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Abstract: This paper implements the trial equation approach to retrieve cubic—quartic optical solitons
in fiber Bragg gratings with the aid of the trial equation methodology. Five forms of nonlinear
refractive index structures are considered. They are the Kerr law, the parabolic law, the polynomial
law, the quadratic—cubic law, and the parabolic nonlocal law. Dark and singular soliton solutions are
recovered along with Jacobi’s elliptic functions with an appropriate modulus of ellipticity.
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1. Introduction

The dynamics of optical solitons have revolutionized modern-day telecommunication
engineering. Intercontinental long-distance communication technology has immeasurably
advanced. These soliton molecules or pulses constitute the fundamentals of the engineering
of such communications. Yet, there pressing issues still need to be addressed for smooth
and sustainable soliton propagation across long distances through optical fibers [1-5].

Occasionally, the chromatic dispersion (CD) gradually becomes depleted during
soliton transmission over intercontinental distances. This has led to the replacement
of CD with the collective effect of third-order and fourth-order dispersions. Together, this
is referred to as cubic—quartic (CQ) dispersion, which has led to the emergence of CQ
solitons [6—10]. Another countermeasure to circumvent the effect of the depletion of CD is
to introduce a grating structure along the internal walls of the fiber core, which produces
dispersive reflectivity [11-15]. This technology was first introduced by Bragg; hence, it is
referred to as a Bragg grating. The current paper combines both such measures to lead
to the structure of the governing models [16-20]. Five forms of nonlinear refractive index
structures are also studied in this paper.
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The model is modified for each of these nonlinear forms. They are individually
studied by the aid of the trial equation approach, and the soliton solutions are recovered.
The fundamental solutions in terms of Jacobi’s elliptic functions naturally emerge from the
integration scheme. Subsequently, when the limiting approach to these elliptic functions
are implemented, with respect to the modulus of ellipticity, the soliton solutions emerge.
Thus, the integration scheme is a double-layered process to yield soliton solutions from the
model. It must also be noted that only dark and singular soliton solutions emerge from this
mathematical scheme.

2. Trial Equation Method

Step 1. Consider a model equation
G(u/ Ux, Ut, Uxx, Uxt, Utt, " " * ) = 0/ (1)

where u is the dependent variable, and x and ¢ are the independent variables. Take the
wave variable

C = h(x - mt)r u(x/t) = U(C:.(), (2)

where /i and m are constants. Substituting Equation (2) into Equation (1) yields an ordinary
differential equation
Gu,u',u",---)=0. 3)

Step 2. Take the trial equation [21-28]

n .
=) s (Q), @)
i=0
where 1 comes from the balance algorithm, and we derive
(u')? = F(u) = 2 iy, ®)
i+l

n 25 < ; & j

u"" = Z i(i—1)s (Zi+11u’+1—i—s)—i—(Zisiu’*l)(Zsiu’). (6)
i=2 i=0 i=1 i=0

Inserting Equation (4) into Equation (3) leaves us with a system of equations that
enables us to obtain the values of s; and s.
Step 3. Write Equation (5) as the standard integral form

+(6—Go) = @)
Then, we can obtain the solutions to Equation (1) by solving the integral (7).
3. Application to Fiber Bragg Gratings
3.1. Kerr Law
In this case, the model is
iQt + a1 xxx + b1Fxxxx + (61|Q|2 + d1|7|2)q + i“qu + ,517’ =0, (8)
iry + iﬂquxx + bZ‘]xxxx + (C2|r|2 + d2|Q|2)7’ +inpry + ,32!1 =0, )

where t and x account for time in dimensionless form and the non-dimensional distance,
respectively, while g(x, t) and r(x,t) represent the wave profiles. aj, bj, ¢, aj, d;, and
Bj (j = 1,2) come from the third-order dispersion, fourth-order dispersion, self-phase
modulation, intermodal dispersion, cross-phase modulation, and the detuning parameters,
respectively. The first terms stand for the linear temporal evolution, and i = y/—1.
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We consider the wave profiles
q(x, 1) = Py(§)e ™,

r(x, t) = Pz(é)ei‘P(x’t),

along with
& =k(x—ot),

p(x,t) = —kx +wt + 6,

(10)

(11)

(12)
(13)

where Pj(¢)(I = 1,2) are the soliton amplitude components, and ¢ signifies the wave
variable. v, x, w, 8, and ¢(x, t) stand for the soliton velocity, the soliton frequency, the soliton

wave number, the phase constant, and the soliton phase component, respectively.

Inserting Equations (10) and (11) into Equations (8) and (9) provides us with the

ancillary equations

3xk> P (a; — 2«by) + Py(—K°a; + x*by + By) + k*0, P + d; P P? + ¢;P} + Py(ajx — w) = 0,
K*P!" (a; — 4xby) + 1°kP} (4xb; — 3a;) + kP/ (&) — v) = 0,

where [ = 3 — . Setting
Py = xPy,

Equations (14) and (15) evolve as
3xxk*(a; — 2b1k) Py + Py(—ayxx + aqgk + byxxt 4 Bix — w) 4+ bixk*P]" + P3(cy + x*d1) =0,
xk3(ay — 4byx) P + (—3ay xx® + ay + 4by xx° — v)kP] = 0,
with the usage of the following restrictions
3 _ 2
CX” + xdy = 1+ x"dy,
ap — 2byx = x(ay — 2b1x),

by = xb1,
apxk — k> + byx* + Bo— xw = —a x> + agk + byt + Bix —w.

