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Abstract: In this paper, we consider generalized Laplacian problems with nonlocal boundary condi-
tions and a singular weight, which may not be integrable. The existence of two positive solutions to
the given problem for parameter A belonging to some open interval is shown. Our approach is based
on the fixed point index theory.
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1. Introduction

Consider the following singular ¢-Laplacian problem:
(@B’ (1)) + An() f(u(t)) =0, te(0,1), O]

1(0) = /01 w(r)day (), u(1) = /01 w(r)das(r), @)

where ¢ : R — R is an odd increasing homeomorphism, g € C([0,1],(0,)),
A € Ry := [0,00) is a parameter, f € C(R,Ry), h € C((0,1),Ry), and the integra-
tor functions «; (i = 1,2) are nondecreasing on [0, 1].

All integrals in (2) are meant in the sense of Riemann-Stieltjes. Throughout this paper,
we assume the following hypotheses:

(F;) There exist increasing homeomorphisms 11, ¢, : [0,00) — [0, c0) such that:

e(x)P1(y) < @(yx) < @(x)h2(y) forall x,y € [0, ). 3)

(F) Fori=1,2,4; :=a;(1) —a;(0) € [0,1).

Let ¢ : [0,00) — [0, 00) be an increasing homeomorphism. Then, we denote by #;

the set:
1 ;
{gec((o,n,&):/o 51(/5 g(T)dT>d5<oo}.

It is well known that if (F;) is assumed, then:
97 ()P () < @7 (xy) < @7 ()yy (y) forall v,y € Ry @

and
L'(0,1)NC(0,1) € Hy, € Hy C Hy,

(see, e.g., ([1], Remark 1)).
It is not hard to see that any function of the form

n
g(s) =) |s|P s
k=1
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satisfies the assumption (F; ) with ¢ (s) = min{sP*~1,sP1=1} and ¢, (s) = max{sP»~1,sP1~1}
fors € Ry (see, e.g., [1,2]). Here, n € N, pp € (1,0) for1 < k < nand p; < p; for
1 <i<j<n Ifn=1,itfollows that ¢(s) = |s|P~2s for some p € (1,00), that is,
Equation (1) becomes the classical p-Laplacian one.

The study of problems with nonlocal boundary conditions is motivated by a variety of
applications such as beam deflection [3], chemical reactor theory [4], and thermostatics [5].
For this reason, the existence of positive solutions for nonlocal boundary value problems
has been extensively studied. For example, Liu [6] studied the multi-point boundary value
problem, which is a special case of problem (1)—(2) with A = 1. Under various assumptions
of the nonlinearity f, the existence of positive solutions was shown. Bachouche, Djebali
and Moussaoui [7] proved, under suitable assumptions of the nonlinearity f = f(t,u, u’)
satisfying the L!-Carathéodory condition, several existence results for positive solutions to
@-Laplacian boundary value problems involving linear bounded operators in the boundary
conditions. Yang [8], by using the Avery— Peterson fixed point theorem, obtained the exis-
tence of at least three positive solutions to the p-Laplacian equation with integral boundary
conditions. Goodrich [9] studied perturbed Volterra integral operator equations and, as an
application, established the existence of at least one positive solution to the p-Laplacian
differential equation with nonlocal boundary conditions. Jeong and Kim [10] obtained
sufficient conditions on the nonlinearity f for the existence of multiple positive solutions to
problem (1)-(2) with A = 1. For the nonlinearity f = f(t,s) satisfying f(#,0) # 0, Kim [11]
showed the existence, nonexistence and multiplicity of positive solutions to problem (1)-(2)
by investigating the shape of the unbounded solution continuum. For the historical de-
velopment of the theory of the problems with nonlocal boundary conditions, we refer the
reader to the survey papers [12-15].

