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1. Introduction

Quaternions, going back to Hamilton 1843, and the work of Gauss being unpublished
until 1900, are four-dimensional hyper-complex numbers x = x1 + xi + x3j + x4k where
X1,..., X4 are real numbers and i, j, k are the fundamental quaternion units satisfying the
Hamilton rules

==K =-1 )

and
ik = —1, 2

for example see [1,2]. Four alternative four-dimensional types of hyper-complex numbers
are introduced in [3]. The rules of the so-called circular and hyperbolic fourcomplex
numbers defined there are

P=pP=-1,kK=1ij=ji=—k ik=ki=j, jk=kj=i @)

and
P=P=k=1ij=ji=k ik=ki=]j, jk=kj=1i, 4)

respectively, and so-called planar and polar fourcomplex numbers satisfy similar rules.
In each of the mentioned cases, the product of the two hyper-complex numbers x and
x" = x| + x4i + x4j + x}k can be obtained by applying the mentioned rules together with
the usual algebraic rules, known from the real and usual complex numbers, to the product

xx' = (w1 + xai + x3] + xak) (%] + X1 + x5/ + x4k). ®)

On the one hand, out of habit, one could consider this approach to be natural, on the
other hand, one could also ask for a content-related motivation for it.
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Another approach to multidimensional hyperbolic complex numbers is presented
in [4]. In [5], a complex vector is dealt with as a sum of a vector and a so-called bivector.
Moreover, numerous applications in electromagnetic theory and quantum mechanics are
given there.

Bicomplex numbers studied in [6-8] are applied to quantum mechanics and quantum
fields in [9-11] and can be represented as

w = z1 + 220

where z; and z; are elements of independent complex planes possessing imaginary units iy
and 7, which satisfy

2 2

i1=1i=-1

and
iy = j, 1] = —ip, iaj = —i1.
Here, j satisfies
F=1

and is called a hyperbolic unit. For another application of bicomplex numbers we refer to
the work in [12].

There are always several ways of generalizing or transferring a mathematical statement
that is valid in one-dimensional to higher dimensions. If one specializes in (5), for example,
x3 = x4 = 0, the result is very reminiscent of the usual complex plane. The decisive
question in a generalization process is which of the properties valid in the one-dimensional
case should also apply in the higher-dimensional case.

In the language of the usual complex numbers, the four-complex numbers under
consideration here also formally satisfy the rules (1) and

ij =ik =jk=-1 6)

as well as a further specific algebraic rule which, inter alia, does not allow the implementa-
tion of all the usual conclusions from (1) and (6) as for complex numbers. The main aim
of a study which was started in [13-15] and is continued here is to exemplarily show that
there are infinitely many systems of generalized complex numbers of every dimension, and
how to construct some of them in a largely standardized way. While complex numbers of
dimension three were dealt with in [14], the present work deals with complex numbers in
dimensions four and above. The general structure of a vector space and a multiplication
rule being different from (5) and being specifically chosen in each case form the basic
elements of our constructions. Based upon a respective multiplication rule, a generalized
exponential function is introduced and with its help the Euler formula is generalized. The
question of which multiplication rule is appropriate in which application area depends to a
considerable extent on our detailed knowledge of the given situation or even requires an
experimental answer, which, however, is outside the scope of the present work.

If x = x1 + xpi and x” = x| + x%i denote usual complex numbers then the product
used in [13] in the case p = 2 is

/ /

, X1X] — XoX

x@x = ooz )
X1Xy + X1X2

and if x = x1 + xpi + x3j and ¥’ = x] + x5i + x5j are three-complex numbers then the
corresponding multiplication rule defined in [14] is

x1xy — ¢’
x©x = S(x,x") ' [ — X3 8
I x4 nl( X2y X33 ®)
¢ ¢ Xoxh + x3%
243 349
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with
S(x,x") = Lo (@(x) + @(x)) = Imom) (@(x) + @(x)) ©)
and

!
¢(x) = arctan x%' E=1/x3+x3, ¢@(x')=arctan f—,, &=/ + 2% (10)
1

Note that, for every p > 0, p-generalizations of the multiplication rules (7) and (8)
are also introduced in [13,14], respectively. The technical background of the derivation of
these rules consists in using spherical and [,-spherical coordinates according to [16,17],
respectively. While Euclidean unit circles and unit spheres play a certain role in the vi-
sualization of complex numbers of various dimensions, their role in the visualization of
p-generalized complex numbers is taken over by /,-circles and [,-spheres. In this frame-
work, multiplication is a superposition of movements along longitudes and latitudes of
Ip-spheres and scalings along rays through the origin. Its inversion, therefore, allows a
geometrical explanation of the corresponding division rules.

With regard to the general structural properties, we emphasize that the multiplica-
tion rule of quaternions is not commutative, but the rule for the four-complex numbers
considered here is.

Multidimensional constructions of complex structures follow the same line as in
dimensions two up to four. The definition of the finite-dimensional spherical geometric
vector product which is the heart of the present construction of multi-complex structures is
addressed in Section 7 of the present work and is possibly even more of interest for vector
analysis in general than just for the present straightforward constructions.

Finally, we note that, as discussed in Remark 4 in [14], the notion of a division algebra
does not apply to a situation where common multiplication of complex numbers is replaced
with a new one as in the present case. That is why the classical classification of real division
algebras presented in [18] does not apply to the present framework but instead could serve
as an orientation for some future work in the present new field of work.

The rest of the paper is structured as follows. We introduce an abstract four-complex
algebraic structure in Section 2 and subsequently give a proof of the existence of realizations
of it by presenting suitable examples. To be more specific, we define four-complex numbers
in Section 3, present their probabilistic application in Section 4 and a geometric look at
them in Section 5, study classes of lg-complex numbers, p > 0, in Section 6 and the finite-
dimensional spherical geometric vector product in Section 7. Multi-complex numbers are
introduced in Section 8. The paper is completed by a short discussion in Section 9 and
Appendix A providing additional material dealing with some consequences from filling a
gap of mathematical rigor in the widespread literature on complex numbers.