Equation (18) provides the velocity
v = 73011)(1(2 + a1 + 4b1x1{3,
by virtue of the relations
apx — 3apk? + 4byi® = —3a1 x> + aqx + 4b1x°x3,
a; = 4bjx,
while Equation (17) reads as
AP} + A3P} 4+ APy + k2P =0,
where

3 (a1 x — 2b1xx)
Al = A> = An =

k2by x

With the usage of the balance algorithm in (23), Equation (5) becomes

2s
(P))? = ?21310’+51P12+230P1+S,

—ayxx + aqk + by xxt 4 By — w a1+ x2dq

(14)
(15)

(16)

(17)
(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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where 5
3A3 1 A1 Az 2A1 3A3 _1
= (——= )2 = —— = (——— _ ) —— 2
2= () = Ty = Cga ) (Cgre) 26)
(A A 24
 3A;3° 6k2  75Kk47
With the help of the criterions
2551 25y 1
p=(Z2)3P,& = (22)38, (27)
3 3
Equation (25) becomes
(pgl)z =P 4+ 2P+ z1p + 20, (28)
where
2 — _ﬂ(_z;% )3
27 TER2V 15K
Ay 4AT . 3A3. 1, 2A3 1
— (= V(=222 (- Z222) 76 29
a=gatoma) ) ) @9
4A;, A,  2A?
z0 = —(——2 —).
3A3° 6k 75k4
We rewrite Equation (28) as
dp
+ (61— o) = / , (30)
VE(p)
where
F(p) =p> +22p” + 21p + 20. (31)
We consider the discriminant system
273 212 Z2 z2
A= —27(—72+z0—172)2—41(~4-1—§2)~°>,D1 :zl—gz. (32)

Case1. A =0,D; < 0,and F(p) = (p — 71)*(p — 72). When p > 7, if 71 > 7, the dark
and singular solitons are

9= (- 222) (1 — 72) tanh? (VILZT2 (229000 ) ]l orrers®), )
9= 1(-223) "+ [(m — 72) ot (V=02 (L 208) 16 ) el et (3

and if 1 < 77, the singular periodic solution is

G=1(-223)"

=

[(72 =) tam’( 722 (- 12;; )68 — Z0)) + 2] el KA (35
where 1 and 7, are real numbers.

Figure 1 depicts the plot of a dark soliton (33). The parameter values chosen are y; = 2,
Yw=1,k=1,A3=—-1,a1=1,x=1,a1 =1,b; =1, and x = 2. The dark soliton is
featured as a localized intensity dip below a continuous wave background. Dark solitons
are meaningful only if the background that supports the dark solitons is modulationally
stable. Dark solitons are observed when the carrier wave is modulationally stable [29,30].
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Figure 1. Profile of a dark soliton in fiber Bragg gratings.
Case2. A =0,D; = 0,and F(p) = (p — 71)>. The solution is
2A3,_1 - i(—
7= 14((—223)HE — ) 2+ e, (36)
where 1 is a real number.
Case3. A > 0,D; < 0,and F(p) = (p—71)(p — 72)(p —7v3)- When 71 < 72 < 73,
if 1 < p < 72, the solution is
2A3,_1 V3 — 2A3.1 i(—
7= {(~J5) *In + (r2 = 1)sr? (LR (- 155)58 = o) m) el T+, (37)
15k 2 15k
and if p > 73, the solution is
g={( 2A3)_%[’Y3 —vzsnz(—'“@*ﬂ((—fﬁf’) &—2Co)m )] Kx+wt+9) (38)
— U q5R2 Nore 24
15k C1’l2<%(<—15k%) g 60) )
where 1, 72, and 73 are real numbers, and m? = %
Case4. A < 0,and F(p) = (p — 71)(p* +1p +j),I?> — 4j < 0. The solution is
2A 1 2\/7%+l71+j i
g={(- 15k32 slyi— /I +j+ AT JJeil—xrtwrto), (39)
1+ en((V+1m +j)1 (—153)8¢ — o), m)
i
here 71, I, and j I numbers, and m? = §(1 - -2tz ),
where 71, [, and j are real numbers, an 5 ( \/W)
3.2. Parabolic Law
In this case, the model evolves as
ife + i1 e + b1 + (c1|q12 + da[r2)g + (Galg* +mlalPlr? + Qalr*)g + iaage + Brr =0, (40)

irt + i2qxxx + bafuxxx + (2|7 + da|q|P)r + (Ealr[* + mala P 7[> + Colq|*)r + inars + B2g = 0. (41)
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Substituting Equations (10) and (11) into Equations (40) and (41) provides us with
the equations

3K2P (kay P} — 2k%b;) + Po(—>a, Py + x*by Py + By) + k*b, P}

+ PP (P} +¢;) + Pi(diP? + § PF + ke — w) + &P =0, (42)
P! (a; — 4xb;) + P} (4K3kbl — 3K2kal) +kP/(a; — v) = 0. (43)

