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1. Introduction

In this paper, we study a nonparametric calculus of variations problem of Bolza having
variable end-points, isoperimetric inequality and equality restrictions and mixed inequality
and equality pointwise restraints. The fundamental sufficiency theorem presented in this
article, assumes that a proposed optimal trajectory with an essentially bounded derivative is
given, that the set of active indices of the mixed inequality restrictions is piecewise constant
on the underlying interval of time, that the corresponding multipliers of the inequality
restrictions are nonnegative at each point of the basic time interval and they are zero
whenever the time-dependent index is inactive, that the matching Lagrange multipliers
of the inequality isoperimetric constraints are nonnegative and they vanish whenever the
corresponding index is inactive, that a sufficiency first order condition very related with
the Euler-Lagrange equations holds, that a generalized transversality condition is verified,
that an inequality hypothesis whose source comes from the proof of the main result of
the paper is satisfied, that a very similar hypothesis of the Legendre necessary condition
is satisfied, that the positivity of a quadratic integral over the cone of critical directions
is fulfilled and, that three conditions involving the Weierstrass functions delimiting the
calculus of variations problem are verified. Then the deviation between any admissible
cost and the proposed optimal cost, can be estimated by a quadratic functional whose role
is very similar with that of the square of the norm of the Banach space of the Lebesgue
integrable functions. In particular, the result shows that if the proposed optimal trajectory
satisfies the above sufficiency conditions, then it is a strict strong minimum of the problem
in hand.

It is worthwhile mentioning that the proof of the main sufficiency theorem of the
paper is self-contained in the sense that it is independent of some classical approaches
such as the ones that invoke to the theory of Mayer fields by using independent path
integrals, commonly called Hilbert integrals, Hamilton—Jacobi theory which frequently uses
a fundamental inequality, symmetric solutions of some Riccati equations, generalizations
of the conjugate point theory, local convexity processes or the insertion of the proposed
optimal trajectories in some fields of extremals, see for instance [1-16]. On the other hand,
it is important to point out that the calculus of variations has as its aim a generalization of
the structure of classical analysis that will make possible the solution of some extremum
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problems having numerous applications in the qualitative analysis of various classes of
differential equations and partial differential equations; see, e.g., the papers [17,18] for
more details. The technique used in this article to obtain the main theorem of the paper
corresponds to a generalization of a method originally introduced by Hestenes in [9]. This
algorithm have been generalized in [19-21] for the case of a parametric problem of the
calculus of variations, however, a direct sufficiency proof for the nonparametric problem of
Bolza had not been provided. A crucial property of this direct sufficiency proof not only
has the advantage that one does not need to invoke to a parametric problem as it is done
in [19-21], but also the sufficiency result for the parametric problem, provides sufficient
conditions to a strict strong minimum and not only for a strong minimum as it is the case
of [20,21].

Some of the novelties of the main theorem of the paper as well as the technique em-
ployed to prove it can be described as follows: the problem has a wide range of applicability
since the functions delimiting the problem only have to be continuous in their domain
and they need to have first and second partial derivatives with respect to the state and
the state-derivative independent variables. The smoothness of the first and second partial
derivatives with respect to the previously mentioned variables is no longer imposed. The
derivatives of the proposed optimal trajectories need not be continuous but only essentially
bounded. This feature is a celebrated component since the derivatives of the admissible
trajectories must only be essentially bounded. In fact, we have already provided concrete ex-
amples, in which our theory of sufficiency, indeed gives a response, meanwhile the classical
sufficiency theories for optimality are not able to detect it, since they need the smoothness
of the optimal trajectory in the basic time interval, see [21]. Finally, the technique used to
prove the main theorem of the paper, allows us to avoid imposing some type of preliminary
assumptions not appearing in the theorems, in contrast, with some classical necessary
and sufficiency theories. To mention a few, in [12,22] it is indispensable that the gradients
arising from the pointwise mixed constraints be linearly independent at each point of
the underlying interval of time or see [22-24], where some preliminary assumptions of
normality or regularity play a crucial role for obtaining the necessary optimality theory.

The paper is organized as follows. In Section 2, we pose the problem we are going to
study, introduce some basic definitions and state the main result of the article. In Section 3,
we illustrate the sufficient theorem of the paper by means of an example. In Section 4, we
enunciate two auxiliary lemmas whose statements and proofs can be found in [21]. Finally,
in Section 5, we develop the proof of Theorem 1.