In this paper, we show the existence of two positive solutions to nonlocal boundary
value problems (1)—(2) for A belonging to some open interval in the case when either
fo = foo =001 fy = foo = 0. Here,

For problems with zero Dirichlet boundary conditions, that is, &; = &, = 0, there
have been several works for problems with such assumptions on the nonlinearity f. For
example, when ¢(s) = [s|P~2s for some p € (1,00), g = 1and h € H,, Agarwal, Lii and
O’Regan [16] investigated the existence of two positive solutions to problem (1)—(2). After
that, Wang [17] obtained the same multiplicity results in [16] for generalized ¢-Laplacian
problems with the assumptions that ¢ satisfies (F;) and & € C|0,1]. Recently, Lee and
Xu [18] extended the result of [17] to the singularly weighed ¢-Laplacian problem under
the assumptions that ¢ = 1 and h € Hy,, that is, h may be singular at t = 0 and/or t = 1.

The aim of this paper is to generalize the results for the previous papers [16-18]. The
main result is stated as follows:

Theorem 1. Assume that (Fy), (F) and h € Hy, \ {0} hold.

(1) If fo = foo = 00, then there exist A* € (0,00) and m* € (0, 00) such that problem (1) has
two positive solutions uy (A) and up (M) for any A € (0, A*). Moreover, uy(A) and up(A) can
be chosen with the property that:

0 < Jlur(A)llee < m* < Jluz(A)leo, lim [Ju1(A)[|eo = O and lim |[uz(A)]|eo = co.
A—0 A—=0
(2) If fo = feo = O, then there exist A, € (0,00) and m,. € (0, 00) such that (1) has two positive

solutions uy(A) and uy(A) for any A € (A, 00). Moreover, uq(A) and uy (M) can be chosen
with the property that:

0.< [ (M) oo < 112 < 162V e, Jim a1 () oo = O i Juz(3) o = o
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The rest of this paper is organized as follows. In Section 2, preliminary results which
are essential for proving Theorem 1 are provided. In Section 3, the proof of Theorem 1 is
given. Finally, the summary of this paper is provided in Section 4.

2. Preliminaries

Throughout this section, we assume that (F;), (F,) and h € H, \ {0} hold. For
convenience, we use some notations which were used by Jeong and Kim ([10]).
The usual maximum norm in a Banach space C|0, 1] is denoted by:

||t]|o := max |u(t)| for u € C[0,1],
tel0,1]

and let
ay = inf{x € (0,1) : h(x) > 0}, By, :=sup{x € (0,1) : h(x) > 0},
ay :=sup{x € (0,1) : h(y) > 0forally € (ap,x)},

By, :=inf{x € (0,1) : h(y) > Oforally € (x,B;)},

v) = %(Sah +&,) and 77 := %L(Bh +3Bp)-
Then, since h € C((0,1),R4) \ {0}, we have two cases, either:
Do<a,<a<B,<pBp<1
or
(i) 0 <oy =B < Bp <1land 0 < ay, < &, = By < 1.
Consequently,

h(t) > 0fort € (ay, &) U (By Br), and 0 < ay, < 7} <75 < By < 1. (5)

Let pj, := p; min{7},1 —~2} € (0,1), where
go := min g(t) > 0and p; := ;" (1) {gbl <1>}_1 € (0,1]
R 2 Ul /1Y \ g0 T

Then
K= {uecC(0,1],Ry) : u(t) > pyllulle for t € [73,92]}

is a cone in C[0,1]. For r > 0, let:
Kri={uek : |ulle<r}, ok, :={ueck : ||ul|lo=r}
and I, := K, U9K,. Let

(g mnd 05 ([ )i [ ([ o

1
h

Cy = 1/11_1 (;{)) max{A1 /O(Yh 4)1‘1 (/:h h(T)dT)dS,Az /71 1/11_1 (/;1 h('r)d‘t)ds}.

.
Here, 7, := % and A; := (1 —&;)~! > 1fori = 1,2. Clearly, by (5),

Cqy>0and G, > 0.