Taking
P, = xPj, (44)

Equations (42) and (43) turn into

K*P} (3aq xx — 6b1 xx?) + Py(—apxx® + a1k + by xx* + Bry — w)

(45)
+ bixk* P + PP (c1 + x%d1) + PY(x*C1 + xXPm + 61) =0,
and
K2P}" (a1x — 4byxx) + P{(—3a;xk? + 4byxx® + (a1 —v)) =0, (46)
along with the constraints
o1+ x°d1 = x(cox* + da),
- a1XK3 + a1k + b])(K4 + B1x —w = apxx — K> + by + B2 — xw,
X0+ X0+ G =P (X + X+ Q). (47)
x(a1x — 2b1x%) = ayx — 2byx?,
bl)( = bz.
Equation (46) yields the velocity
v = —3ayxk? + aq + 4by x>, (48)
with the aid of the restrictions
apx — 3ayx? + 4byx® = —3111)(21{2 +ax + 4b1X2K3, 49)
a) = 4blK, (50)
while Equation (45) becomes
AP] + AgP} + A3P? + APy + k2P =0, (51)
where
3a;xk — 6by xx> —ayxx3 + ayx + by xxt + By — w
A= ———7F—""—, A= 5 ,
bix bixk (52)
_atx’h , _ Xa+xm+d
3T hykr by Xk '

With the usage of the balance procedure in (51), Equation (5) becomes

2
(P2 = %313;* n %Pf +51P% + 250y + 5, (53)
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where
A4 1
53 = (—@)2,
sp =0,
__ M Ay A
A T T )
so =0,
__As_Aay g A, A5 A Ay Ay Agyg
=) 0 Cioae tarCee) ) T eetae)
With the help of the relations
1 1
g =(2s3)3Pf, &1 = (283)3¢, (55)
Equation (53) is
(86, =8° +exg’ +erg, (56)
where
2A3 A4 _1 2A1 2A4 1
=5 Ce) 5 e 7)
A3 A4 _1 9A1 2A3 A1 A4 _1 2A5 A4 _1 2A4 _1
o= g 0 ) Usage Y ar) Y T ae e )
We rewrite Equation (56) as
dg
t@-a) = [ 2= (58)
VE(@g)
where
F(g) = 8(g* + exg +e€1). (59)
We consider the discriminant system
A =€ —4e. (60)

Case1. A = 0. For g > 0, if e < 0, we have the dark and singular solitons

2A4, 1 1 2A4.1 1
g ={(-53) F (- tanl’(5 =2 (- Z3)PE — @)} rerd), (o)

2A4, 1 1 2A4.1 1
7= {(-55) P (- Foth’ G/~ F (- 355 — )}t (e2)

if e > 0, we have the singular periodic solution

B _2A4 ~-1.€ 2 1 € _% 1. L i(—xx4wt+6).
1= (-2 H(Zan? (5| 2 (- )b — G} e )
if e = 0, we have the solution
2A4\—1
Fﬁ) ° }%ei(—Kx—O—wt-&-G). (64)

q= 1
(—3%)s¢—0)?

Figure 2 depicts the plot of a singular soliton (62). The parameter values chosen are
€y = —1,kI 1,A4 = —1,&1 = 1,KI 1,0(1 = 1,b1 = 1,and)(:2.
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15

lg(x, ) 10

5

-2

2

Figure 2. Profile of a singular soliton in fiber Bragg gratings.

Case2. A > 0,and e; = 0. For g > —ey, if o > 0, we have the dark and singular solitons

2A 1 2A ;

1= A{(-3g) 0 (Fank’ (G F (=50 — o) —e) el e, (6
2A 1 2A ;

1= A{(=5g) 0 (G ot (0 F=3)0E — &) —ea) el (o)

if e < 0, we have the singular periodic solution

1= (=) (- Lt (- 2 (- 22058 ~ o)) — @)} ()

Case 3. A > 0, and €1 # 0. Suppose that 7] < 2 < 73, one of them is zero, and the other
two are roots of g2 + €28 + €1. For 1 < g < 72, we have

7= 1228 5+ (12— s (LI (2805 — ), m) e, (e

and for g > 73, we have

Nore 24411
.- {(_%)_%[73 — ypsn2 (M 71((—@‘*)65—60),111)] L(rrrattd)  (go)
2 — 1 7
3k en? (VI (— 5 )58 — o), m)
where m? = %
Case 4. A < 0. For g > 0, we have
2A4, 1 2,/€ 1
1= A{(—5) " va — yaelomiea, o)

1+ cn(e%((—%)%ﬁ — o), m)

€

1_
2
where m? = 2‘/?1.
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3.3. Polynomial Law

In this case, the model reads as

it + ia1rxex + bireeex + (c1lq® + dalr1?) g + (EGlgl* +mlaPlr> + Calr)*)q

. (71)
+ (I4]ql® + ma|q[* > + malgP|r|* + pa|r|®)g + iragx + P17 = 0,

irt + i qxx + bafuxxx + (c2|r[* + da|q[*)r + (S2r[* + 2|7 |q]* + Colg|*)r 72)
+ (L|r|® + ma|r[*|q|? + na|r[P|q|* + p2lql®)r + inory + 2g = 0.

