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Abstract: The Poisson maximum likelihood (PML) is used to estimate the coefficients of the Pois-
son regression model (PRM). Since the resulting estimators are sensitive to outliers, different stud-
ies have provided robust Poisson regression estimators to alleviate this problem. Additionally, the
PML estimator is sensitive to multicollinearity. Therefore, several biased Poisson estimators have
been provided to cope with this problem, such as the Poisson ridge estimator, Poisson Liu estimator,
Poisson Kibria—Lukman estimator, and Poisson modified Kibria-Lukman estimator. Despite differ-
ent Poisson biased regression estimators being proposed, there has been no analysis of the robust
version of these estimators to deal with the two above-mentioned problems simultaneously, except
for the robust Poisson ridge regression estimator, which we have extended by proposing three new
robust Poisson one-parameter regression estimators, namely, the robust Poisson Liu (RPL), the ro-
bust Poisson Kibria—Lukman (RPKL), and the robust Poisson modified Kibria~-Lukman (RPMKL).
Theoretical comparisons and Monte Carlo simulations were conducted to show the proposed per-
formance compared with the other estimators. The simulation results indicated that the proposed
RPL, RPKL, and RPMKL estimators outperformed the other estimators in different scenarios, in cases
where both problems existed. Finally, we analyzed two real datasets to confirm the results.

Keywords: robust Poisson ridge regression estimator; robust Poisson Liu estimator; robust Poisson
Kibria-Lukman estimator; robust Poisson modified Kibria-Lukman estimator; mean squared error;
multicollinearity; Monte Carlo simulations; outliers

MSC: 62]J07; 62]12

1. Introduction

In general, outliers are often data points that differ significantly from other data points.
In other words, they represent uncommon dataset values. For many statistical models, out-
liers are an issue because they can either cause tests to miss important findings, or bias real
results. There are some statistical methods used to detect outliers, such as index plot of
Cook’s distance and potential residual plot, see Hadi [1]. Several robust regression estima-
tors have been provided to address the problem of outliers in different regression models,
see Lawrence [2]. On the other hand, when the explanatory variables are highly corre-
lated, this means that the model has a multicollinearity problem. This problem causes the
maximum likelihood estimates to be unstable and inefficient. Therefore, many biased es-
timators have been provided to address this problem in different regression models, see

Axioms 2022, 11, 612. https://doi.org/10.3390/axioms11110612

https://www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms11110612
https://doi.org/10.3390/axioms11110612
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-6733-7308
https://orcid.org/0000-0003-3151-9967
https://orcid.org/0000-0001-6010-001X
https://doi.org/10.3390/axioms11110612
https://www.mdpi.com/journal/axioms

Axioms 2022, 11, 612

2 0f 27

e.g., Wuetal. [3], Arashi et al. [4], Algamal et al. [5], Rasheed et al. [6], Majid et al. [7], Asar
and Algamal [8], and Jabur et al. [9].

The Poisson regression model (PRM) is popular for modeling and analyzing count
data. The Poisson maximum likelihood (PML) method is used to obtain the estimators for
the PRMs based on the algorithm of the iterative weighted least square (IWLS) technique.
However, the presence of the multicollinearity problem in the PRM causes the PML estima-
tors to be unreliable and have unexpected signs. To mitigate this, biased estimators have
been suggested for the PRM, such as the Poisson ridge regression (PRR) estimator [10],
Poisson Liu (PL) estimator [11], Poisson Kibria—Lukman (PKL) estimator [12], and Pois-
son modified Kibria-Lukman (PMKL) estimator [13]. These estimators” properties have
been investigated via the mean squared error (MSE) criterion. Additionally, the authors
have modified and adopted some approaches for estimating the biasing parameters, which
have been described in many studies. For more details see: Mansson and Shukur [10],
Mansson et al. [11], Amin et al. [14], Yehia [15], Lukman et al. [12], and Jadhav [16].

The PRM is a popular model for analyzing count data when the dependent variable
(y;) distribution is Poisson(u;) and u;(B) = exp(x;B), where x; is the ith row in X matrix
(that is an n x (p + 1) with p explanatory variables), and f is an unknown (p+1) x 1
coefficients vector, and the model is assumed to have an intercept. Then, the PML estimator
is provided via the IWLS algorithm as follows:

Brur = (X'WX) ' X'We, (1)

where W = diag(j1;), and 2 is a vector where the ith element equals 2; = log [#; (Bpmr)] +
[%] . The matrix MSE (MSEM) of the PML estimator is given by:

MSEM (Bpuz) = (X'WX) . @)

Suppose that v and A; are eigenvectors and eigenvalues of X'WX matrix, where
X'WX = 9/Ay, with A = diag(A;). Hence, the scalar MSE of PML estimator is
given by:

. 4 pilg
MSE(Bpmr) = trac(X'WX) =Y I ©)
j=1"Y

The PRM assumes that the mean and variance of the outcome (y) are equal. How-
ever, data sets in many real-world applications contain outliers causing the variance of
the outcome to be larger than the mean of the outcome, which is known as the problem
of overdispersion. It is proposed here that outliers in count data can be more adequately
addressed using a robust Poisson estimator, in comparison with the usual PML estimator.
A few robust Poisson estimators have been provided, such as by Cantoni and Ronchetti [17],
Hall and Shen [18], Chen et al. [19], Hosseinian and Morgenthaler [20], Chen et al. [21],
Abonazel and Saber [22], Marazzi [23], and Abonazel et al. [24]. However, the robust Pois-
son estimator that was proposed by Hosseinian and Morgenthaler [20] is the most common
estimator given via the weighted maximum likelihood method (WMLM) for handling out-
liers in y-direction [22]. The weighted function (W*) of the WMLM depends on y; and two
constants (c; and ¢p):

1 if e < pi <cim
W* — %f}” lgfﬂz‘ <&

= ifam < pp < com;

0 otherwise

where m is known as the median of y;, ¢; =2, and ¢; = 3. Then, the WMLM estimation
equation is defined as:

n oy
). jw*(yi —ui)x; =0, 4)
i=1 Mi
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By solving the equations system in Equation (4) based on the Newton—-Raphson method,
we obtain a robust PML estimator (RPML), see Hosseinian [25] and Hosseinian and Mor-
genthaler [20] for more details. Then, the RPML estimator [26] is:

A NES -1 INETS
Bremr = (X'W*X) " X'W*z*, )

where W* = diag[fi;(Brpmr)], and £* is a vector where the ith element equals

= log [ (Brrmr)] + {m} '

The MSEM and MSE of the RPML estimator are given by:

A -1

MSEM (Brpmr) = (X'W*X) ", (6)
g
MSE (Brpmr) = Z IR @)

\*

where 7* and )t]’f are the eigenvectors and eigenvalues of X'W*X, where X'W*X =
7 ¥ Ay with A* = diag()»;‘).

Although the RPML estimator is robust for outliers, it is not suitable in the case of
the multicollinearity problem in the PRM. On the other hand, the PL, PKL and PMKL
estimators are robust for the multicollinearity problem, but not suitable in the case of out-
liers. Therefore, in this paper, we will combine the RPML estimator that was introduced
by Hosseinian and Morgenthaler [20], into the PL, PKL and PMKL estimators, to obtain
new robust estimators. The suggested estimators can efficiently handle both problems si-
multaneously in the PRM.

This paper is organized as follows. Section 2 presents the three proposed robust
one-parameter estimators, theoretical comparisons, and biasing parameters selection tech-
niques. The Monte Carlo simulation and empirical applications are described in
Sections 3 and 4, respectively. Section 5 provides some concluding remarks.

2. Methodology
2.1. Poisson One-Parameter Regression Estimators

As mentioned above, multicollinearity is a frequent problem that occurs among the
explanatory variables in many datasets. This causes the PML estimator to be unstable and
inefficient. Therefore, different authors have developed several biased Poisson regression
estimators as a remedy to multicollinearity, e.g., Mansson and Shukur [10] proposed the
PRR estimator, Mansson et al. [11] proposed the PL estimator, Lukman et al. [12] proposed
the PKL estimator, and Aladeitan et al. [13] proposed the PMKL estimator, where these
estimators are:

Brrr = (X'WX +KI) " X'WXBpuir 8

Br = (XWX + 1) (X'WX +dI)Bpums )

Brkr = (XWX +kI) " (X'WX — kI) Bpas (10)

Brukr = (XWX +kI) " (X'WX — kI)(X'WX + kI) " X'WXBpumr (11)

The MSE of the PRR, PL, PKL, and PMKL estimators are given by:

k22

A p+1 p+l
MSE (Bprr) =}, (A, +k e (A +k) "
X p+1 (/\+d)2 p+1 a2
MSE(pp) = )~ —— 5+ (1-d )y ——, v
(Brr) ]; )\j(/\j+1)2+( ) ; ()\j+1)2 (13)
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S S
MSE(Bpx1) = Y — L 442y — (14)
= )\j()\j+k)2 j=1 ()\j‘f‘k)z

, PR LA — k)2 Pl (k4 3A))%a?
MSE(Bpmxr) = Y AL+ Y, —— L (15)
j=1 (A] + k)4 j=1 <)\] + k)4

where «; is the jth item of 7/Bpap.-

2.2. Robust Poisson Ridge Regression Estimator

Recently, Abonazel and Dawoud [26] proposed the robust Poisson ridge regression
(RPRR) estimator to eliminate the effects of the outliers and multicollinearity problems
simultaneously in the PRM, where the RPRR is given by:

A ~ -1 ~ N
ﬁRPRR = (X,W*X—l-kl) X’W*X,BRPML/ (16)

and the MSE of the RPRR estimator is:

ptl A% A e

MSE (B = ] ol !
(,BRPRR) ;1 (/\]* +k)2 +]; ()\]* +k)2 "

where Lx;‘ is the jth item of 'y*l,BRpML.

To reduce the bias of the RPRR estimator, Abonazel and Dawoud [26] proposed the
robust jackknife ridge estimator for the PRM. Furthermore, the robust modified jackknife
ridge estimator for the PRM was provided by Arum et al. [27].

