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Abstract: We introduce the real minimal surfaces family by using the Weierstrass data (=™, (™)
for ¢ € C, m € Z>», then compute the irreducible algebraic surfaces of the surfaces family in three-
dimensional Euclidean space E3. In addition, we propose that family has a degree number (resp.,
class number) 2m(m + 1) in the cartesian coordinates x, y, z (resp., in the inhomogeneous tangential
coordinates a, b, ¢).
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1. Introduction

A minimal surface is a kind of vanishing mean curvature surface in the three-dimensional
Euclidean space E3. There are many classical and modern minimal surfaces in the literature.
See [1-9] for some books, [10-14] for some papers related to minimal surfaces in [E3, and
also [15] for those in E*.

Lie [10] studied algebraic minimal surfaces and gave a table for these kinds of surfaces.
See also [6,16-24] for details.

In this paper, we consider the minimal surfaces family by using the Weierstrass data
(g™, ¢™) for { € C, and some integers m > 2, and then show that these kinds of surfaces
are algebraic in E3.

In Section 2, we give the real minimal surfaces family in the (7, 6) and (1, v) coordinates
by using the Weierstrass representation in [E3. In Section 3, we find irreducible algebraic
equations by defining surfaces &,,(1,v) in terms of running the coordinates x, y, z, and
a,b, c, and we also compute degrees and classes of &, (1, v). Finally, we present a conclusion
with all findings in Tables 1 and 2, with a conjecture in the last section.

Table 1. Some results of irreducible algebraic surfaces Q(x,y,z) = 0.

Algebraic Surface Degree of Surface Number of Terms Grobner Time (s) FGDb Time (s)

Q> 12 19 0.406 0.025

Qs 24 51 25.247 0.070

Qs 40 111 * 4118

Qs 60 202 * 68.367

Qs 84 337 * 1352.439
Q7 112 517 * 6535.346
Q8 * * * *

Qum Zm(m + 1) * * *
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Table 2. Some results of irreducible algebraic surfaces Q,n (a,b,c) =0.

Algebraic Surface  Class of Surface Number of Terms Grobner Time (s) FGb Time (s)

o)) 12 46 0.375 0.025

Qs 24 234 16.813 0.207

O 40 730 * 1.726

Os 60 1996 * 311.201
O 84 4395 * 626.654
Q7 * * * *

Om 2m(m +1) * * *

Here, “*” means “out of memory”. See the last section for details.

2. ({~™,{™)—Type Minimal Surfaces
With the natural metric (., .)p = dx? + dy? + dz?, let E® be a three-dimensional

Euclidean space. We will refer to ¥ and x' from here on without further comment.

Let U be an open subset of C. A minimal (or lenghtless) curve is an analytic function
® : U — C" such that (¢'(0),9'({))c = 0, where { € U and ¢’ := g—g. In addition, if
<19’ (2),9(7) >(C =¥ \2 # 0, then ¢ is a regular minimal curve. We then have the minimal
surfaces in the associated family of a minimal curve, such as that given by the following
Weierstrass representation theorem for minimal surfaces (see [13] for details).

Theorem 1. Let ¢(w) be a meromorphic function, and let f(w) be a holomorphic function, fg? is
analytic, defined on a simply connected open subset U C C such that f(w) does not vanish on U
except at the poles of g(w). Then, the following

¢ f1- g%
x(u, ) :Re/ if(1+¢%) |dw (T =u-+iv) (1)
2fg

is a conformal immersion with a mean curvature identically O (i.e., conformal minimal surface).
Conwversely, any conformal minimal surface can be described in this manner.

Next, we present some findings on the Weierstrass data and the minimal curve to
constuct the minimal surfaces used in the whole paper.

Definition 1. A pair of the meromorphic function g and the holomorphic function f, (f,g) is
called the Weierstrass data for a minimal surface.

Lemma 1. The curve

e I

is a minimal curve, { € C—{0},i = v/ —1.