2. The Abstract Four-Complex Structure

Let V be a four-dimensional vector space endowed with an addition® : V xV — V, a
scalar multiplication @ : V x R — V and an additional vector multiplication® : Vx V — V.
Assume that addition and vector multiplication are commutative and that addition is also
associative. Let further o and ¢ denote neutral elements with respect to addition and vector
multiplication, respectively, and assume that there exist elements i, j and ¢ of V satisfying

iDI=@)=tREt=1R]=1®t=]®t= —e.
Then Cy = (V, @, e, ®,0,¢,1,j,¢) is called a four-complex structure.

Remark 1. Following standard notation in complex number theory, i,j and € might be called the
imaginary units of the four-complex structure Cy.
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3. Four-Complex Numbers

We are going now to prove that there exists a realization of the four-complex structure
introduced in the previous section. To this end, let R* be the four-dimensional Euclidean
space, ¢ = xq¢HxpiH x3j H x4t the standard orthonormal basis representation of r € R* with

¢e=(1,0,0,07,i=(0,1,0,0)7,j = (0,0,1,0)7,€ = (0,0,0,1)

and 11 By = (x1,1 + X10, %21 + X2,2, X371 + X32, X471 + Xa2) where tj = (1, X2, X3, %4;) 7,
I = 1,2 the common (component-wise) vector addition. Then (R* &) is an Abelian
group with the neutral element o = (0,0, O,O)T, and the additive inverse element of
L= (xl/xZI X3, x4)T is - = (_X], —X2, —X3, _x4)T'

The following definition makes use of the notation

_ /2 2 2 O N S
G110 = /Xy, + x5, + x5, Sy = /x5, + x5, 1 =1,2,

and, form =1,2,

gm,l C m,2 ‘:m,l gm,Z

Su(ri,r) =1 arctan —= + arctan =—=) — [ arctan —~ + arctan —~
m( ) [0,7] ( X1 X2 ) (7,2m) ( X1 X2 )

where [4(.) denotes the indicator function of the set A.
Definition 1. Unless for
(x3,,%4;) = (0,0) or (xp4, %3, %4;) = (0,0,0) for at least one value of I € {1,2} (11)
the geometric vector product of ¥y and y; is defined by
X1,1%12 — 61,1812

X21%22 — $21622

1 ©r2 = S1(r1,12) . (12)

X1,1 X1,2
Sy (MI}TZ) {gll + clz] X31X32 — X4,1X42
’ , |:x2,1 4 X22
C21  Go2
X3,1X42 + X4,1X32

Moreover, we put

(x1,%x2,x3,%4)" © (£,0,0,0)" = [t|(x1, %2, x3,%4)", t € R (13)
and
(x1,22,%3,x4)T @ (1,0,0,0) = (xqu — |x2]0, 10 + |x2[1,0,0)T, t € R. (14)
Because of its symmetric structure, this product is commutative.
The specialization of the vector product from Section 2, ® = ©, applies to the rest of
the present section. Let ||.|| denote the Euclidean norm in R*.
Remark 2. If ||1z|| = 1 then ||v1 ©® 12| = ||r1||- That is, the set of all maps x — ¢ ® 1p,x € R?

with ||ra|| = 1 is the Lie group on the sphere {x : ||z|| = |

rll}

Definition 2. The q'th geometric power of vector ¢ and its complex exponential are defined as

[ee)
zco =e¢, 11 = pq’l Orqg=12,..and eé =Y Z—T, respectively.
g=0 "

Example 1. Ifr = xpi + x3j + x4% then

27 = (—1)‘7(x§ + xg + xﬁ)qe and P11 = (—1)‘7(x% + x% + xi)qx (15)
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forqg=0,1,2,...

Example 2. Further particular multiplication results are
1OI=j0)=tot=10)j=10t=j0t=—¢. (16)

Remark 3. Let A be a positive real number, then

110 An)=A10n

which means that the geometric vector product is positively homogeneous.
Theorem 1. The following Euler type formulas are true:

el = cos e +sinth, b € {i,j, ¢},

L . . ;
eHFRITRY _ (og m)e + (sin m)m,
LI ) - . (17)
e, ©el) = cos(x1 + xz)e + sin(xq + x2)j,

e’éli ® eagé = cos(x1 + x3)e + sin(x] + x3)&,

X2

e ©eB* = cos(xp + x3)¢ — sin(x; + x3)i.

Proof. The proof of this theorem immediately follows that of Theorem 1 in [14] and is
therefore omitted here. [

One of the obvious conclusions from this theorem is that

L . X114 x2j
e = (cos /a3 + 23 e+ (sm\/x%+x%)\/127”2.
X7+ x
1T%
1

Example 3. Forr = (x1,x2,%3,x4)7 € R:, ¢ # 0, letT = W(—xl,xz, —x3,%4)7, then

(0T =¢ (18)

and
—(rO1) #rO(-1).

Definition 3. Following [14], we call T the negative-inverse of r.

Example 4. The following particular result is true:

—x1,1%12 — 61,1812

~_ Si1(rn X2,1%2,2 — €2,182,2
OB = ( : ) ) T, 2172 52,15_, _ (19)
[le=] 2 2) |7y~ 7s [+ 2] < X31%32 — $4,1842 )
G21 © Ga2 83,1842 — X4,1X32

Definition 4. Unless condition (11) is met, the geometric vector ratio, r1 devided by ry, is defined by
x11%12 + 61,181,

g X21%22 + 821822
non=r—"s (20)
|[z2]]

Sk [—xl'z - —x“} X31X32 + X41X
2 3,113,2 4,114,2
G2 G11 [Xz,z _ x2,1:|
G2 G2

—X31X42 + X41X32
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where

gm,l Cm,2 (:m,l ém,Z

Sk =1 arctan ~—= — arctan =—=) — I;_ arctan ~—= — arctan =—=),m =1, 2.
m = ljo,x( - xm,Z) —,0)( - xm,Z)

Definition 5. (R4, t,e,0,0,¢,i,j,¢) is called the space of four-complex numbers.
The following proposition summarizes the results of this section.

