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Abstract: The goal of this paper is to investigate the curves intersected by a vertical plane with
the surfaces based on certain NCP functions. The convexity and differentiability of these curves
are studied as well. In most cases, the inflection points of the curves cannot be expressed exactly.
Therefore, we instead estimate the interval where the curves are convex under this situation. Then,
with the help of differentiability and convexity, we obtain the local minimum or maximum of the
curves accordingly. The study of these curves is very useful to binary quadratic programming.
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1. Introduction

The nonlinear complementarity problem (NCP) is finding a vector x € R” such that

x>0, F(x)>0 and (x,F(x))=0,
where (-, -) is the Euclidean inner product and F is a function from R" to R”. Since a few
decades ago, the NCP has attracted significant attention due to its various applications in
areas such as economics, engineering, and information engineering [1]. There are many
methods proposed for solving the NCP. One popular approach is to reformulate the NCP
as a system of nonlinear equations, whereas the other approach is to recast the NCP as an
unconstrained minimization problem. Both methods rely on the so-called NCP function. A
function ¢ : R> — R is said to be an NCP function if it satisfies
$p(a,b) =0 <= a>0, b>0 and ab=0.

In light of the NCP function, one can define the vector-valued function ®,(x) : R" —

R" by
¢(x1, Fi(x))
¢F (x ) = : ’

P (xn, Fa(x))

where F(x) = (Fy(x), -+, Fy(x)) is a mapping from R" to R". Consequently, solving the
NCP is equivalent to solving a system of equation ®,(x) = 0. In particular, it also induces
a merit function of the NCP which is given by

. 1 >
min ¥, (x) := 5 || (1)

It is clear that the global minimizer of ¥, (x) is the solution to the NCP. During the
past few decades, several NCP functions have been discovered [2-7]. A well-known NCP
function is the Fischer-Burmeister function [8,9] ¢y, : R? — R, defined as

e (a,0) = [[(a,D)|[ = (a +b),
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where |[(a,b)|| = Va?+ b2 In [10], Tseng did an extension of the Fischer-Burmeister
function, in which a 2-norm is relaxed to a general p-norm. In other words, the so-called
generalized FB function is defined by

¢fs (a,0) = [[(a,0)][p — (a +b), )

where [|(a,b)||, = {/[a]? + [b]P and p > 1. Similarly, it induces a merit function ¢}, :
R? — R, given by

1
Pl (a,b) = 519f, (a,b)[? @
where p > 1.

Another popular NCP function is the natural residual function [4], ¢, : R — R given
by
¢NR(a/b) =a— (a - b)+.
Is there a similar extension for the natural residual NCP function? Wu, Ko and Chen

answered this question in [4]. The extension is kind of discrete generalization because they
defined the function ¢f; : R? — R by

Pl (a,b) = a¥ — (a = b)f, ®)

where p > 1 and p is an odd integer. Recently, the idea of discrete generalization of natural
residual function has beei applied to construct discrete Fischer-Burmeister functions. More
specifically, ¢ 5 : R — R is defined by

¢h (@, b) = (Va2 +b2)F — (a+ D), 4)

where p > 1 and p is an odd integer. If p = 1, then it is exactly the classical Fischer—
Burmeister function (see [4,11]). The graph of ¢L; is not symmetric. Is it possible to
construct a symmetric natural residual NCP function? Chang, Yang, and Chen answered
this question in [2]. Note that the function ¢§; can also be expressed as a piecewise function:

P (a—b)P, ifa>b
p _Joa (a—D)?, ,
P (@) { ar, ifa <b,

where p > 1 and p is an odd integer. They use this expression of gL, to modify the part on
a < b, and achieve symmetrization of ¢! . (a,b) as below:

af —(a—b)P, ifa>D,

‘Pé’,NR(ﬂ,b) =q al =bF, ifa=", (5)
b? —(b—a)P, ifa<b,

where p > 1 and p is an odd integer. Surprisingly, it is still an NCP function.

How about the merit function induced by ¢! \(a,b)? Observing that the merit
function has squared terms, Chang, Yang, and Chen combined a” and b” together and
constructed ¢! . (a,b) as

albP — (a — b)PbP, ifa > b,
Ipéj—NR (LZ, b) = albP = QZP, ifa="0, (6)
aPb? — (b —a)Pa?, ifa<b,

where p > 1 and p is an odd integer.

Recently, more and more NCP functions have been discovered. As mentioned,
Wu et al. [4] proposed a discrete type of natural residual function. Regarding this dis-
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crete counterpart, Alcantara and Chen [1] consider a continuous type of natural residual
function as below:

e (a,0) = sgn(a)lal’ —[(a —b)4]7, @)

where p > 1is a real number and

1, ifx>0,
sgn(x) = 0, ifx=0,
-1, ifx<0O.

The main principle behind their work is described as follows. If f(-) is a bijection
mapping and ¢ = ¢1 — ¢, is a given NCP function, then f(¢) = f(¢1) — f(¢2) is also an
NCP function. Hence, it can be verified that

P (a,b) = f(a) = f(la—b]4)

is an NCP function by employing the bijective function f(t) = sgn(t)|t|?, see [12]. Note
that when p is an positive odd integer, it reduces to the discrete type of a natural residual
function, that is, (EﬁR (a,b) = ¢£R (a,b).

For further symmetrization, using the above idea in (5) and (6), one can obtain a
continuous type of natural residual functions [12]:

e _ [ sgn(a)lalf — (a—0b)F, ifa>0b,
9 e (a,0) = { sen(b)[bl? — (b—a)?, ifa<b, ®)

and its corresponding merit function

~ [ sgn(a)sgn(b)|a|P|b|P —sgn(b)(a —b)P|b]P, ifa>D,
B o) = S b (oo aplal, ozt O

where p > 0. Again, when p is an odd integer, we see the beloe relations,

@fﬁNR(a,b) =¢f (ab), and @fﬁNR(a,b) =yl L(ab).

The NCP functions can also be constructed by certain invertible functions. What
kind of inverse functions can be applied to construct the NCP functions? Lee, Chen, and
Hu [6] figured it out in ([6], Proposition 3.8). In particular, let f : R — R be a continuous
differentiable function and g : R — R with ¢g(0) = 1. They chose functions of f(t) and g(t)
satisfying the below conditions to construct new NCP functions:

(i) fisinvertible on [1,00).
(ii) (f~')’is a strictly monotonically increasing function.
(i) g(0)=1,8(t)>1,Vt>0and 5 < g(t) <1Vt <O0.