2. The Problem and the Sufficiency Theorem

Suppose that an interval T := [, 1] in R is given, that we have functions [, [, : R" x
R'" >R (y=1,...,K),®:R" > R" (i =0,1), L(t,x,%): T x R¥ = R, L, (t,x,%): T x
R - R(y=1,...,K)and ¢(t,x,%): T x R?" — R°. Let

A:={(t,x,x)eTx R*" | u(t,x,%) <0 (ax €R), golg(t,x,x) =0(Bes)}

where R := {1,...,r}and S := {r+1,...,s} (r =0,1,...,s). If r = 0 then R = @ and
we disregard assertions concerning ¢,. Similarly, if 7 = s then S = @ and we disregard
assertions concerning ¢g.

Throughout the article we assume that L, L, (y = 1,...,K) and ¢ have first and
second derivatives with respect to x and x. Furthermore, if we denote by g(¢, x, %) either
L(t,x,%), Ly(t,x,%) (y =1,...,K), ¢(t, x, %) or any of their partial derivatives of order less
or equal than two with respect to x and X, we are going to suppose that if G is any bounded
subset of T x R?", then |g(G)| is a bounded subset of R. Additionally, we suppose that if
((Aq,Ty)) is any sequence in AC(T;R") x L(T;R") such that for some ® C T measurable
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and some (A,T) € AC(T;R") x L®(T;R"), (Aq(-),T4(+)) 1% (A(-),T(+)) on ©, then for

allg € N, g(-, A4(+),T4(+)) is measurable on @ and

g0 Ag(),Ta()) =5 (-, A(-),T(-)) on ©.

Note that all conditions given above are satisfied if the functions L, L, (y =1,...,K)
and ¢ and their first and second derivatives with respect to x and X are continuous on
T x R?". We shall also assume that the functions I, ly (y =1,...,K) are of class C? on
R" x R" and ®; (i = 0,1) are of class C2 on R".

The calculus of variations problem we shall be concerned, labeled (P), is that of
finding a minimum value to the functional
-t
I(x) = 1(x(to), x(t) + [ L(t,x(8), %(1))dt

fo

over all absolutely continuous x: T — R" satisfying the constraints

g(+, x(+),x(+)) is integrable on T.

x(t) =P (x (z+1))f0ri—_10
Li(x) :==Li(x(ty), x +ft x(t),%(t)dt <0(i=1,...,k).
Ii(x) == ](x(to) )+ ftol L] t,x(t),x(t))dt =0(j=k+1,...,K).
(,x(t),x(t)) € (a.e. inT).

Designate by X’ the space of absolutely continuous functions mapping T to R" and
by U the Banach space L®(T;R®) (s € N). Elements of X are named arcs or trajectories
and an arc x is admissible or feasible if it satisfies the restrictions. A trajectory x solves (P) if
it is feasible and I(x) < I(y) for all feasible arcs y. An admissible arc x is called a strong
minimum of (P) if it is a minimum of I relative to the norm

|| == sup [x(£)],
teT

that is, if we have the existence of some € > 0 such that I(x) < I(y) for all feasible
trajectories y verifying ||y — x|| < e. Itis a strict strong minimum when I(x) = I(y) only if

x=y.
The following definitions are going to be useful in the content of the paper. The
notation * means transpose.

* Given K real numbers A, (y = 1,...,K), take into consideration the functional
Iy: & — R defined by

K t

D) = 1)+ 10 ATy (x) = Lxtto), x(t0) + [ Lalt, x(0), %(0)dt,
=1 0

where [, : R” x R" — R s given by

K
(a1, a2) == 1(ay,a2) + Y Aqyly(a,a2),
=1

and Ly: T x R*" — R is defined by

K
La(t,x,%) == L(t,x,%) + Y AyLy(t,x,%).
=1
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e Forall (t,x,%,0,u) €T X R x RS, set

H(t,x,%,p0,p) :=p % —Ly(t,x,x) — u* p(t, x,%).