Define continuous functions f., f* : Ry — R by, form € Ry,

fo(m) == min{f(y) : pym <y < m} and £*(m) := max{f(y) : 0 < y < m}.
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Define Ry, Ry : (0,00) — (0, c0) by:

Ry(m) = f(lm)fp(g> and Ry (m) := f(lm)go(g) for m € (0, 00).

By (4) and (R), ¢, 1(y) < ¥ (y) forally e Ry and A; = (1—&;) "1 > 1fori=1,2.
Consequently, 0 < C; < Cp and

0 < Rp(m) < Ry(m) for all m € (0,00). (6)

Remark 2. (1) Forany L € C(Ry,Ry), let L. := lim L(m) for c € {0,00}. Then it is easy to

m—c @(m)
prove that:

(fde=(f)e=0if fe=0,and (fo)e = (f*)e = 0 if fo = 0. 7)

For the reader’s convenience, we give the proof for the case (fi)oo = (f*)eo = 0if foo = 0.
The proofs for other cases are similar. Indeed, let € > 0 be given and let fo, = 0 be assumed. Then,
there exists M > 0 such that:

@ ejoralls
o(s) < foralls =M, ®)

and
fr(s) < f1(M) + f(xmys) for s = M.
Here xy; s is the point in [M, s] satisfying
flams) = max{f(x) : M < x < s}.
By (8), fors > M,

DALY

= 0(s) oG)

S
—~~
1)
~

[
~—

which implies

0= limsup f;((ss § < limsup {;((ss >)

Consequently, (f«)eo = (f*)oo = 0, since (9) is true for all € > 0.
(2) By (3) and (7), fori € {1,2},

<e. )

lim R;(m) = 0if fo = o0, and lim R;(m) = 0if feo = o0; (10)
m—0" m—»00
71111301+ Ri(m) = oo if fo =0, and %1_%0 Ri(m) = oo if foo = 0. (11)

For ¢ € H,, consider the following problem:

{<q<t>¢<u'<t>>>'+g<>—o te @ 1> 12)
u(0) = fo u(r)das (r) Jo u(r)dua(r

Define a function T : H, — C[0,1] by T(0) = 0 and, for g € H, \ {0},

Alfo foIgSUdeM +f01gsc7)ds if0<t<o,

13
—A fo f Ly(s,0)dsdus (r) ft Ly(s,0)ds, ifc<t<1, (13)

T(g)(t) = {
where

L(s,x) == ¢! <q(15) /Sx g(r)dr) fors,x € (0,1)

and o = o(g) is a constant satisfying:
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1 pr o 1 .1 1
A1/0 /0 Ig(s,a)dsdoq(r)-i-/o Io(s,0)ds = —A2/0 /r Ig(s,a)dsdzxz(r)—/a Iy (s, 0)ds. (14)

For any g € H, and any ¢ satisfying (14), T(g) is monotone increasing on [0, ) and
monotone decreasing on (¢, 1]. We notice that o = ¢(g) is not necessarily unique, but T(g)
is independent of the choice of ¢ satisfying (14) (see [10], [Remark 2]).

Lemma 3. ([10], [Lemma 2]) Assume that (F,), (F,) and § € H hold. Then T(g) is a unique
solution to problem (12), satisfying the following properties:

(i) T(g)(t) = min{T(g)(0), T(g)(1)} > 0fort € [0,1];
(i) forany g Z 0, max{T(2)(0),T(g)(1)} < [ T(g)[le;
(iii) o is a constant satisfying (14) if and only if T(g)(0) = ||T(g) ||cos
(iv) T(g)(t) > pymin{t,1 —t}||T(g)|leo fort € [0,1] and T(g) € K.

Define a function F : Ry x K — C(0,1) by
F(A,u)(t) :== Ah(t) f(u(t)) for (A, u) e Ry x Kand t € (0,1).