Putting Equations (10) and (11) into Equations (71) and (72) provides us with the
ancillary equations

3Kk2{llplll — 1(3{11131~ + k4blplf”/ — 6K2k2blpl£/ + K4blpl~ + Pl3 (TllplfL + 771Pl~2 +¢)

2 6 4 5 2 7 (73)
+ Pl(dlpl‘ + PIPZ + é,PZ +xu; —w) + P (mlpl~ +¢1) + B+ 1P =0,
kP! (a; — 4xb;) + kP}(4x°b; — 3x%a;) + kP (2 — v) = 0. (74)
Setting
P, = xh, (75)
Equations (73) and (74) becomes
xXk?P{'(3ayx — 6b1x%) + Py (—ajxx® + ayx + by + Bix — w) + by xk*Py" 76)
+ Py (c1+ xPd) + P] (h + xmy + x*ny + x%p1) + PY (X0 + XPm +81) =0,
2Py (a1 — 4byxx) + Pj(—3a1xx* + 4b x> + (v — 0)) =0, (77)
together with the conditions
o1+ x’dy = x(cx* + da),
b+ xmy 4 xtn + x0p1 = x(X° + xtma + xPna + pa),
— a4 a1k + b1 xet + iy — w = apxr — ap + by + B — xw, 78)
Xa+xm+a =x(a+m+ o),
x(ark — 2b1k?) = ayx — 2byx?,
le = bz.
Equation (77) gives way to the velocity
v = —3ayxx% + aq + 4byxid, (79)
with the aid of the constraints
aox — 3aaK% + 4byi® = —3ay ¥ + agx + 4by x5, (80)
a) = 4blK, (81)

while Equation (76) becomes

AP} + AsP] 4+ AP} 4 A3P} + AoPp + K2R =0, (82)
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where
x(Ba1x — 6b1x?) —ap x> + gk + by xxt + Bix — w c1 + x%dq
A] - ,A2 = /A3 = - —
bix by xk? b1 xk?
X+ xXPmt G L+ xPmy 4 Xt + x0m
Ay = As — .
blxkz blxkz

With the help of the balance technique in (82), Equation (5) simplifies to

(P))? = %Pf + S;P{* + %Pf +51P? +250P; +,
where 5A 5A4, 5A A
_ (5451 _ 5A4, 5As Ay
0= (qge)? s =00 = —Zpa (Ciga) s = g
s — Ao (545 y 125A3 (0As )y o 146haA A
0= To8k2'\ " 44k2 229992k4 " 44k2’ 7 209457As
By the aid of the criterions
254 1 254 1
= (—)5P = (——)5
f ( 5 ) 1/51 ( 5 ) g/
Equation (84) becomes
(fe)> = £+ 3> + yaf> + i f + o,
where 2. _315A4, 5A A A
_3 4 5,—4 1 5 -1
= — (= —_— 5 = -0 [ — — 5
5= =) o Cagre) V2 = T )
2.1, A3, 5As._3  125A3% 5As5 . _s
= (=) 5 (——(——=)"5 — 5 = h.
== am) 7 T Tizseea T am) ")

We rewrite Equation (87) as

i@rﬁ@Z/Jzﬁ
where
F(f) = f2+yaf’ + vof >+ 1f + o

We consider the discriminant system

Dy = —ys3,
D3 =40y1y3 — 1243 — 45y3,
Dy =12y3y1 — 4y3y5 + 117y31y3 — 88y1y3 — 4024013 — 27y — 300y2y1y0 + 160y3,
Ds = — 1600y2y0y7 — 3750y3y2y5 + 2000y3y5y7 — 4y3y5y7 + 16y3y3¥0 — 900y1¥5Y; + 825¥3¥3¥5
+ 144y3y3y7 + 2250y15y5 + 16y3y7 + 108y3y5 — 128y1y3 — 27y1ys + 108yoys + 25617
+ 3125y — 7215023 + 560y0y2y7Y3 — 630y3y1Y0Y5,
E» =160y7y3 + 900y3y7 — 48y133 + 60133 + 1500y3y2y1y0 + 16y3y3 — 1100y2y0y3 + 625y5y3 — 33750y,
F, :3y§ — 8y1Y3.

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)

(1)
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Case1l. Ds =0,D; = 0,D3 > 0, Ex # 0,and F(f) = (f — 61)%(f — 62)*(f — &3). When
f > 03,1if 63 > 01, 03 > 62, we obtain

1
A5 1 2 \/( 55k2>10P1 53
+((— — = \/ 03— 0 t
(( 55k2 ) 106 60) 51 o 52( 3 1 arctan m (92)
(— 2)10 Py —d3
— \/d3 — & arctan \/ 55k ,
V03— 02 )
if 93 > 91, 03 < J7, we obtain
10 Pl 53

Asg 1 (— 2)
i((—ﬁ;)ﬁi—é‘o) ~5n=0 5(52(\/53 — &y arctan \/ L& =5

1 (93)
| V(=) — 65— ~VE=w
\/(—5?%)101’1 03+ /02— 03

if 93 < 41, 03 > J», we obtain

0P — &
25 )1106—50)—51352(—\/Harctan\/( o) 0 F1 — &

(=552 Vo3 — 5,
(94)
b L Vs a o vEs
201 — 43 \/(_5?752)10131 53+ —03
if 93 < 41, 03 < J7, we obtain
(= 25)0P, — 63 — /61 — 05
A5 1 2 1 55k2 1—093 1
((—55?)105—60) =5 _s (2\/5 In | |
178 ()P -6+ V= o

! V()b — 65— V5 =5
\/(—51;1 )10 Py — 03+ /3y —

| ),

where 1, dp, and 3 are real numbers.