We then have (s/,,s/,) = 0 by using (2). Hence, in [E3, our minimal surface is given by
the following equation:

Su(u,0) = Re [ 5,0z, ©

where { = u + iv. Therefore, Im [ s/, ({)d{ gives the adjoint minimal surface andj (u,v) of
the surface &, (u, v) in (3).
Then, we get the following
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x(u,v)

y(u,0)

z(u,v)

Corollary 1. The Weierstrass data
(e.c")
is a representation of minimal surface (3).

Taking into account the findings above with { = re'®

surfaces family

, we obtain the following minimal

{1::1 cos[(1—m)f] — ;;":i cos[(m +1)6]
Gu(r,0) = [~ sin[(1— m)6] — Zop sin[(m +1)6)] )
2r cos 6

where m # —1, 1. See Figure 1 for the surfaces G, &3, S, in the (7, 0) coordinates.

Figure 1. Minimal surfaces (Left) G,(r,0), (Middle) Gs(r,0), (Right) S4(r,6).

Hence, with the use of the binomial formula, we obtain a clearer representation of the
Sy (u,v) in (3):

1-m/ 1 _m o m+l /o 41 ks
Re{ﬁ y ( f )ul m Ic(lv)lc_n1L_~_1 y ( p )uerl k(w)k},

k=0 k=0
. 1-m — . om+1
Re{ﬁ Y ( 1—m )um_l_k(iv)k—l—m;ﬂ 5 ( m+1 >um+1_k(iv)k}, 5)
= k k=0 k
Re{2(u+iv)}.
We study the surface &, (1, v) in the (u,v) coordinates for m = 2,3,...,7 (we have
similar results for the surface &,,(u,v) form = —=2,-3,...,—7), taking { = u + iv at the

cartesian coordinates x, y, z, and also in the inhomogeneous tangential coordinates a, b, c,
by using the Weierstrass representation equation.

Remark 1. The surface

_u (u4 —2u%v? —304+3)

3(u2+0?) x(u,0)
&y (u,v) = _ o(But+2ut? —v*43) = | y(u,v) (6)
3(;2+02) z(u, U)
u

which has the Weierstrass data ({ -2, g2), is known as the Richmond’s minimal surface [24].

We compute the following Gauss map (see Figure 3, Left) of the surface &,

2_ .2 _
ez:(Z(u v?)  duv  A? 1>, @)

A24+1 TAZ4+17A%2 41
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where A = u? + 02,
Next, we give a theorem about the minimality of surface &,,(u,v) for the integer
m = 3.

Theorem 2. The surface

B —4ubv? —10uv* — 41200+ v8 4202 — 202

y 4g1u22+022)34 ) x(u,0)

— uv(u®+4u v —u v*—o°+1 —

R B )
2u

is a minimal surface in E3.

Proof. The coefficients of the first fundamental form of the surface &3(u, v) (&3, for short)
are given by the following

E:/\’3(/\3+1>2:Gandl—“:0,

where A = u? + 92, That is, conformality holds. Then, the Gauss map (see Figure 3, Middle)
of the surface &3 is given by the equation below

. <2u(u2—302) 20(3u? — v?) )L3—1>
3= .

9
A4+1 7 A34+1 TA3+1 ©)

The coefficients of the second fundamental form of &3 are as follows
L=—6urA"'=—-Nand M = —6vA" 1.
We obtain the mean curvature and the Gaussian curvature of &3, respectively, as follows

36A7

H=0and K = — 5 5
A+ D (A1) —42) (A +1) - 402)

Hence, the surface is minimal and has a negative Gaussian curvature. [

3. Degree and Class of Minimal Surfaces &, (u,v)

In this section, with the use of the elimination techniques, we compute the irreducible
algebraic surface equations, the degrees, and the classes of the minimal surfaces family
Sm(u,v) for the integers 2 < m < 7.

Next, we look at some definitions on the topic.