Proposition 1. The space of four-complex numbers is a realization of the general four-complex
algebraic structure Cy.

Remark 4. Following Section 5 in [14], it is obvious how to construct many more realizations
of the four-complex algebraic structure Cy4 by modifying its underlying vector space and the
multiplication rule.

4. Directional Probability Laws

A generalized Euler type formula was used in [14] for the derivation of a class of
directional probability laws on the Euclidean unit sphere in the three-dimensional Euclidean
space R3. In this section, we construct probability distributions on the Euclidean unit sphere

Sz = {(x1,x2,x3,x4)T eR*: 22+ 3 + 23+ 22 =1}

in the four-dimensional Euclidean space R*. The construction method makes use of the
second formula in Equation (17), but a modified method could also use one of the other
formulas. Let (Q),2l, P) denote a probability space and (X, Y,Z)T : QO — R3 arandom
vector defined on it. The random vector

_ L Xit+Yj+Z¢
K =eg

takes its values on S3 and allows each of the following representations

K = Kk1e + Koi + K3j + k4% where K% +K§+K§+Kﬁ =1, (21)
Xi+Yj+ Z¢
K = cos Re + sin R% (22)
and
k& = cos D¢ + sin O [cos Pyi + sin Py (cos P3j + sin P3¢) | (23)

where R = v X? + Y2 + 72 and the random angles ®; and ®, take values in the interval
[0, 7t], and @3 in [0,277). The Equation (22) is due to the second Euler-type formula in (17)
and (23) corresponds to the spherical coordinate transformation when the radius variable
is equal to one. The random vector

U= (g s

=
N

7

can be considered as the central projection of (X, Y, Z) T onto the unit sphere
Sy = {(xl,xz, x3)T ceR3: x% + x% + x% = 1}

inR3. If (X, Y, Z)T follows a spherical distribution law then U is uniformly distributed with
respect to the Euclidean surface content measure on Sy. The role of the random angular
variable ®; : Q — [0, 77) in Equation (23) is taken over by the radius variable R in (22),

(R if O0<R<nm
""R-Im i Im<R<(I+D)mi=12,..
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In other words,
®; = R(mod )

=Y (VX2 + Y2+ Z2 = Im) [y 111)m) (V X? + Y2 + Z2).
=0

In case (X,Y,Z)T has a three-dimensional normal distribution N3(u, ) with expecta-
tion p and covariance matrix X, the distribution of U is called projected normal or angular
Gaussian or offset normal distribution, and that of R, = R(mod 1) is a wrapped non-
central Chi-square distribution.

5. Geometric View

The aim of this section is to approach the four-complex numbers from a geometrical
point if view. In this context, it should be remembered that geometrical considerations also
form a basis of a classification of hyper-complex numbers. Let My = [0,00) x [0, 77]*? x
[0,27). A well-known way to define a spherical coordinate transformation Pol(y) : My —

R*is to put
CoSs ¢ X1
sin @1 cos @2 bY)
Pol (7, @1, 92, = . . = =r
olia) (1, 91,92, 93) =1 sin @1 sin ¢, cos @3 x3 ¢
sin ¢1 sin ¢y sin @3 X4

Even though there holds Pol4)(1,0, 2, ¢3) = ¢ for all ¢, @3, this transformation is a.e.
invertible with the inverse transformation Pol (*4% (x1, x2, x3, x4) allowing the representations

/a2 x2 2 442
rf\/x1+x2+x3+x4,

x1 \/x2+x3+x4 \/x2+x3+x4

cos 1 = Y sin @1 = = arctan ————
2 4 42 2 142 24
S Pp = ———————, SiN Py =——————, @p = arctan Y
x5+ x3 4 x2 X3+ x% 4+ x2 2
b . X X
COs g3 = > 2 @3 = arctan -y

2., 2 Sy === X
/ / 3
X3+ X3 X3+ X}

Example 5. The transformations Pol 4y and Pol(j give the following particular results:

Polig)(t,5,0,0) = t+i, Pl }(i) = (1,5,0,0),
7T 7T . T
Poligy(t, 5, 5,0) = t-i, Polg(i) = (1, 5,5,0)
and

7T Tt 1 T 7T T
Polig)(t, 5, 5, 5) =18 Polj(6) = (15,5, 5).

Definition 6. The spherical coordinate product of the vectors Pol 4 (", @10, P21, 931), 1 = 1,2,is
defined as

Pol(4)(r1, 91,1, 92,1, P31) * Pol(g) (2, 12, 922, 93.2)

(25)
=Pol(4)(r172, 911 © P12, P21 P22, P31 > 932)
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where
pot =+ (+8)+W+0— )27 (Y +9) (26)
and
P> 0= (Y +)oon (P +0) + (¥ + 0 —21) [ 4r) (P + 7). (27)

Theorem 2. The spherical coordinate product of the vectors Pol(4) (11, @11, 921, 931) = (x1,1,
x21, %37, %4;)T = 11,1 = 1,2 according to Definition 6 coincides with their geometric vector
product according to Definition 1.