If p € X and p € Us are given, set for all (t,x,x) € T R%",

Fx(t,x, %) i= —H(t, x,%,0(8), p(t)) = p7 (1),

and let

Ja(x) == p*(t1)x(t1) — p*(to)x(to) + Ia(x(t0), x(t1)) + " Fy(t, x(t), x(t))dt.

to

*  The first variations of Jy and I, (y =1,...,K) along x € X with ¥ € L®(T;R") in the
direction y € X are given, respectively, by

y(to

o) = o) <)) (4000 ) [ Bt (), 2C)0) + Faso, 0, 5090,
y(to)

L (x,y) = I, (x(to), x(t1)) o))+ 1{va(t,x(f)fx(f))y(f)+va(t,x(t),x(f))y'(f)}df-
y(tl) to

The second variation of ], along x € X with ¥ € L*(T;R") in the directiony € X
with y € L(T;R") is given by

I 5) = (0 o)y () o) ) (000 )+ [ 2 e (0,500, 0), 00l

where, for all (t,y,7) € T x R*",

2w (t,x(t), 2(1);t, v, Y) =y Fxx (8, x(), 2 (1) )y + 29" Faxee (£, x(t), X(£))y + Y Fazse (£, x(8), %(£)) -
e Set
E (t,x,x,u) := F\(t,x,u) — Fy(t,x,%) — Faz (8, x, %) (1 — %).
Similarly, forall y =1,...,K, set

Ey(t,x,%,u) := Lo (t,x,u) — L, (t,x,%) — Lo (t, x, %) (u — x).

e Forallx € X, set
D(x) = V(x(to)) + [ V(i(t)dt

to
where for all e € R”,
Vie) := (14 [e[)V? 1.

Finally, for all (t,x,%) € T x R*", designate by
Zo(t,x,%) :={a € R| @u(t, x,%) =0},

the set of active indices of (t, x, x) corresponding to the mixed inequality constraints. Given
x € X, designate by

io(x):={i=1,...,k| L(x) =0},

the set of active indices of x corresponding to the isoperimetric inequality restrictions. For
all x € X, let Y(x) be the set of all y € X with y € L?(T;R") verifying

y(t—i) = @' (x(tit1))y(tis1) fori = —1,0.

If(x,y)SO 16141( )) I]{(x/y): (]—k+1 K)

Pax(t, x(t), %(t))y(t )+§0m(t/x(t)/x(t)) (H)<0 (ae inT, a € Zo(t, x(t), X(t))).
ppxc(t, x(t), 2(1))y(t) + @ps(t, x(t), %(£))y(t) = 0 (a.e.in T, B € S).
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The cone Y (x) is commonly called the cone of critical directions along x.

Theorem 1. Let x( be a feasible arc with xog € L®(T;R"). Assume that Z,(-, xo(-), Xo(-)) is piece-
wise constant on T, that there exist p € X, u € Us satisfying pa(t) > 0, pa(t)
@u(t, x0(t),%0(t)) = 0 (a0 € R, ace.in T), §,€ > 0, and multipliers A; (i = 1,...,K) satis-
fying A; >0, Aili(x9) =0(i =1,...,k) such that

p(t) = —Hx(t, x0(t), 20(t), 0(t), u(1)) (ae.in T),
HE (8, xo(8), %0(8), p(8), 1(1)) = 0 (. in T),
and the following assumptions hold:
S P (x0(t0)) O
i 1Y (xo(to), xo(t1)) + ( ! onino >P(f1) - ( o (xo(11)) >P(t0) = 0.
i Y0 (=) p*(t_)®@" (xo(tis1); 1) > O forall h € R™.
iii.  Hge(t, x0(t), %o(t), p(t), u(t)) <0 (a.e.in T).

. J{(xo,y) >O0forally # 0,y € Y(xp).
v.  For all x feasible satisfying || x — xo|| < €,

(@) Ex(t,x(t),%0(t),%(t)) = 0 (ae. in T)
®) JIEA(t (), (), %(0)dE > 6 [V >—xo<t>>dt;
(© [yl Ealt x(t), %o(t), 2(t))dt >(5]ff1 E7 (£, x(t), 2o(t), %(8))dt| (y =1,...,K).
Then, there exist v1, vy > 0 such that, if x is feasible with ||x — xOH < v, we have
I(x) > I(xp) + v2D(x — xp).

In particular, xq is a strict strong minimum of (P).

3. Example

In this section, we give an illustration of Theorem 1 by means of an example.
Let (P) be the problem of finding a minimum value to the functional

I(x) := x3(~1 +/ £) + )2t

(x'(t) 1)% 4+ x(t) (x(t) + t)?}dt < 0.
[-1,1

) 1 X
x(t),x%(t)) € A (ae. in[-1,1]).