Definition 2. An algebraic function is a function z = f(x,y) which satisfies Q(x,y, f(x,y)) =0,
where Q(x,y,z) is a polynomial in x,y, and z with integer coefficients. Briefly, an algebraic function
is a function that can be defined as the root of a polynomial equation.

Definition 3. A polynomial is said to be irreducible if it cannot be factored into nontrivial polyno-
mials over the same field.

By eliminating u and v of s(u,v) = (x(u,v),y(u,v),z(u,v)), we can see an irreducible
algebraic equation Q(x,y,z) = 0 in the cartesian coordinates. See [25] for the elimination
theory.

Definition 4. The set of roots of a polynomial Q(x,y,z) = 0 gives the algebraic surface equation.
An algebraic surface s is said to be of degree d, when d = deg(s).
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Definition 5. At a point (u,v) on a surface s(u,v) = (x(u,v),y(u,v),z(u,v)), the tangent
plane is given by the following equation

Xx+Yy+Zz+P =0, (10)

where e = (X(u,v),Y(u,v),Z(u,v)) is the Gauss map, and P = P(u,v). Then, we have the
surface s(u, v) in the inhomogeneous tangential coordinates a, b, ¢, as follows

s(u,v) = (a(u,v),b(u,v),c(u,v)) = (X/P, Y/P, Z/P). (11)

Finally, by eliminating 1 and v, we can obtain an irreducible algebraic equation Q(a, b, c) = 0
of (1, v) in the inhomogeneous tangential coordinates.

Definition 6. The maximum degree of the equation Q(a, b, c) = 0 gives the class of $(u,v).

See [6] for details.
In 1901, Richmond [23] proposed the following:

Proposition 1. There exists a real minimal surface of order 12 whose class number is 12. There are
no other real minimal surfaces of order 12.

See also [11,24] for details. Next, we will obtain irreducible algebraic surfaces. Let us
see our findings for the degrees and classes.

3.1. Degree

We compute the irreducible algebraic surface equation Q> (x,y,z) = 0 (see Figure 2,
Left) of the Richmond’s minimal surface &, (u, v) in (6) by using elimination techniques.

Qo(x,y,2) = 2210 42210 1 18x327 + 18xy?2” + 2x2” — 135x*2* — 378x%y%2* 4 90x22°
243y 7% + 541720 4 28 4 216x°z + 216x°y%z — 432x%2° — 648xy?2°
+120xz° + 432x* — 288x%2% + 4824

Then, its degree number is 12. Our findings agree with Richmond’s.

Since the real part of the third part of the integral in (1) is 2u, then z = 2u for all the
following pairs x and y. We obtain the following parametric equations &,,(u, v) for the
integers 4 < m < 7, respectively,

x— —p3L 3ull — 21u%0? — 66u’ vt — 42u5°
= TP 4150308 + 5ud + 15u010 — 15u0? 7

31 15ut% + 15u80® — 42ub0° — 66utv’
y=—F1s —21u%v? + 15u%v + 301! — 503 ¢

2uld — 22122 _ 783 104% _ 544800
x=—ptk. +541608 + 78ut010 + 2212012
—20 4+ 3% — 18u20? + 30t

3ul3y + 20193 — 19u%0° — 36u” 0"
—19u®v + 2u30! + 3uBv + 3uo!® — 3u® [’

5ul” — 80uldv? — 300u3v* — 160ulle®
x=—p°k. +5501°v® 4 880u”v10 + 42015012
+7u° — 70u3v? — 35u0v1® + 35uv*

35u16y — 420u'20° — 8801107 — 550u8¢°
y=—p3. +160u’v'! 4 300u*0'3 + 35utv ,
+80u2v' — 701203 — 5017 + 70°
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3u20 — 66ul8v? — 2491100* — 2411470
x— ok +1014u'208 + 171610010 + 101418012
24°)  —24ub0™ — 24914016 — 66u2018 + 3020 (7
+4u° — 60u*v? + 60u?v* — 40°
3ul% — 3ul7v3 — 60ut>v® — 13211377
y=—p°%3.¢ —78ulle’ 4 78u%0!! + 13217013 + 60uSo!S
+3u00 + 3ul0l” — 106303 — 3uv!® + 3uv®