Proof. According to Definition 6, the spherical coordinate product of the two vectors
Pol(y)(r1, @1,1, 92,1, ¢3,1) and Pol(y) (r2, @12, P22, ¢3,2) equals

Pol ) (1172, 91,10 P12, 921 © P22, P31 > ¢32)
cos(p11 + ¢1,2)

_ sin(@1,1 + @1,2) cos(@21 © @22)
=n2lliom (911 + 912) sin(@1,1 + @1,2) sin(@a,1 © ¢22) cos(@31 > @32)
sin(@1,1 + @1,2) sin(¢2,1 © ¢22) sin(¢@31 > @32)

cos(@1,1 + Q12 — 7T)

sin(@1,1 + @12 — 1) cos(@2,1 © ¢2,2)
 Lmam (911 + 012) sin(@1,1 + @12 — 71) sin(@2,1 © @2,2) cos(@31 > ¢32) I
( )s

sin(¢1,1 + @12 — 7) sin(@2,1 © P22) sin(pz1 > @32)

us
T

By (26) and (27), and with regard to the fact that the sine and cosine functions are
2 —periodic, we have that

Poly) (1172, @11 © @12, 92,1 © P22, 931> P32)
cos(p11 + ¢12)

— rroll1bs sin(@1,1 + ¢12) cos(@21 + ¢22)

2 sin(@11 + @12) sin(@a1 + @2,2) cos(@31 + @32)
sin(g1,1 + @1,2) sin(@21 + @22) sin(¢z1 + ¢32)
cos(¢11 + ¢1.2)

IR S%n(q’l,l + ¢1.2) C_OS(§02,1 + Qoo — 1)

2 sin(@11 + @1,2) sin(@o1 + @22 — 1) cos(@31 + @32)

sin(@1,1 + ¢12) sin(@z,1 + @22 — 70) sin(@31 + @32)

cos(¢11 + 12 — 7T)

N S%n(%,l + @12 — 1) CPS((Pz,l + ¢2.2)
| sin(@1 + @12 — ) sin(@o1 + @22) cos(@31 + @32)
sin(¢1,1 + @12 — 70) sin(@21 + @22) sin(@s1 + @32)
cos(¢11 + 12 — 7T)
Lol s%n(gom + @12 — ) c'os(qom + @20 — 7T) ]
S sin(@1 + @12 — ) sin(@a1 + @22 — 7T) cos(@s1 + @32)
sin(@1,1 + @1, — 1) sin(@o,1 + @22 — 1) sin(@31 + ¢32)

with
Iy = Tio (@1 + @12), D2 = Iinon) (@11 + 912), 1 =1,2.

Because of the relationships cos(y — 1) = —cost and sin(¢ — 1) = —siny for
Y € (71,2m), it follows that
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Pol(4) (1172, 91,1 © 91,2, P21 © 92,2, P31 > 932)

L1by+ by —Liphy — Liphy] cos(@11 + ¢1,2)
sin(@1,1 + @12) cos(@2,1 + @2.2)

I*| sin(@11 + @1,2) sin(@a1 + @22) cos(@31 + @32)
sin(@1,1 + @1,2) sin(@2,1 + @2.2) sin(@s1 + ¢3,2)

(b + Dbp]cos(pi1 + ¢1,2)

sin(@1,1 + ¢1,2) cos(@a,1 + ¢2,2)
(b — Lol | sin(@i1 + @12)sin(@21 + ¢22) cos(@31 + @32)
sin(¢1,1 + @12) sin(@21 + @2.2) sin(@31 + ¢3.2)

C1,1€1,2 — 51,1512
C2,1C22 — 52,1522
(1 — Dal(st1c12 +c11812) | (s21022 +€2,152,2)(€31632 — 53,183,2)
(82,1€22 +€2,1522)(53,1€32 + €3,1532)

=Tnr

=riro[I11 — I o]

=rira[hy — L

where I* = [l111hy — I11]p — 1plh1 + L12I25] and ¢,; = cos¢@,;, s,; = sing,; for
v =1,2,3and [ = 1,2. Inverse spherical coordinate transformation yields
P01(4) (1172, 911 © P12, P21 P22, P31 > 932)
X1,1%1,2 = 61,1812

X21%22 — $21822

=h1—hp ha—1I X3,1%32—X4,1X42
[ ! ’ ] 5/11,176122(61'13(1'2 + x1,1<§1,2) (52,13(2,2 + x2,1§2,2) i21C22

X41X32+X31X
(C21%22 +x2,1822) W

proving that (25) and (12) describe the same multiplication. [

Remark 5. (a) The spherical coordinate multiplication

= Pol iy (r, 91, 92, 93) — Pol(y)(r, 91, 92, 93) O e =1 (28)
defines the identical map, the map

. 7T
r—>roi= POl(4) (T’r o1+ Er P2, (P3)

enlarges the angle between y and e by 7t/2.

(b) Let 1y 3,4 and 115 4 denote the results of orthogonally projecting t into the subspaces of R*
spanned by i,j and € or by j and ¢, respectively. The map

. us T
¥ 2O = Poliy(r, 91+ 5,92+ 5, 93)
both enlarges the angle between ¢ and ¢ by 7t/2 and that between I1; 3 4 and i also by 7t/2. Moreover,
the map
s us s
r— X@{? = POZ(4>(I’,({)1 + E,(pz—i— 5,473 + E)

enlarges each of the angles between y and e, 1153 4 and i as well as that between 113 4 and j by 7t /2.
Remark 6. The space of four-complex numbers may be alternatively represented as

({Pol(a)(r, 91,92, 93), 91 € [0,70),1 = 1,2, 93 € [0,277),r > 0}, 8, 0, %, 0,¢,1, ], £)
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with elements e,1,), ¢ satisfying the equations in (16) and (18). In this consideration, the radius
parameter r is multiplicative and the three angular parameters @1, @2, @3 are additive upon the
spherical coordinate multiplication.

Remark 7. Ifr = Poly) (r, 91, @2, 3) then ¥ = Pol 4 (r, 7T — @1, p2, T — @3), thus (18), illus-
trating Example 3 from a geometric point of view.