Forthiscase, T=[-1,1],n =1, K=k=1,r=s =1, &y = ®; = —Id where Id is
the identity function, I(a1, a2) = a3 — 2ay, l1(a1,a2) = 0, L(t,x,%) = 2(x + )%, Ly (¢, x, %) =
(x4+1)2+x(x+1)% ¢1(t,x,%) = —x — 1 and

A= {(t,x,%) € T xR*| g1 (t,x,%) <0}
Forall (t,x,%,0,1) € T x R* we have
H(t,x,%,0,1) = px —2(x + 1)> = A (x +1)2 = Ma(x + £)2 + g [x + 1],

Hy(t,x,%,0,1) = —4(x+1) = 2A1%(x + 1),
Hi(t,x,%,0,u) =p—2A(x+1) — A (x+ t)2 + 1.
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Let xg = —t on T and note that xp € X = AC(T;R), %9 € L*(T;R) and xy is admis-
sible. Furthermore, note that Z, (-, xo(+), %o(:)) = {1} on T, and hence it is constant on T.
Setp = 11 = 0on T and note that p € X and y = p; € Uy = L®(T;R). Moreover, observe
that 1 () > 0 and u1(t)@1(t, x0(t), %0(t)) =0 (x € R = {1}, a.e.in T). Additionally, let
A1 = 1 and note that A; > 0 and A1 (xg) = 0. With these concepts in mind, observe that

p(t) = —Hy(t,x0(t), %0(1), p(1), p(1)) (ae.in T),

Hy(t, xo(t), %0(t), 0(t), u(t)) =0 (a.e.in T).
Now, note that I (ay,az) = I(ay,a2) + A1 (a1, a2) = a% — 247 and hence
I\(a1,a2) = (2a1 —2,0)
and I (xo(—1),x9(1)) = (0,0). As p = 0 on T, then as one readily verifies, hypotheses (i)
and (ii) of Theorem 1 are verified. Furthermore, observe that Hyx(t,x, %, p, ) = —2A1 and
s0 Hyx (8, x0(t), %o(t),p(t), u(t)) = —2 (a.e.in T) and then, hypothesis (iii) of Theorem 1 is
also verified. Now, note that since

Hyx(t,x,%,0,4) = =4 —2Mx and  Hyx(tx,%,0,4) = —2A1(x +1),

then Hyx (t, xo(t), %o (t), p(t), u(t)) = —2 and Hyx (£, xo(t), %o(t), p(t), u(t)) = 0 (a.e.in T).

Furthermore,
" _ 2
l/\(al/a2) - < 0 0 )

(D0 = (5§ ):

Then, the second variation J} is given by

o

and so,

H(y) =221+ [ 20200 + 20

which is greater than zero for all y # 0, y € Y (xg) where Y(x) is given by all y € X’ with
y € L?(T;R) satisfying

I1(x0,y) <0 (i € ia(x0) = {1}).
0

—y(t) <0 (ae.inT).

Thus, hypothesis (iv) of Theorem 1 is satisfied. We also have that

{ y(=1) = —y(1).

Fy(t,x, %) = 2(x + )2+ (1 + 1) + 2(x + )%
Consequently, if x is admissible, then for almost all t € T,

Ex(t,x(t), %0(t), 2(t)) = (2() +1)> + 2(£) (x(£) + 1)* + (x(t) + 1> > (%(t) + 1)
and so, if x is admissible, then

(@ Ea(t,x(t),%o(t), x(t )) >0 (ae. in T)
®) [ Ea(tx(8), %o(8), x(8)dt > [T ((t) +1)2dt > [1 V() — xo(t))dt.
Moreover, as one readlly Ver1f1es, 1f x is adm1551ble, then for almostallt € T,

Ei(t,x(t), %(t), 2(t)) = (2(t) + 1)% + x2(t) (x(t) + )% + (x(t) +1)?,

and hence, if x is admissible, then
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() fil E)(t, x(t),xo(t), %(t))dt = | fil Eq(t, x(t), %(t), %(t))dt| implying that hypothesis
(v) of Theorem 1 is verified with any € > 0 and 6 = 1. Then, there exist v1, v, > 0 such
that, if x is admissible with ||x — xg|| < v1, we have

I(x) > I(x0) + vaD(x — xq).
In particular, xg is a strict strong minimum of (P).