More specifically, it is shown that the function

$rg(a,b) = f(f7H(al) + f7H(B) = £7(0)) = (g(b)a + g(a)b)

is an NCP function. For example, taking f(t) = In(t), we see that f(t) is invertible on [1, 00)
and the inverse function is f~1(t) = ¢l. It is easy to see that (f~1(t))" = ¢! > 0, Vt € R.
Thus, f~! is strictly monotone increasing on R. For third condition, we take g(t) = e,
which gives g(t) > 1 on (1,00) and —1 < g(#) < 1 on (—o0,0). We list some more examples

of f and g as below. Examples of f(t) are
i) =Vt—1, HH)=Vi—1, f(t)=1In(t),
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and examples of g(t) are

V2 44+t 4—et
= t = e = —
gl(t) =e 4 gz(t) - 2 4 g?)(t) 1 +2€7t‘

In summary, nine corresponding NCP functions are generated by using the above f(t)
and g(f).

Ppo (@b) =V a2 4+ b2 —eba — b,

2 2
ety - ViR (L), (),
4—et 4—e"
— 2112 _
P (@0) = Vet +i (14—235)[1 <1+2e”)b'
¢f2'gl(a’b) = 5|a|5+|b|5—eba—e”b
+b Valt+4+a
— /a5 5_ [ vatt+4d+a
Prrg (@ 0) = /lal> + 0] ( )a ( 5 )b. (10)

/ 4 —c"
- 2 5 5_ I —
(sz,gs (al b) |a| |b| ( 26_b> <1 zea>b'

¢f3,zl(“'b) = In(ell 4 el — 1) —ebq — &%
VB2 N
By (b)) 1n<e'“'+e"’—1>—( : Z“b)“—( : +z4+a>b'

4—e?t 4—e"
<pf3,g3(a,b) In(e!™ +e 1) <1 % h>a (1 % a)b.

In [13], Tsai et al. discussed the geometry of curves on Fischer-Burmeister function
surfaces, which are intersected by the plane a + b = 2r for r € R. They parametrized the
curves by considering a = r +t and b = r — t and defined the vector valued function
a(t) : R — R3>and B(t) : R — R3asa(t) = (r+t,r—t,¢(r+tr—t)) and B(t) =
(r+t,r—t,(r+t,r—t)), respectively. Tsai et al. also found the local maxima and minima
and studied the convexity of curves.

In this paper, we follow a similar idea to the one in [13] to investigate the curves, which
are the intersection of a vertical plane a + b = 1 and surfaces based on NCP functions. We
also have to point out that the study on these curves is very useful to binary quadratic
programming. See [14] for the details. We parametrize the curves by the vector functions
7(x) : R — R3and o(x) : R — R3 where 7(x) = (x,1 - x,¢(x,1—x)) and o(x) =
(x,1—x,¢(x,1 —x)). Then, we explore the behavior of the curves when the value p is
perturbed. In addition, we discuss the convexity and local minimum and maximum of
curves. Although the inflection points cannot be exactly determined, we can still estimate
the interval in which the curves are convex such as in ([14], Proposition 2.1(b)). With the
convexity or differentiability of a curve, we discuss the local minimum and maximum.

2. Preliminaries

In this section, we review some prerequisite knowledge about the convexity and
differentiability of NCP functions which will be applied to investigate the curves. First, it is
known that the convexity and differentiability of an NCP function cannot hold simultane-
ously (see [15]). The convexity of NCP functions has been thoroughly investigated in the
literature. We will now quickly recall some results directly.
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Lemma 1 ([3], Property 2.1 and Property 2.2, [2], Proposition 2.2). Let ¢k, $hy and ¢h_; be

defined as in (1), (2) and (4) respectively. Then, the following hold.

(@)  The function ¢k (a,b) is differentiable everywhere except for the origin, and convex on R?,
provided p > 1.

(b)  The function ly (a,b) is differentiable everywhere, but neither convex nor concave, provided
p>1

(c)  The function ¢fy_gs(a, b) is differentiable everywhere, but neither convex nor concave provided
p > 1 and is an odd integer.

Lemma 2 ([4], Proposition 2.4, [2], Proposition 2.2). Let ¢pky, ¢\, and Pl be defined as in
(3), (5) and (6) respectively. Then, when p > 1 and is an odd integer, the following hold.
(@)  The function ¢y (a,b) is differentiable everywhere, but neither convex nor concave.

(b)  The function ¢L \y (a,b) is differentiable everywhere except for a = b. but neither convex nor
concave.
(c) The function ¥ \(a,b) is differentiable everywhere, but neither convex nor concave.

Lemma 3 ([1], Proposition 2). Let ¢Ly, Ph \x and Pt be defined as in (7), (8) and (9) respec-

tively. Then, for p > 1, the following hold.

(@)  The function gLy (a,b) is differentiable everywhere, but neither convex nor concave.

(b)  The function ¢\ (a,b) is differentiable everywhere except for a = b, but neither convex nor
concave.

(c) The function $¥ \(a,b) is differentiable everywhere, but neither convex nor concave.

Proposition 1 ([12], Proposition 2.3). Suppose that g is strictly increasing on some interval
I =10,tp). Then, for p > 1, the function (pg =||(a,b)||, — (g(b)a + g(a)b) is an NCP function,
but nonconvex.

We can apply Proposition 1 to check the convexity of NCP functions as in (10). In
particular, based on Proposition 1, the following NCP functions are nonconvex and not
differentiable at (0,0).

@ ¢y, (a,b) = Va2 + b2 —eéba — eb.

©) ¢, (0) = VaT T 12— (g ) g (Ve paray,
© 0,0, (00) = VT ~ (55 )a — (i

() ¢y, (a,b) = /1l +b]° —e’a —eb.