Definition 7. The spherical coordinate vector ratio, vector Pol (4 (r1, 91,1, 92,1, 931) divided by
the vector Pol (4 (r2, 1,2, P22, 93,2), is defined as

Pol(4)(r1, 91,1, 92,1, 931) + Pol(g) (2, 912, 922, 93.2)
(29)

.
= Poly) (i/ P11* P12, P21 % P22, P31 — $3.2)

where
P10 = (@1 = 81)1jo, ) (91 — 1) + (@1 — & + 7)1 0) (91 — By), 1 = 1,2.

Theorem 3. The spherical coordinate ratio of the two vectors Pol(4) ("L P11, P21, P31) =
(x1,0, %20, %37, %a;) = 11,1 = 1,2 according to Definition 7 coincides with their geometric vec-
tor ratio according to Definition 4.

Proof. The proof of this theorem is quite similar to that of Theorem 2 and therefore be
omitted here. [

6. Classes of Four-Complex Numbers

Matrix, polynomial, and variable basis representations of three-complex numbers have
been considered in [14] and can be proved for four-complex numbers, too, showing that
there exist many more realizations of the four-complex structure introduced in Section 2.
Such representations allow numerous modifications which may be of particular interest in
specific applied situations and are left to the reader. The purpose of this section is to go one
step further in discussing the existence of fundamentally different types of realizations of
the general four-complex structure. We recall that according to Section 3, multiplying two
four-complex numbers who's radius variables attain the value one means a movement on
the Euclidean unit sphere. That’s why we speak of this case as of the Euclidean one, while
the present section deals with non-Euclidean cases whenever p # 2.

We start this section with an analytical consideration. Let p > 0. For ¢ = (x1, ..., x4)7T,
from now on let

61 = (|2 + |xa] + |xalP) 7,82 = ([x3]? + [xa] ")/

and

I — Gr1x2 +x11812 ] =12 e |[ *a1%32+X31%a2
1 — | _ ‘p/ — 1,413 — ‘ _ | .
x11%12 — 611812 X31X32 — X4,1X42

Definition 8. Unless condition (11) is met, the geometric vector p-product r1 ©y r2 of the vectors

r = (x17, ., xq7)T, 1 = 1,2 is defined by the equation
Iy

S1(r1,02) 11 lple2lp

noOpr2

x11x12 — $1,181,2

X X J—
— Sz(}:l,gz)él,]gl,z [%4’%] x2,1 x2,2 62,1 62,2 , (30)
¥ 62,1822 [ Xo1 | X2 } X3,1X32 — X4,1X42
I3 |81 ' G22 X3,1X42 + X41X32

otherwise (13) or (14) apply.
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We now move on to a more geometrical consideration. Let the Iy ,-spherical coordinate
transformation SPHy,;, : My — R* be defined by

X1 cos,(¢1)
I I _ | sinp(¢1) cosp(¢2)
F | | T 0 0 = Gin (1) sing (92) cosy (99)
X4 sinp((pl) sinp((pz) siny, (¢3)

where, with Nj,(¢) = (| cos ¢|P + | sin ¢|P)1/?, the I ,-trigonometric functions

cosy(¢) = cos ¢/ Ny(¢) and siny(¢) = sin¢/Ny(¢)

are introduced in [16]. This transformation is a.e., invertible with the inverse transformation
SPH s, ; (x1, x2, x3, x4) allowing the representations

r=(lx1]P + [x2|P + [x3P + |x4|P)VP =[x,

N, N,
Ccos @1 = M, sing = M, @1 = arctan Q,
r T xl
N, N,
COS q)z = }7(202)3(2/ sin 472 = 17(202)}(2/ (PZ = arctan %, (31)
1 1 2
N, N
cospy = (@)% oo Nola)xs o an
) ¢2 X3

where [t|, denotes the [,-norm or, according to [19], the [y-antinorm of ¢ if p > 1 or
0 < p <1, respectively.

Definition 9. The spherical coordinate p-product of the vectors yj = SPHy , (11, @11, 921, 93,1),
I = 1,2 is defined as

SPHyp(r1, 911, 92,1, 93,1) *p SPHa p (12, 912, 92,2, 93,2)

(32)
= SPHy (172, 91,1 © 912, $2,1 © P22, P3,1 > P322)

where o and > are defined as in (26) and (27), respectively.

Theorem 4. The spherical coordinate p-product of the vectors xj = SPHy (71, 911, 92,1, 93,1),
I = 1,2 according to Definition 9 coincides with their geometric vector p-product according to
Definition 8.

Proof. We start from the representation

SPHy,(r17r2, 91,1 © 912, 92,1 © 922, 93,1 > ¢32)

= r112diag(©1, @2, @3, @3) Pol 4) (1, @11 © P12, 92,1 © P22, P31 > P32) 9
where 1 o, ®,
O1= Np(¢p11 0 4’1,2)'82 " Np(p210 902,2)'6)3 T Np(p31 5 932)
Let o) = ||z;||, I = 1,2 then
SPHy,p(r172, 91,19 1,2, 921 © $2,2, 931 > ¢3,2) o

rry .
= ﬁdlﬂg@%,@b O3, 03) Pol(4)(0102, 91,1 © P12, P21 © P22, P31 > P32).-
It follows from the properties of the trigonometric functions that