4. Auxiliary Lemmas

In this section, we are going to prove Theorem 1. First, we state two auxiliary lemmas
whose statements and proofs are given in Lemmas 4.1 and 4.2 of [21].

In the following we suppose that we are given xg € & and a subsequence (x;) in X
such that

lim D(x; —x) =0 and d;:= [2D(x; — x0)]2 >0 (gE€N).

q—r0

For all 4 € N, define
Yq = .
q dq

We write %, au, %o on T, if for any € > 0, there exists ®: C T measurable with

m(®¢) < € such that %, L %onT \ @, that is, if (x;) converges uniformly to %y on
T\ Oe.

We shall not relabel the subsequences of a given sequence since this fact will not
modify our results.

Lemma 1. For some subsequence of (x,), and some yo € X with o € L*(T;R"), %, 2 %o on

1
T, yq Lyoon T and y, Lyoon T.

Lemma 2. Let ® C T be measurable, Ry € L*(©;R"*") and (R;) a sequence in L*(@; R"*").
If %4 1) Ry s Ry on@and R)(t) >0 (t € ©), then

timinf [ 73 (0Ry(03g(Ddt = | 35(R (D0 (1),

q—>00

5. Proof of Theorem 1

Proof. The proof of Theorem 1 will be made by contradiction, that is, we are going to
assume that, for all v1, 1, > 0, there exists an admissible trajectory x such that

||X — X(]H <17 and I(X) < I(JCO) +v2D(x — XO). (1)

We recall also that Z, (-, xo(-), %o(-)) is piecewise constant on T, (xo, p, t) satisfies the
first order sufficiency conditions

o(t) = —Hx (£, x0(t), 2o(t), p(t), p(t)) (a-e.in T),

HE (1 x0(8), %0(t), p(£), 1(t)) = 0 (ae.in T),

and hypotheses (i), (ii), (iii) and (v) of Theorem 1. We are going to obtain the negation of
hypothesis (iv) of Theorem 1.
First note that, as

Ha(t) >0(e€R,ae.inT) and A;>0(i=1,...,k),
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if x is feasible, then I(x) > J(x). Furthermore, as
Ha()@a(t, xo(t),%0(t)) =0 (2 € R, ae.inT) and A;Li(xg) =0(i=1,...,k),

then I(xg) = Ja(xo). Consequently, (1) implies that, for all v1,v, > 0, there exists x
admissible with

lx —xol| <v1 and Ji(x) < Ja(x0) +v2D(x — xp). (2)
Observe that by setting
[0] := (xo(to) + 0[x(to) — xo(to)], x0(t1) + O[x(t1) — x0(t1)]),

for all admissible trajectories x,

) = 1= (o) = x50 (0) — xs el 1150) ~ 20000 o
= p"(t)[x(t1) = xo(t1)] — o™ (t0)[x(to) — x0(t0)] + Ja(x0) + J) (x0, ¥ — x0) + Ka(x) + Ex () (3)
where y
E(x) = [ Elt,x(0), 0(8), (0t

= /t:{MA(f,X(t)) [ (1) — 25 (D]NA (1, x(£)) Yt
and the functions M, and N, are given by
Mat) = Fa(t, (1)) = Ba(t %0 (t), 50(8) = Faalt %o(8) %0(6)) (x = (1),

N (t,x) := Fy;(t,x,%0(t)) — Fy(t, x0(t), %0(t)).
Note that

M (t,x) = 3[x" = x5 ()] Pat, x) (x = xo(t)),  Na(t,x) = Qa(t,x)(x — xo(t)),
where
(1 x) = z/ 8) Fave (b, x0(t) + 8]x — x0(t)], %0 (t))d8,
Q1) 1= [ Freelt,xo(t) + 81— xo(8) fo(1))d6.
Now, we claim that there exists 7 > 0 such that, for all x admissible with ||x — xp|| < 1,
[KA(x)] < 71llx — xo[| [1 + D(x = x0)]- (4)