Here, p = (u2 + vz) -1

Next, we continue our computations to find Q(x,y,z) = 0 for the integers 3 < m < 7.
We compute the irreducible algebraic surface equation Q3(x,y,z) = 0 (see Figure 2, Middle)
of the surface G3(u,v) in (8):

Qs(x,y,z) = 2424220 1 25x22,20 4 044,20 4 99,5716 4 91043516 | 95,318 | 954,16
125312218 — 212726712 _ plig25y4y 2,12 4 9970414 5153,2,4,12
F2113x2y 214 4 03322716 _ p1177,6,12 4 9954714 4 812,16 | 218,78
+21923x°y728 — 219327210 + 2161107y 28 — 2123 x 172792210 + 274327212
+2157xy628 — 2123395‘1/4210 +273 % 13xy2212 + 23xz14 4 219,656
121634454 | 9150924 2,6 91332458 | 917,264 | 9173421476
—293 x 52x%yP2 4 29722710 4 2164824 _ 15676 4 993448 | 510,2,10
4212 4 017331422 016531254 _ 5143356 4 175652 91532544
+2293 x 17xy%20 + 2617x28 — 21640 4- 21334422 — 2103254 4 276,
Therefore, Q3(x,y,z) = 01is an algebraic minimal surface of the surface G3. Hence, we
get the following irreducible algebraic surface equations (see Figure 2, Right for Q4)

Qu(x,y,2) = 3726234 4 38x4y223% 1 38324734 4 3746734 4 0 x 375257229
+106 other lower degree terms,

Qs(x,y,2) = 216x8752 4 21861252 | 1734414,52 | 918,2,6,52 | 916,852
+197 other lower degree terms,

Qo(x,y,2z) = 5Ux1074 4 512x812,74 4 0 5 512364774 | ) o 51204674 | 5122 8,74
+332 other lower degree terms,

Qr(x,y,z) = 2123135127100 4 13314;10,2,100 | 5123145,8,4,100 | 143135667100

+2123145x482100 4 512 other lower degree terms.

3.2. Class

Now, we introduce the class of the surfaces &,,(u, v) for the integers 2 < m < 6. The
case m = 7, marked with “x” in Table 2. Before we compute the irreducible algebraic
surface equations Qm(a, b,c) = 0, we obtain the Gauss maps e, (1,v) (see Figure 3 for
ey, e3,¢y) for the integers 2 < m < 7 of the surfaces &,,(u,v), and we generalize them as
follows
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2u2—v 2uv A2 —1
A2 4+ /\2+1 AZ+1
u3 — 3uv? 3uv 3 /\3—1>

2
A3+1 2 A3+1 A3 41

)

€3 =

ut — 413y — 4uv® At — 1)
€y =

2 2
)\4+1 ’ A1 At

w5 — 10u30? + 5uvt _5utv — 10u203 +0° A5 — 1>

(
(
(
e = (2 A5+1 S N S O
(
(
(

2

% = /\6+1 ' 2611 A6+ 1

u’ — 21u°v? + 35u3v* — 14uv® 27u6v —35ut03 + 21u%0® — o7 AT — 1>

2
A7+1 ! A +1 AT 41

ub — 15u*v? + 15u20* — 26u5v —20u30® + 6uv® A6 — 1)
1
e7 =
m

Re( 6 Im(C’”) " -

) 1) (C=utiv, 7] =A).

z1" " +1" g™

Figure 2. Algebraic minimal surfaces (Left) Qx(x,y,z) = 0, (Middle) Qs3(x,y,z) = 0, (Right)
Q4(x/y,2) =0.