© @ (a0) = YTl B — (LEFEL) g — (gt
O ¢y (0,0) = VP + TP — (ks )a — ()b

Moreover, the below NCP functions are nonconvex as well.
®) @y, (a,b) =In(el +ell —1) —eba —eb.
2 2
) ¢, (ab)= In(el?l 4 elbl — 1) — (@er)a _ (YA,

. _ b _-a
i) ¢y (00) =In(eld el —1) = (£ )a - (L5,

3. The Differentiability of the Curves

In this section, we investigate the differentiability of the curves, which are the intersec-
tion of surfaces of NCP functions ¢(a, b), (or merit functions i (a, b)) with the vertical plane
a+b = 1. To proceed, we set a = x and b = 1 — x. Then, the curves are parameterized as

T(x) =¢(x,1—x) and o(x) =1p(x,1—x).
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From the aforementioned NCP functions in Section 2, the parametrized curves are

listed as below:
h(x) = {/|x[P + [T — x|V — 1. (11)

o8 () = 5l 12)
™ (%) = (\/x2 +(1- x)z)p —1. (13)
b (x) = xF — (2x — 1E. (14)

xP—(2x—1)F, ifx> %,
v w() =43P, ifx=3, (15)
(1-x)P—(1—2x)P, ifx<3.

xP(1—x)P — (2x—1)P(1—x)P, ifx>1,
ol L) =30, ifx=1, (16)
xP(1—x)P —xP(1—-2x)P, ifx< 1.

T (x) = sgn(x)|x|P — [(2x — 1)4]7. a7
~ sen(x)|x|P — (2x — 1)P, ifle,
TsriNR(x) =% (x)[x] ( ) 2 ) a8)
sgn(l—x)|1—x|F — (1 —2x)P ifx< 1
0l (X) = sgn(x)sgn(1 — x)|x[P|1 — x|[F —sgn(1 —x)(2x — )P —x|?, ifx> 3, (19)
SR | sgn(x)sgn(1 — x)[1 — x[P[x]? —sgn(x)(1—2x) x|, ifx < 3.
Tg (¥) = /22 4+ (1 —x)2 =™ x — (1 - x). (20)

Tfl,gz(x):\/m_< <1_x)z+24+<1_x)>x_ <Vx2+24+x>(1_x)' o
4— —(1—x) 4— X

Tf g5 (%) = (/X2 + (1 —x)* — (Hzeeux)>x‘ <1+2€e_x>(1 —x). (22

Tfy 0 (X) = x5+ 1 — x5 — o=y e (1—x). (23)

o) = x5—|—|1—x|5—< (1_’“)2;4*(1—’6)),6_ (@) (1-x). 24)
5 4— —(1-x) 4— X

Thgs (%) = y/[xP + |1 — x> — <1+zee(1x)>x_ (Hzee—x>(1—x). (25)

Tfq (X) =In (eM + el - 1) —eI7¥x — ¥ (1 —x). (26)

Ty 00 (X) = ln<e|x| +elt=l 1) - ( V(1= 2)? ;4—'— (1- x))x _ (”xz";4+x> (1-x). 27)
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. . 4 — ¢~ (1-x) 4— X
T (¥) = (el e 1) - <1+2€—(1—")>x_ (iaes)a-n- e

Proposition 2. Let 1}y, ofy and t})_y; be defined as (11), (12) and (13) respectively. Then, the
following hold.

(@) For p > 1, the function tfy(-) is differentiable on R.

(b) For p > 1, the function ol (-) is differentiable on R.

(c) Forall odd integers, the function T}, (-) is differentiable on R.

Proof. The results follow immediately from Lemma 1. O

Proposition 3. Let Tl (x), © \x and of \ be defined as in (14), (15) and (16), respectively.
Then, for p > 1 and p is an odd integer, the following hold.

(@)  The function iy (+) is differentiable on R;

(b)  The function T () is not differentiable at x = %;

(c) The function of \(-) is differentiable on R.

Proof. The results are immediate consequences of Lemma 2. O

Proposition 4. Let Thy, Tt g, and 0%y be defined as in (17), (18) and (19), respectively. Then,
for p > 1, the following hold.

(@)  The function Ty () is differentiable on R.

(b)  The function T\ (-) is not differentiable at x = %.

(c) The function 6% \(-) is differentiable on R.

Proof. The results follow from Lemma 3 directly. O

Proposition 5. Let T o be defined as in (20)—(28) where i = 1,2,3 and j = 1,2,3. Then, the
i8]

following hold.

(@) Fori=1,2andj=1,2,3, the function Tfi,gj (+) is differentiable on R.

(b) Forj=1,2,3, The function Thg; (+) is not differentiable at x = 0 or x = 1.

Proof. (a) Based on Proposition 2(a), the function tf (x) is differentiable on R. In addition,
we know that the exponential function and /(1 — x)? + 4 are differentiable on R. Therefore,
T, (x) is differentiable on R.

fi’g]
x fx]_ (1=%) JJ1—x|
(b) Let i(x) = In(el*! 4 "= — 1), which says #/(x) = % For x > 0, the right
derivative at x = 0is #/(0.) = 1>¢. For x < 0, the left derivative at x = 0is h'(0_) = =L=¢.

Then, it is clear that #’'(04) # 1’ (0-), hence h(-) is not differentiable at x = 0. Similarly, it
is easy to check the non-differentiability at x = 1. To summarize, the function Tros; (x)is
8j

not differentiable at x = Qor x = 1. O

4. The Convexity of the Curves

In Section 2, we discussed the convexity of NCP functions. It naturally leads to the
convexity of the curves. Although we cannot find the inflection points one by one, we focus
on estimating the interval where the curves are convex. In addition, with different p, the
geometric structure of the curves will be changed. The following lemma will be employed
to check the convexity.
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Lemma4. (a) Ifg(x) and h(x) are convex on an interval, then ¢(x) -+ h(x) is also convex on
the interval.

(b) Let g(x): R" — (—o00,00) be a convex function and let h(x) : ¢(R") — R be a nondecreas-
ing convex function. Then f(x) = h(g(x)) is convex on R".

Proof. These are very basic materials which are also well known, see [16]. O
Proposition 6. Let T}, and T} ., be defined as in (11) and (13), respectively. Then, the following
hold. See Figure 1.

(@) For p > 1, the function Tl (-) is convex on R.
(b)  When p is an odd integer, the function T}, w(+) is convex on R.

4r 8 ;
‘ 3| |
7‘7 p=5 1
\ e |
L p=9 | ||
61| p=t1] |
5F|
af |
3\ /
\ /
1 \
23\ [
0 \\ /
4 Pl
0.2 0 02 04 06 08 1 1.2
(a (b)

Figure 1. Graph of 7/, (x) and 7/,_; (x) with different p. (a) Graph of 7 (x) with different values of p;
(b) Graph of 7} _; (x) with different values of p.