2.3. Proposed Robust Poisson One-Parameter Regression Estimators

Since the PL, PKL, and PMKL estimators are more efficient than the PRR estimator in
the PRM, we propose a robust version of these estimators for the PRM as extensions of the

one-parameter estimators to the area of the PRM in the presence of both multicollinearity
and outliers. We can define the proposed estimators (RPL, RPKL, and RPMKL) as follows:

BrpL = (X'W*X + 1)71 (X'W*X +dI)Brpmr (18)
Broxr = (X'W*X +kI) ™ (X'W*X — kI) Brpmr (19)

Bromxr = (X'W*X + k) (X'W*X — kI) (X'W*X +kI) ' X'W*XBrpmr  (20)
The MSE of the RPL, RPKL, and RPMKL estimators are given by:

CIE S R MRS S
MSE(Brpr) = Y. —L—"5 +(1—d — 1)
S +1)? =)
. prl (AF — k) " w?
MSE -y - 22
(Prrxe) ;A*(A’Htk) 2 )L*+k) @)
J JNT
) PR (AF — k)2 pl (k4 3A%) a2
MSE(ﬁRPMKL) — Z B Z R S (23)
= r+r?t =RV Ok

2.4. Superiority of Proposed Estimators

The theorems below specify the necessary and sufficient conditions of the proposed
RPL, RPKL, and RPMKL estimators’ superiority.
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+1 ((=d)a?-2 1 (14d A A
Theorem 1. Ifzp ((/\;‘4—]1)2> Z]P ) W—&-)l)z’ then MSE (Brpr) < MSE(BrpmL)-

Proof. The MSE difference between the RPML and the RPL estimators is given by:

= MSE(Brpr) — MSE(Brpmr)
ZPH (AV+d)? = (A1) A7 (1-d) (24)
A;()\;+1)2

After using some algebraic calculations, A; in Equation (24) will be negative if

1 ((l—d)tx]’fz—Z)

i TR < yril L‘i)z, then MSE (Brp) < MSE(Brpmr). That means, the
j

=1 A (A1)

(- —2) <yl (4 0

p+1
RPL estimator is better than the RPML estimator if Z oy =1 X1

Theorem 2. If ZPH fa” Zp+1

=1 (/\*—l—k then MSE(,BRPKL) < MSE(‘BRPML)

A*+k)2'
Proof. The MSE difference between the RPML and the RPKL estimators is given by:

) LA
Ay = MSE(Brpkr) — MSE(Brpmr) . 5 . 5
- Ar(Af +K)

After using some algebraic calculations, A; in Equation (25) will be negative if

41 ka? +1
Z]P ) (/\*-’]_k ZP /\* k>2, then MSE(,BRPKL) < MSE(,BRPML) That means, the RPKL
estimator is better than the RPML estimator if ZPH Af' ZPH Y k) .0
(A7 ;
p1 K (k377 a2 p+1 (AV+R) A2 (A —k)? R
Theorem 3. If 2] 1 7()\]“&) E /\;‘(/\]’f+k)4 , then MSE (,BRPMKL)

< MSE(ﬁRpML).

Proof. The MSE difference between the RPML and the RPMKL estimators is given by:

A3 = MSE(Brpmkr) — MSE(BrpmL)
_ pil AR (Ar k)2 = (A 4+K) KA (k+3A7) a2 (26)
A (A k) '

j=1
After using some algebraic calculations, Az in Equation (26) will be negative if

pil kz(k+3/\*) %2 p+1 /\*+k)4—/\’f2(/\%—k)2 R R
j=1 W Z /\*?(/\*]ntk)i , then MSE(ﬁRpMKL) < MSE(ﬁRpML). That

k k+3/\
means, the RPMKL estimator is better than the RPML estimator if Zp 1 ﬁ
]
(A*+k) /\72(A;f—k)
At (/\]’f+k)4

Zp-‘rl

A4+ (1—d) A2
Ar(Ar41)?

+k2 *2

i ZPH i

Theorem 4. I]‘ZPJrl =1 ik )2 ,

then MSE(‘BRPL) < MSE (ﬁRPRR)-
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Proof. The MSE difference between the RPRR and the RPL estimators is given by:

Ay = MSE(Brpr) — MSE(Brprr)
PRI (s 4d) 2+ (1-d)PAa? AT+ (27)
=] Ar(Ar+1)? SR’

After using some algebraic calculations Ay in Equation (27) will be negative if

pt1 (V4d) 4 (1-d) A pi1 AR

r A o<y W )Z,then MSE (Brp1) < MSE(Brprr)- That means,

+1 (M) +(1-d)Ma?
)\]*()\]*Jrl)

the RPL estimator is better than the PRRR estimator if Zp

P+1 /\*+k2 *2
/\*+k)

<Yi-

ZPH —L—, then MSE (Brpk1) < MSE(Brprr)-

Theorem 5. If Zp H =1 3 /\*+k)

/\* +k
Proof. The MSE difference between the RPRR and the RPKL estimators is given by:

As = MSE (Brpki) — MSE (Brprr) (28)
= MSE(Brrkr) — MSE(BrpRR)-

After using some algebraic calculations, A5 in Equation (28) will be negative if

p+1 3kat? p+l AT —
timator is better than the PRRR estimator if Y-/ Sk pr1 24K
estimator is better than the estimator i Z /\*+k Z] 1 m

1 kATar (2/\*+k>
(Ar+k)’*

Theorem 6. IprJr ZPH *4 o then MSE (Brpmkr) < MSE(Brprr)-

Proof. The MSE difference between the RPRR and the RPMKL estimators is given by:

A = MSE(Brpmkr) — MSE (Brprr)
p+1 /\*(/\* )+k2(k+3)\]’f)za}*z—/\;‘(/\;-l-k)Z—kz()\;f-l-k)zo(;fz (29)

=L

* 4
= (Af+h)

After using some algebraic calculations, Ag in Equation (29) will be negative if

1 kAt (245 +k 1 A2 R
Z]p’l'l # < Z]p-: (A* o then MSE(,BRPMKL) < MSE(ﬁRpRR). That means,

(Aj+k)
il KAz (207 +)
the RPMKL estimator is better than the PRRR estimator if Z W
j
Z;?Jrl )\fz
=1 (A k)t
* 2 2y % 52 * 2 293k, %2
p+1 ()\j —k)“+4k Aja p+1 /\ +d)“+(1-d) Afa A
Theorem 7. If ¥ —A;‘(A]’f+k)2 i T )? , then MSE(Brpkr)

< MSE(BRPL)'

Proof. The MSE difference between the RPL and the RPKL estimators is given by:

A7 = MSE(Brpkr) — MSE (Brrr)
PELT (A=) +42A 5 (Af+d)*+(1-d)"A%a? (30)
T
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After using some algebraic calculations, A7 in Equation (30) will be negative if

p+1 (A;uk)%z;k%;@z pi1 W+ +(1—d)* A

Z —/\7(/\7_”()2 Z] 1 )L]*()L]’f—&-l) then MSE (ﬁRPKL) < MSE(ﬁRpL) That
p+1 (A7 —k) 24k A a2
means, the RPKL estimator is better than the RPL estimator if Z Tk){’
f J

p+1 ()\}”rd) +(1-d)*A

Lj- AF(AF+1)?
i
1 AL (AT k)22 (k4377 )2 pi1 A +d)+(1—d)* A7 a2

Theorem 8. Ifz <Y , then MSE (ﬁRPMKL)

(A +k)* j=1 Ar(Ar41)?

< MSE (;BRPL) .
Proof. The MSE difference between the RPL and the RPMKL estimators is given by:
Ag = MSE(BRPMKL) MSE (BrpL)

=p£1 AN~k 212 (k4347 a2 (A}‘W)z*(l*d)??“?z (31)
=] (/\7+k) )L]’f()x;f-&-l)

After using some algebraic calculations, Ag in Equation (31) will be negative if

p+1 AT (A7) +k2(k+3A;)2a;2 pil (A*—&-d) +(1-d)*Ata 2
E] 1 (/\]’.*+k)4 < Z] 1 /\]*()\]*Jrl) , the nMSE(,BRPMKL) < MSE(ﬁRpL).
That means, the RPMKL estlmator is better than the RPL estimator if
ZPH A% (A7 k)2 K2 (k4377 )2 ZPH (A 4d)?+(1-d) A
(Ar+k)* j=1 Ar (1)

h o Ir yPH ka2 (511222732
eorem 3.
f Lo (/\]*—&-k)

< MSE(BRPKL)-

F—k)? (2/\;‘+k

()\*+k) >, then MSE(BRPMKL)

Jrl
Zp

Proof. The MSE difference between the RPKL and the RPMKL estimators is given by:

Ag = MSE<,BRPMKL) MSE(,ERPKL)
_ pir:l MR R (3022 (A7 k)2 4k e (32)
& (A +k)* A% (Ar+k)

After using some algebraic calculations, Ag in Equation (32) will be negative if
* * * * 2 *
p1 ka2 [5A2 20 k-3 p+1 (A=) 207 +]

=1 ()\]’.‘+k)4 =1 )\;ﬂ(/\;‘_%k)ét , then MSE([BRPMKL) < MSE(ﬁRpKL). That

1 ka2 (5002 -201k-3K2)

means, the RPMKL estimator is better than the RPKL estimator if Zp + (A*+k)

Zp 1 (Ar—K) (ZA;f:rk>
Ax(Ar+k)
2.5. Selection of Biasing Parameters

Following Ménsson and Shukur [10], Mansson et al. [11], Lukman et al. [12], and
Abonazel and Dawoud [26], we suggest the following biasing parameters for the PRR,
RPRR, PL, RPL, PKL, RPKL, PMKL, and RPMKL estimators.

e The suggested k for the PRR estimator is:

~ —\ p+1
kprr = max( ajz)jzl . (33)
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e The suggested k for the RPRR estimator is
N p+1
frpRR = max( &;2), - (34)
]:
e  The suggested d for the PL estimator is
+1
A 2-1\"
dpr = max| 0, AZJ T (35)
&+ 5
) Aj j=1
e The suggested d for the RPL estimator is
a2 -1\
drpL = max | 0, agj (36)
=
o  The two suggested k for the PKL estimator are kpxy.1 = kprgr and
p+1\ 1/2
k min ! (37)
PKL.2 22 4 %
] i/ j=1
e  The two suggested k for the RPKL estimator are kgpx; 1 = krprr and
p+1\ 1/2
k min ! (38)
RPKL2 = A2 o 1
206]- + /T]* i1

