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Abstract: The present paper deals with a new differential operator denoted by Fonbemp , whose

i
certain properties are deduced by using well-known earlier studies regarding differefﬁial inequalities
and the Caratheodory function. The new introduced operator is defined by making use of a linear
combination of the binomial series and confluent hypergeometric function. In addition, by using
special values of the parameters, we establish certain results concretized in specific corollaries, which
provide useful inequalities. Studying these properties by using various types of operators is a

technique that is widely used.
Keywords: p-valent; confluent hypergeometric function; binomial series
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1. Introduction, Definition, and Preliminaries

When L. de Branges employed hypergeometric functions in the proof of the famous
Bieberbach conjecture [1], interest in the study of hypergeometric functions and their con-
nection to the theory of univalent functions resurfaced. Recently, the Confluent (Kummer)
hypergeometric function was studied from numerous angles. An analytical study on
Mittag-Leffler confluent hypergeometric functions was made in [2] using a fractional inte-
gral operator. Conditions related to univalence of the Confluent (Kummer) hypergeometric
function were established in [3] and its applications on certain classes of univalent functions
are shown in [4]. These operators have been shown to be particularly beneficial in a wide
range of applicability by modeling various phenomena and processes.

In order to develop the present study, the usual definitions are used.

Let A, denote the class of functions of the form:

F@ =+ ¥ adf (peN={12...},C€cn), (1)
k=p+1
which are analytic and p-valent in the unit disc A = { : |{| < 1} and let the function

Q € A be given by:

Q) ="+ Y. wit ceA @)

k=p+1
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The Hadamard (or convolution) product of F and () is defined by:
(FxQ)(Q):=0"+ Y, amplt, ¢en
k=p+1

The confluent hypergeometric function of the first kind is given by the power series

b, b+
T2

= i(i)klgk, (beC,ceC\{0,—-1,-2,...}),
k

F(b;c; Q)

I
—_
+
~

where (b), is the Pochhammer symbol defined in terms of the Gamma function by

b 7Iﬂ(b+k)7 1, if k=0,
(D) = r(b) _{ b(b+1)...(b+k—1), if keN={1,2,...},

which is convergent for all finite values of  (see [5]). It can be written otherwise as:
> b
F(b;c;m) = Z %mk, (beC,ceC\{0,-1,-2,...}),

which is convergent for b, c,m > 0.
Very recently, Porwal and Kumar [4] (see also [6-8]) introduced the confluent hyperge-
ometric distribution (CHD) whose probability mass function is

R )P S _
P(k) - (C)k k'F(b,C,m)m ’ (b;C,m >0, k—O,l,Z,)

We introduce a series 7, (b; c; m; CP) whose coefficients are probabilities of the confluent
hypergeometric distribution

0 b k—p
Ty(b;;m ) =¢P + Y. (D) pm

K (b, o), .
k1 (Oi—p (k= P)!l‘"(b;cnn)g (b,c,m > 0) (3)

and defined a linear operator Q?j“m]—' : Ap — Ay as follows

QYmF(G) = Ip(bic;mlP)* F(Q)

(b)y— m*
AN Oy (k- s <cm

k= p+1

)ak @k, (b,c,m > 0).
Making use of the binomial series,

(1-6)t = i( f )(—1)1‘51‘ (te N).

i=0

For F € A,, we introduced the linear differential operator as follows:

Dy F(0) = QT F (D),
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DI () = DYFF@E) = [1- (1-0)'| QT F(©) + S - 0) (QFF) (@)
(b)k—pmkip

= P+ k—oz;:+1 [1 + (% - 1>Ct(5)} [(C)kp (kP)!F(b;C;m)]ak ¢

o,n,b,c, _ d,b;c; on—1,b,.c,
DY) = Dy (D (D)

= [1-a-o Dy F @) + S - o) (D F(Q))

— v T k_1\tn]" (B)g—pm* " k

SN 1+ (5 -1)eo)] Lc)k,, GG | % &

= '+ ¥ P 5,

k=p+1
(6>0;,bc,m>0;teN; neNy=NU{0}),
where L .
" (b),_,mk=P
Yr = [1 + <P — 1) Ct(é)] |:(C)kp (llzpp)!lf(h;c;m)]’

and

From (4), we obtain that

¢(0) ¢ (DY F(Q)) = pDyt TP (Q) — p[1 - ()] DY F ().