Proof. (a) First, as indicated in (11), T (x) = {/[x[F + [1 — x|P — 1. Since the curve T} (x)
is the section of a plane with the surface of the function ¢f; (a,b), which is convex on R?
according to Lemma 1(a). T/ (x) is convex on R.

P
(b) As shown in (13), T 5 (x) = (\/x2 +(1— x)2> — 1, where p is an odd integer. Let
g(x) := y/x2+ (1 —x)? and h(x) := x? — 1. It is clear that h(x) is nondecreasing and
convex; moreover, g(x) is positive and convex. Then, according to Lemma 4(b), T}y 4 (-) is
convexonR. O

Proposition 7. Let o}y be defined as in (12). Then, for any p > 1, the function oty (-) is convex on
(—00,0) and (1, c0). See Figure 2.

L&abnil A

=
IR ]
R

081 \
061 \ /

0.4

N N \\\ // / 7
02F N P
B Ty =~
. . = . .

0
-1 -0.5 0 0.5 1 15 2

Figure 2. Graphs of o}, with different values of p.
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1 2 1
Proof. As given in (12), of (x) = Q(TfB(x)) . Let g(x) := 1 (x) and h(x) := 1x2 Ttis
clear that /(x) is nondecreasing and convex on (0, o). Furthermore, g(x) is convex and
positive on (1,00). Hence, according to Lemma 4(b), o/ (x) is convex on (1, ). In addition,
due to symmetry, oty (x) is also convex on (—c0,0). O

Remark 1. (i)  Set p = 2. The second derivative of UFZB(x) = 172 (x)|? gives

FB

2\ 1
o X)=2— —.
(FB> =) (2x2 — 2x 4+ 1)2

From this, we know that at. = % (1 £/ 2(3) - 1> are two inflection points of the function

ol (x). Hence, the function o}y (x) is convex on the intervals (—oo,a_) and (a.., o). For

a general p > 1, we have difficulty in determining their infection points. However, let us

study their behavior when p goes to oo on the interval (0,1). When 1/2 < x < 1, we have

x| > |1 — x|. Hence, the function ol (x) approaches % (x — 1)% as p goes to co. Similarly,

provided 0 < x < 1/2, the function oy (x) approaches %xz as p goes to co. Note also that

oy (3) approaches § as p goes to oo.

(i) We also examine the behavior of the second derivative of the function ol (x) at the point 0.55
which is near % We present the numerical results in Figure 3. Observe that their inflection

points a'_ approaches 1/2, and also that (o))" (0.55) approaches 1 as p goes to co.
According to Remark 1 and Figure 3, we make a conjecture here.

Conjecture 1. Let ol be defined as in (12). Then, for any p > 1, the function ol (-) has two

inflection points 0 < a¥ < % < ai < 1, and both approach % as p goes to co.
0.14 T T T T T T T T T 1.5
A 1 —
0.12 !\ =
/ 0.5 /
01 0 /
. 0.08 / \ o 08
X / £ /
& / auw /
0.06 / L8 /
0.04 / V -2 “.‘
-25 \‘. /
0.02 N R ‘.‘;
I R R S S S R L~ o L S S S S
0 0.1 02 03 04 05 06 07 08 09 1 0 10 20 30 40 50 60 70 80 90 100
0<x<1 p=3to 101
@) (b)

Figure 3. Graphic evidence regarding Remark 1 and Conjecture 1. (a) Graphs of ogy(x) when
0 < x < 1; (b) Graphs of (c}y)""(0.55) for different p.

Proposition 8. Let Tl and Tl be defined as in (14) and (15), respectively. Then, when p is an
odd integer, the following hold. See Figure 4.

(@)  The function Tl (+) is convex on (0, 3).
(b)  The function T\ (+) is convex on (2, 3).
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03 : : / \\ 03 = : : /,77\
SV AL \ -3 / N\«
] / 0.25 \ 07| / 2\
L p=7 / \ '\ / \ /
0.2 / \ / \
/ / / “
045 F ) ’ | oz |1 \ /
/ \! I \
01} / b y \ //
) \ 015 |/ \
| I \ /
0.05 |- / d | I \/
ot - — <= 0.1
-0.05 - / 1 i
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Figure 4. Graphs of the and 1 with different values of p. (a) Graphs of ©h, with different values
of p; (b) Graphs of 7/’ with different values of p.

Proof. (a) As given in (14), Ti, (x) = xP — (2x — 1), which says

X — x— 111
() (x) = P(x(pl)—[<2 D+[2 1@ (1+sgn(2x—1))),

2

+ |2x1|](p2)

(TﬁR)”(x) = P(P1)<x(P—2)[(2X1)2 (1+sgn(2x1))2>.

To proceed, we discuss three subcases:
1
Case (i): On the interval (0, 5), we have (1 + sgn(2x — 1))? = 0, which says (T£R> (x)

=p(p—1)xP=2 >0,
"
Case (ii): At the points a = J, we have (Tﬁk) ) =pp-1)3) P2 > 0as well.

"
Case (iii): On the interval (3, 5 ), we need to show that (TIER) (x) > Oover (3,%) forall p >

4
7
%), we have [%] = 2x—1and (1 +sgn(2x —1))* =
4. Define gy (p) := x(P~2) —4(2x — 1)P~2. Then, our goal is to show gy(p) > 0 forall p > 3
on the interval (3,7). When p = 3, we have gx(3) = x —4(2x —1) = —7x+4 > O on
(1,%). In addition, note that x > 4(2x — 1) on the same interval. For other p = 3 + k with
k > 0, we have

1
2 7
3. Indeed, on the interval (%,

ex(3+k) = xFF_42x —1)1Hk

= xxF—4(2x — 1)1k

> 4(2x —1)xF —4(2x — 1)1*F
4(2x —1) [xk ~(2x - 1)"}.

Leta=1—x,b=2x— 1. Then, the term x* — (2x — 1)" in gx(3 + k) is expressed as
e -1 = (- x 20 =) - (2= 1)F = (@ +0)F 08

Since, on the interval (, 3) a and b are positive, we conclude that g(3 + k) > 0.