Here, we discuss obtaining the optimal value of k by minimizing
(39)

2
p+1 )\](/\] _ k>2 ) p+1 (k + 3}\]) 0(]2 ‘
(Aj+k)*

MSE (B =
(Bpmxt) ]; T =

Differentiating MSE (Bpumk1) with respect to k and setting (MSE (Bppmx1)/9k) = 0,

we have:
— (32 +1) ¥ \/9/\2 2410402 +1
k= ork = 3A;. (40)
]
Since k > 0, we take:
(\/9/\2 410002 +1) - (3102 +1)
5 ork =3A;. (41)
207
]
Then, we replace the unknown parameter oc]z with its estimator for the optimal value
of k in (41) in order to use it in the application. Therefore, we have:
(\/9A2 P00 +1) - (30,83 +1)
Az ork =3A;. (42)
24 7
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e Three k are suggested for the PMKL estimator: IACPMKLJ = kprr, I’(\:PMKL_Z = kpxra,

and
2 p+1\ 1/2
. (\/9A]2(&]2) +10/\j5¢]2.+1)_(3)\j&]2+1)
kpymkrs = | min L 3M; (43)
21x].
j=1
e The three suggested k for the RPMKL estimator are IAcRpMKLll = ]}RPRR,
krpmkr2 = krpkr2 and
krpmxL3
p+1\ 1/2
(\/9)\]’.‘2(&]’.‘2)2+10A]’f&j’f2+1>—(3A}*&;ﬁ2+1) (44)
= [ mi 3A*
min e 3\ )
j=1

3. Simulation Study

We conducted a Monte Carlo simulation study to examine the performance of non-
robust estimators (PML, PRR, PL, PKL, and PMKL) and robust estimators (RPML, RPRR,
RPL, RPKL, and RPMKL). The program of the simulation study was written in the R pro-
gramming language.

3.1. Simulation Design

The simulated data were implemented with the following settings: y; was generated
from a Poisson distribution with mean equal to y; = exp(x;B); fori =1, 2,..., n. The
sample sizes (1) were set to 75, 100, 200, and 300. The number of explanatory variables
() wassetto2and 6. p/f = 1,and B = ... = B,41, as in Kagiranlar and Dawoud [28]
and Abonazel and Dawoud [26]. The intercept was defined as 1= —1, 0, and 1, as in
Lukman et al. [12] and Abonazel and Dawoud [26]. The explanatory variables (X), as
in Abonazel and Dawoud [26], were generated from a multivariate normal distribution
MVN(0,Xx), where diag(Xx) = 1 and off-diag (Xx) = p; p =0.90, 0.95, and 0.99, where
p was the correlation coefficient between the explanatory variables. Some outliers were
generated with different percentages (T = 0%, 10%, and 20%) in the model by randomly
replacing some values due to the selected percentage 7% from the response variable. As
in Abonazel and Saber [22], Abonazel et al. [24], Dawoud and Abonazel [29], Awwad
et al. [30], and Abonazel and Dawoud [26], the outliers were generated from a Poisson
distribution with mean equal to (Q3 + 10 x IQR), where Q3 was the third quartile of u;(p)
values, and IQR was the interquartile range of u;(B) values.

We used the average MSE (AMSE) measure for verification, which was computed as:

1 1000

AMSE(B) = 555 2. (B —B)' (B~ p). (45)

where B; was the estimated vector at the I-th experiment of the simulation (the experiment
was replicated 1000 times), and B was the true parameter vector.

3.2. Simulation Results

The simulation results are summarized in Tables A1-A9 in Appendix A. In each table,
the best value of the AMSE is highlighted in bold. According to the simulation results, we
concluded the following:

1.  The PML performance was the worst of the given estimators in the existence of both
outliers and multicollinearity problems, as expected;

2. The estimators” AMSE values were increased in the case of the multicollinearity de-
gree (p), explanatory variables number (p), and outlier percentage (7);
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3.  The estimators” AMSE values were decreased in the case of the sample size (1) being
increased, when the other factors were fixed;

4. When only the multicollinearity problem existed in the model (as in Tables A1-A3
or when no outliers existed, i.e., T = 0%), the non-robust estimators (PML, PRR, PL,
PKL, and PMKL) were better than the corresponding robust estimators (RPML, RPRR,
RPL, RPKL, and RPMKL) for all p, p, and n values;

5. When both problems existed in the model (as in Tables A4—A9 or when outliers ex-
isted, i.e., T > 0%), the RPML, RPRR, RPL, RPKL, and RPMKL estimators were
better than the PML, PRR, PL, PKL, and PMKL estimators, respectively, for all p, p,
and n values;

6. Forn =175 100, B = =1, T = 0% and p = 0.90, 0.95, the PKL.1 AMSE values were
the lowest among all models, and for n =75, 100, 81 = —1, T = 10% and p = 0.90, the
RPKL.1 AMSE values were the lowest among all models;

7. When T = 0%, the PMKL estimator, and in particular, the PMKL.1 was the best,
followed by the PKL, and in particular, the PKL.1 in most situations;

8. In addition, when T > 0%, the RPMKL estimator was the best, particularly
the xRPMKL.1, followed by the RPKL estimator, particularly the RPKL.1 in
most situations;

9.  Finally, the PMKL estimator achieved the best performance among all given estima-
tors when only the multicollinearity problem existed in the model. If both outliers
and multicollinearity problems existed in the model, the RPMKL estimator achieved
the best performance among all given estimators in most situations.

4. Empirical Applications

In this section, we consider two real life applications to evaluate the performance of
the proposed robust estimators.

4.1. Aircraft Damage Data

To evaluate the performance of the proposed robust estimators, we first considered
the aircraft damage dataset. Myers et al. [31] discussed these data in detail. The dataset
provided information related to two aircrafts, that is, the McDonnell Douglas A-4 Skyhawk
and the Grumman A-6 Itruder. The sample size of the dataset was n =30 with one depen-
dent (y) and three explanatory variables (X’s): y denoted the number of locations where
damage was inflicted on the aircraft, X1 was the type of aircraft, X2 was the bomb load
measured in tons, and X3 was the representation of aircraft experience in months.

Myers et al. [31] indicated the existence of severe multicollinearity in the data set.
However, the eigenvalues of this data were 4.3333, 374.8961, and 2085.2251. In addition,
the condition number (CN) was 219.37 > 30, showing a multicollinearity issue among the
explanatory variables. On the other hand, for outliers, there were three outlier values (1, 29,
and 30) in the data, as shown in Figure 1. Therefore, these data suffered from the problems
of multicollinearity and outliers, together.

Since this section aims to assess the superiority of the new robust estimators using a
real-life application, the efficiency of the considered estimators was assessed through the
MSE. The estimated coefficients and MSEs of the ten estimators on these data are presented
in Table 1. Table 1 shows the estimates of the regression coefficients and the estimated MSE
values for the different estimators. From Table 1, we can note that:

1.  The PML estimator performed the worst among all given estimators;

2. The robust estimators achieved a better performance than the corresponding non-
robust estimators;

3.  The PMKL performed better in general, followed by the PKL, and then the other non-
robust estimators. Additionally, the RPMKL achieved a better performance in gen-
eral, followed by the RPKL and then the other robust estimators;

4.  Finally, the RPMKL, particularly the RPMKL.1 estimator was the best, which had the
lowest AMSE value.
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Figure 1. Residuals analysis of the aircraft damage data.
Table 1. Estimated coefficients and MSEs of the aircraft damage data.
Non-Robust Estimators
PML PRR PL PKL.1 PKL.2 PMKL.1 PMKL.2 PMKL.3
Intercept 0.868 0.624 0.588 0.381 0.418 0.283 0.318 0.372
X1 —0.038 —0.095 —0.103 —0.153 —0.145 —0.166 —0.161 —0.151
X2 —0.024 —0.010 —0.008 0.003 0.001 0.008 0.006 0.004
X3 0.003 0.005 0.006 0.007 0.007 0.008 0.008 0.007
MSE 1.239 0.540 0.482 0.209 0.240 0.135 0.159 0.202
Robust Estimators
RPML RPRR RPL RPKL.1 RPKL.2 RPMKL.1 RPMKL.2 RPMKL.3
Intercept —0.882 —0.485 —0.454 —0.087 —0.222 —0.053 —0.143 —0.194
X1 —0.024 0.048 0.052 0.119 0.100 0.106 0.101 0.097
X2 0.218 0.198 0.196 0.178 0.184 0.177 0.181 0.183
X3 —0.009 —0.012 —0.012 —0.015 —0.014 —0.015 —0.015 —0.014
MSE 0.623 0.344 0.322 0.146 0.180 0.088 0.140 0.172

We verified the theoretical results through the aircraft damage data, as follows:
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Figure 2 presents the MSE values of the non-robust estimators against k and d from

0 to 1. The MSE values of the PKL and PMKL estimators were smaller than the MSE val-
ues of the other estimators. However, the PMKL estimator had the smallest MSE values.
Figure 3 presents the MSE values of the robust estimators against k and d from 0 to 1. Ad-
ditionally, we noted that the MSE values of the RPKL and RPMKL estimators were smaller
than the MSE values of the other estimators, and the RPMKL estimator had the smallest

MSE values.
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Figure 2. MSE values of the non-robust estimators against k and d of the aircraft damage data.
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Figure 3. MSE values of the robust estimators against k and 4 of the aircraft damage data.

4.2. Somerville Lake Data

We used a dataset from Cameron and Trivedi [32] to estimate a recreation demand
function. These data were from a survey on the number of recreational boating trips in
Somerville Lake, East Texas, in 1980. The sample size was 201 observations with one re-
sponse variable (y) and three explanatory variables (X’s): y was the number of recreational
boating trips in Somerville Lake in 1980, X1 was the cost of visiting Lake Conroe, X2 was
cost of visiting Somerville Lake, and X3 was cost of visiting Houston Lake. These data
were used by Mansson and Kibria [33] and Abonazel and Dawoud [26].