Case2. D5 =0,Dy; =0,D3=0,D, #0,F, # 0,and F(f) = (f — 61)3(f — 52)2. When
f > 0q,1if 61 > ,, we obtain

As |1 2 1
F((=z57)™0¢ = &) = (=
55k 01— 02 \/( AT)lopl—(S
¢ (96)
10P1 5
— /5, — by arct s ;
1 — 0 arctan r—5 )
if 47 < 45, we obtain
As |1 2
((=557)10¢ — &) = (= -
55k 0 — 6 \/(_5?’?2 hp — 5
(97)

1
)
(—sa5) 0Py — 8y — m,)
(—£752)10P1 o1 ++0 — 61
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+((~ a5 W — o) =

where §1 and J; are real numbers.

Case3. D5 =0,D; =0,D3 =0, D, # 0, F, = 0, and we have F(f) = (f — 61)*(f — ).
When f > 41, if 61 < Jp, we obtain

As 1 2 (— 2)10P1 3
H((—ggp) 08— 80) = 55 (- Vi
2((_m)1opl_51) (98)
1 0P — 6
— ————arctan \/( 55k2) L 2}
201 — 6 0y — 01
if 57 > J», we obtain
1
As 2 \/(—5?%)101’1—52
0102 2((—&%H) 0P —6)
— (99)
| 1|¢<—55,32)w1°1—6— 5 =5
— n
4./61 — &,

V) hp 6+ v
where 61 and J; are real numbers.
Cased. D5 =0,Dy =0,D3 =0, D, = 0,and F(f) = (f — 61)°. When f > J1, we obtain

Pr={(~gay) DG (-~ pg) 08 — G)) o)}, (100

where 47 is a real number.

Case5. D5 =0,Dy =0,D3 <0, Ey #0,and F(f) = (f — 1) (f*> +mf +n)2 When f > ¢,
we obtain

2 20 sin 1/1\/ 5k2 10 P-4
————(cos ¢ arctan
oan —m? )10 P; — 8, — 02
55k2
(101)

Sll’ll[)l |( 55k2)1 P — 5170’ 720’COS¢\/ 55k2 10P1 51|)

2 7

(— 55k2)10P1 61 — 02 + 20 cos 1,[]\/ 55k2 10 P -6
where 6 is a real number, m? —4n < 0,0 = ((5% +méy +n) 1, and ¥ = % arctan ¥ %‘1__”5.

Case 6. D5 =0,D4 > 0, and F(f) = (f — 51)2(f — (52)(f — (53)(f — (54). When &y > 63 > 44,
we obtain

+((— 51;1(2) 0§ —Go) = (51—53)\/H{F(¢ k) — 53H(1p 5o 53 k)} (102)
¥
where d1, &2, 63, and 6, are real numbers, and d, > Jy > J3, F(¢, k Of m’ and
I1(¢p, n,k) = ]l] Ay

o (1+n sin? 9)y/1—k2sin? ¢~

Case7. D5 = 0,Dy = 0, D3 < 0, E; = 0, and F(f) = (f — 61)>((f — 62)® + 63). When
f > 61,if 61 # 0y + b3, we obtain
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(-~ gy 08— o) =

tan 6 + cot 0 d3tan 6 + 63 cot 6
F(y, k)

2(53tanb — & — 81)y/ =5 bHeotd+ o+ (103)

tan6 + 6 + 1 \/ﬁ ~ .
X{(53C0t0+52—51)sin1p 1—k?sin“ 9 + F(y, k) — E(¢, k) };

if 51 = 9, + d3, we obtain

1 in3 26
:I:((—;;;z)ﬁg— &) = \/%(11{ arcsin(ksiny) — F(y,k)), (104)

where 61, &>, and 3 are real numbers, tan 20 = 51‘5%52, k=sinf(0 <6< 7),and E(¢, k) =

¥
Of\/l—kzsian)d(p.