Np(@r10@12) = Np(@11+ @12),1 =1,2
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and
Np(@31> ¢32) = Np(@31 + ¢32).
Moreover,
Np (@11 + @12) = (Isp1c12 + 120017 + |ericrn — spas12/P) P
where s; ,, = sin¢; ,, and ¢; ,,, = cos ¢; ,,,1 = 1,2,3,m = 1,2. Note that
Np(911)Np(@12)T1
Np(p11+ @10) = = £
rr
n Ny (91,)Ny(g12)T
P11 P12)L1
Np(i1+ ¢ip) = —L P 1 =2,3.
11812
Due to the representations
X1, = 17cosp(¢1,) and xq; = gjcos ¢y, 1 = 1,2
we have that
Np(@11) =1/, =1,2.
Similarly,
Xp,1 = 178inp(¢1,) cosp(¢,) and xp; = gy sin ¢y cos gy, 1 =1,2
yields Np(@1,)Np(@o1) = 11/01,1 = 1,2, thus
Np(‘Pz,l) =1,1=1,2.
Also, the representations
X3, = r18inp (¢1,1) siny (@2,1) cosp(@31) and x3; = ¢ sin @y sin ¢ cos @3
resultin Ny (¢1,1)Np(@2,1)Np(@3;) = r1/01,1 = 1,2, thus
Np(¢3;) =1,1=1,2
So we get
0102 $1181,2 $21622
0 =->%,0,=0 ,03; =0
I T, I,
and
SPHy p(r172,91,1 © 912, P2,1 © P22, 3,1 > P3.2)
v 0 0 0
I
0 010%51141(;‘1,2 0 0
— 112
- 010281,161282,1822
0 0 100, 0
0 0 0 Qleé‘lr,i'ix_lz,%iz,léz,z
112
: @P 0l(4)(0102, P11 © P12, P21 © P22, P31 > P32) (35)
1 0 0 0
81,181,
e | 0 g2 0 0
:r—l 0 0 61,155%215{2,1@2,2 0
. 61,181282,1822
0 0 0 ShlE e

. POZ(4)

—~

0102, P11 © P12, 92,1 © 922, P31 > P3.2)
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from where the result follows. [

It is not hard now to check that the present number systems possess properties like (16).
The results of this section can then be easily summarized as follows.

Proposition 2. For every p greater than zero, the space (R4, tH,e,©p,0,¢1,j, t) is a realization of
the four-complex algebraic structure Cy.

7. The Spherical Geometric Vector Product in Higher Dimensions

According to the method developed in [13,14] and continued in the previous sections,
the key point for constructing multi-complex algebraic structures is the definition of a
suitable geometric vector product. Such a definition is introduced and verified here.
Form =1,2,letrym = (X1 .-, Xnm)’ € R" and

Cim = \/x12+1,m ot 2% 1 =0,0n = 2,801 = Xum,
and note that ¢y, = 7 is the Euclidean norm of the vector ry,. Let further

X1, X2y X1-11 Y-

Pi(r1,12) = (51,1 &1 (61_1,1 §i-1,2

L) 1=2,..,n—1

and
Di(x1,x2) = x11%10 — 811G10, 1 = 1,...,m — 2.

Finally, we put

q
g ) =[S (1 r2)g=1,..,n =2
=1

where the sign S; (r1,12) is defined as S} (r1,12) = 1 — I with Ij1 = Ijg (@11 + 912),

Iy = Itzom) (@11 + ¢12) and ¢, = arctan ; S 1 =1, n—1,m=1,2.

I’f

Definition 10. Unless for
(Xn—1,ms Xnm) = (0,0), ..., (X2, e Xnm) = (0, ..., 0) for at least one value of m € {1,2},
the spherical geometric vector product of vy and yy is defined by

S1(r1,x2)D1 (21, 12)
S2(r1,12) P2 (x1,12) Do (21, 12)

non=/|": . (36)
Sn—2(21,82) Pu—2(x1,82) Dy—2(x1,12)
Sn—2(x1,82) Pu—1 (21, 22) (Xn—11Xn-12 — Xn,1Xn,2)
Sn—2(21,82) Py—1 (21, 02) ( Xn1Xn—12 + Xp—1,1%n2 )

Moreover, in particular, we put
(x1, . xn)T ® (t,O,...,O)T = |t](x1, x2, ..., xn)T, t e R. (37)
Let M, = [0,00) x [0, 7]*("=2) x [0,277) and define the usual n-dimensional polar

coordinate transformation Pol(n) : My, — R"by x; = rcosgq, xp = rsingcosgy, ...,
Xp—1 =rsingg...sin@, _»cos@,_1and x, =rsing;...sing,_;.
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Definition 11. The spherical coordinate product of the vectors Pol(m, ®1,m,-- -+ Pn—1,m),
m = 1,2, is defined as
POl(n) (1’1,([)1,1, ey (Pnfl,l) * POl(n) (7"2, 4)1,2, ey §0n71,2)

(38)
:POl(n) ("2, @110 P12/, Pn—21° Pn—22, Pn-11 > Pu—1,)

where o & and P > ¢ are introduced in (26) and (27), respectively.

Theorem 5. The spherical coordinate product of the vectors Pol(n)(rm, PLms-r Pr_im) =

(X1 Xnm) T = tm,m = 1,2 according to Definition 11 coincides with their geometric vector
product according to Definition 10.

Proof. According to Definition 11, the spherical coordinate product of the two vectors
Pol (r1, 911, @u—1,1) and Pol (r2, 912, ..., ¢u—12) allows the representation

Poly (1172, 91,1 © 91,2/ -+ P21 © Pn—22, Pu-1,1 > Pu-1,2)/ (r172)

COS((Pl,l <& §01/2)
sin(¢1,1 ¢ @12) cos(¢21 ¢ ¢2.2)
sin(@y,1 ¢ @1,2) sin(@a,1 © P2,2) cos(P31 ¢ P32)

sin(@1,1 © @1,2) ... sIN(Py—31© Pn—372) COS(Pp—21 Pn_22)

On using the notation c; ,, = cos ¢; ,, and s ,, = sin¢, ,,, m = 1,2 we have

cos(@110@r2) =(cricip —siasip) 1 — Lal,l=1,..,n =2

sin(¢1,1 0 @1,2) ... sin(@y-3,1 ¢ Pu—32) sin(@y—21° Pn_22) cos(@n_11> Pn_12)
sin(@1,1 0 @12) ...sin(@y_31 0 @n—32) SIN(Pr_21° Pr_22)siN(Qy_11> Pp_12)