To investigate the existence of multicollinearity, Abonazel and Dawoud [26] showed
that the condition number (CN) was 24.56, and the values of variance inflation factor (VIF)
of the explanatory variables were 41.6, 13.2, and 25.03, respectively, and all coefficients of
correlations between three explanatory variables were greater than 0.90. All these mea-
sures (correlations, VIF, and CN) confirmed the presence of severe multicollinearity. On
the other hand, for outliers, there were 22 outlier values in the data as shown in Figure 4.
Therefore, these data suffered from the problems of multicollinearity and outliers, together.
The estimated coefficients and MSEs of the ten estimators on these data are presented in
Table 2. Table 2 shows the estimates of the regression parameters and the estimated MSE
values for the different estimators. From Table 2, we can note the following:

1.  The PML performed worst among all given estimators;

2. The robust estimators achieved a better performance than the corresponding non-
robust estimators;

3. The PMKL achieved a better performance in general, followed by the PKL, and then
the other non-robust estimators. Additionally, the RPMKL achieved a better perfor-
mance in general, followed by the RPKL, and then the other robust estimators;

4.  Finally, the RPMKL, particularly the RPMKL.1 estimator was the best, which had the
lowest AMSE value.
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Figure 4. Residuals analysis of the Somerville Lake data.
Table 2. Estimated coefficients and MSEs of the Somerville Lake data.
Non-Robust Estimators
PML PRR PL PKL.1 PKL.2 PMKL.1 PMKL.2 PMKL.3
Intercept 1.804 1.812 1.805 1.820 1.809 1.805 1.811 1.810
X1 —1.450 —0.808 —1.395 —0.166 —1.201 —-0.214 —1.106 —1.159
X2 2.284 1.556 2.231 0.827 2.069 0.616 1.976 2.027
X3 —1.308 —1.193 —1.309 —1.077 —1.337 —0.786 —1.337 —1.337
MSE 1.059 0.756 0.945 1.061 0.670 0.630 0.631 0.650
Robust Estimators
RPML RPRR RPL RPKL.1 RPKL.2 RPMKL.1 RPMKL.2 RPMKL.3
Intercept 1.348 1.345 1.347 1.342 1.347 1.334 1.344 1.345
X1 —0.774 —0.497 —0.594 —0.219 —0.411 —0.197 —0.342 —0.387
X2 0.923 0.684 0.772 0.446 0.638 0.351 0.552 0.602
X3 —0.483 —0.509 —0.505 —0.536 —0.550 —0.450 —0.526 —0.534
MSE 0.683 0.335 0.309 0.188 0.436 0.111 0.203 0.241
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Through Somerville Lake data, we verified the theoretical results as follows:
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was satisfied, then the RPMKL estimator was better than the RPKL estimator.

3. Since the condition E = 0.614 was

6.  Since the condition

7.  Since the condition Z

9.  Since the condition Z

We checked the efficiency of our proposed estimators for 0 < k = d < 1 through
the Somerville Lake data. Figures 5 and 6 present the MSE values of the non-robust and
robust estimators, respectively. As in the first application, these figures indicated that the
PKL and PMKL estimators had smaller MSE values than the other estimators, and the
PMKL estimator had the smallest MSE values.
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Figure 5. MSE values of the non-robust estimators against k and d of the Somerville Lake data.
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Figure 6. MSE values of the robust estimators against k and d of the Somerville Lake data.

5. Conclusions

In the PRM model, the problem of outliers causes the PML to be inefficient. In this case,
the RPML is considered to reduce the effects of the outlier values. Additionally, the PML
performed the worst in the case of the existence of the multicollinearity problem. There-
fore, some proposed biased regression estimators in the PRM model were considered to
handle multicollinearity, such as the PRR, PL, PKL, and PMKL (Mansson and Shukur [10],
Mansson et al. [11], Lukman et al. [12], and Aladeitan et al. [13], respectively). Follow-
ing Abonazel and Dawoud [26]’s provision of the RPRR estimator for dealing with both
outliers and multicollinearity problems simultaneously in the PRM, we proposed, in this
paper, new robust versions of three one-parameter biased estimators for the PRM, namely,
the RPL, RPKL, and RPMKL estimators. Theoretically, the necessary and sufficient condi-
tions were obtained for the proposed estimators (RPL, RPKL, and RPMKL). Then, a simu-
lation study and two applications were conducted to investigate the proposed estimators’
performances, and the other estimators’ performances. The results indicated that the pro-
posed estimators’ performances were better than the others, especially RPMKL in most sit-
uations where both outliers and multicollinearity problems occurred in the model. Finally,
if outliers and multicollinearity problems occurred together in the PRM, we recommend
that practitioners use the RPMKL and RPKL estimators to estimate the regression param-
eters of the model. For future work, we aim to develop new estimators to deal with both
outliers and multicollinearity problems simultaneously in the PRM, such as the robust jack-
knife Liu, robust jackknife Kibria-Lukman, and robust jackknife modified Kibria—Lukman
estimators as an extension to Abonazel and Dawoud [26] and Arum et al. [27].
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Appendix A
Table A1l. AMSE of different estimators when 7 =0% and p = 0.90.
Non-Robust Estimators Robust Estimators
p n PML PRR PL PKL.1 PKL.2 PMKL.1 PMKL.2 PMKL.3 RPML RPRR RPL RPKL.1 RPKL.2 RPMKL.1 RPMKL.2 RPMKL.3
pr=-1

2 75 0.3623 0.1756 0.2830 0.1090 0.2078 0.1359 0.1701 0.1897 0.7051 0.2091 0.4876 0.1912 0.2728 0.2390 0.2066 0.2410
100 0.1933 0.1304 0.1708 0.1049 0.1488 0.1157 0.1352 0.1422 0.3022 0.1732 0.2531 0.1347 0.2055 0.1635 0.1788 0.1925
200 0.0958 0.0794 0.0898 0.0689 0.0840 0.0656 0.0797 0.0820 0.1408 0.1073 0.1275 0.0862 0.1152 0.0810 0.1061 0.1109
300 0.0445 0.0409 0.0431 0.0383 0.0418 0.0370 0.0408 0.0413 0.0687 0.0604 0.0652 0.0544 0.0622 0.0512 0.0597 0.0610

6 75 0.7520 0.4799 0.5620 0.2970 0.4489 0.2230 0.3606 0.4072 1.1707 0.6060 0.8324 0.3197 0.6071 0.2366 0.4662 0.5402
100 0.2071 0.1833 0.1896 0.1665 0.1809 0.1579 0.1733 0.1771 0.2714 0.2313 0.2447 0.2059 0.2315 0.1963 0.2215 0.2263
200 0.1174 0.1095 0.1113 0.1026 0.1081 0.0972 0.1042 0.1063 0.1657 0.1513 0.1541 0.1388 0.1477 0.1293 0.1405 0.1444
300 0.0918 0.0882 0.0876 0.0848 0.0851 0.0818 0.0822 0.0838 0.1293 0.1216 0.1214 0.1145 0.1175 0.1086 0.1125 0.1152

p1=0

2 75 0.0930 0.0829 0.0824 0.0735 0.0773 0.0658 0.0708 0.0743 0.1304 0.1101 0.1093 0.0918 0.0990 0.0784 0.0872 0.0936
100 0.0573 0.0540 0.0536 0.0508 0.0515 0.0480 0.0489 0.0503 0.0778 0.0716 0.0709 0.0659 0.0669 0.0611 0.0625 0.0649
200 0.0304 0.0292 0.0291 0.0280 0.0285 0.0269 0.0276 0.0281 0.0473 0.0443 0.0442 0.0415 0.0427 0.0389 0.0406 0.0418
300 0.0174 0.0170 0.0170 0.0167 0.0168 0.0164 0.0166 0.0167 0.0248 0.0241 0.0240 0.0233 0.0236 0.0226 0.0230 0.0234

6 75 0.1373 0.1290 0.1287 0.1211 0.1247 0.1141 0.1191 0.1221 0.1779 0.1649 0.1645 0.1526 0.1582 0.1421 0.1496 0.1543
100 0.0882 0.0848 0.0847 0.0814 0.0832 0.0784 0.0808 0.0821 0.1164 0.1104 0.1103 0.1046 0.1076 0.0994 0.1035 0.1057
200 0.0437 0.0427 0.0427 0.0417 0.0422 0.0408 0.0415 0.0419 0.0580 0.0562 0.0561 0.0544 0.0553 0.0528 0.0541 0.0548
300 0.0162 0.0161 0.0161 0.0159 0.0160 0.0158 0.0159 0.0160 0.0221 0.0219 0.0219 0.0217 0.0218 0.0215 0.0216 0.0217

Br1=1

2 75 0.0591 0.0531 0.0565 0.0476 0.0542 0.0432 0.0520 0.0532 0.0799 0.0690 0.0753 0.0591 0.0710 0.0516 0.0670 0.0692
100 0.0225 0.0218 0.0222 0.0212 0.0219 0.0207 0.0217 0.0218 0.0338 0.0323 0.0331 0.0308 0.0325 0.0295 0.0319 0.0322
200 0.0102 0.0101 0.0102 0.0099 0.0101 0.0098 0.0100 0.0101 0.0161 0.0157 0.0159 0.0153 0.0157 0.0150 0.0156 0.0157
300 0.0063 0.0063 0.0063 0.0062 0.0063 0.0062 0.0063 0.0063 0.0088 0.0087 0.0088 0.0086 0.0088 0.0085 0.0087 0.0087