Indeed, observe that if x is admissible with ||x — xg|| < 1, then for some «; (i = 1,2) and
almost all t € T, we have that
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| X :
= |3l (8) = xg (1] Pa(t x(t) (X(t)—xO( )+ [ (1) — 25 ()] Qa (£, x () (x(£) — x0(t))]
= {3l () = x5 (D]PA(t (1)) + [ (1) — 35 ()] Qa (£ x(1)) } (x(t) — x0(1))]
< 30 = 1 (DIPA(E () + [ (1) — 35 (D] Qa (8 x(1)) [ [x (1) — xo(8)]
< Jx(t) = xo(O1(13[x" (1) = 25 (O] PA(E x(8))| + [ () — 35 ()] Qa(E, x(1)])
< [ () = %o (0)](31x (1) = %o (D)][Pr(t, x(6)] + |5(t) — %0 (H)[|Qa (t, x(£))])
< () = xo(t)](x(t) — xO(f)|+IX() xo(t)])
< afx(t) = xo(H)[(1+[x(t) — 20(£)])
< alx(t) — xo(B)[(1+ [2() — %o (1) )2

Setting 77 := max{«ay, (t; — to)az }, x admissible with ||x — x¢|| < 1 implies that

Kr@I < mallx =30l [ (VER(0) ~ 50(e) + e
< agllx — xo[(D(x — x0) +t1 — to)
= alx — x0[|D(x — x0) + az||x — xol[(t1 — to)
< nllx = xo[[D(x — x0) + 77|x — xo|
= 7llx —x0l[[1+ D(x — x0)]
and then (4) is proved.

Now, by (2), for all g € N there exists x; admissible such that

1 1
[[xg = xo0l| <€ [lxg —xol < 7 Ja(xq) = Ja(xo) < aD(xq — Xp). (5)

The last inequality of (5) implies that for allg € N,
dg := [2D(x, — x0)]'/% > 0.
Since
o(t) = —Hx (t, xo(t), 20(t), p(£), u(t)) (a.e.in T),
HE(t %o (t), %o(1), p(8), 1()) = 0 (a.e.in T),

we have that

foun =i 29

for all y € X. Having this in mind, by (3), (v)(b) of Theorem 1, (4) and (5),

Jalxg) ~ Ja(xo) = [ (1 0)(x3 ) — x (10), x5 (01) - xsul)me}( ﬁgﬁ?ji e )d9
+0" (t1) x4 (1) — x0(t1)] — " (fo) x4 (t0) — x0(t0)] + I} (x0(t0), x0(t1)) ( ﬁf,gf; - igg:?i >

+EA(xg) + Ex(xq)
> [ (=00 0) it 5 0) ~ eyl ( 0 70 Jao
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+0" (t1)[xg(t1) — x0(t1)] — 0™ (to) [x4(t0) — x0(t0)]

o
+1 (x0(to), x0(t1)) < zZE:(l); - zgggg ) —11]Jxq — %ol — 17]]xq — %0/ D(x4 — x0)
1o [ V() — o(t))dt

to

= [ a=e)0) = st 5y e0) — el (376000 7o) g
+07 (1) [xq(t1) — x0(t1)] — p™ (f0) [x4(t0) — x0(t0)]

+Z’A(xo(to)/x0(t1))( xqgifg—xgg g >

—1|lxg — x0l| = nllxg — x0l[D(xq — x0) + 6D(xq — x0) — 3V (x4(t0) — xo(to))-

By (5), forallg € N,

+0V (xq(to) — x0(to)) — lﬁ(xO(tO)/xO(tl))( zggg; - iggg; )

—0" (1) [xq(t1) — x0(t1)] + 0" (f0) [x4 (f0) — x0(to)]
_ /01(1 —0)(xg(to) — xp(to), x5 (t1) — x5 ())1[6)] < xq(to) — xo(to) )d@.

xq(t1) — x0(t1)

Consequently,
lim D(x; — xo) = 0.
q—0
For all ¢ € N, define
Yq =
d‘i

By Lemma 1, there exist yy € X with yjo € L?(T;R") and some subsequence of (x;)

1
such that y, LN Yo on T. Once again, by Lemma 1, there exist some subsequence of (x;)

such that y, A, yoonT.
We claim that

i. JY(x0,y0) <0,y0 # 0.

ii.yo(t-;) = @' ;(xo(tiv1))yo(tit1) fori = —1,0.

iii.Il-’(xo,yo) <0 (l S zu(xo)) (XO,]/()) =0 (] =k+1,..., K)

iv.@ax(t, x0(t), Xo(t))yo(t) + %x(t xo(t), %0(t))yo(t) <0 (ae.in T, a € Zy(t, xo(t), %o(t)))-
V. @px(t, x0(t), 20 (£))yo(t) + @px(t, x0(t), X0(t))yo(t) =0 (ae.in T, B € S).