Definition 1. We define a function Fombemp

ot as follows

on,b,cm, 1,b,c, , b,
Fp,? CMﬁ(g) — (1 _ ,B)Df;,?bcm]:(g) +[3Dif+lbcm}-(§)

(Fe Ay pteN,neNy é6>0; bc,m>0andpeC).

Remark 1. Putting n = 0 in Definition 1, we define a function EZ’C’m’ﬁ as follows

ESP@) = (- pQFTE@) + B QM F ()
(Fe Ay peN; bc,m>0andpeC).

2. Main Results

Unless otherwise mentioned, we assume throughout this paper that:
p,teN;neNy 6 >0, bc,m>0and € C.
In order to prove our main results, we recall here the following lemma.

4)

©)

(6)

@)

®)

©)

Lemma 1 ([9,10]). Let ®(u,v) be a complex valued function, ® : D — C,D C Cx C (C
is the complex plane) and let u = uq + iup, v = vy + ivy. Suppose that ®(u,v) satisfies the

following conditions:

(i) ®(u,v) is continuous in D;
(ii) (1,0) € D and R{P(1,0)} > 0;
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(1 —i—u%)
2

Let (Z) = 1+ 10 + q20% + . .. be reqular in the unit disc A such that (q(¢),q ({)) € D
forall € A If

(iti) R{P(iuy, v1)} < 0forall (iuy,v1) € D and such that v; < —

R{@(4(0),64(©))} >0 (G e ),

then
R{g(0)} >0 (C€A).

Applying Lemma 1, we derive the following theorem.

Theorem 2. Let a function Fo""“"F be defined by (8) and F € A,. If

pt
F&,n,b,c,m,ﬁ
%{’”gp(g)} >a (0<a<1; R(B)>0),
then .
Dy " F(() 2pa + ¢t (6)R(B)
p.t P
%{ g } " apraomip Y
where c*(6) is given by (6).
Proof. Defining the function g(g) by
'D5 n,b c,mf g
”'tép() =7+ (1-7)3q(0) (10)
with
_ 2pa+c'(O)R(P)

~ 2p+ct(O)R(B) ]

we see that §({) = 1+ q1{ + 2% + ... is regular in the unit disc A. Then by using (7),
we have

F&,n,b,r,m,ﬁ (g) Dé,n,h,c,m}-(g) ,D(S,n+1,h,c,m}—(g)
p'tgip (1-p)—* g + B2 v

= 7+ (1= +E20 -1 ©.
It follows from (10) and (11) that

o,n,b,c,m,p
§R{Fp,t o (8] - 0(}
(12)

= R{y—a+(1-190) + B2 -1 Q) >0

(11)

Let ,
@(u,v):'yoc+(1fy)u+56;5)(1fy)v (13)

with g({) = u = uy +iup and {q' () = v = v +i vy. Then

(i) ®(u,v) is continuous in D = C?;

(i) (1,0) € Dand R{P(1,0)} =1 —a > 0;
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2
(iii) for all (iup,v1) € D such thatv; < — ( —ZuZ)I
. EHSY (1 —
R{D(iug,v1)} = v—a+ C()(p’Y)Ul%(ﬁ)

()1 = 7)1+ uj)
2p

< y—a-— R(B) <0.

Therefore, the function ®(u,v) satisfies the conditions in Lemma 1. Thus, we have

R{q(0)} > 0 (¢ € A), that s,

" Dimbon (g) o 2pa + ¢t (5)R(B)
gr 2p+cf(O)R(B)
This completes the proof of Theorem 2. [

Putting n = 0 in Theorem 2, we obtain the following corollary:

Corollary 1. Let a function EZ’C’m”S be defined by (9) and F € A,. If

b,c,m,B
?R{E"gp(g)} >a (0<a<1; R(B)>0),
then

(€ e€).

QF™MF(E) |  2pa+ R(B)
%{ gr }>2P+%(ﬁ)

Theorem 3. Let a function F;j:f bemp pe defined by (8) and F € A,. If

F&,n,b,c,m,ﬁ
%{pjépQD}<a(w>L%@)zm,

then

(Cen),

ol Do F@) | 2pa - @)R(p)
gr 2p + ¢t (O)R(B)
where c*(6) is given by (6).
Proof. Defining the function g(g) by

,D(S,n,b,c,m F
r T -

with
y - 2pa + ¢t (5)R(B)
2p + ¢t (O)R(B)

Then we oserve that q({) = 1+ g1{ + 20> + . .. is regular in the unit disc A, and

o,n,b,c,m,p
%{D{ B Fp,t o (Z;)}
(14)

= 5}%{04—7— (1-74q0) - E2a —7)&1'(6)} > 0.