Figure 3. The Gauss maps (Left) ep (1, v), (Middle) e3(u,v), (Right) e4(u, v).

Richmond’s minimal surface &, (u, v) in (6) has class 12. See [23,24] for details. Using

(6), (7),(10), and (11), with P,(u,v) = — %, we get the surface &, (u, v) in the following

inhomogeneous tangential coordinates

3(u? —v?) ) 3v 3(A2-1)

TS T Tm(ar—a)

TP R V)
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Therefore, we obtain the irreducible algebraic surface equation Qz (a,b,c) = 0 (see Figure 4,
Left) of the surface G, (u,v):

QZ(a/ b, C) _ 212a8b4 + 214a6b6 _ 2143a6b4C2 + 2133a4b8 o 21432a4b662 + 21333a4b4c4
+214a2b10 _ 21432{12178C2 + 21433a2b6c4 _ 21433a2b4c6 + 212b12 _ 2143b10C2
+21333p8c* — 21433p00 4 21234p4 8 4 211335712 4 211340 hte
—21132194%0%¢3 + 21134310 ¢ — 212321943 p*c3 + 21133114302 + 2113%ab8¢
—213219440¢% 4 21 3311ab*c® — 2113%ab? 7 — 283448 — 273474002
+293940¢% — 273044 % — 27345426 4 293544p2 2 — 283044 ¢ — 293%4%p% 2
—27355a2b?c* — 2734p8 — 293%10c2 4 273%p ¢t — 283*p2 0 + 2537 ¢
420372312 — 2°30a3¢3 + 2537 ab*c — 253%ab? 3 + 38a* 4 2 x 384%0% 4 3%1%,

Figure 4. Algebraic surfaces (Left) O (a,b,c) = 0, (Middle) Q3(a,b,c) = 0, (Right) Q4(a,b,c) = 0.

Hence, its class number is 12. Our findings agree with that of Richmond’s. Next, we
continue our computations to find Q,, for integers 3 < m < 6. To find the class of surface

S3(u,v), we use (8), (9), (10), and (11). By calculating P3(u,v) = M, we get the

T 2(A311)
surface &3 inhomogeneous tangential coordinates as follows
4(u? - 3v%)u 4(3u® —v?)v 2(A%—1)
A= ———F—F , = — , C= — ’
Bu(A3 —2) Bu(A3 —2) 3u(A3 —2)

where A = u? 4+ v%, A3 # 2, u,v # 0. In the inhomogeneous tangential coordinates 4, b, c,
we find the irreducible algebraic surface equation Q3(a,b,c) = 0 (see Figure 4, Middle) of
surface G3(u,v) as follows

Os(a byc) = —3182% 320,222 | 93320,222  92320,20p4 | 96320,20p2 2

+229 other lower degree terms.

Then, Q3(a, b,c) = 0 is an algebraic surface of @3(u, v). Next, we obtain the following
functions P;(u,v), where 2 < i < 7, respectively,

b _ _Au(A?-3) _ 8u(3A*-5) P__12u(5)\6—7)
S TP PR | 1T I D I T CINEE
b BuN-2) _ 5u(2A°-3) _ 7u(3\ —4)
S T ) R T TP EIEE | A T TP VA i
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Corollary 2. Considering the above odd and even integers m of the functions Py, for the integers
k > 1, we have the following generalizations

dku ((2k —1)A% — (2K + 1))

P = 2k —1)(2k+1)(A* +1)
(2k + 1)u(k/\2k+1 — (k+ 1))
Pt = TG (B

We reveal the surfaces &, and &3. By using &4 — &y, e4 — ey, respectively, and
also (10), (11), we obtain the following surfaces &, (1, v) = (a(u,v),b(u,v), c(u,v)):

3(u? —v?) 30 3(A%—1) >
7 )

2 2u(A2—3)" (A2 —3) 4u(A2 —

4(ud —3uv?) 4(3uPv—103) 2(A3-1)
Bu(A3—2) " 3Bu(A3—2) "3u(A3—-2)

