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Abstract: In this paper, we establish some new dynamic inequalities involving C-monotonic functions
with C > 1, on time scales. As a special case of our results when C = 1, we obtain the inequalities
involving increasing or decreasing functions (where for C = 1, the 1-decreasing function is decreasing
and the l-increasing function is increasing). The main results are proved by applying the properties
of C-monotonic functions and the chain rule formula on time scales. As a special case of our results,
when T = R, we obtain refinements of some well-known continuous inequalities and when T = N,
to the best of the authors” knowledge, the results are essentially new.
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MSC: 26D10; 26D15; 34N05

1. Introduction

In 1995, Heinig and Maligranda [1] proved thatif —c0c < e <€ < o0, w, @ > 0, w is
decreasing on [¢, €] and @ is increasing on [, €] with @(¢) = 0, then for any J§ € (0,1],

/gew(ﬂ)dw(ﬁ) < (/e wo‘(ﬂ)d[wé(a)D " 1)

The inequality (1) is reversed when 1 < § < co. In addition, the authors of [1] proved
that if w is increasing on [, €] and @ is decreasing on [, €] with @(e) = 0, then for any
J€(0,1],

| w®-a®) < ( I w‘Sw)d[—wéw)})}. @

We define that if s < 6 implies w(f) < Cw(s) with C > 1, then w is C-decreasing and
if s < 0 implies w(s) < Cw(#), C > 1, then w is C-increasing. We observe that for C =1,
the 1-decreasing function is the normal decreasing function and the 1-increasing function is
the normal increasing function.

By using the definition of C-monotonic functions, Pecari¢ et al. [2] generalized (1) and (2)
for C-monotone functions with C > 1. they proved thatif 0 < p < g < o0, w is C-decreasing
on [¢, €] for C > 1 and @ is increasing and differentiable on [¢, €], such that @(¢) = 0, then

(/ wq(ﬂ)d[ww)]y < Cl-p/a </ w”(t?)d[c@”(ﬂ)]) ' 3)

€
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In addition, they proved thatif 0 < p < g < oo, w is C-increasing on [¢, €] for C > 1
and @ is increasing and differentiable on [g, €], such that @(e) = 0, then

(f w‘f(ﬁ)d[ww)]); > e ( [“wroniero))” @

The authors of [2] proved thatif 0 < p < g < oo, w is C-increasing on [¢, €] with C > 1
and @ is decreasing and differentiable on [g, €], such that @(e) = 0, then

( [ wqw)d[—wwnf <civ ( [ wﬂ(ﬂ)d[—wﬁ(ﬂ)]) g )

€

and they also proved thatif 0 < p < g < o0, w is C-decreasing on [, €] for C > 1 and @ is
decreasing and differentiable on [¢, €], such that @(e) = 0, then

1 1
([ wronr-eren)’ = ot ([ wron-aron)” ©)
€ 3

In the last decades, some authors have been interested in finding some discrete results
on IP(N) analogues to L?(R)-bounds in different fields in analysis and, as a result, this
subject becomes a topic of ongoing research. One reason for this upsurge of interest in the
discrete case is also due to the fact that discrete operators may even behave differently from
their continuous counterparts. In this paper, we obtain the discrete inequalities as special
cases of the results with a general domain called the time scale T. The time scale T is an
arbitrary nonempty closed subset of the real numbers R. These results contain the classical
continuous and discrete inequalities as special cases when T = R and T = N and can be
extended to different inequalities on different time scales suchas T = hN, h > 0, T = g" for
g > 1, etc. In recent years, the study of dynamic inequalities on time scales has received a
lot of attention and become a major field in pure and applied mathematics. For more details
about the dynamic inequalities on time scales, we refer the reader to the papers [3-16]. For
example, Saker et al. [17] proved some dynamic inequalities for C-monotonic functions and
proved that if w is C-decreasing on [¢, €] N T with C > 1 and @ is increasing on [¢, €] N T,

such that @(¢) = 0, then

(p(C/:w(ﬁ)(i)A(ﬂ)A19> < C/:w(ﬁ)(DA(ﬂ)(p’[w(ﬂ)w(ﬂ)]Aﬂ,

and if w is C-increasing on [¢,€] N T for C > 1 and @ is increasing on [¢, €] N T, such that
@(¢) =0, then

qv(é/:w(ﬂ)wA(ﬁ)Aﬁ) > % w(8)0™ (8)¢' [ (8)@” (8)] A0

In addition, they proved that if w is C-increasing on [¢,¢] N T with C > 1 and @ is
decreasing on [¢, €] N T, such that @(e) = 0, then