"
To summarize, on the interval (1, %), the second derivative (TﬁR) (x) > 0, which

means that 7/ (x) is convex on this interval.
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xP — (2x —1)P if x> 1,

(b) As stated in (15), 2\ (x) = (Lyp if x=1, Forx> 3, similar
(I—x)P —(1—2x)P if x< 3.

fi(x)
fa(x)
f3(x)

to part (a), it can be verified that T (x) is convex. Therefore, T\ (x) is convex on (3, 3).
31 )

For x < 1, due to symmetry, / \ (x) is convex on (2, 3

Additionally, note that ¢\ (x) is continuous on (2, %), and increasing (decreasing) on

the right (left) hand side of the point a = 1, since (TS NR) (1/24) = p(1/2)P71 >0,
"
(TSP_NR) (x) > 0 on the interval (3, 3) as well as (TS NR) (1/2-) = —p(1/2)P71 <0,
)-

"
(TSP—NR) (x) > 0 on the interval (7, 7). Hence, the point a = % is the only minimizer on
the interval (3, 7). In summary, we can conclude that 7 _\ (x) is convex on the interval

(3. ©

Proposition 9. Let o be defined as in (16). Then, when p > 3 and p is an odd integer, the
function ol (x) is convex on (—o0,0) and (1, 00). See Figure 5.

0.016

0.014 j/ \\

0.012

R
ST oNaw

oo oo o

0.01 -
0.008
|
0.006 f{
\
0.004 -|

\ /
0.002 \ / \

o= T . L
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 5. Graph of the function of , with different values of p.

xXP(1—x)P — (2x—1)P(1—x)P ifx> ],
Proof. As indicated in (16), of \x(x) = ¢ ()% ifx =1,
xP(1—x)P —xP(1—-2x)F ifx <],
where p is an odd integer and p > 1. Since 0 \;(x) is symmetric about x = 5, We
divide it into two cases:

Cases (i): Suppose x > 1, the first and second derivative of this function are

(2 ) (®) = —p(1 =P [ = @x = 1)+ (1= )P [p(x" ! —2(2x — 1))
(7 ) @ = A+ L)+ )
where
(~2p)ple? ™~ 2(2x — 1P (1 )P = 21— 22— DP (- 0P (-2,
plp — D[P~ —4(2x — 1P 21— ) = 2 2[1 42— )P (A -0 (p - Dp,
S - 2x - 1)) 0P = - (2 )P (1 -0 (p - D,

X

" "
Note that ((75 NR) (1) = 0, we want to show that ((75 NR) (x) is positive for p > 1.

Because x > 1, we have 1 < 2 — 1, which implies 1 — 2(2 — 1)P~! < —1. Moreover,
as we have (—2p)pxP~! < 0and (1 — x)” 1> 0, then fi(x) > 0. Similarly, because x > 1,
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we have 1 <2 — 1. Hence, 1 —4(2 — 1)P~! < —3. Moreover, as we have (p — 1)px”~2 > 0
and (1 — x)? <0, then f>(x) > 0. Finally, because x > 1 we have 1 < 2 — 1, which gives
1—(2—1)P72 < 0. Moreover, we have (p — 1)px? > 0and (1 — x)P~2 < 0. Then, it says
f3(x) > 0.

To summarize, we have shown f(x) + fi(x) + fi(x) > 0 for x > 1, which says
(USP,NR)H(X) > 0 for x > 1. In other words, 02\ (+) is convex on (1, 00).

Cases (ii): Suppose x < 0, since 02\ (¥) is symmetric about x = % In this case, it is clear
that o\ (x) is convex on (—co,0).
By cases (i) and (ii), we prove that o\ (x) is convex on (—o0,0) and (1,00). O

Because Thy, T \x and 07 are the continuous types of iy, T/ g and o\, similar
to Propositions 8 and 9, we establish the next proposition.

Proposition 10. Let Ty, Tt g and 4\ be defined as in (17), (18), and (19), respectively. Then,
the following hold. See Figure 6.

@) Ifp > 3, then the function T (x) is convex on (0, 3).
(b) Ifp > 3, then the function T\ (x) is convex on (3

(c) Ifp > 3, then the function G (x) is convex on (—00,0) and (1,00).

0.3

0.3

0.25 -

/N

02F p=5

015 /

01t / / \H

/o \l
/ i
0.05 | L / i
-0.05 /
011

() (b)

0.07

p=2

—— —p=3
0.06 N\ P31 |
/ \\

p=4

p=7] |

0.05 \\

0.04 -

()

Figure 6. Graphs of Th; (x), T \x (¥) and &7 with different values of p. (a) Graphs of Th; (x) with
different values of p; (b) Graphs of ?f, xx () with different values of p; (¢) Graphs of 55,NR with
different values of p.

The following proposition is simple but tedious. We list it here for the readers’ conve-
nience.
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Proposition 11. Let T ’ wherei = 1,2 and j = 1,2,3 be defined from (20)—(28). Then, the

fir8j
following hold.

(@)  The function T, (-)fori=1,2andj=1,2is convex on R.

(b)  The function T, () for j = 1,2 is convex on intervals (—c0,0), (0,1) and (1, c0).
8]

()  The function Troon (+) for i = 1,2,3 has inflection points, and thus is neither convex nor

concave on entire R.

Proof. (a) As stated in (20), T, . (x) = /x2+ (1 —x)? — eI~ x —e¥(1 — x). Let g(x) :=

x2 4 (1 —x)2and h(x) := —e(1=¥)x — ¢*(1 — x). Because g(x) is convex on R according
to Proposition 6(b), it suffices to show that h(x) is convex. Taking the first and second
derivatives of this function give

W(x)=el(x—1)+e'x, and I’ (x) = xe* +e* —e' *x+ 217"

In order to verify that h”(x) > 0, we divide it into three cases:
Cases (i) : Suppose x > 1/2. We have x > 1 — x, hence ¢* > el=*. Then, we obtain
W' (x) = x(e* — el %) +e¥ +2e17% > 0.
Cases (ii): Suppose 0 < x < 1/2. We have 2 > x, hence 2¢17% > xel=*. Then, we obtain
W'(x) = (2e=% — xe! =) +e* + xe* > 0.
Cases (iii): Suppose x < 0. We have x < 1 —x, hence ¢* < e
W' (x) = x(e* — el =) +e¥ +2¢1 7 > 0.

This shows that h”(x) is always positive, which indicates that /(x) is convex on R.
Because g(x) and h(x) are convex on R, according to Lemma 4(a), the function T o (-)is
convex on R.