6 75 0.1006 0.0945 0.0971 0.0886 0.0945 0.0835 0.0918 0.0933 0.1349 0.1244 0.1289 0.1146 0.1245 0.1062 0.1198 0.1224
100 0.0265 0.0262 0.0263 0.0259 0.0262 0.0257 0.0261 0.0262 0.0341 0.0336 0.0338 0.0331 0.0336 0.0327 0.0334 0.0335
200 0.0106 0.0106 0.0106 0.0105 0.0106 0.0105 0.0105 0.0106 0.0133 0.0133 0.0133 0.0132 0.0133 0.0131 0.0132 0.0132
300 0.0092 0.0092 0.0092 0.0092 0.0092 0.0091 0.0092 0.0092 0.0128 0.0127 0.0127 0.0126 0.0127 0.0125 0.0126 0.0127
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Table A2. AMSE of different estimators when 7 = 0% and p = 0.95.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 0.6385 0.1948 0.4356 0.0981 0.2383 0.1287 0.1714 0.2069 1.2700 0.1884 0.7694 0.4252 0.2751 0.2675 0.1902 0.2376
100 0.3149 0.1711 0.2566 0.0999 0.2000 0.1053 0.1668 0.1843 0.5010 0.2081 0.3789 0.1074 0.2580 0.1451 0.2017 0.2311
200 0.1618 0.1174 0.1427 0.0851 0.1252 0.0718 0.1119 0.1190 0.2443 0.1518 0.2026 0.0915 0.1646 0.0762 0.1392 0.1528
300 0.0782 0.0672 0.0729 0.0580 0.0686 0.0518 0.0646 0.0668 0.1189 0.0937 0.1067 0.0735 0.0965 0.0621 0.0879 0.0926

6 75 0.6138 0.4405 0.4746 0.3125 0.3992 0.2522 0.3360 0.3696 0.7978 0.5136 0.5929 0.3321 0.4753 0.2674 0.3913 0.4355
100 0.6059 0.4418 0.4889 0.3150 0.4188 0.2501 0.3569 0.3899 0.7670 0.5170 0.5935 0.3376 0.4886 0.2627 0.4047 0.4491
200 0.3477 0.2925 0.3068 0.2445 0.2835 0.2103 0.2578 0.2717 0.4461 0.3592 0.3809 0.2861 0.3440 0.2383 0.3056 0.3262
300 0.0810 0.0780 0.0786 0.0752 0.0773 0.0728 0.0757 0.0766 0.1112 0.1057 0.1069 0.1007 0.1047 0.0963 0.1017 0.1033

B1=0

2 75 0.1704 0.1327 0.1315 0.1002 0.1131 0.0792 0.0939 0.1043 0.2626 0.1791 0.1855 0.1135 0.1477 0.0812 0.1149 0.1325
100 0.0842 0.0751 0.0746 0.0666 0.0699 0.0597 0.0640 0.0672 0.1294 0.1086 0.1077 0.0900 0.0970 0.0763 0.0849 0.0915
200 0.0441 0.0416 0.0415 0.0391 0.0403 0.0369 0.0385 0.0395 0.0819 0.0731 0.0727 0.0649 0.0684 0.0581 0.0627 0.0658
300 0.0267 0.0257 0.0256 0.0247 0.0251 0.0239 0.0244 0.0248 0.0422 0.0398 0.0397 0.0375 0.0384 0.0354 0.0366 0.0376

6 75 0.1358 0.1261 0.1260 0.1169 0.1217 0.1089 0.1154 0.1188 0.1571 0.1441 0.1440 0.1319 0.1382 0.1216 0.1300 0.1345
100 0.1337 0.1222 0.1220 0.1114 0.1169 0.1024 0.1097 0.1136 0.1833 0.1630 0.1628 0.1442 0.1537 0.1296 0.1417 0.1482
200 0.0570 0.0557 0.0557 0.0544 0.0551 0.0531 0.0541 0.0547 0.0848 0.0820 0.0819 0.0792 0.0807 0.0767 0.0787 0.0798
300 0.0511 0.0499 0.0499 0.0487 0.0493 0.0476 0.0485 0.0490 0.0702 0.0680 0.0679 0.0658 0.0669 0.0638 0.0654 0.0662

B1=1

2 75 0.0599 0.0539 0.0573 0.0483 0.0549 0.0438 0.0527 0.0539 0.0850 0.0729 0.0797 0.0619 0.0749 0.0538 0.0704 0.0729
100 0.0521 0.0470 0.0497 0.0422 0.0476 0.0382 0.0455 0.0467 0.0735 0.0630 0.0686 0.0534 0.0643 0.0462 0.0603 0.0625
200 0.0164 0.0160 0.0163 0.0156 0.0161 0.0152 0.0159 0.0160 0.0258 0.0246 0.0253 0.0235 0.0249 0.0225 0.0244 0.0247
300 0.0098 0.0097 0.0097 0.0095 0.0097 0.0094 0.0096 0.0096 0.0156 0.0151 0.0154 0.0147 0.0152 0.0143 0.0150 0.0151

6 75 0.0677 0.0654 0.0663 0.0633 0.0654 0.0613 0.0643 0.0649 0.0872 0.0834 0.0848 0.0797 0.0832 0.0765 0.0814 0.0824
100 0.0992 0.0922 0.0949 0.0856 0.0920 0.0801 0.0887 0.0905 0.1324 0.1205 0.1250 0.1094 0.1200 0.1005 0.1145 0.1175
200 0.0276 0.0273 0.0274 0.0269 0.0273 0.0266 0.0271 0.0272 0.0378 0.0372 0.0374 0.0365 0.0372 0.0359 0.0368 0.0370
300 0.0171 0.0170 0.0170 0.0168 0.0170 0.0167 0.0169 0.0169 0.0240 0.0237 0.0238 0.0234 0.0237 0.0232 0.0236 0.0236
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Table A3. AMSE of different estimators when 7 = 0% and p = 0.99.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 2.8112 0.2068 1.4652 1.7103 0.1921 0.1067 0.1176 0.1656 5.8602 0.1187 3.0773 5.0631 0.3039 0.4151 0.1466 0.1912
100 1.2386 0.1603 0.7362 0.2671 0.2330 0.1088 0.1466 0.1964 2.0404 0.1396 1.1556 0.8643 0.2485 0.2000 0.1532 0.2120
200 0.5435 0.1938 0.3658 0.0382 0.2096 0.0296 0.1433 0.1790 0.8062 0.1704 0.4910 0.0586 0.2073 0.0372 0.1303 0.1728
300 0.4803 0.1791 0.3300 0.0339 0.1915 0.0228 0.1307 0.1634 0.7983 0.1821 0.4972 0.0376 0.2137 0.0246 0.1316 0.1766

6 75 3.4382 0.6860 2.0765 0.6910 0.9546 0.1682 0.6493 0.8144 4.4014 0.6426 2.6343 1.2442 1.0647 0.2037 0.7109 0.9032
100 1.9867 0.7275 1.2835 0.2553 0.7674 0.1555 0.5462 0.6645 24733 0.7243 1.5556 0.3228 0.8417 0.1604 0.5850 0.7230
200 0.9501 0.5947 0.7236 0.3408 0.5697 0.2138 0.4574 0.5177 1.2346 0.6768 0.8858 0.3230 0.6475 0.2382 0.4958 0.5771
300 0.5228 0.4042 0.4452 0.3031 0.3938 0.2390 0.3449 0.3714 0.7143 0.5088 0.5804 0.3429 0.4908 0.2530 0.4132 0.4551

B1=0

2 75 0.7911 0.2046 0.4163 0.0395 0.1954 0.0192 0.1206 0.1613 1.1938 0.1715 0.6235 0.1752 0.2334 0.0291 0.1412 0.1929
100 0.3656 0.2057 0.2249 0.0960 0.1550 0.0402 0.1094 0.1336 0.5637 0.2382 0.3232 0.0658 0.1930 0.0608 0.1286 0.1628
200 0.3148 0.1879 0.2021 0.0955 0.1452 0.0367 0.1039 0.1259 0.4406 0.2058 0.2556 0.0660 0.1588 0.0599 0.1056 0.1339
300 0.1144 0.0937 0.0926 0.0751 0.0816 0.0617 0.0696 0.0761 0.1827 0.1348 0.1346 0.0945 0.1101 0.0706 0.0873 0.099

6 75 2.4153 0.7634 1.4138 0.2240 0.7896 0.1183 0.5303 0.6681 3.0941 0.7216 1.7867 0.3617 0.8801 0.1223 0.5800 0.7410
100 0.6968 0.4988 0.5114 0.3412 0.4257 0.2586 0.3446 0.3881 0.9751 0.6182 0.6784 0.3637 0.5324 0.2609 0.4153 0.4779
200 0.2928 0.2491 0.2487 0.2096 0.2291 0.1804 0.2045 0.2179 0.4072 0.3266 0.3287 0.2569 0.2933 02112 0.2531 0.2749
300 0.1721 0.1597 0.1595 0.1477 0.1540 0.1372 0.1458 0.1503 0.2392 0.2161 0.2158 0.1943 0.2056 0.1760 0.1911 0.1990

B1=1

2 75 0.3711 0.1777 0.2794 0.0579 0.1900 0.0169 0.1413 0.1676 0.5337 0.1848 0.3700 0.0260 0.2082 0.0326 0.1408 0.1773
100 0.1290 0.0984 0.1142 0.0721 0.1011 0.0504 0.0901 0.0961 0.2071 0.1328 0.1706 0.0757 0.1375 0.0558 0.1137 0.1266
200 0.0825 0.0695 0.0764 0.0576 0.0711 0.0487 0.0661 0.0688 0.1153 0.0902 0.1035 0.0683 0.0930 0.0538 0.0838 0.0888
300 0.0375 0.0343 0.0359 0.0312 0.0345 0.0285 0.0332 0.0339 0.0569 0.0497 0.0534 0.0430 0.0504 0.0377 0.0475 0.0491