€ €
o(c [[w)-a@)a8) < [ w@)-a() v @) @)as,
€ €
and if w is C-decreasing on [¢, €] N T with C > 1 and @ is decreasing on [¢, €] N T, such that
@(€) =0, then

o(¢ [ wr-arar) 2 ¢ [[wor-e@l o
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Our aim in this paper is to generalize the inequalities (1)—(6) on time scales by estab-
lishing some new dynamic inequalities involving C-monotonic functions.

The paper is organized as follows. In Section 2, we present some preliminaries
concerning the theory of time scales and the definitions of C-monotonic functions. In
Section 3, we prove the main results using the chain rule on time scales and the properties
of C-monotonic functions. Our results when T = R give the inequalities (1)-(6) proved by
Heinig, Maligranda, Pecari¢, Peri¢ and Persson, respectively. Our results for T = N are
essentially new.

2. Preliminaries and Basic Lemmas

In this section, we recall the following concepts related to the notion of time scales.
A time scale T is an arbitrary nonempty closed subset of the real numbers R. For more
details of time scale analysis, we refer the reader to the two books by Bohner and Peter-
son [18,19] which summarize and organize much of the time scale calculus. We define
the time scale interval [¢, €] by [e,€]r := [¢,e] N T. A function w : T — R is said to be
right-dense continuous (rd-continuous) provided that w is continuous at right-dense points
and at left-dense points in T, left-hand limits exist and are finite. The set of all such rd-
continuous functions is denoted by C,;(T) = C,4(T,R). The product and quotient rules for
the derivative of the product w@ and the quotient w /@ (where @@’ # 0, here @’ = @ 0 0)
of two differentiable functions w and @ are given by

w

A o — we?
= w@® + W@ = W@ + W@, and (5) = —

)A
@ @7

(we
Let w : R — R be continuously differentiable and suppose that @ : T — R is delta-
differentiable. Then, wo @ : T — R is delta-differentiable and there exists ¢ in the real

interval [0, 0(6)] with
(wo@)*(8) = w'(a2(&))" (6).

In addition, the formula

1
(wo@)*(8) = {/O o' (@(9) + hy(@)wA(G))dh}coA(G), @)
holds. A special case of (7) is
Aoy ]2 ! A1, A
0] = /\/ hu® + (1 — h)u]™u® (6)dh.
0
In this paper, we will refer to the (delta) integral which we can define as follows. If
G2(9) = @(8), then the Cauchy (delta) integral of @ is defined by feg @(9)AY := G(0) — G(e).
It can be shown (see [18]) that if @ € C,4(T), then the Cauchy integral G(60) := fgi @(9)Ad
exists, §y € T and satisfies G*(0) = @(6), § € T. The integration on discrete time scales is
defined by [ @(0)A6 = Yoc[ee) H(0)@(0). In case T = R, we have
€ €
7(6) = p(6) = 6, 1(8) = 0, w* = ', and [ w(8)a8 = [ w(6)ds,
€ &
and in case T = Z, we have
€ e—1
c@)=0+1,00)=0-1, u(6) =1, w* = Aw, and / w(0)A0 =) w(6).
€ f=¢

The integration by parts formula on time scale is given by

/j u(0)0% (8) A0 = u(0)0(0)[¢ — /:u(G)vA(G)AG.
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In addition, we have for w € C,; and 6 € T that

Definition 1. Assume that T is a time scale and w : T — R. If s < 0 implies w(0) < w(s), then
w is decreasing and if s < 0 implies w(s) < w(0), then w is increasing.

We can generalize the definition of the increasing and decreasing function to be C-
increasing and C-decreasing, respectively, which is given in the following.

Definition 2 ([17]). Assume that T is a time scale, w : T — R and C > 1. If s < 0 implies
w(0) < Cw(s), then w is C-decreasing. If s < 6 implies w(s) < Cw(0), then w is C-increasing.

As a special case, when C = 1, we observe that the 1-decreasing function is decreasing and the
1-increasing function is increasing.

Lemma 1. Let 0 < g < 0. If w is C-decreasing for C > 1, then w1 is Cl-decreasing and if @ is
C-increasing, then @1 is C-increasing.