Forallg €N,
Eata) _ 0 (M0000) o Ml 2OD),,

= +7,(t)
a2 a2 1 d;

By Lemma 1,
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1
both on T and, as y, L yoonT,

33 (xo,90) = %(yé(to),y(’;(tl))l’A’(xo(to),xO(tl))< yo(to)>

yo(t1)
+ Jim % 3 L 90 Fass (6 30(6), 30 0)n(0) (6)
We have,
imint 20> 5 [ G50)Fuaet 300, S ol )

Indeed, by Lemma 1, we can choose ® C T measurable such that %, u, Xo on ©.
Additionally, forallt € ® and g € N,

B 130300050 (1)) = 395 (0Ry (03400

where
Ry(t) :=2 /01(1 — 0)Fazs (£, x4 (£), 0(t) + 04 (£) — %o (t)])d.
Clearly,
Ry(") — RA(+) = Frix (-, x0(+), %o(+)) on @.

By hypothesis (iii) of Theorem 1, R (t) > 0 (¢t € ®). Moreover, by hypothesis (v)(a) of
Theorem 1, and by Lemma 2,

uqrgglf&gq) - 11gg1f;2/ En(t, %, (1), %o(t), % ())dt>11m1nfd2/EA(t xg(£), %o (F), 1q (1)) dt
= limint [ g (OR,(03g(0de > 5 [ d5(0ORA (D00

As © can be selected to be different from T by a set of an arbitrarily small measure
and the function y;(-)R A (-)yo(-) is integrable on T, this inequality is verified when ® = T
and hence (7) is satisfied.

By, (3), (5), (6), (7) and hypotheses (i) and (ii) of Theorem 1, we have

3J5 (x0,y0) < %(yS(to),yé(tl))lX(xO(tO),xo(tl))( Yo(to) )

Yo(t)
Ka(xq) o limin Enrl(xg) — liminf Ja(xq) — Ja(xo)
g—o0 d% g—00 d%

~ Jim {p*<t1>[xq<t1> ~ xo(t1)] — 0 (t0) g (t0) — x0(t0)] + la<xo<to>,xo<t1>>( Fattn) — ot )}

g—eo d2 xq(t1) — x0(t1)

+ qh—)nolo a2

IN

- hm *{P (t1)[@1(x4(t0)) — P1(x0(to)) — D1 (x0(t0)) (x4(t0) — x0(t0))]
—P*(to)[%(xq(tl)) — Py (xo(t1)) — Pp(x0(t1)) (xg(t1) — xo(t1))]}

1 1
= — Jlim dZ{P*(fl) /O (1 - 0)®7 (x0(to) + 0[x(to) — x0(to)]; x4(to) — x0(to))dO

—p*(to) /0 (1—6)Dg (xo(t1) + 0[xq(tr) — x0(t1)]; xq(t1) — xO(tl))de}

0 .
= —% ';1(—1)l+1p*(t,j)q>,_ (xo(tiv1); ]/0( iv1)) < 0.
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Now, if yg = 0, then
K
tim 200 _ g,
g—o0 dq
and hence, by hypothesis (v)(b) of Theorem 1,
.. Ealxg) 1 b . .. D(xg—x0) V(xq(to) — x0(to))
0o > h;r_l)g}f 2 > 511;1_1}10£1fd—% /to V(x4(t) — xo(t))dt = (511;1_1}1;&( &2 - 2 >
0 . V(xq(to) — Xo(to)) ) 1., |Xq(t0) — XO(fo)|2 ) 1 > 1)
= — — > - — — = - — — = —
lqunjogp 2 255 hrqr;sogp 2 5 5 lp(to)l” =3

implying that § cannot be positive, which is not the case and in this way we have obtained

(i) of our claim.
Now, observe that since x; is admissible, then for i = —1,0 and all ¢ € N, we have

(1) = ([} @ Gt + 003 (102) = xti1)1)0 i 1)