6 75 0.7294 0.4563 0.5612 0.2677 0.4394 0.1988 0.3588 0.4023 0.8980 0.5137 0.6678 0.2738 0.4993 0.2012 0.3988 0.4530
100 0.2923 0.2529 0.2675 0.2167 0.2506 0.1887 0.2327 0.2425 0.3601 0.3016 0.3232 0.2491 0.2979 0.2108 0.2722 0.2862
200 0.1961 0.1768 0.1849 0.1587 0.1768 0.1435 0.1681 0.1729 0.2695 0.2355 0.2498 0.2040 0.2354 0.1791 0.2205 0.2287
300 0.0732 0.0703 0.0713 0.0675 0.0701 0.0648 0.0686 0.0694 0.1024 0.0969 0.0989 0.0916 0.0966 0.0867 0.0938 0.0953
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Table A4. AMSE of different estimators when 7 =10% and p = 0.90.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 2.8151 2.7129 2.7431 2.6275 2.6802 2.5729 2.6299 2.6567 0.9038 0.5328 0.7127 0.4211 0.5754 0.4326 0.5256 0.5513
100 2.2468 2.2345 2.2309 2.2226 2.2146 2.2118 2.2004 2.2081 0.3264 0.3129 0.3164 0.3053 0.3125 0.3066 0.3125 0.3122
200 2.1981 2.1922 2.1897 2.1864 2.1804 2.1809 2.1724 2.1768 0.2510 0.2454 0.2459 0.2413 0.2436 0.2403 0.2424 0.2430
300 2.1846 2.1817 2.1802 2.1789 2.1748 2.1761 2.1702 2.1728 0.2223 0.2236 0.2223 0.2224 0.2226 0.2221 0.2235 0.2230

6 75 5.5013 5.2493 5.3696 5.0253 5.2672 4.8591 5.1647 5.2204 1.2307 0.8870 1.0395 0.6818 0.9021 0.6150 0.8098 0.8582
100 5.2272 5.1188 5.1460 5.0159 5.0918 4.9269 5.0299 5.0637 0.9436 0.7822 0.8198 0.6574 0.7423 0.5915 0.6798 0.7127
200 6.3219 6.2995 6.3091 6.2771 6.3001 6.2551 6.2893 6.2952 0.2018 0.2022 0.2017 0.2018 0.2021 0.2017 0.2027 0.2023
300 3.8474 3.8389 3.8369 3.8304 3.8290 3.8221 3.8199 3.8249 0.1943 0.1933 0.1934 0.1937 0.1938 0.1929 0.1945 0.1941

B1=0

2 75 1.7949 1.7536 1.7623 1.7142 1.7433 1.6796 1.7197 1.7326 0.3308 0.2725 0.2781 0.2234 0.2490 0.1938 0.2220 0.2365
100 2.3420 2.3188 2.3243 2.2960 2.3146 2.2742 2.3014 2.3087 0.1601 0.1507 0.1502 0.1419 0.1451 0.1348 0.1390 0.1423
200 2.0699 2.0629 2.0645 2.0559 2.0615 2.0490 2.0573 2.0596 0.0915 0.0901 0.0900 0.0888 0.0893 0.0876 0.0883 0.0889
300 2.1435 2.1390 2.13% 2.1345 2.1377 2.1301 2.1349 2.1365 0.0742 0.0738 0.0738 0.0734 0.0736 0.0731 0.0733 0.0734

6 75 5.4692 5.3284 5.4449 5.1935 5.4073 5.0744 5.3773 5.3938 0.6037 0.5385 0.5492 0.4796 0.5214 0.4349 0.4872 0.5058
100 4.6669 46116 4.6458 45569 4.6269 45042 4.6073 46181 0.2507 0.2408 0.2405 0.2312 0.2359 0.2225 0.2291 0.2328
200 4.3847 4.3664 4.3809 4.3482 4.3758 4.3302 43713 43738 0.1186 0.1167 0.1167 0.1149 0.1158 0.1131 0.1145 0.1152
300 3.2519 3.2432 3.2482 3.2346 3.2450 3.2259 3.2416 3.2435 0.0746 0.0741 0.0741 0.0735 0.0738 0.0730 0.0734 0.0736

B1=1

2 75 2.3046 2.2816 2.3015 2.2587 2.2962 2.2363 2.2920 2.2943 0.0760 0.0714 0.0743 0.0671 0.0726 0.0631 0.0710 0.0719
100 1.9057 1.8913 1.9031 1.8768 1.8992 1.8626 1.8960 1.8977 0.0579 0.0552 0.0568 0.0525 0.0558 0.0500 0.0548 0.0553
200 2.6469 2.6372 2.6457 2.6275 2.6436 2.6178 2.6420 2.6429 0.0365 0.0354 0.0361 0.0343 0.0357 0.0333 0.0352 0.0355
300 2.3276 2.3220 2.3269 2.3165 2.3257 2.3109 2.3248 2.3253 0.0302 0.0296 0.0299 0.0289 0.0297 0.0283 0.0294 0.0296

6 75 6.4395 6.3180 6.4335 6.1987 6.4162 6.0861 6.4046 6.4110 0.2974 0.2815 0.2876 0.2663 0.2810 0.2525 0.2733 0.2775
100 6.7408 6.6906 6.7390 6.6408 6.7332 6.5921 6.7294 6.7315 0.1205 0.1166 0.1182 0.1128 0.1166 0.1092 0.1147 0.1158
200 3.2133 3.2004 3.2122 3.1875 3.2098 3.1747 3.2081 3.2091 0.0432 0.0426 0.0428 0.0420 0.0426 0.0414 0.0422 0.0424
300 42628 4.2545 4.2624 42461 4.2612 42378 4.2604 4.2608 0.0349 0.0345 0.0347 0.0341 0.0345 0.0337 0.0343 0.0344
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Table A5. AMSE of different estimators when 7 =10% and p = 0.95.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 3.3888 2.9505 3.2041 2.6709 3.0320 2.5727 29161 29774 1.5794 0.5247 1.1028 0.5514 0.6926 0.4499 0.5854 0.6438
100 2.4924 24343 2.4437 2.3816 2.4025 2.3415 2.3668 2.3860 0.4541 0.3679 0.3928 0.3092 0.3569 0.2935 0.3349 0.3462
200 2.3163 2.2968 2.2937 2.2784 2.2716 2.2623 2.2530 2.2630 0.3950 0.3516 0.3584 0.3171 0.3378 0.2998 0.3211 0.3299
300 2.3972 2.3887 2.3854 2.3804 2.3722 2.3728 2.3611 2.3671 0.2877 0.2759 0.2760 0.2659 0.2698 0.2601 0.2642 0.2671

6 75 8.7786 7.3917 8.5135 6.3566 8.1630 5.8484 7.8967 8.0413 2.0824 1.2287 1.6898 0.7803 1.3789 0.6353 1.1791 1.2848
100 6.3576 5.9041 6.1668 5.5085 6.0037 5.2361 5.8496 5.9332 1.1873 0.9021 0.9790 0.6929 0.8492 0.5980 0.7486 0.8018
200 6.0540 5.8437 5.9603 5.6410 5.8834 5.4593 5.8022 5.8467 0.5489 0.5044 0.5025 0.4642 0.4752 0.4336 0.4471 0.4623
300 4.7909 4.7654 4.7629 4.7401 4.7434 4.7156 4.7204 4.7330 0.3169 0.3093 0.3083 0.3021 0.3030 0.2959 0.2970 0.3002

B1=0

2 75 25781 2.4219 2.5088 2.2843 2.4546 2.1883 2.4010 2.4302 0.4467 0.3166 0.3491 0.2193 0.2911 0.1772 0.2462 0.2702
100 3.4023 3.3403 3.3758 3.2807 3.3535 3.2274 3.3302 3.3430 0.2428 0.2103 0.2123 0.1816 0.1961 0.1614 0.1789 0.1882
200 2.4161 2.4023 2.4069 2.3887 2.4013 2.3757 2.3940 2.3980 0.1311 0.1253 0.1249 0.1198 0.1218 0.1151 0.1178 0.1200
300 2.2667 2.2600 2.2619 2.2533 2.2591 2.2467 2.2553 2.2574 0.0870 0.0853 0.0852 0.0835 0.0842 0.0820 0.0830 0.0837

6 75 8.2479 7.9403 8.1862 7.6465 8.1023 7.3883 8.0317 8.0705 0.8803 0.7381 0.7894 0.6195 0.7353 0.5444 0.6782 0.7091
100 5.1983 5.0077 5.1493 4.8252 5.0904 4.6644 5.0385 5.0670 0.5980 0.5291 0.5362 0.4664 0.5060 0.4187 0.4686 0.4889
200 3.8541 3.8144 3.8402 3.7752 3.8267 3.7374 3.8132 3.8206 0.1726 0.1663 0.1662 0.1601 0.1634 0.1544 0.1591 0.1614
300 4.6406 4.6173 4.6342 4.5941 4.6267 4.5713 4.6198 4.6236 0.1052 0.1035 0.1035 0.1019 0.1028 0.1003 0.1016 0.1022

B1=1

2 75 2.5475 2.4686 2.5351 2.3927 2.5147 2.3253 2.4988 2.5075 0.1578 0.1345 0.1476 0.1133 0.1382 0.0972 0.1296 0.1343
100 2.6955 2.6308 2.6869 2.5684 2.6713 2.5123 2.6595 2.6660 0.1280 0.1104 0.1198 0.0942 0.1126 0.0818 0.1058 0.1095
200 2.0196 2.0091 2.0180 1.9987 2.0153 1.9885 2.0132 2.0144 0.0499 0.0478 0.0490 0.0458 0.0482 0.0439 0.0474 0.0478
300 2.3524 2.3453 2.3514 2.3383 2.3498 2.3313 2.3485 2.3492 0.0365 0.0354 0.0360 0.0344 0.0356 0.0334 0.0352 0.0354

6 75 8.0775 7.8114 8.0650 7.5573 8.0280 7.3356 8.0036 8.0170 0.3448 0.3131 0.3257 0.2837 0.3124 0.2603 0.2982 0.3060
100 8.2781 7.9770 8.2600 7.6855 8.2128 7.4207 8.1805 8.1983 0.2696 0.2501 0.2568 0.2316 0.2486 0.2157 0.2390 0.2442
200 5.3931 5.3683 5.3921 5.3437 5.3888 5.3194 5.3867 5.3879 0.0659 0.0647 0.0651 0.0635 0.0646 0.0623 0.0640 0.0644
300 3.4826 3.4676 3.4811 3.4526 3.4780 3.4378 3.4757 3.4770 0.0349 0.0346 0.0347 0.0342 0.0345 0.0339 0.0343 0.0344
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Table A6. AMSE of different estimators when 7 =10% and p = 0.99.
Non-Robust Estimators Robust Estimators
p n PML PRR PL PKL.1 PKL.2 PMKL.1 PMKL.2 PMKL.3 RPML RPRR RPL RPKL.1 RPKL.2 RPMKL.1 RPMKL.2 RPMKL.3
B1=—1