Proof. Since w is C-decreasing, we have for s < 6 that w(6) < Cw(s), and then, we obtain
(where g > 0) that
w1(0) < Cluwi(s).
Thus, w1 is C7-decreasing.
Since @ is C-increasing, we have for s < 0 that @(s) < C@(0), and then, we see (Where

g > 0) that
@1(s) < Cl07(0),

which indicates that @7 is C7-increasing. The proof is completed. [

3. Main Results

Throughout the paper, we assume that the functions (without mentioning) are rd-
continuous nonnegative and A-differentiable functions, locally A-integrable on [g, o), and
the considered integrals are assumed to exist.

In this section, we state and prove our main results.

Theorem 1. Assume that T is a time scale withe, e € T, q > 0and 0 < é < 1. Furthermore,
assume that if x is C1-decreasing on [e, €|, C > 1and A is increasing on [e, €|, such that A(e) = 0.

If
A e (0))AT0(0) > 1, ®)

then

([ xomioriae) < ci-o( [xo[n)] ao) ' ©)

€

Proof. Since A is an increasing function with A(e) = 0 and x is C7-decreasing function, we
have for 8 < 0 that x(6) < C7x(9), and then,

@@ s> (&

)
) (10)
)
)
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and then, ;
K (©)2°0) < [ 2(9) [2(9)] 0.

€

Consider the function

A(0) = C1(1-9) (/9 X (9) [A‘S(ﬁ)]AAﬁ) o /97((19) [A(8)]2A0.

By applying chain rule formula on the term

([ w0 ®)] so)
we have for & € [0, o(6)] that
(Fxowe) M)‘T
= (@ @) ) o) 176
Again, by applying the chain rule formula on the term A°(8), we obtain
()] =on1@a% ),

where & € [0,0(0)]. From (12), we observe that

1

AB(9) = C10-9) {(/f X @)1 0)] AA19> 5] A — X (0)A2(9).
Substituting (13) and (14) into (15), we get
AME) = 1000 (12 20 ()[15(0)]°80) ¥ (0) [15(6))° — x(@1A2(6)
= 01 (12 (0 [W0(0)]*80) T @A8(0) — x(0)A20)
- AA(O){C 1-925-1(e) ([E 20 (8) A (9)] Aﬁ)l Xé(e)—x(e)}
Since & € [0,07(0)],0 < & < 1and A is an increasing function, then

-1

(f“ (o)),
> Ao (0)) (7 X0 (9)[29(8)) “0)

Substituting (17) into (16), we observe that

-1

%M—‘

1
11

AB(B) > A2(6) {CQ(l‘s))\él(a(G)) ( / ") [M (19)] AA19>

x(0) ~ X(G)] :

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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Substituting (11) into (18), we get

AB(B) > AX(8)[ A% ((8)) [x* (0)A°(8)] X (6) — x(6)
= A%(0) [A 1 (0(8))A1 0 (8)x(6) — x(8)].

By using (8) and A is an increasing function, we have from (19) that

(19)

AR(9) >0,

and then, the function A is increasing on [¢, €] <.
Since A is an increasing function, we have for € > ¢ that A(e) > A(e) and then (note
that A(e) = 0),

1
€ € A s
[ @@ < -0 ( [ o) s0)
€ €
which is the desired inequality (9). The proof is completed. [

Corollary 1. When T =R, 0(0) = 6, C = 1, we observe that (8) holds already with equality and
we get the inequality (1) proved by Heinig and Maligranda [1].

As a special case of Theorem 1, when 0 < p < g < cosuchthat0 < =p/gq <1,
X(9) = wi(9) and A(9) = @7(9), we have the following corollary.

Corollary 2. Assume that 0 < p < q < oo, w is C-decreasing on [¢, €|y, C > 1 and @ is
increasing on [, €], such that @(e) = 0. If

[@7(0))@™7F(0) > 1, (20)

then

( / “ W1(9) [a)‘?(ﬁ)]AAé‘); <ch ( / WP (8) [cop(ﬁ)]AA19> ' 1)

Corollary 3. In Corollary 2, when T = R, 0(0) = 6, we observe that (20) holds with equality and
then we obtain the inequality (3) proved by Pecaric et al. [2].