As indicated in(21), T, ,, (x) = /x? + (1 — x)? - <(1_x)2;4+(1_x)> x— (7”(234“)
(1—x). Leth(x) := /a2 + (1 — x)2and g(x) := — (VU0 (Valpdny (g _yy,

We need to verify that g(x) is convex. Taking the second derivative of g(x) gives

1= Then, we obtain

.3 2 3 _
g“(x): x° + 3x 9x3+5+x + 6x 32+2.
(x2 —2x+5)2 (x2+4)2

We want to show that that g”’(x) > 0. The main principle of this is to check whether
the minimum of the second derivative is positive. Taking the third derivative gives

i) = 6(x+4) 6(x —5)
) (x2+4)% +(x2—2x+5)%

The critical numbers of ¢’ (x) are x ~ %, —1.946503, and 2.946503. Moreover, ¢” (%) ~
2.2568, and ¢” (—1.946503) = ¢''(2.946503) ~ 1.945045. The intervals where it is increas-
ing are (—1.946503, %) and (2.946503, ), and the intervals where it is decreasing are
(—o00, —1.946503) and (3,2.946503). Therefore, the local minimum is 1.945045, and the local
maximum is 2.2568. Furthermore, we also find xl_igloo ¢"(x) = 2. This shows that the global

minimum of g”(x) is positive, hence ¢g”(x) > 0 on the entire R. This implies that g(x) is
convex on R. As hi(x) and g(x) are convex on R according to Lemma 4(a), T o (+) is convex
on R.

As shown in (23), T, ., (x) = /[x[> + |1 — x> — e~y —e¥(1 —x). As
/1x[5 41 = xJ° and —e(=)x — ¢¥(1 — x) are convex on R from previous discussions
according to Lemma 4(a), 7, (x) is convex on R.
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Asgivenin (24), 7, (x) = /[P + [1 - x5 — (V000 (gt (g
x). As /¥ + [T — 2P and — (VU0 (ViZidiry(1 _ y) are convex on R

from previous work according to Lemma 4(a), 7, (x) is convex on R.
(b) As shown in (26), T, (x) = In(ell 4 el — 1) — (=Y x —e¥(1 — x). Let h(x) :=

In(ell +el=*1 — 1) and g(x) := —e('"¥x — ¢¥(1 — x). As g(x) is convex on R based on the
proof of the case for 7,, ,, the convexity of h(x) is all that remains to determined. Note that

1,817
h(x) is not differentiable at x = 0 and x = 1, and we need to discuss three cases:

Cases (i): Suppose 0 < x < 1. Taking the first derivative and second derivative of h(x) give

el (1—x)elt =l

Wix) - BT T
) = a1

h”( ) = (e\x\ + e\l,x|)(e|xl +ell=xl — 1) — (\%le'x‘ _ (‘tg)e“,ﬂ)z
Y (el]  ell=2] —1)2 .

Since the denominator of i (x) is positive, we need to check whether the numerator
is positive. The numerator is (e¥ +e!7%)2 — (e¥ +el7%) — (e¥ — el %)% = de — (e* + 1 77).
For0 < x < 1,wehavel < ¢¥ < eand 1 < e(1=% < ¢, which indicates that the numerator
is positive. Therefore, we conclude 1"’ (x) > 0, and hence (+) is convex on the interval
(0,1).
Cases (ii): Suppose x > 1, taking the second derivative of 11(x) gives

- (ex + e(xfl))
(e¥ +elx-1) —1)

Tf3/81

W' (x) = stef(x+1)—e ¥ (x—2).

We want to show that 1" (x) > 0 for x > 1. Taking the third derivative of h(x) yields

e e+ 1)(e +e )
(ex + ex—l _ 1)3

h”’(x):(( Y+ (V¥ (x —3) + ¥ (x4 2)).
For the first term of 4"’ (x), since e* + ¢! > ¢ + 1, the denominator is positive, and
hence the first term is positive. For the second term of "’ (x), we have

e (x —3) +ef(x +2) = e Fx 4 e¥x 4+ 20 — 3¢ = o1 ¥y 4 e¥x 4+ 200" — 31,

As?2e > 3and ¢ 1 > ¢17¥ when x > 1, it is also positive. Therefore, we obtain
h"'(x) > 0. This shows that 1" (x) is increasing. Note also that h”/(1) = 1 + 2e — % > 0.
Then, it follows that '’ (x) > 0. Ty, o, (X) is convex on the interval (1, o).

RN . . . o 1 .
Cases (iii): Suppose x < 0. As T (x) is symmetric about the point x = 5 according to
case (ii), the function 7, (+) is convex on interval (—o0,0).

As indicated in (27),

7, ., (x) = In(eM e+ 1) — < V= x)? 24 +(1-%) ) x— (szz4+x> (1-x).

Let i(x) = In(ell 4+ el'=* — 1) and g(x) 1= — (MU0 (aideny (g
x). g(x) is convex on R according to the proof of the case for 7, = and h(x) is convex on
the intervals (—o0,0), (0,1) and (1, o0) according to previous arguments. Therefore, Ty gy 18

convex on the intervals (—o0,0), (0,1), and (1, o).
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. . _e—(1-x) _e X .
(c) As given in (22), T, (x) = Vx4 (1—x)2— (%)x - (14+2eg,x)(1 — x). Taking

the second derivative of 7, (x) gives
1/83

" 1 9, e(x—2) 2e3x
() @ = o e T e
1-83 (2x2_2x+1)2 2 2e¥ +¢ (26"—!—6)
e?(3x —2)  4e¥(x+1) —2e*(x —3)
(2e% 4-¢)? (ex +2)3

).

The inflection points are x ~ —1.986749, 2.986749, —12.999449, and 13.99944. Then,
the intervals where the curve is convex are (—1.986749,2.986749), (—oo0, —12.999449) and
(13.999449, o0).

As indicated in (25), we know

4—e (17 4—e*
— 5/1x5 x5~ _ _
Ty s (X) =/ [X[P + 1 — x| <1 +2e(1")>x (1 +2€x) (1—x).

Similarly, we use the second derivative to find the inflection points. The inflection
points are x ~ 3.005175, —2.005175, —11.286820, and 12.286820. Therefore, the intervals
where the curve is convex are (—2.005175,3.005175), (12.286820, ), and (—o0, —11.286820).