(39)
cos(Pu—_11> Pn-12) =Cn—1,1Cn—12 — Sn—1151—-1,2
and
sin(@1 0 @12) =(s11¢12 +crasi) [y — Il 1 =1,..,m—2 (40)
sin(@u—11> Pn—12) =Sp—1,1Cn-12 + Cn—1,151—1,-
With S; = S;(x1,12),1 = 1,...,n — 2, it follows that
Pol () (1172, 911 © P12, -+, Pn—21° Prn—22, Pu-11 > Pn-1,2)/ (r172)
Si(c1,1¢12 — 51,151,2)
52(51,101,2 + 61,151,2)(02,162,2 - 52,152,2)
S3(s1,1¢1,2 + c1,151,2) (52,1€22 + €2,152,2)(€31€32 — $3,153.2)
Sn—2(s1,1c12 +¢11512) - - - (Sn—31Cn—32 + €n—3151-32) (Cn—2,1Cn—2,2 — Sn—2,151—2,2)
Sn—2(51,1C12 +€1,151,2) - - - (Sn—2,1Cn—22 + Cn—2151-2,2) (Cn—1,1Cn—1,2 — Sn—1,151-1,2)
Sn—2(s1,1c12 +11512) - - - (Su—21Cn—22 + €n—2,151—-22) (Sn—1,1¢n—12 + Cu—1,151—1,2)
By inverse n-dimensional polar coordinate transformation,
X
Cim = =51 = Sum_ y — 101 = 1. (41)
C1-1,m C1-1,m

Thus,
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POl(n) ("2, @110 P12+ -+ Pr—21° P22, Pn—1,1 > Pp_12)

g, XL1¥12— 61,1812

r1ro
S, $1,1%12+%1,1812 X2,1%22—62,1822
r1ra 61,1612
S; Taxipt+xialip Saxo+x0180 X313 —E831832
rry 61,1612 621622 (42)
=nr2| :
§1 1%12+%1,181,2 Gn—31%n-32+%1-318n-32 ¥n—21%1-22—Gn-218n-22
S, o
r1ra Cn—418n-42 Cn—3186n-32
S 51,1X1 24111812 | Gu—21Xn—22FXn—218n-22 ¥n-11%n-12—8n-1,18n-1,2
n= rra Cn—316n-32 Cn—2,16n-22
('fl 1%12+%1,1812 Cn21%1-22+%218n-22 n-11%n-12+%n-118n-12
S, .
rirz Gn—316n-32 Cn—216n-22

51(3;1 1x1,2x—51,1§1,2)
S2(z5 + 75 ) (x21%22 — §21822)
53 (2; + 21)(25 + 57 (w1332 — 83183.2)

=1 : (43)
Su-2(z2 + 77) (s + 7o) (n—21%n-22 = Cn—218n-22)
Sn— 2(;2 + ;1) : (%Z?;i %Z:;)(xn—l,lxn—ll —&n-116n-12)
Sna(zs +77)  (F2 + 7)) Cn11%n-12 + Xn-118n-12)

from where the result follows. O

8. Multi-Complex Numbers

Having defined the geometric vector product in higher dimensions, we are now in
a position to introduce the notion of a multi-complex structure. Thereby, we restrict our
consideration to the particular case where the basic vector space is just the Euclidean
vector space R”. To this end, the definitions of the geometric vector power and its complex
exponential function can be taken over from Definition 2 word for word for the higher
dimensional case. Let e = (1,01 ;)%,i, = (0f,1,01 , )T,1=1,..,n—2,i,_4 = (0}_,,1)T.

Example 6. Particular multiplication results are
i @iy = —e, | #m.
Example 7. Ifr = xpi1 + ... + xpiy_ 1 and { = x% + .. + X2 then
21 = (=1)18%¢, 21 = (—1)7¢%y, ¢ =0,1,2,....
Example 8. The following Euler type formulas are true:
) = (cosT)e+ (sinT)h, TER, b € {i, . iy 1}

and

e, = (cos¢)e+ (sin¢)

|~

where ¢ and ¢ are as in Example 7.

Definition 12. Let R" be the n-dimensional Euclidean vector space endowed with the common
vector addition B and the geometric vector product © according to Definition 10. Then C, =
(R", @, B, Oy, ¢y, 11, ..., iy_1) is called the space of n-complex numbers, 0, and ¢, are accordingly
the neutral elements of addition and multiplication, and iy, ..., i,,_1 are called the imaginary units of
this space.
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9. Discussion

In the previous section, the definition of a four-complex algebraic structure given in
Section 2 was extended to higher dimensions. In all of these cases, the questions of the
existence and uniqueness of realizations of such algebraic structures arise immediately.
For dimensions two and three, these questions were answered in [13,14]. In the case of
dimension two and p = 2, some authors do not explicitly state that the multiplication is
linked to a (5) analog calculation rule. However, to state this explicitly leads in a certain
way to the introduction of the vector product (7), which was generalized for dimensions
three and four in Formulas (8) and (12), respectively. A multivariate generalization of this
geometric vector product is given in Section 7 and serves as the key instrument for the
construction of multi-complex structures. It is indicated in the text close to Formula (6)
and in Remark 3 that, consequently, some of the usual algebraic rules known from usual
complex numbers are replaced with new ones, here. This is the reason why the classification
of real division algebras according to [18] does not apply, here.
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Appendix A

As noted in [14,15], numerous theoretically and practically significant results in con-
nection with complex numbers have been derived on a partly non-rigorous or ‘alchemical’
basis over a historically long period of time. An often even today met in the literature lack
of rigor in the presentation of (usual) complex numbers was closed in [13] by a completely
formally correct introduction of these numbers as a particular realization of a general alge-
braic structure. The consequences of this for the formally completely correct representation
of some applications of complex numbers will be discussed in this section.