Corollary 4. In Corollary 2, when T =N, o(n) = n + 1, we have that ife,e € N,0 < p < g <
0o, w is C-decreasing sequence for C > 1 and @ is increasing with @(e) = 0 such that

@(n+ D) 1P () > 1,

then
<; aﬂ(n)A[wq(n)]) <t (Z w"(n)A[wW)]) §

n=ege

Theorem 2. Assume that T is a time scale withe,e € T, g > 0and 0 < § < 1. Furthermore
assume that x is Cl-increasing on [e, €] with C > 1 and A is increasing on [e, €|, such that
Ale) =0.1If

ATHO)AT(O)] X7 (0)] A (0) < x(6), (22)
then

1

( /g “®) [A(ﬂ)]AAﬁ) > C1(6-1) ( /S ") [2& (19)} AA19> N (23)
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Proof. Since A is an increasing function with A(e) = 0 and x is a C7-increasing function,
we have for ¢ < 6 that x(8) < C7x(6), and thus,

R @) a0 < o [ 0(0) 1 (0)] a0

= CTx0(0) [T[A(8)] A0

(24)
= CPX(O)[A°(0) — A°(e)]
= CIX°(0)A°(0),
and then, ,
- A
CON0) > o [ @[] ae. 25)
Consider the function
' A NP g0
A) = o0 ([ @[] a0)" - [Cx@)re)ae 26)
By applying the chain rule formula on the term
([ @re] s)
we have for ¢ € [0,0(0)] that
114
| x o we) a)’
(27)
11
= H{EX @R @] ae)" X))
Again, by applying the chain rule formula on the terms A%(6), we obtain
[20)]" =ar* 1 @a%e), @)
where & € [0,0(0)]. From (26), we observe that
0 ok
AB(0) = c10-D) [(/ X (0) [M(ﬁ)] AA19> 5] — x(0)A2(8). (29)

Substituting (27) and (28) into (29), we get
AME) = 106D (12 20(0)[15(0)]°80) T (0) [15(6))° — (@22 (0)

1_1
o

= T (fE (0 [A(9)] “a0) T A (O)AA(0) — x(0)A%(6) (30

= @ ere (e e) ) e - o)
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Since ¢ € [0,0(0)],0 < 6 < 1and A is an increasing function, then
19

A1(E (fé 5(8 [ )] Aﬁ)f

1 (31)
< A1) (ST X (0) [M(9)] “a8)°

-1
Substituting (31) into (30), we see that

1
11

A (B) < AN() [cq“W1<e>(/”(9)x‘5w>{M(ﬁ)}AM) x‘5<9>—x<9>]. (32)

Substituting (25) into (32), we get

AMB) < AM() [A‘H(e) E(0(0)A5(0(8))] K0 (0) xw)}
(33)

= 22O OO O] X 0) - x(0)].
By using (22) and A is an increasing function, the inequality (33) becomes
AR(9) <0,

and then, the function A is decreasing on [¢, €] <.
Since A is a decreasing function, then we have for € > ¢ that A(e) < A(e) and then
(note that A(e) = 0),

el ( [ we)] s) F e [ x@neas,

which is the desired inequality (23). The proof is completed. [

As a special case of Theorem 2, when 0 < p < g < cosuchthat0 < =p/gq <1,
Xx(9) = wi(9) and A(9) = @7(9), we get the following corollary.

Corollary 5. Assume that T is a time scale with e, e € T and 0 < p < q < oo. Furthermore, if w
is C-increasing on [¢, €| for C > 1 and @ is increasing on [e, €|, with @ (&) = 0, such that

@P~1(0)[@”(0)]7P[w’ (6)]" PP (6) < w(8), (34)
then

(/Eaﬂ(ﬂ)[ 1(8)] Aﬂ) > cplr- 1(/:60}0(19)[@’0(19”%&);.

JE

Corollary 6. As a special case of Corollary 5, when T =R, 0(0) = 6, we have that (34) holds
already with equality and we get the inequality (4) proved by Pecaric et al. [2].