4u 3)\4 5) 7 u(BM—5) "8u(3A*—5)
12(u° — 10u30? 4 5uvt) 12(5utv — 10u?0® +0°)  6(A° —1)
)

|
{
. ut — 6u20? + v udv — uv’ 2
_ 215( 6uv? +v*) 15( ) 15( 1))/
("
(*

5u(2A5 — 3) ' 5u(2A% — 3) " 5u(275 —
& - 35(u® — 15u*v? + 15u?v* — v%) 35(6u°v — 20uP0% + 6uv®) 35(A° —1)
6 - 6u(516 —7) ' 61(516 —7) " 12u(5A6 — 7)
& - 24 (u” — 21u°v? + 35ulv* — 14uv®) 24(7ubv — 35ut0® + 21u%0® — o7) 12(A7 —1)
7 7u(3\7 — ) ’ 7u(3\7 — 4) "7u(3A7 — 4)

Considering equations above, for odd and even numbers m, we get the following;:

Corollary 3. For the surfaces &, (1, v), we have the following generalizations

(2k —1)(2k + 1) 2Re() a
Saulu,0) = T thu((2k—1)A% = (2k+1)) ZIfk(ézk) B ( i )
A —1
2R€(€2k+1) 4
N B k(k+1) -
S21(00) = A AT — (k4 1)) 21”;&2”1) - ( ’ )
AL

where the integersk > 1, { = u +ivand |{| = A.

For the integers m = 4,5,6, we obtain the following irreducible algebraic surface
equations (see Figure 4, Right for Q):

Qa(a,b,c) = 272a%2p8 4 276430p10 — 2763 5 5430p8¢2 + 2753 x 5428p12
—2763252328p10¢2 4 725 other lower degree terms,

Q5(a, bc) = 5% 4552582 233 x 5524582 4223 x 5524%6p*
—26325°27°6p2¢2 4 1991 other lower degree terms,

Qo(a,b,c) = 284372072p12 4 28637477014 _ 863745 5 757051202 4 853745 » 746816

—2863745272468p14¢2 4 4390 other lower degree terms.
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4. Conclusions

We have tried some standard techniques in the elimination theory to reveal the irre-
ducible algebraic surface equations of the surfaces &, (,v) in E3. The Sylvester method
by hand works for Q;(x,y,z) = 0. The projective (Macaulay) and sparse multivariate resul-
tants were implemented on the Maple software [26] package multi-res for Q,,(x,y,z) =0
and Q,,(a,b,c) = 0.

Maple’s native implicitization command was Implicitize, and implicitization was
based on Maples’ native implementation of Grobner Basis. Later, we implemented the
method in [25] (Chapter 3, p. 128) on Maple. We only succeeded for m = 2,3 in all above
methods under reasonable time.

For m = 4,5,6,7, the successful method we tried was to compute the equations by
defining the elimination ideal using the Grébner Basis package FGb of Faugere in [27].

The time required to output the irreducible algebraic surface equations Q, (x,y,2) =0
(for integers 2 < m < 7) and Qm(a, b,c) = 0 (for integers 2 < m < 6), polynomials defining
the elimination ideal, was under reasonable seconds as determined by Tables 1 and 2.

Calculation of the class for the irreducible algebraic surface equation Q7(u, b,c) = 0of
S&7(u, v), marked with “+” in Table 2, was rejected (i.e., “out of memory”) by Maple 17 on a
laptop Pentium Core i5-4310M 2.00 GHz, 4 GB RAM, with the time given in CPU seconds.

Finally, we give the following:

Conjecture 1. The degree number of the irreducible algebraic surfaces Qu(x,y,z) = 0, and the
class number of the irreducible algebraic surfaces Qu(a,b,c) = 0 for the ({~™,{™)-type real
minimal surfaces are equal to the 2m(m + 1), where the integers m > 2.
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