Clearly, F(A,u) € Hy forany (A, u) € Ry x K, since h € H,. Let us define an operator
H:Ri xK —= Kby

H(A,u) :=T(F(A,u)) for (A, u) € Ry x K.

By Lemma 3 (iv), H(R+ x K) C K, and consequently H is well defined. Moreover, u
is a solution to BVP (1)—(2) if and only if H(A, u) = u for some (A, u) € Ry x K.

Lemma 4. ([11], [Lemma 4]) Assume that (Fy), (F,) and h € H, \ {0} hold. Then, the operator
H: Ry x K — K is completely continuous.

Finally, we recall a well-known theorem of the fixed point index theory.

Theorem 5. ([19,20]) Assume that, for some m > 0, H : Kn — Kis completely continuous.
Then the following assertions are true:

D) i(H, K, K) = 1if [|H(u)]|oo < ||tt]|eo for u € Iy,
(i) i(H, ICn, ) = 0 f || H (1) ||oo > ||tt]|oo for u € 0LCyy.

3. Proof of Theorem 1

In this section, we give the proof of Theorem 1.
Proof of Theorem 1. (1) Since fy = foo = o0, from (10), it follows that, fori = 1,2,

lim R;(m) = lim R;(m) = 0. (15)

m—0 m— 00
We can choose A* > 0 and m* > 0 satisfying:
A" =max{Rp(m) : m € Ry} and Ry(m*) = A*.

Let A € (0,A*) be fixed. By (6), there exist m; = my(A),my = my(A),
M; = Ml()\), M, = Mz(}\) such that:

my < mp <m* < My < M
and

max{Rl(ml),Rl (M])} <AL mil’l{Rz(mZ),Rz(Mz)}.
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Since A < Rz(ﬂ’lz),

0 < Af(v(t)) < Af*(my) = Rz()‘ >(p(’g§> < q;(’g) for t € [0,1]. (16)

Let u € 0/, be given and let o be a number satisfying H(A, u) (o) = ||H(A, t)]|oo. We
have two cases: either (i) o € (0,7;,) or (i) o € [y, 1). We only give the proof for the case
(i), since the case (ii) can be proved in a similar manner. First, we show that:

[
IHA, 1)l < A /O Ir(a)(5,0) for s € [0,0). (17)
Since Iry ,)(s,x) > 0 for x > sand Ip(y ,)(s,x) < Oforx <s,
1 pr
/O/UIP(A,u)(S,U)deM(V)
oo 1 pr
= _/o / Ir(au) (s, 0)dsday (1) +/U /U Ip(Au) (s, 0)dsday (r) < 0.
.
Consequently,

1 pr 0
HAu)(o) = Al/ / Ir(pu) (s, 0)dsday (r +/ I(pu)(s,0)ds

= [/ / Ip(pu) (s, 0)dsday (r (1—/ doy (7 )/ Irpu) sa)ds}
= 4 [/0 /UIP(A,u)(S/U)de“l(V)‘F/O IF(/\,u)(S/U)dS:|

g
A1 /0 IF(/\,M) (S, O')dS

From (4), (16), (17) and the definition of C,, it follows that:

IN

IO le < A [ot (s [ An (e as

T Yh 1

B (L e (&) )

Moo Tn (1 my

B ([ o) (o ()
Lot ([ neone )asyi ()2 < ma = e

i(H(A, ), Ky, K) =1 (18)
Let v € 9Ky, be given. Since A > Ry (m1) and p,my < v(t) < my for t € [y}, 77, and

A
=

IA
=

IA
e

By Theorem 5 (i),

MEO) 2 Mom) = oo () > o) forre bl a9

Let o be a constant satisfying H(A,v)(0) = |H(A,v)||. Then we have two cases:
either (i) o € [y, 1) or (ii) ¢ € (0, ;). We only give the proof for the case (i), since the case
(ii) can be proved in a similar manner. By Lemma 3 (i), H(A,v)(0) > 0, and it follows from
(4), (19) and the definition of C; that:
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IH(A,0)lleo = H(A,v)(oH/O'”q,—l(

-
> (2

v
S
= 2
=
=
N
—
TN N N
o\
=)
=
=
—
ﬂ
SN—
=
N~ ~—
[0
wn
S
AN
TN TN
= -
3
I/~
O3
=
——
"

By Theorem 5 (ii),
i(H(A, ), Ky, K) = 0. (20)

From (18), (20) and the additivity property,
i(HA, ), Ky \ Ky, K) = —1.