As shown in (28), we know

_ ,—(1-x) 4— X
(el iy [ A—e _ e _
Ty (¥) = In(e +e Y (1 —|—2€-(1—X)>x (1 +2ex)(1 %)

Similarly, we use the second derivative to find the inflection points. The inflection
points are x ~ —1.904132 and 2.904132. Because In(el*l + el'=*| — 1) is not differentiable at
the points 0 and 1, we can only assure that the interval where the curve is convex is (0, 1).
O

Recall that a function is called subdifferentiable at x if there exists at least one subgra-
dient at x. Although 7, (x) is not differentiable at the points 0 and 1, with the help of
Proposition 11(b), we can still show that it is subdifferentiable thereat.

Proposition 12. (a) The function Trr (+) is subdifferentiable at the points 0 and 1 and the
subdifferential is described by

_ [El=e (=¢
an&& (0) = [ . e —— el
_[(e—1) (e+1)
0T, .. (1) = [ 5 +e, . +el.
Moreover, T, . (+) is convex on R.
(b) The function T (+) is subdifferentiable at the points 0 and 1 and the subdifferential is
described by
_[1-9 VEa-o 5
9T (0) = [e e u
| e=1) V5 (e+1) V5
(1) = l e e Taf
Moreover, T, (-) is convex on R.
382
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Proof. (a) Taking the first derivative of Trgl (x) gives

Ll e
o A )y x
(Tf3,g1) (x) elxl o ell=x| _1q + (E (x 1) te X).
/

The right and left derivatives at the point 0 are ( . ) (0+) =f —eand ( s 81) (0-)

/
= —16—3 — ¢, respectively. Moreover, we have ( ) (04 ( i gl) (0_). Based on the

convexity of T, (x) on (—o0,0) from Propos1t10n 11 (b), we have

Tf3'31 (6 +h) f381(€ ) Z (Tf3,81)/(€_)h

with small e . < 0 and # < 0. Note here the 7, (x) is a continuous function. Let

/
€~ — 0. Thus, we have 7, (h) — Tar 0) > (Tfs/gl) (0-)h for h < 0. Similarly, ac-

cording to the convexity of 7, (x) on (0,1) from Proposition 11(b), we can obtain that
/

Tar (h) — Tar (0) > (TfB/gl) (04+)h where 0 < h < 1. Therefore, we show that Tar (x)is

subdifferentiable at 0, and ana/gl (0) = [(_1%6) —e, @ — e] . Moreover based on Lemma

2.13in [17], Ta (x) is convex on the interval (—oo, 1), especially at the point 0. Likewise,

an3/81 ( )

entire R.

(x) is convex on

1) = [ﬂ +e et 4 e} and it is convex at the point 1. Hence, T
e e f3:81

(b) Taking the first derivative of 7, () yields

xeld (1=x)ell =¥
()= B
f3.82 el + ell=xl _ 1

1 —Xx (x—1)x
(1—x)<xz+4—1>+m—m+3x—\/x(x—2)+5—1].

i
The right derivative at the point 0 is < ) (04) = (12¢) - @ and the left derivative

/
at the point 0 is (Tf3rg2) (0_) = =1=¢ _ % Therefore, we obtain

e

imi - 5 5
Similarly, o7, (1) = [Q + %, etl 4 %} O

5. The Local Minimum and Maximum of the Curves

After discussing the convexity and differentiability, we now work on finding the local
minimum or maximum value of the curves. In addition, we shall investigate the convergent
behavior of local minimum or maximum values when p becomes very large.

Proposition 13. Let Tly, T} and ol be defined as in (11), (13), and (12) respectively. Then, the
following hold. See Figure 7.

(@)  The function tly (x) has a local minimum at x = 5 L and its local minimum value converges to

-1
(b)  When p is an odd integer, the function T} (x) has a local minimum at x = % and its local

minimum value converges to —1.
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(c)  The function ol (x) has local minima at x = 0 and 1. Furthermore, it has a local maximum
value at x = % and its local maximum value converges to %.

Proof. (a) From (11), we know that

T () = {/|x[P + 1 —x|P -1

where p > 1. The first derivative of this function is

() (2) = (117 + |1 = x17)7 " [sgn(x)[x]? 7 = [1 x| sgn(1  x)].
Note that the first term is positive. We then investigate the second term:
[sgn(x)|x|7’*1 — |1 — x| Lsgn(1 — x)}
Case (i): If x > 1/2, then sgn(x)|x|P~1 — |1 — x|P~1sgn(1 — x) > 0.
Case (ii): If x < 1/2, then sgn(x)|x|[P~1 — |1 — x|P~1sgn(1 — x) < 0.

/
Case (iii): When x = %, we see that a = % is the only root of (Té;) (x) = 0. Moreover,
7} (x) is convex on R, which indicates a = % is the only local minimizer and the value is

1
(1)(27) — 1. Furthermore, we observe that the local minimum value converges to — 3 as
p — oo.
(b) From (13), we know that
™ (x)=(/x2+(1-x)2)P -1

D—-FB

where p > 1 and p is an odd integer. Taking the first derivative of this function yields

(T&FB)/(X) = p(®+ (1-x)) 5 (2x - 1).

It can be verified that a = % is the singular critical point. Note that 7/, . (x) is convex

P
on R, hencea = % is a local minimizer and the value is ( 2(%)2> — 1. In addition, the

local minimum value converges to —1 when p — co.
(c) From (12), we know that
1 2
ofy (x) = S| ()]

where p > 1. Taking the first derivative of this function gives
/ /
(o) (%) = T () (Tf) (%)-

/ /
We want to solve (UfB) (x) = 0, which implies T/, (x) = 0 or (Tg;) (x) = 0. If

p

/
T (x) =0, wehavex =0and x = 1. If (TfB) (x) =0,wehavex = 1

5. Thus, the critical

numbers are x = 0, 1, 1. Note that 0 and 1 are the only two roots of T (x) = 0 and T/ (x) is
non-negative. Therefore, we see that x = 0 and x = 1 are local minimizers, and the values
are both 0.

On the other hand, we know that 75 (x) is decreasing (increasing) on the right (left)

hand side of the point a = 1. Hence, the point a = % is a local maximizer, and the value is

2
1
1 {(2(%)” )P — 1} . This further implies that when p — oo, the local maximum converges
1

tog O
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Figure 7. Graphs of 7}, (x), T} (x) and o}, (x) with different values of p. (a) Local minimum of

th (x); (b) Local minimum of 7 _; (x); (¢) Local minimum and maximum of ¢}y, (x).

Proposition 14. Let T/, be defined as in (14) with odd integer p. Then, the function thy (-) has a
local maximum at x = L. Furthermore, its minimum value converges to ‘11‘ See Figure 8.