Corollary 7. In Corollary 5, when T =N, o(n) = n + 1, we have that ife,e € N,0 < p < g <
0o, w is a C-increasing sequence for C > 1 and @ is increasing with @(e) = 0, such that

@P~1(n)@T P (n+1)wT P (n+1)wP(n) < w(n),

then
1

(o) s (g )
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A(0)

Theorem 3. Assume that T is a time scale withe, e € T, g > 0and 0 < § < 1. Furthermore, if x
is Cl-increasing on [e, €], C > 1 and A is decreasing on [e, €|, with A(e€) = 0 such that

x(8) < A7HO)AT(0)]' X (0) (X7 (0)]", (35)

then

1

[ x@=r@) a0 < cat= ( [ e [—M(a)}AM) g (36)

Proof. Since A is a decreasing function with A(e) = 0 and yx is a C7-increasing function, we
have for @ > 0 that x(6) < C7x(9), and thus,

SO [-A )] a0 > L ;x%e)[—w)}%ﬂ

o A

- quX 9 fe[ } Ad (37)
= X’ (0)[A°(0) — A%(e)]

= X’ (0)A°(6).

Consider the function

A() = C10-9) ( [ @ {—A%ﬂ)}%ﬁf - [x@-aentse @)

By applying the chain rule formula on the term

([ xe [Mw)}AM)‘%,

we have for ¢ € [0,0(0)] that

(I x ) [-2) M)T ”
= (RO @) a0) " 0 17 6]
Again by applying the chain rule formula on the terms A’ (6), we obtain
@) =1 @00, (0
where & € [0, 0(6)]. From (38), we observe that
e s 318
AB(9) = C101-9) (/9 X(0)[-2(8)] Aﬁ) — x(0)A% ). 1)
Substituting (39) and (40) into (41), we get
10109 (J (9 [—Aé(ﬁﬂAAﬂ)%_lx‘s(G) A6)] — x(6)A36)
Call=0) Ao=1( (f 9)[-1°(9)] Aﬂ)% L 0)A8(0) — x(0)AD(6) (42)

[~12(8)] {_anémﬂ(g)( @) [-2%(8)]"a0) " 2%(8) + x(0)] -
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Since ¢ € [0,0(0)],0 < 6 < 1and A is a decreasing function, then

A1) (JE 0 @) A (0)] a0) "
- (43)
> A10) (fip) X (®)[-A2(9)] “28)
Substituting (43) into (42), we see that
_ _ca1-8) o- ‘ _ JALE
A0 < | AN@)][ cl=0x o) ([ o) [-2@)] a0)" ) +x00)|. o
Substituting (37) into (44), we get

AN0) < [=A2(0)] [-ATH O O] K O)x (O] + x(0)]- (45)

By using (35) and A is a decreasing function, we have from (45) that
AR(6) <0,

and then, the function A is decreasing on [¢, €| .
Since A is a decreasing function, we have for € > ¢ that A(e) < A(e) and then (note
that A(e) = 0),

€

[ o-sefes s (/ @) [-2 )] AM) g

which is the desired inequality (36). The proof is completed. [

Corollary 8. As a special case of Theorem 3, when T = R, 0(0) = 0 and C = 1, we observe that
(35) holds with equality, and then, we get the inequality (2) proved by Heinig and Maligranda [1].

As a special case of Theorem 3, when 0 < p < g < cosuchthat0 < =p/gq <1,
Xx(9) = wi(9) and A(9) = @7(9), we get the following corollary.

Corollary 9. If 0 < p < q < oo, w is C-increasing on [¢, €], C > 1 and @ is decreasing on
[e, €] with @(€) = 0 such that

w1(8) < @P~1(0)[@7(0)]" PP (0)[w (0)]"7, (46)
then

(‘ / ‘ w‘i(ﬁ)[aﬂ(ﬁ)]AAﬂy < ci-r/ ( / ‘ w”(l?)[cop(ﬁ)]AA19> '

Corollary 10. As a special case of Corollary 9, when T = R, 0(0) = 6, we observe that (46) holds
already with equality and we get the inequality (5) proved by Pecaric et al. [2].

Corollary 11. In Corollary 9, when T = N, 0(n) = n + 1, we have that ife,e € N,0 < p <
g < oo, w is C-increasing sequence for C > 1 and @ is decreasing with @(e) = 0, such that

wl(n) <@ 1(n)@T P (n+1)w? (n)wlF(n+1),

then

1

(iw%nm[—ww)q < cl-ﬂ/q<iwp<n>/s[—wp<n>1> g

n=¢
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Theorem 4. Assume that T is a time scale withe, e € T, q > 0and 0 < § < 1. Furthermore, if x
is C1-decreasing on [e, €|, C > 1 and A is decreasing on [e, €| with A(e) = 0 such that

A O @)r T <1, (47)

then

5

[ xor-a@ntas = e ( [ o)[-a0)] o) (18)

Proof. Since A is a decreasing function with A(e) = 0 and y is a C7-decreasing function,
we have for @ > 0 that x(0) < C7x(#), and then,
A A
o X' (O)[ZA2(B)] A8 < CT [7X°(0)[-A°(9)] A0

J— € _ A

= C1X°(0) [; [-A°(8)] A8 )
= CPx°()[A°(8) — A(e)]

= CPx%(0)A°(8).