2 75 7.6983 2.7794 6.5951 4.2084 4.5580 2.5064 3.9256 4.2663 6.9211 0.6871 4.2272 5.6295 0.9199 0.5899 0.6382 0.7954
100 4.3229 2.7826 3.9236 2.3063 3.4104 2.2172 3.1490 3.2879 1.7406 0.3845 1.0938 0.4547 0.5418 0.2652 0.4087 0.4825
200 4.6199 3.2958 4.2886 2.6769 3.8690 2.5881 3.6292 3.7569 1.5089 0.4168 0.9975 0.3099 0.5630 0.2296 0.4303 0.5022
300 2.5914 2.2930 2.4496 2.0744 2.3270 1.9817 2.2385 2.2855 0.8450 0.4257 0.6006 0.2222 0.4356 0.1984 0.3536 0.3971

6 75 17.8758 5.4743 16.2241 6.2223 12.1308 3.4949 10.4488 11.3519 9.6092 1.0961 6.9501 3.7993 3.1357 0.5142 2.2387 2.7283
100 30.9101 9.9383 29.8493 4.4672 25.7472 3.0131 23.6760 24.7998 8.3612 1.3260 6.2391 1.8421 3.3919 0.3936 2.4744 2.9681
200 7.8012 6.1385 7.4009 4.9089 6.9229 4.3489 6.5624 6.7572 2.2209 1.3036 1.6985 0.7118 1.3379 0.5087 1.0812 1.2171
300 19.4374 12.9020 19.1773 8.2888 18.3326 6.5513 17.8176 18.0994 1.5589 1.1003 1.2336 0.7473 1.0387 0.5783 0.8733 0.9616

B1=0

2 75 5.5753 3.3358 5.2472 2.4257 4.6740 2.2674 4.3441 4.5219 1.4670 0.3390 0.9263 0.2141 0.4875 0.1159 0.3461 0.4225
100 6.2799 3.7634 5.9554 2.6836 5.3436 2.5355 4.9898 5.1808 1.1138 0.3057 0.6889 0.1134 0.3770 0.0782 0.2639 0.3248
200 3.4328 2.7999 3.2704 2.3457 3.0916 2.1684 2.9572 3.0298 0.7277 0.3324 0.4826 0.1240 0.3288 0.0895 0.2446 0.2892
300 2.9434 2.8158 2.8904 2.6999 2.8464 2.6125 2.8032 2.8268 0.2995 0.2283 0.2364 0.1696 0.2037 0.1366 0.1730 0.1894

6 75 19.9384 13.9564 19.6483 10.1563 18.7188 8.9046 18.1655 18.4679 2.9218 1.1515 2.2673 0.6577 1.6813 0.3661 1.3663 1.5343
100 25.2893 17.1104 25.0190 11.3518 24.0558 9.0782 23.4773 23.7941 2.0787 1.2655 1.6641 0.7496 1.3674 0.5643 1.1556 1.2688
200 12.7306 11.0780 12.5925 9.6043 12.2904 8.5403 12.0804 12.1956 0.9712 0.7804 0.8150 0.6174 0.7356 0.5126 0.6496 0.6960
300 6.4412 6.0621 6.3591 5.7088 6.2493 5.4212 6.1585 6.2082 0.7052 0.5906 0.5940 0.4882 0.5425 0.4148 0.4807 0.5141

B1=1

2 75 4.9323 3.7959 4.8396 2.9747 4.6181 2.6396 4.4770 4.5540 0.4141 0.2352 0.3335 0.1112 0.2554 0.0713 0.2057 0.2325
100 4.2485 3.4853 4.1805 2.8835 4.0329 2.5785 3.9343 3.9882 0.3903 0.2242 0.3181 0.1078 0.2461 0.0688 0.1998 0.2247
200 3.1450 2.9440 3.1207 2.7617 3.0744 2.6251 3.0410 3.0593 0.2124 0.1584 0.1880 0.1131 0.1651 0.0865 0.1466 0.1566
300 2.8173 2.7504 2.8089 2.6864 2.7931 2.6308 2.7813 2.7877 0.1114 0.0967 0.1048 0.0832 0.0989 0.0728 0.0933 0.0963

6 75 33.1927 27.2297 33.1204 22.4099 32.7336 19.6590 32.5085 32.6323 1.4230 0.9664 1.2587 0.6317 1.1145 0.4815 1.0027 1.0632
100 15.6867 13.0540 15.5832 10.7895 15.2426 9.3298 15.0286 15.1461 0.8285 0.6600 0.7379 0.5144 0.6681 0.4192 0.6040 0.6388
200 14.6044 13.9161 14.5745 13.2549 14.4838 12.6678 14.4242 14.4570 0.2346 0.2194 0.2249 0.2049 0.2186 0.1920 0.2112 0.2152
300 10.0555 9.8791 10.0494 9.7061 10.0290 9.5432 10.0158 10.0230 0.1360 0.1310 0.1329 0.1261 0.1309 0.1215 0.1284 0.1298
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Table A7. AMSE of different estimators when 7 =20% and p = 0.90.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 42811 42152 4.2269 4.1550 4.1848 4.1073 4.1432 4.1658 15777 1.1351 1.3947 0.9430 1.2395 0.9152 1.1629 1.2030
100 3.6474 3.6154 3.6129 3.5850 3.5813 3.5587 3.5525 3.5681 1.2085 1.0481 1.1126 0.9365 1.0470 0.8952 1.0057 1.0272
200 4.8739 4.8636 4.8626 4.8533 4.8559 4.8431 4.8471 4.8520 0.7430 0.7349 0.7343 0.7275 0.7286 0.7220 0.7247 0.7267
300 4.1308 4.1266 4.1251 4.1224 4.1199 41182 41145 41175 0.7172 0.7168 0.7172 0.7166 0.7186 0.7165 0.7205 0.7194

6 75 119761  11.8639  11.9647 117544 119414  11.6521  11.9243 119337  1.9450 1.7390 1.8645 1.5778 1.7979 1.4826 1.7393 1.7708
100 9.4021 9.3403 9.3917 9.2795 9.3754 9.2213 9.3623 9.3695 1.6099 1.5104 1.5518 1.4272 1.5069 1.3709 1.4656 1.4878
200 7.0164 6.9899 7.0040 6.9636 6.9941 6.9379 6.9830 6.9891 0.7382 0.7274 0.7259 0.7172 0.7170 0.7081 0.7079 0.7128
300 6.5249 6.5112 6.5181 6.4976 6.5128 6.4841 6.5068 6.5101 0.6546 0.6533 0.6529 0.6520 0.6515 0.6509 0.6501 0.6509

B1=0

2 75 3.9084 3.8727 3.8969 3.8375 3.8849 3.8036 3.8734 3.8797 0.3923 0.3741 0.3753 0.3569 0.3666 0.3425 0.3555 0.3616
100 4.2398 42123 4.2339 4.1850 4.2259 4.1586 42191 42229 0.3862 0.3711 0.3713 0.3567 0.3638 0.3446 0.3541 0.3594
200 4.2903 4.2788 4.2880 4.2673 4.2848 4.2559 4.2820 4.2835 0.2921 0.2893 0.2892 0.2866 0.2878 0.2840 0.2858 0.2869
300 3.9659 3.9590 3.9644 3.9520 3.9624 3.9451 3.9607 3.9616 0.2726 0.2712 0.2711 0.2699 0.2704 0.2686 0.2694 0.2700

6 75 6.9747 6.8894 6.9671 6.8055 6.9505 6.7259 6.9385 6.9451 1.7863 1.6435 1.7121 1.5114 1.6611 1.4051 1.6041 1.6352
100 6.0737 6.0142 6.0663 5.9555 6.0528 5.8988 6.0425 6.0482 0.7269 0.6967 0.6985 0.6678 0.6844 0.6423 0.6651 0.6756
200 4.9827 4.9663 4.9804 4.9499 4.9766 4.9337 4.9735 4.9752 0.2703 0.2682 0.2681 0.2661 0.2671 0.2641 0.2656 0.2664
300 9.5978 9.5800 9.5969 9.5623 9.5943 9.5447 9.5926 9.5935 0.2053 0.2045 0.2044 0.2036 0.2040 0.2028 0.2034 0.2038

B1=1

2 75 3.7759 3.7493 3.7743 3.7227 3.7702 3.6965 3.7673 3.7689 0.1495 0.1430 0.1462 0.1366 0.1437 0.1306 0.1409 0.1424
100 3.1071 3.0877 3.1056 3.0685 3.1022 3.0496 3.0997 3.1011 0.1947 0.1834 0.1911 0.1724 0.1871 0.1627 0.1835 0.1855
200 3.6246 3.6155 3.6240 3.6063 3.6225 3.5973 3.6215 3.6220 0.1054 0.1035 0.1046 0.1016 0.1038 0.0997 0.1031 0.1035
300 4.0732 4.0668 4.0728 4.0605 4.0718 4.0542 40711 40715 0.0923 0.0912 0.0919 0.0901 0.0914 0.0891 0.0910 0.0912

6 75 8.5310 8.4687 8.5294 8.4069 8.5231 8.3468 8.5192 8.5214 0.6294 0.6068 0.6192 0.5849 0.6115 0.5648 0.6029 0.6076
100 9.3580 9.3198 9.3572 9.2817 9.3539 9.2441 9.3518 9.3529 0.4154 0.4049 0.4090 0.3946 0.4048 0.3848 0.3996 0.4024
200 7.7307 7.7142 7.7302 7.6977 7.7286 7.6813 7.7276 7.7281 0.1410 0.1392 0.1398 0.1374 0.1391 0.1357 0.1381 0.1387
300 5.8651 5.8569 5.8648 5.8486 5.8638 5.8404 5.8632 5.8635 0.0689 0.0685 0.0686 0.0680 0.0684 0.0676 0.0682 0.0683
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Table A8. AMSE of different estimators when 7 =20% and p = 0.95.