Case 8. Ds = 0, Dy < 0, and F(f) = (f — 61)%(f — 62)((f — 83)* + 63). When f > &5,
if 61 # O3 — 04 tan B, &1 # J3 + d4 cot 6, we obtain

S
2(5ytan6 — 65 — 81)y/ 4 3T (105)

tan 6 + 03 + 41 02 B )
X{(54cot9+53—51)simpvl K sin® g+ F(y, k) = E( k) };

if 51 = 93 — J4 tan 6, we obtain

1 in3 26
:I:((—;;;Z)Wé‘ — &) = \/%(llcarcsin(ksinlp) — F(y,k)); (106)

if 97 = 3 + 4 cot 6, we obtain

.. 3 — 12 qin? _ k2qi
sin3 20 1 \/1—=k?sin“ ¢ ++v1—k smlp) (107)

F(y, k) — 1 ’
453 (E(y.K) Vi cosy
where 61, 5>, 3, and d4 are real numbers, tan 260 = (52‘5%53, and k = sinf(0 < 6 < 7).
When D5 = 0,D4 =0,D3 > 0,and E; = 0; D5 > 0, Dy > 0, D3 > 0, and D, > 0;
Ds < 0;and Ds > 0and Dy < 0or D3 < 0or D, < 0, the solutions of these four cases can be
structured by Legendre elliptic functions or hyperelliptic integral or hyperelliptic functions.

+((

£(~ a3 g~ ) =

3.4. Quadratic—Cubic Law

In this case, the model is

iqs + ia17xxx 4 b1¥xxxx + clq\/\cﬂz + |72+ qr* 4+ g*r + (d1]g|* + falr[*)q + prr*q* +iagy + Brr =0, (108)

irt + 2 xxx + bafxxxx + czq\/|r|2 +1q12 + gr* + qr + (da|r|* + fo]q|?)r + pag®r* + iary + Bog = 0. (109)

Putting Equations (10) and (11) into Equations (108) and (109) provides us with the
auxiliary equations

3k2Pl[/(Kal - 2K2bl) + Pf(*K:”al Tty + B + k4blPly//

+ P(c/(Pp+ D) + fiP} + piP? + ax — w) + 4P} =0, (110)
P! (a; — 4xby) + kP} (4x°b; — 3x%ka;) + k(a — v) P} = 0. (111)
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Taking
Py = xPy,

Equations (110) and (111) become

3xxk*P} (a1 — 2byk) + Py (—ayx® + ax

+bixxt + Bix — w) + bixk* P + (x + 1)1 Pf + PP (dy + x*f1 + x*p1) =0,

XK2P]" (ay — 4byx) + P (—3axk? + 4byx® + (« — v)) = 0,
by virtue of the restrictions
€1 = XC2,
di+ X2fi+ X1 = Xda + X f2 + xp2,
— a1XK3 + ax + b1XK4 +B1x —w =axx — aok> + byt + B2 — xw,
x(a; —2bjx) = ay — 2byx,
le = bz.

Equation (114) exposes the velocity
v = —3a17(1<2 + g + 4b1;(1<3,
along with the constraints
Y 3ayk> + 4byk® = —3a1)(21<2 + a1 x + 4b1X2K3,

a; = 4bjx,

while Equation (113) becomes

A1P] + A3P] 4 AyP? + AP+ K2R =0,

where
A 3xxk?(ay — 2byk) A —ay x> + ax + byt + By — w
1— blxkz s A2 — b])(kz ’
A= B +Xh+x%n , _ (xtDa

by xk2 P T T k2

By virtue of the balance procedure in (119), Equation (5) becomes

2
(P2 = %Pf +51P2 +250P; +5,
where

3A3 1 Al A4 3A3 1

= (————)2 = —_—— — — ((—— 2

2= (1) = T T s Tio)
o (2A§ A A LAy 34s ) 345,
0= \75k4 ~ 6k2 " 45k2A; ' 50K\ 10K2 02’

3A3

s:(i_i(_i)*%)(ﬁ_ﬂ A A144
3A; 3A;° 10K 75Kk T 6k2 ' 45K2 A,

3A
n 3

We rewrite Equation (121) as

2A3 % o dP1
+ (- 1552 (51—50)—/ 5

_1
50 1ok

(112)

(113)
(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)
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where
F(Py) = P} + joPf + j1 1 + jo, (124)
and
. 3A1, 3A3 Ay
h=—1pCiop) Ay’
. 10k2 2A2 Ay Ai A1A4 3A5 .1
= ) — 2
n (75k4 6k 45k2A;  50k4 ( 1Ok2) ) (125)

2A4

],O:(i(_mg,)_% 10k Ay 2A7 Ay | A; | AjAy, BA;.
Az 10k? 6A3

1
>(75k4 6k 45Kk2A, * 50k (_10k2) ?):

We consider the discriminant system

2 2
a =27 sy - W2y 4 -2yp =i - 2. (126)

Case1. A =0,D; < 0,and F(P;) = (P; — 11)?(P; — 13). When P; > 15, if 17 > 15, the dark
and singular solitons are

— 2A .

q= [([1 _ lZ) tanhz( 112 %) (7ﬁ)% (61 . (’:0) + lz]el(—xx-&-wt—i-e)’ (127)
Vi — 2A

7= [(n — 1) coth® (V2 (- T23) 4 (61 — fo) + /90, (128)

and if 1y < 1y, the singular periodic solution is

I — 11 (_ 2A3

q=[(2 — 1) tan*( 7 157)‘1*(61 — &o) + el TRxtwte) (129)

where 11 and 1, are real numbers.

