a nonempty closed convex subset of X. If {C,, } converges to C in the sense of
Mosco, then for each x € X,

lim Pcnx = ch.

n—oo

Similarly, we consider asymptotic behavior of a resolvent on CAT(1) space. Let X be a
complete admissible CAT(1) space. We say ¢: [0, 71/2[ — R satisfies the condition (B) if the
following hold:

*  @isincreasing;

*  ¢@is continuous;

e @(d(-,x)) is strictly convex for all x € X;
e ¢(t) > ast— /2.

Then, the set argmin .y {f(y) + ¢(d(y,x))} is a singleton for all x € X, and we
define J; in a similar way. For example, ¢3(t) = tantsint and ¢4(t) = — logcost satisfy
the conditions above. On complete admissible CAT(1) spaces, resolvents by using these
functions are defined and their properties are studied in [19,20].

We consider that the asymptotic behavior of resolvents for a sequence of convex
functions satisfies (a), (b), and (c).

Theorem 5. Let X be a complete admissible CAT(1) space, { fu } a sequence of proper convex lower
semicontinuous functions from X to |—oco, 00|, f a proper convex lower semicontinuous function
from X to |—oo,00], and {A,} C ]0,00[ an increasing sequence diverging to co. If { f,} and f
satisfy the conditions (a), (b), and (c), then for x € X,

nlglc}o ]A,,f,,x - Pargminfx'

Proof. In the same way as the proof of Theorem 5, if we take {xni]. } with the same procedure,
it hold that d(xni]., x) — d(p,x) and

Xp.. D ay;.
0, ) < ).

From the parallelogram law of CAT(1) space, we get the following equations:
Xn;; D an;
—log(cosd(xy,;, x)) < —log (COS d (12/, x) >

< 5 (= log(cosd(xn;, x))) + %(— log(cos d(an,;, x)))

N =

— }L(_ log(cos d(xni].,anij))).
Then, we have
—log(cosd(xy;;, an;;)) < 2(—log(cosd(xy,, x)) — log(cos d(an,;, x))).
This implies that Xni; = P, and we get [y, 1, X = Pargmin fx. U

As well as for the case of CAT(0) spaces, we obtain the following corollaries in CAT(1)
spaces.
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Corollary 3. Let X be a complete admissible CAT(1) space, f a proper convex lower semicontinuous
function from X to |—oo, 0], and ¢: [0, 71/2[ — R a function satisfying the condition (B). For a
positive real number A, define ] r: X — X by the following equation:

Jag(a) = argn;in{Af )+ o(d(y,a))}
yE

fOT’ ae X. Then,for each x € X, we have:
li —_— P 1 .
h nool ]/\fx argmin fx

Corollary 4. Let X be a complete admissible CAT(1) space, {Cy, } a sequence of nonempty closed
convex subsets of X, and C a nonempty closed convex subset of X. If {C, } converges to C in the
sense of Mosco, then for each x € X, we have:

lim Pc x = Pcx.
n—o00 Cn ¢

4. Applications to Hilbert Spaces

Finally, we consider the applications of our results to the case of a Hilbert space.
Because the class of complete CAT(0) spaces includes that of Hilbert spaces, we can get
some results in Hilbert spaces directly. The definitions of conditions for functions ¢ and
{fn} are applied to those in CAT(0) spaces.

Theorem 6. Let H be a Hilbert space, { fn} a sequence of proper convex lower semicontinuous
functions from X to |—oo, 00|, f a proper convex lower semicontinuous function from X to | —oo, co],
and {A,} C 10,00 an increasing sequence diverging to co. Suppose {f,} and f satisfy the
conditions (a), (b), and (c), and ¢: [0, 0] — R satisfies the condition (A). Define ], , X=X by
the following:
It (@) = arger?(in{f\nfn (v) + oy —al)}
Y

fora € X. Then, for each x € X
r}grolo ])\nfnx = Pargminfx'

Using this result, we can get following famous theorems. First, if we consider the case
that a convex function is fixed and ¢(t) = 2, we can get Theorem 1. Next, considering the
case that convex functions are the indicator functions of some convex sets, we obtain the
following theorem.

Theorem 7 (See [21]). Let H be a Hilbert space, {C,} a sequence of nonempty closed convex
subsets of X, and C a nonempty closed convex subset of X. If {C,, } converges to C in the sense of
Mosco, then for each x € X,

nlgl;lo PCHX = ch.

In conclusion, we summarize the results in this paper. For a given sequence { f,,} of
proper lower semicontinuous functions converging to f in the sense of the conditions (a),
(b), and (c), we consider the corresponding sequence of resolvents {]y, 7, } with a positive
real sequence {1, } diverging to co. The main results imply the pointwise convergence of
this sequence to the metric projection onto argmin f in the setting of a CAT(0) and a CAT(1)
space, respectively. We can apply them to the asymptotic behavior of the resolvent for a
single function at co, and a convergence theorem for a sequence of metric projections.
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