> 1.



Axioms 2022, 11, 631

6 of 10

Let

B, as)

P(u,0) =a—y—(1—7)u—
with q(z) = u = uy + iup and g ({) = v = vy + ivy. Then it follows from (15) that
(i) @(u,v) is continuous in D = C?;

(i) (1,0) € Dand R{®(1,0)} =a—1>0;

1452
(iii) forall (iuz,v1) € D such that vy < _%'

F{D(iup,v1)} = a—’y—ct(é)vll(jl_v)%(ﬁ)

O -7 +u3)
2p

< a—7+ (B) <O0.

Therefore, the function ®(u,v) satisfies the conditions in Lemma 1. Thus, we have

R{q(0)} > 0(f € A), that s,

,Dé,;z,b,c,m]:(o Zptx + Ct(fs)%(ﬁ)

This completes the proof of Theorem 3. [J

Putting n = 0 in Theorem 3, we obtain the following corollary:

Corollary 2. Let a function EZ’C’m’ﬁ be defined by (9) and F € Ay. If
b,c,m,B
E
then

(C €.

QY F()| _ 2pa+R(B)
%{ G }<2P+§R(ﬁ)

Theorem 4. Let a function F;f,’f PP be defined by (8) and F € A,. I

F&,n,b,c,m,ﬁ '
R M >a (0<a<1; RB) > 0),

pgrt
then )
D&,n,b,c,m F
o pt (©) L 2pat ct(6)R(B) (Cen
pgrt 2p +ct(O)R(P) ’
where c*(6) is given by (6).
CF ), . |
Proof. Replace F({) by p in the proof of Theorem 2, we define the function () by

Dé,?,b,c,m (g]—‘,(é) )
P,

p
zr

=7+ 1 =7)4(0), (16)
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is equivalent to
!/

| (D3 F )
p g1

=7+ 1 =74(0), (17)

with
‘ ~ 2pa+ct(6)R(B)
C 2p+ct(O)R(B)

we see that q({) = 14 g1 + 2% + . .. is regular in the unit disc A. Then by using (7) and

replace F({) by é]:p(é) , we have

(BP@) g (P r@)
T T o

é <Dt;,;l+l,b,c,m]_-(§))
e (18)
t ’
=7+ (1 -9 + 201 - 129 ).
It follows from (17) and (18) that

Fb;/,n,b,c,m,ﬁ ((.) !
§R ( ; tpép—l > -
(19)

= Rfr—at+ (1= + 520 -1 @)} > 0.

Let

Pu,v)=y—a+1—yu-+

B®) 4 vy
) (1—1)

with q(¢) = u = u; +iup and g () = v = v1 + i v5. Then
(i) ®(u,v) is continuous in D = C?;
(i) (1,0) € Dand R{®(1,0)} =1—a > 0;

(1+u3)

(iii) for all (iup,v1) € D such that vy < — 5

Ri{®(iug, 01)} = v—a+ B)

c(6)(1 =) (1 +u3)
2p

c(0) (1= 7)o gy
P

< y—a-— R(B) <O0.

Therefore, the function ®(u,v) satisfies the conditions in Lemma 1. Thus, we have
R{q(0)} > 0(¢ € A), thatis,

. (Diir;,brc'mjf(g)) . _ 2t OR(B)
5 1 7= 2p I O)R(B)

R

This completes the proof of Theorem 4. []

Putting n = 0 in Theorem 4, we obtain the following corollary:
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Corollary 3. Let a function E,l;’c’m’ﬁ be defined by (9) and F € A,. If
b, o !
(Epcmﬁ(§)> 0 < L R(B) > 0
W >a (0<a<1; R(B)>0),
then )
bic;
(@ F@) | aparnp)
pgrt 2p +R(p) ’
Using the same technique as in the proof of Theorem 3 (or putting C};@ instead of
F({) in Theorem 3, respectively), we obtain the following result.
Theorem 5. Let a function F;;’f bemp pe defined by (8) and F € A,. If
d,m,b,c,m,B '
(F ©)
pt _
iy T < (lX>1, %(ﬁ)z()),
then )
IDé,ﬂ,b,C,mF(g) 2 ¢
P F@) | e come (o

pr! 2p +cH(O)R(B)
where ¢t (8) is given by (6).