Then there exists u} € Ky, \ Ky, such that H(A,u}) = u} by the solution property.
Consequently, problem (1)-(2) has a positive solution u} satisfying ||u}[|e € (17, m2).

By the similar argument above, one can show the existence of another positive solu-
tion 13 to problem (1) satisfying ||u2 || € (Mp, M7). Moreover, by (15), we may choose
my(A), Mp(A) satisfying ma(A) — 0 and Mp(A) — oo as A — 01, and thus (1) has two
positive solutions u},u3 for any A € (0,A*) satisfying ||u}[|cc — 0and |3 — o0 as
A—07.

(2) Since fop = feo = 0, from (11), it follows that, fori =1, 2,

lim R;(m) = lim R;(m) = oco. (21)

m—0 1m—00
We can choose A, > 0 and m, > 0 satisfying
Av =min{Rq(m) : m € Ry} and Ry (my) = As.

Let A € (A4, 00) be fixed. By (6), there exist my = my(A),my = my(A),
M; = My (A), My = Mj(A) such that

my < myp < my < My < My
and
max{Rq(m1),Ri(M1)} <A <min{Ry(mz), Ro(M2)}.
By the argument similar to those in the proof of (1),
i(H(A, ), Ky \ Ky, K) = i(H(A, ), Kpp, \ Kppy, K) = —1.

Thus, problem (1)—(2) has two positive solutions u}\, u% for any A € (A, o0) satis-
fying |[ullle € (mp,my) and [u3| € (M, My). Moreover, by (21), we may choose
mq(A), M1 (A) satisfying mq(A) — 0 and M;(A) — oo as A — oo, and thus (1)—(2) has two
positive solutions u}, u% for any A € (A, o) satisfying [|u} e — 0 and |[u}]|cc — o0 as
A — oo,

4. Conclusions

In this paper, we establish the existence of two positive solutions to nonlocal boundary
value problems (1)-(2) for A belonging to some open interval in the case when either

Let ¢ be an odd function satisfying ¢(x) = x + x? for x € R. Then, ¢ satisfies (F;)
with ¢ (y) = min{y, y*} and ¢, (y) = max{y,y?}. Define h : (0,1) — R by:

h(t)=0fort € [0,3]and h(t) = (t— ;) (1 —t)Cfort € (§,1).
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Then, since lpfl(s) =sforalls > 1,h € Hy, \ L'(0,1) for any ¢ € [1,2). We give
some examples for nonlinearity f to illustrate the main result (Theorem 1).
Let

1
sz, forse|[0,1]; 3
fi(s) = { 3 forec ELO]O) and fp(s) =s2 fors € Ry.

Then,
(f1)o = (fi)o = 0 and (f2)o = (f2)e = 0.

Consequently, by Theorem 1, problem (1)—(2) with f = f; has two positive solutions
for all small A > 0, and problem (1)-(2) with f = f, has two positive solutions for all large
A > 0.

As shown in the examples of nonlinearity f = f(s) above, f(0) may be 0. What this
means is that nonnegative solutions may be trivial ones. The existence of an unbounded
solution component to problem (1)—(2) can be obtained as in the paper [11], where the
nonlinearity f = f(t,s) satisfies f(t,0) # 0, but we cannot get any information about
positive solutions from the solution component. Thus, the fixed point index theory was
used in order to show the existence of two positive solutions to problem (1)—(2).

Funding: Not applicable.
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