Case 2. A = 0,D; = 0,and F(P;) = (P; — 11)3. The solution is

q= [4(—%)‘%(61 — o) 2 4 y]eilTrrtetto), (130)

where (1 is a real number.
Case 3. A > 0,D1 < 0,and F(P;) = (P —11)(Py — 12)(Py —13). When 11 < 15 < 13,
if 11 < P; < 1y, the solution is

L3 —11( 2A3

(-3 (@ — o), m)]Jf O, a3

q =1+ (12 — 11)sn%(
and if P; > i3, the solution is

13— s (Y (- 2881 (5 - ), m

15k2 (—xx+wt+0) (132)
131 2A ,
en? (V5 (—23)4 (81 — &), m)
where 11, 15, and 13 are real numbers, and m? = g 2

Case4. A < 0,and F(Py) = (P, — 11)(P? + 1P, +f),I> — 4j < 0. The solution is

24/ 2+ Iy +j .
g=ln—\/B+Iln+j+ ! Jei(-rxtwtd) - (133)

1+cn((2+1n +j) (— 15k2) (&1 —Co),m)
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. 2 _ 1 N 11+%
where 11, [, and j are real numbers, and m~ = ; (1 7\/‘%17‘14'])
3.5. Parabolic-Nonlocal Law
In this case, the model is
il]t =+ ialrxxx + blrxxxx + (C1|q|2 + dl |7‘|2)qu + (61 W|4 + m \EI|2|”|2 =+ 51\T|4)q + i‘xqu =+ ‘311’ =0, (134)
ire + i xxx + bafuxxx + (c2|r[* + d2|qP) xar + (S2lr* + 2|7 [*|q|* + Z2lg|*)r + iaory + Pog = 0. (135)

Inserting Equations (10) and (11) into Equations (134) and (135) provides us with the
ancillary equations

Py(—Ka; +*by + By) + ;PP PP + &Py + 2kP, PP Py’ + 3xk®a; P — 6k by Py’

(136)
+ Kb P + (23 PP + 2K PP+ PR+ g+ 2630 PR - w) = 0,
3Py’ (a — 4byx) + kPj(4byx>Py — 3a1k2) + kPj (& — v) = 0, (137)
Setting
P, = xh, (138)
Equations (136) and (137) become
PY(x*C1+ X% + 1) + Pu(=mxi® +ark + bixe® + pix + 20K° PP + 20° KPP — w) (139)
+ XK* P (3ayx — 6b1x2) 4 by xk*P]"" + 2Kk2 P2 P} (¢ + xdy) =0,
and
k(ay (xK*P{" — 3xPy) + &by (xk*P{ — xkK*P{") + P{(a1 — v)) =0, (140)
by virtue of the constraints
X+ x0m 46 = x(e + X+ &),
— ayxx3 + aqgx + by et + BiX — w = apxk — ak3 + box* + B2 — xw,
o1+ xPdy = x(c2x® + da), (141)
x(3ayx — 6b1x%) = Barx — 6byxc?,
le = bz.
Equation (140) gives way to the velocity
v = —3a1)g1c2 + a1 + 4b1x1{3, (142)
with the usage of the conditions
apx — 3a,k2 + 4byx® = —3a1)(2K2 4+ x + 4b1)(21c3, (143)
a) = 4blK, (144)
while Equation (139) becomes
Ay(Py PP + PEP]') + AP + AgP} + A3Py + k2P =0, (145)
where
A — 3XKk2(a1 — 2b1x) _ 2k2(cl +X2d1)
e by K2 T T k2 (146)
As = —ayx + ark + byt + iy — w Ay = X+ X+ G

by xk? by xk?
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By virtue of the balance procedure in (145), Equation (5) becomes

2
(P)? = %313;* ;2 P34 51P2 + 250 +5, (147)
where
—3A; £1/3,/343 — 32k2A4
5= 2412
sy =0,

—3A; £/3(/3A3 — 32k2A4) Ay
2k2(5(—3Ap £ V/31/3A3 — 32k2A4) + 24A;) (148)
sp =0,

=(9(—3As £ V/3,/3A% — 32k2A4)2 A3 +48(—3A, + V/31/3A3 — 32k2A4) A2 A,

—100k?(—3As 4 V/31/3A2 — 32k2A4)2 A3 — 960k*H(—3 Ay + V/31/3A3 — 32k2A4) Ax A3 — 2304k2 A3 A3) /

(K2((—3Az £ V/31/3A3 — 32k2Ay) +4A;) (5(—3Az £ V/31/3A3 — 32k2A4) + 24A,))?).