Proof. From (16) and (17), we have

FJ,n,b,c,m,,B (C) !
% ® — ( Pt pgp—l )
(20)

= Rla—r-1-190) - B2 -0 @)} >0,

Let

Qo) =a—7—(1-7)u- - 7)o, (21)

t

p
with g(z) = u = uy + iup and g ({) = v = vy + ivy. Then it follows from (21) that
(i) @(u,v) is continuous in D = C?;
(i) (1,0) € Dand R{®(1,0)} =a—1>0;

1 2
(iii) forall (iuz,v1) € D such that vy < - +2u2)’

R{D(iug,v1)} = a—’y—ct(é)vll(jl_v)%(ﬁ)
@)= +u)

< a—7+ 2p

(B) <0.
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References

Therefore, the function ®(u,v) satisfies the conditions in Lemma 1. Thus, we have
R{q(0)} > 0(g € A), thatis,

o B@) | oo
o 2p I ORB)

This completes the proof of Theorem 5. []

Putting n = 0 in Theorem 5, we obtain the following corollary:

Corollary 4. Let a function Eg’c’m’ﬁ be defined by (9) and F € A,. If

!/

(" 0)

o7 <a (a>1, R(B)>0),

then

!

(@ 7@) | _2putmp)

pgp1 2p +R(B) (Cen)

3. Conclusions

In the present paper, we mainly obtain some properties of p-valent functions F(s’f bemp

involving the combination binomial series and confluent hypergeometric function in the
open unit disc. Several consequences of the results are also pointed out as corollaries. Many
interesting outcomes of the study conducted using the theories of differential subordina-
tion and superordination are due to the use of operators. We intend to work further by
generalizing these results using fractional operators.

Author Contributions: Conceptualization, S.M.E.-D.; Methodology, S.M.E.-D. and A.C.; Formal
analysis, S.ML.E.-D. and A.C.; Investigation, S.M.E.-D. and A.C.; Project administration, S.M.E.-D. and
A.C,; Validation, SM.E.-D. and A.C.; Writing—original draft, S.M.E.-D.; Writing—review & editing,
S.M.E.-D. and A.C. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Branges, L.D. A proof of the Bieberbach conjecture. Acta Math. 1985, 154, 137-152. [CrossRef]
2. Ghanim, F; Al-Janaby, H.F. An analytical study on Mittag-Leffler confluent hypergeometric functions with fractional integral
operator. Math. Methods Appl. Sci. 2020, 44, 3605-3614. [CrossRef]

@

Oros, G.I. New Conditions for Univalence of Confluent Hypergeometric Function. Symmetry 2021, 13, 82. [CrossRef]

4.  Porwal, S.; Kumar, S. Confluent hypergeometric distribution and its applications on certain classes of univalent functions. Afr.
Mat. 2017, 28, 1-8. [CrossRef]

5. Rainville, E.D. Special Functions; The Macmillan Co.: New York, NY, USA, 1960.

6.  El-Deeb, S.M. On unified subclass of complex order connected with g-confluent hypergeometric distribution. Surv. Math. Appl.

2022, 16, 327-337.

7. El-Deeb, S.M.; El-Matary, B.M. Subclasses of bi-univalent functions associated with g-confluent hypergeometric distribution
based upon the Horadam polynomials. Adv. Theory Nonlinear Anal. 2021, 1, 82-93. [CrossRef]


http://doi.org/10.1007/BF02392821
http://doi.org/10.1002/mma.6966
http://doi.org/10.3390/sym13010082
http://doi.org/10.1007/s13370-016-0422-3
http://doi.org/10.31197/atnaa.768591

Axioms 2022, 11, 631 10 of 10

8. Porwal, S. Confluent hypergeometric distribution and its applications on certain classes of univalent functions of conic regions.
Kyungpook Math. J. 2018, 58, 495-505.

9. Miller, S.S.; Mocanu, PT. Second order differential inequalities in the complex plane. J. Math. Anal. Appl. 1978, 65, 289-305.
[CrossRef]

10. Miller, S.S. Differential inequalities and Caratheodory function. Bull. Am. Math. Soc. 1975, 8, 79-81. [CrossRef]


http://doi.org/10.1016/0022-247X(78)90181-6
http://doi.org/10.1090/S0002-9904-1975-13643-3

	Introduction, Definition, and Preliminaries
	Main Results
	Conclusions
	References