Different possibilities to represent systems of mathematical objects that are called
complex numbers were derived during the centuries. A system of complex numbers will be
considered here to be an algebraic structure C; = (C, ®, ®, 0, ¢,i) where C is a non-empty
set and @, ® are commutative and associative binary operations acting from C x C to C
in a way such that (C, @) and (C, ®) are Abelian groups with neutral elements o and ¢,
respectively, and the two elements ¢ and i from C satisfy the equation i ®i = —e.

For simplicity, we restrict our consideration throughout this section to the most classi-
cal case where

X x x! x—l—x’)
C= ’ ER, ER, D == s
{(y>x Y }<y> (1/) (y+y’
’ It
(5)e(y)=(w:%)
y Y xy +xy

and where + and — mean addition and subtraction of real numbers. For other realizations

of C; and for its generalizations Cp, p > 0, see [13].

Appendix A.1. Solutions to Quadratic Equations

The equation x> + px + g = 0,x € R where p and g are real constants has no solution
for x if g — p?/4 > 0. For this case, let us consider the equation

(Yo (X )or(2)ammn(2) e
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In other words, we consider the equation system

xz—yz—i-px—i-q:O,
2xy+py =0

which, for y # 0, has the solutions

() etl ybass ) (- ymirasq >

The traditional way to write this resultis to call x; = —p/2 + i/—p?/4 + q as well
as x; = —p/2 — i\/—p?/4+ q the solutions of the first equation in this section. Here,
however, the quantity i = V—1is mathematically not defined, which, if one does not
consider the historical development, is actually an absurdity for an exact science. The use
of the usual way of dealing with i, clearly, remains unaffected by this remark. The key
point of the present approach is its consequent start from a vector space consideration
in combination with the introduction of the product ®. For a more general approach to
quadratic equations, we refer to [15].

Appendix A.2. Derivatives of Complex Valued Functions

Let D be an open subset of C. We call a function f : D — C differentiable in zg € D if
the ratio (f(z) — f(z0)) © (z — zo) approaches a limit as z approaches z,. In this case, it is
natural to write

f'(z0) = lim (f(z) — f(z0)) @ (z — 20)-

zZ—Z0

Hereby, the ratio of two complex numbers z; = (x;,;)7,1 = 1,2 is defined according

to [13] as
( X1X2 + Y1Y2 )
[|z1]| X2Y1 — YaX1

||z2]] H( X1X2 + Y1Y2 )H

X2Y1 — Ya2Xq

21 Qzp =

with ||z|| meaning the Euclidean norm of the vector z € R?. We remark that

o)) ==
(3)e (D)= (%)= (o o) (3 Yoo

While the first of these two divisions describes the identical map, the second one
means a clockwise rotation through 77/2.

The function f will be called holomorphic in D if it is differentiable in every zy from
D. If such function is given by

x u(x,y) > ( x )
= , €D
)= ) G
then it follows that the well known Cauchy-Riemann differential equations hold. To prove
this, we consider points z; = zg + z;5,,[ = 1,2 where

h 0
Z1p = ( 0>andzzlh— ( h)
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with values of & tending to zero, and denote partial derivatives with respect to x or y of a
function w(x, y) by wy and w,, respectively. Then

(Far) = fa) @ =) = 400 Tpr0) o) ) oz,

ux(x0 + 0h,yo) ) ( ux(x0,Y0) )
= /h 0
( ox(xo+0hy0) ) 7T\ valxo,m0) -

where J is a certain number from the interval (0, 1). Similarly,

(P 1) 0 Gamz0) = (S o) Zoie) ) oz

uy<x0 + (Sh/ yo) ) T ( vy(xO/yO) )
= 0,1)" — ,h — 0.
( vy (xo + 6k, yo) 201 —uy(x0,Y0)

Appendix A.3. Avoiding a Computational Conflict

The basis for the complex algebraic structure C, property
iOi=—e¢
is commonly written in usual (mathematically alchemical) terms of complex numbers as
V-1-V-1=-1

Using notation v/—1 = (—1)/2 and hoping or assuming (in a certain mathematically
non-rigorous sense) that calculation rules from the real number system can be used for the
non-defined quantity v/—1 leads to the well known two contradictory results

(D2 (“)Y2 = (V2 = and (<12 (<1)2 = ((<1) - (1) = 1,

Occasionally, authors comment on this conflict with a completely unusual call for
mathematics to be vigilant, but without giving an in-depth explanation. Acting within C,,
however, does not provoke such a conflict.

Appendix A.4. Factorization of Characteristic Functions of Sums of Independent Random Variables

The characteristic function of a random variable ; is defined as

; E cos(tr)
— Tpltr —
@p(t) = Ee't = < E sin (k) ),tER.

Let 1 and r; be independent random variables defined on a joint probability space, then

S tzc1; in(frp) + sin(tr) cos(tro)
=5 St ) (St ) (an
_ / [ / ¢t @ ¢it2p, (dxz)} Py, (dx1)

= G"n(t) © @r, (t) = q)il(t)qorz(t)

reproving a well-known property of characteristic functions based upon the completely
correct mathematical definition of the notion of complex numbers given in [13].

Pri+1, (F) = E< Egsétn ;os(tzcz) — sin(try) sin(trp) >
(
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Appendix A.5. Why Imaginary Numbers Are no More Imaginary

At the hand of some examples, we have seen in the previous sections that several basic
mathematical statements that commonly make use of the imaginary uniti = v/—1 can be
reformulated in a verifiable mathematically fully formally correct manner without making
use of i. By studying a particular realization of an abstract algebraic complex structure
in combination with a product suitably defined on it, the imaginary (or ‘'mathematically
alchemical’) character of the imaginary unit has disappeared. To conclude this section,
with certain equal rights, one could say that negative numbers are not 'negative’ in a
corresponding sense.
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