Non-Robust Estimators

Robust Estimators

p n PML PRR PL PKL.1 PKL2 PMKL1 PMKL2 PMKL3 RPML RPRR RPL RPKL1 RPKL2 RPMKL1 RPMKL2 RPMKL.3
B1=—1

2 75 4.7600 4.4950 4.6341 4.2936 45278 4.1895 4.4398 4.4870 2.4622 1.1336 2.0155 1.0328 1.5290 0.8965 1.3477 1.4451
100 3.9945 3.8575 3.9059 3.7424 3.8340 3.6696 3.7725 3.8055 1.7513 1.1295 1.4869 0.8688 1.2596 0.8417 1.1482 1.2069
200 4.1293 4.1104 4.1081 4.0919 4.0911 4.0749 4.0735 4.0831 0.9183 0.8506 0.8623 0.7935 0.8225 0.7589 0.7934 0.8088
300 44117 4.4024 4.4001 43931 4.3910 4.3843 43811 4.3865 0.8111 0.7927 0.7915 0.7760 0.7762 0.7635 0.7653 0.7710

6 75 15.8352 142632 156967  12.8762 154018  11.8915 151954 153085  4.5094 2.8839 4.0424 1.9197 3.5358 1.5812 3.1921 3.3762
100 9.3047 9.0463 9.2266 8.7990 9.1461 8.5807 9.0700 9.1117 2.3672 2.0308 2.1942 1.7475 2.0613 1.5663 1.9398 2.0053
200 9.9485 9.8540 9.9277 9.7614 9.8997 9.6740 9.8757 9.8889 1.2990 1.2189 1.2271 1.1454 1.1761 1.0876 1.1260 1.1531
300 7.4891 7.4515 7.4711 7.4143 7.4568 7.3781 7.4409 7.4497 0.9795 0.9669 0.9640 0.9547 0.9519 0.9435 0.9397 0.9464

B1=0

2 75 4.3483 4.2668 4.3298 41894 4.3050 41225 4.2843 4.2957 0.6594 0.5545 0.5894 0.4669 0.5472 0.4148 0.5062 0.5283
100 5.0517 4.9934 5.0395 4.9370 5.0226 4.8858 5.0084 5.0162 0.5562 0.4812 0.4982 0.4168 0.4660 0.3756 0.4328 0.4507
200 4.1082 4.0891 4.1032 4.0703 4.0972 4.0524 4.0918 4.0948 0.3477 0.3344 0.3341 0.3218 0.3275 0.3112 0.3189 0.3236
300 4.9098 4.8996 4.9082 4.8894 4.9055 4.8793 4.9034 4.9046 0.2687 0.2656 0.2655 0.2626 0.2640 0.2597 0.2618 0.2630

6 75 131473 129369  13.1402 127339 131158 125513 131002  13.1088  2.7049 2.2216 2.6016 1.8759 25123 1.6813 2.4261 2.4731
100 11.6828 115088  11.6756  11.3410  11.6529  11.1905  11.6381  11.6462  1.2241 1.0895 1.1433 0.9680 1.0939 0.8776 1.0383 1.0686
200 9.5354 9.4580 9.5291 9.3813 9.5148 9.3069 9.5046 9.5102 0.4676 0.4570 0.4567 0.4465 0.4518 0.4366 0.4442 0.4483
300 7.2326 7.2071 7.2303 7.1817 7.2252 7.1567 7.2216 7.2236 0.3417 0.3371 0.3370 0.3326 0.3348 0.3282 0.3314 0.3333

B1=1

2 75 3.5202 3.4757 3.5170 3.4321 3.5092 3.3910 3.5038 3.5068 0.2255 0.2063 0.2169 0.1881 0.2094 0.1727 0.2019 0.2060
100 4.2360 4.2033 42341 4.1710 4.2292 4.1399 4.2258 4.2276 0.2063 0.1927 0.1995 0.1797 0.1940 0.1682 0.1883 0.1914
200 4.0112 3.9965 4.0103 3.9819 4.0080 3.9676 4.0064 4.0072 0.1453 0.1402 0.1432 0.1351 0.1413 0.1305 0.1393 0.1404
300 3.6987 3.6917 3.6982 3.6847 3.6970 3.6778 3.6962 3.6967 0.1103 0.1084 0.1094 0.1065 0.1087 0.1047 0.1080 0.1084

6 75 8.7521 8.5429 8.7456 8.3411 8.7224 8.1601 8.7078 8.7158 1.9775 1.5545 1.9041 1.2453 1.8251 1.0817 1.7574 1.7944
100 7.9852 7.8788 7.9818 7.7743 7.9698 7.6756 7.9622 7.9664 0.5264 0.5006 0.5110 0.4757 0.5004 0.4531 0.4882 0.4949
200 6.8966 6.8638 6.8953 6.8312 6.8914 6.7990 6.8888 6.8902 0.1741 0.1725 0.1730 0.1708 0.1723 0.1692 0.1714 0.1719
300 6.8789 6.8641 6.8785 6.8493 6.8768 6.8346 6.8758 6.8764 0.0924 0.0917 0.0919 0.0910 0.0916 0.0903 0.0912 0.0914
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Table A9. AMSE of different estimators when 7 =20% and p = 0.99.
Non-Robust Estimators Robust Estimators
p n PML PRR PL PKL.1 PKL.2 PMKL.1 PMKL.2 PMKL.3 RPML RPRR RPL RPKL.1 RPKL.2 RPMKL.1 RPMKL.2 RPMKL.3
B1=—1

2 75 8.2256 4.5239 7.4637 4.7939 6.1482 4.0340 5.6287 5.9065 9.6714 1.0014 7.1708 7.5424 2.4720 0.8927 1.8154 2.1930
100 6.3867 4.0095 5.7921 3.7622 4.9507 3.5104 4.5881 4.7811 5.9421 0.9001 4.3733 3.7132 1.9181 0.8936 1.4715 1.7250
200 4.9827 4.5520 4.8073 4.2494 4.6503 4.1339 4.5354 4.5968 2.2739 0.9270 1.7488 0.7129 1.2302 0.6307 1.0344 1.1388
300 4.2691 4.0711 4.1582 3.9128 4.0661 3.8284 3.9940 4.0325 1.6416 0.9744 1.3242 0.6983 1.0622 0.6690 0.9398 1.0042

6 75 23.4522 14.0226 22.7194 10.4698 20.6796 9.5688 19.5589 20.1665 15.3713 2.2675 13.2129 6.2161 8.5896 1.1221 7.0071 7.8596
100 20.9071 12.1156 20.2108 8.5468 18.3749 7.6725 17.3405 17.9015 14.9886 2.5761 13.1327 3.9930 8.8957 1.0292 7.2259 8.1218
200 13.3872 10.3492 13.0478 8.0855 12.4323 7.0585 12.0113 12.2405 4.7162 2.3540 3.9190 1.1830 3.0868 0.9309 2.6083 2.8626
300 12.6973 11.6510 12.5282 10.7154 12.2676 10.0420 12.0676 12.1770 2.5631 1.9641 2.2348 1.4880 1.9864 1.2389 1.7791 1.8899

B1=0

2 75 6.3345 5.4254 6.2082 4.7938 5.9754 4.5631 5.8245 5.9065 1.4397 0.6212 1.1090 0.3030 0.8141 0.2579 0.6623 0.7431
100 5.3272 4.7492 5.2243 4.3130 5.0595 4.1183 4.9468 5.0081 1.2861 0.6264 0.9760 0.3171 0.7348 0.2711 0.6019 0.6725
200 5.7303 5.5492 5.7049 5.3865 5.6588 5.2681 5.6253 5.6437 0.8218 0.5881 0.6807 0.4193 0.5895 0.3532 0.5179 0.5561
300 4.2193 4.1240 4.1935 4.0362 4.1621 3.9673 4.1357 4.1502 0.6632 0.5241 0.5618 0.4121 0.5043 0.3529 0.4510 0.4796

6 75 17.2258 10.0177 16.6082 6.2957 15.0366 5.4328 14.1336 14.6238 13.0179 2.2961 11.2937 3.3488 7.7460 0.6167 6.3708 7.1103
100 24.1181 19.0853 23.9625 15.0367 23.4112 12.7783 23.0740 23.2590 6.1646 3.4790 5.6738 2.2571 4.9396 1.8599 4.5242 4.7479
200 16.9612 16.2111 16.9280 15.5013 16.8258 14.8985 16.7592 16.7958 1.3386 1.1783 1.2242 1.0321 1.1597 0.9201 1.0843 1.1252
300 10.1440 9.7122 10.1095 9.3090 10.0269 8.9802 9.9701 10.0013 1.3752 1.1803 1.2202 1.0058 1.1377 0.8793 1.0423 1.0940

B1=1

2 75 6.2201 4.3197 6.0989 3.2088 5.7411 2.9611 5.5326 5.6463 1.7794 0.4542 1.3864 0.1698 0.8624 0.1026 0.6519 0.7650
100 5.7088 5.3243 5.6864 4.9868 5.6238 4.7575 5.5830 5.6054 0.5920 0.3872 0.5235 0.2355 0.4444 0.1736 0.3900 0.4194
200 5.7302 5.5733 5.7229 5.4274 5.7004 5.3102 5.6858 5.6939 0.3718 0.3010 0.3404 0.2397 0.3112 0.2000 0.2863 0.2999
300 5.0166 49712 5.0143 4.9273 5.0076 4.8874 5.0032 5.0056 0.1929 0.1778 0.1859 0.1637 0.1798 0.1520 0.1738 0.1771

6 75 39.8806 34.2196 39.8184 29.3812 39.4801 26.1974 39.2827 39.3913 2.9709 2.2537 2.8184 1.7068 2.6438 1.4275 2.5056 2.5807
100 24.4446 22.7553 24.4089 21.1706 24.2585 19.8582 24.1665 24.2171 1.7611 1.4258 1.6420 1.1440 1.5330 0.9669 1.4366 1.4890
200 11.9006 11.2627 11.8796 10.6617 11.8049 10.1589 11.7577 11.7836 0.9173 0.8057 0.8547 0.7035 0.8087 0.6246 0.7615 0.7872
300 12.2014 11.9531 12.1946 11.7105 12.1692 11.4840 12.1532 12.1620 0.4140 0.3936 0.4015 0.3738 0.3931 0.3558 0.3832 0.3886
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