Consider the function

A0 = 0 ( [ o[ 00) w0 - [ xolamtae e

By applying the chain rule formula on the term
- 51 o)
([ wo-2w®)] s,
0
we have for ¢ € [0, 0(0)] that

[( 5 (9) [—M(ﬂ)}AM)‘%]A o

= LR @[ @)] a0)" x(e) [0 (6)] "

Again, by applying the chain rule formula on the terms A%(6), we obtain
A
A00)]" =02 (@)A%0), (52)

where & € [0, 0(0)]. From (50), we observe that

A
— x(0)A%(0). (53)

([ xe [—Aé(ﬁ)}AM)}

Substituting (51) and (52) into (53), we get

A2(0) = 101

LI (f2 20 (9)[-2%(9)] “a) RO 00— x(@18(6)

T 0)A80) - x(0)A2(6) (54)

=

CW(J—l)/\ﬁ—l(C) (fg X&(lg) [—A‘s(ﬂ)} AAﬂ)

[—A2(0)] {—cq(ﬁ—lw—l(g)(fg X°(8) [—A‘f(ﬁ)]AAﬂ)%flx"‘(e) +x(0)].
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Since ¢ € [0,0(0)],0 < 6 < 1and A is a decreasing function, we obtain

A1) (JE 0 @) [-A(0)] “a0) "

(55)
< A1 (o(0)) (Ji 20 () [-A(0)] “a0) "
Substituting (55) into (54), we observe that
‘ i1
A%®) = [-22@)] |~ toton ( [“xo)[-2@)] a0) )+ at6)]. 6)
Substituting (49) into (56), we get
AX(0) = | -A%(0)| [ -2 (e ()M (0)x(6) + x(8)] (57)

By using (47) and A is a decreasing function, we have from (57) that
AR () >0,

and then, the function A is increasing on [¢, €]r.
Since A is an increasing function, we have for € > ¢ that A(e) > A(e) and then (note
that A(e) = 0),

which is the desired inequality (48). The proof is completed. [

As a special case of Theorem 4, when 0 < p < g < cosuchthat0 < =p/gq <1,
Xx(9) = wi(9) and A(9) = @7(9), we get the following corollary.

Corollary 12. Assume that T is a time scale with e, e € T and 0 < p < g < co. Furthermore, if
w is C-decreasing on [¢, €], C > 1 and @ is decreasing on [, €| with @ (€) = 0 such that

@177 (0)[@”(0))" 1 < 1, (58)
then

(/g w"(ﬁ)[—w‘?(ﬂ)]AAﬁ); > cr/at (/S w”(ﬂ)[—w”(ﬁ)]AM> %-

Corollary 13. As a special case of Corollary 12, when T = R, 0(0) = 6, we have that (58) holds
already with equality and we also get the inequality (6) proved by Pecari¢ et al. [2].

Corollary 14. In Corollary 12, when T = N, o(n) = n+ 1, we have that ife,e € N,0 < p <
g < oo, w is a C-decreasing sequence for C > 1 and @ is decreasing with @(e) = 0, such that

@ P(m)@P T(n+1) <1,

then
1

1 1
€ q € 12
Y wi(n)A[-@(n)] | > cr/a-1 Y wP(n)A[-@P(n)] | .
n=e n=e
4. Conclusions and Future Work

In this paper, we establish some new dynamic inequalities involving C-monotonic
functions with C > 1, on time scales. It is known that if C = 1, then the 1-decreasing
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function is decreasing and the 1-increasing function increasing. Thus, our results are special
cases when C = 1 and give the inequalities involving increasing or decreasing functions.
These results can be proved by applying the properties of C-monotonic functions and the
chain rule formula on time scales. In the future, we hope to study the dynamic inequalities
involving C-monotonic functions via conformable delta fractional calculus on time scales.
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