51— —

With the usage of the relations
U = (253)7P, &1 = (253)3¢, (149)
Equation (147) simplifies to
(Ug,)? = UP + oU* + g1 U, (150)

where

—3A2 +/3,/343 —32k2A; 2A1(—3A; £ /3,/3A3 — 32kK2Ay) )
G2 = )73 ( ,
12¢2 K2(5(~3As + v/3/3A2 — 32K2A4) + 24A,)
61 = (36(—3Az + V/3,/3A% — 32k2A4)2 A3 +192(—3As + V/31/3A2 — 32k2A4) A2 Ay (151)

— 400k*(—3 A, + V/31/3A% — 32k2A4)? A3 — 3840k°t(—3 Ay £ V/31/3A% — 32k2A4) Ay Az — 9216k> A3 A3) /

—3A; £/3,/3A3 - 32k2 A4

(K*((—3A2 £ V/3,/3A3 — 32k2A4) +4A;) (5(—3Az £ V31/3A3 — 32k2Ay) + 24A;))?)( o )3,

We rewrite Equation (150) as

+ (61 —2Co) = / \/%, (152)
where
F(U) = U(U? 4 ¢oU + ¢1). (153)

We consider the discriminant system
A=ci -4 (154)

Case1. A = 0. For U > 0, if g» < 0, we have the dark and singular solitons

73A +/3,/3A3 - 32k2A —3A; £/3,/3A3 — 32k2A
1= SIS fnh2<z\/—%2< : Dl gprecmreso,  (155)

12k2

73A +/3,/3A% — 32K2A —3A, £/3,/3A% — 32k2A
2£V3 4 7% thz 2 2+ V3 4 }Ze —Rrtwho), (156)

7= 1262 5 ( 1262
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if g > 0, we have the singular periodic solution

1 —3A; £1/3/3A3 — 32k2A,4
254/ 2( e )3 — o)) Rl et 157)

—3A2 £ V3,/3A5 —32K Ay, ,

if ¢p = 0, we have

(73A2:|:\f\/3A2 32k2A4) 1

12k2
(( —3Ay4+/31/3A2-32k2 A,

1
1212 . )3 C - 60)
Case 2. A > 0,andgy = 0. For U > —gp, if ¢» > 0, we have the dark and singular solitons

fBAZi\f \/3A3 — 32k2 A4 —34, £/3,/3A3 - 32k A4
7=1 12k2 ) t nh’( ngz )38 — &) — g2)} 2elTmxTerHO), (159)

g = { }26‘ Kx+wt+6’) (158)

12k2
—3A2 +/3,/3A3 - 32k2A4 —3A; £/3,/343 - 32k2A4 ]
1= 122 G coth? (5 s 172 )32 —80)) — ga) el Rrrers); (160)

if gp <0, we have the smgular periodic solution

73A2:t\f,/3A2 32k2A4 2 \/Tiz((f:mzif,/mz 32k2A4 35 — }26 bt td) (161)
5 .

1= 1262 12¢2
Case 3. A > 0, andgl # 0. Suppose that 1 < 2 < 73, one of them is zero, and the other
two are roots of U2 + ¢oU + ¢1. For 91 < U < 7, we have

73A ﬂ:f 3A2 32k2 A — —3A if 3A2 32k2 A
2V -4 (VI (2 S SEINE

= 3 —
q 1212 [1i+(r2-—m 122

x Ei(—xx+wt+9), (162)
and for U > <3, we have

_ 2
—3A, £ \/g 3A% — 32k2A4 7% Y3 — ’)/251’12( vV "/32—'71 (( 3A2:|:\f\12/:2A 32k2A4) g 60) )]} {xr bt +9) (163)
q= 2¢!
12k2 VIa=T1 (¢ —3A2EV3/3A-32k2A
an( 732 71(( 2 122 4) C CO) )
2 _ Y=Y
where m = 0= 7;
Cased4. A <0, for U > 0, we have
—3A2 +/3,/3A2 — 32k2A4 . 2 L
q= 155 3 ( "= \;:2 T _ \/a)}jel(—icx+wt+9), (164)
1—|—C1/l(gil(( 1212 ) C 60) )
1— .2
where m? = % We have obtained the exact solutions g(x, t) in this section, so according

to the relation r = xg, the solutions r(x, t) can be obtained. We omit them.

4. Conclusions

The current paper retrieved CQ dark and singular soliton solutions in fiber Bragg
gratings. Such solitons are a new kind of soliton, known as the Bragg soliton or the gap
soliton, which can form in nonlinear media whose refractive index varies weakly in a
periodic fashion along its length [29,30]. The study was conducted with five forms of
self-phase modulation. The results are very useful when dark soliton dynamics are to be
handled in detail. The integration scheme that yielded such dark and singular solitons
was the trial equation approach. Visibly, this approach had a shortcoming. This approach
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failed to reveal the much-needed bright soliton solutions that are needed in fiber optic
communication dynamics.

In future work, the model will be addressed from a numerical perspective with the
usage of the Adomian Decomposition approach, the Laplace-Adomian decomposition
method, the finite element method, the finite difference method, and other relevant ap-
proaches.

Apart from the regime of a deterministic system, it is also very important to explore
the world of stochasticity where the random noise could be a detrimental factor. In this
case, later, the model will be revisited with an additive stochastic perturbation term. This
would be Gaussian noise; therefore, the corresponding dynamical system of the soliton
parameters will be formulated in presence of noise. The corresponding Langevin equation
will subsequently be revealed. Upon solving this Langevin equation, the mean free velocity
will be computed. The results should align with the previously published results [31].

Multiplicative white noise will also be considered later as a derivative of the Weiner
process. This will lead to the analysis of the model with the aid of Ito Calculus, which will
lead to the stochastic effect only in the phase components of the solitons. The remaining
physical factors of the solitons will remain unaffected. The results should align along the
lines of the previously reported results [32].
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