1
2-2 P 1

Proof. From (14), we know that i, (x) = x¥ — (2x — 1)/ where p > 1 and p is an odd
integer. Computing the first derivative of this function gives

(2.)(x) = p<x<n1> _ [(2" -1 ;F |2 — 1|](,,1) <1 + éﬁ_L))

To proceed, we discuss two cases:

!
Cases (i): If x < 1, then (T£R> (x) = pxP~1 > 0. Hence, Ty (x) is increasing on (—oo, 1),

which indicates that it does not have local minimum or maximum value.

Cases (ii): If x > J, then (dy ) (x) = plx?~1 —2(2x —1)P~1]. Itis verified thata = —L—
2-2 p1

is the only root of p[xP~1 —2(2x —1)P~1] = 0 for p > 1. Moreover, we have that 7/ (x)

is decreasing (increasing) on the right (left) hand side of the point a. Hence, 4 is a local

p P
maximizer and the local maximum valueis | —— | — |2(—2X—+—) — 1| .Furthermore,
2-2 P T 2-2 P T
P p
the local maximum value | ——— | — [2(—) — 1] convergesto ;asp — co. O
2-2 71 2-2 p1
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0.5
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Figure 8. Local maximum of T (x) with different values of p.

Proposition 15. Let T} and ol \ be defined as in (15) and (16), respectively. Then, for the odd
integer p, the following hold. See Figure 9.

2-2 r-1
maximum value converges to 411' Furthermore, it has a local minimum at x = %, which
converges to 0.

(b)  The function of \ (+) has a local maximum at x = % and its maximum value converges to 0.
In addition, it has a local minimum at x = Qand x = 1.

(@) The function T¢ \y (-) has a local maximum at x =1 — <E1> and % Its local
2-2 p1

Proof. (a) From (15), we know that

xP—(2x—1)7, ifx> 1,
7 () =3 (3P, ifx=],

S—NR 1
(1-x)P —(1-2x)%, ifx<sy,

where p is an odd integer. As ¥ (%) is symmetric at the point x = %, we consider the
below two cases:

Cases (i): If x > %, according to Proposition 14, the local maximum pointis 2 = —1—— and

1
2-2 r-1

P
the maximum value is llll — [2(—L—+) — 1]», which converges to 1 as p — 0.
2-2 P 1 =1

1

Cases (ii): If x < 3, similar to Case (i), we obtain thata = 1 — | ———— ] is a local

2-2 p-1

1

P P
maximum point and the maximum value is <11> — <—1 + 21> , which
2-2 P T 2-2 p 1

converges to 411 as p —» oo.

Furthermore, because the function is increasing (decreasing) on the right (left) hand
side of the point a = %, we can conclude a = % is a local minimizer. Its the minimum value
is ()7, which converges to 0 when p — .

(b) From (16), we know that

xP(1—x)P — (2x—1)P(1—x)P, ifx>1,
)= (B, ifx =},
xP(1—x)P —xP(1-2x)F, ifx <3,

where p is an odd integer. Since 07 \ (x) is symmetric at the point x = %, we divide it into

two cases:
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Case (i): Suppose x > %, the first derivative is

/
(07 ) () = —p(1 — )P Mo — (22— 1] + (1 — )P [l —2(2x ~ 1) )].

Based on this, it is verified that a = 1 is a critical point. Because o2 \(x) is non-
negative and 0! (1) = 0, we can conclude that 1 is a local minimum point and the value
is 0.

Case (ii): Suppose x < % Based on symmetry, the local minimum point is 2 = 0 and the
value is 0.

/
Case (iii): Suppose % <x < %, we know that (05’77NR) (1) = 0and of () is decreasing
(increasing) on the right (left) side of the point a = % Hence, we obtain that a = % isa
local maximizer and the maximum value is (%)2’7 for p > 3. It clearly converges to 0 when

p — . O

0.016

0.014 / — =5 |

0.012

0.01 1

0.008 |

0.006 [

0.004 | /

0002} \ / \ / —

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

(@) (b)

Figure 9. Graphs of @\ (x) and o (x) with different values of p. (a) Local minimum and
maximum of ¥ (¥) ; (b) Local minimum and maximum of o¢ . (x).

Due to the fact that T, 7/ \z, and &2\ are continuous counterparts of T, 7¢ \z and
ol \x, analogous to Propositions 14 and 15, their local maximums and minimums can be
obtained. We omit the proof here.

Proposition 16. Let Ty (x), Tt g and 04\ be defined as in (17), (18), and (19), respectively.
Then, for p > 1, the following hold. See Figure 10.

(@)  The function thy (-) has a local maximum at x = % Furthermore its minimum value

2-2 1
converges to 411'

(b)  The function T2 \(+) has a local maximum at x = 1 — (11> and —1—— and its
2-2 p-1 2-2 71
local maximum value converges to le' Furthermore, it has a local minimum at x = % and
converges to 0.
(¢)  The function &\ (-) has a local maximum at x = % and its local maximum value converges
to 0. In addition, it has a local minimum at x = 0 and x = 1.
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Figure 10. Graphs of T/, (x), T\ (x) and 67 (x) with different values of p. (a) Local maximum of

The (x); (b) Local minimum and maximum of 7 (x); (¢) Local minimum and maximum of & (x).

The local minimum for other 7, (-) is simple.

Proposition 17. Let T, withi=1,2,3 be defined as in (20)—(28). Then, the function Tpo ()
has a local minimum at x = % See Figure 11.

Figure 11. Local minimum of T o (x) fori,j=1,2,3.

Proof. Because each 7,  (x) is nearly convex according to x = Jand 7, .. (x) has a critical
81 ret

number at x = %, the local minimum at x = % is confirmed and can be calculated easily.

We only present the values here.
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This completes the proof. O

6. Summary

To summarize, when comparing all the curves based on NCP functions, almost all of
them are neither convex nor concave. Only the curve based on the Fischer-Burmeister func-
tion is convex due the fact that its corresponding NCP function is also convex. Nonetheless,
we observe that some curves are convex whereas their corresponding NCP functions are
not. For instance, the curve based on the discrete type of the Fischer-Burmeister function.
This indicates that the convexity of the curves depends on the choice of vertical plane. In
addition, when p is perturbed, the interval of convexity will be shrunk or stretched. For the
local minimum or maximum, when p becomes very large, most of the minima and maxima
converge. and the minima or maxima vary by the perturbation of p.
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