Asy, = yoon T, then for i = —1,0, we have

yo(t_i) = @ ;(xo(tix1))yo(tiv1)

and so (ii) of our claim is established.
Now, let us show that

Ij(x0,40) <0 (i € ia(x0))- (8)
Indeed, first observe that forally =1,...,K,

1 x(ty) — x
L) = [ 0= 0)(x* (1) = w3 h0), 4 (11) =3 (0115 6 ( T )do

= Iy(x0) + I} (x0, x — x0) 4+ KCq (x) + &y (x) 9)
where

fy
£,(x) == / E. (t, x(t), %0(t), %(£))dt,

(1) 1= [ UM (0,2(0) + [5°(0) = 55 (1N (0, x(6) Y,
and the functions M., and N, are defined by
My (t,x) := Ly (t,x, X0(t)) — Ly (t, x0(t), 20(t)) — Lyx (£, x0(t), Xo(t)) (x — x0(t)),

Ny (t,x) == L (t, x, X0(t)) — Lx (£, x0(t), %0(t))-
We have

My (8 x) = [x* = xg ()] Py (£, x) (x = x0(8)),  Na(t, x) = Qy (£, ) (x — x0(1)),

where
Py (t,x) := /01(1 — 0)Loyxx(t, x0(t) + 60(x — x0(t)), %0(t))d0,

Q. (t x) == /01 Lo (t, x0() + 0(x — x0(8)), %0(£))d6.
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Itis clear that, forally =1,...,K,

NW = [x5(-) = x5 ()1Py (- x4 (-))yq () L 0,

Nay(xq(1)) = Qy (%9 () (x4(-) = x0(+)) =0,

1
all on T and, since ¥, L yo on T, then

K K
limM:O and limM:O (y=1,...,K). (10)
g—o0 q g—o0 dq
By (5) and (10),
0 > limsup Ja(xq) = Ja(x0)
g0 dq
: 1 0 i+1 ! * "
= [Jim - Y. (-1 /0 (1= 0)p" (t—i)PZ;(xo(tit1) + 0[xq(tiz1) — xo(tiv1)]; xq(tit1) — xo(tiv1))d0
qi=—1
£ &
+ lim sup A(xg) = limsup A(xq).
q—>00 dq q—r00 dq
Since for all g € N, £, (x4) > 0, then
&
lim 230 _
q—00 q

Thus, by hypothesis (v)(c) of Theorem 1, forall y =1,...,K,

lim Ey(xq)
q—00 dl]

=0. (11)
Since forallg € Nand i € i,(xp),
0 > Ii(xg) = Li(xg) — Li(xo)
= [0 (o) xj(en) — xs i) (0]~ 0l0) gy
/) Tolto) T Yolto) Tg i) = Aot xq(t1) — xo(t1)
+1I; (x0, X5 — x0) + Ki(xg) + Ei(xg),
then, by (10) and (11), for i € i,(xp),

0> fim LYo %g — X0)
T g dq ’

1
As y, 5 ypand Yq L Yo both on T, then for i € i,(xp),

I’ (xo, Xq — X0)

0> lim d = Il-’(xo,yo)
q

g—0

establishing (8).
Let us prove that

I]{(JCO,]/()):O (j:k+1,...,K). (12)
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Indeed, by (9), (10), (11) and the admissibility of x4, forallj =k +1,...,K,

I/'(xO/x —XO)
0= lim A e

g—0 q

= Ij(x0, o)

which is precisely (12), and hence we obtain (iii) of our claim.
Now, we claim that

Pax(t, x0(8), 20(£))yo(t) + @asi(t, x0(t), %0())go(t) <0 (ae.inT). (13)

In fact, foralla € R, g € N, almostall t € T and 6 € [0, 1], define
O (£0) := @a(t, xo(t) + 0[xq(t) — x0(t)], %0(t) + O[x4(t) — %0 (£)]),

Gy (£) := [=a(t, xg(t), % (1))]'/2,
Ou(8) = —@ux (£, x0(8), F0(1))0(E) — g (b, %o() 30()i ():
If t € [ty,t1) is a point of continuity of Z, (-, xo(-), %o(:)) and & € Z,(t, xo(t), %o(t)),
as Z, (-, x0(+), %o(+)) is piecewise constant on T, we have the existence of an interval [t,f] C T

satisfying t < f and such that ¢.(c, xo(c), %o(c)) = 0 for almost all ¢ € [t f]. Using
the notation

{o} = (0,%0(0) + 0[xg(0) = x0(0)], %0(0) + 0[t4 () — %0 (0)]),

(
) =

we have
GY(0))?
0 < lim Mda’
= Jgne  dg

= Jim dlq /[t,ﬂm®{—goa(a,xq(a),xq(a)) + 9u(0, %0(0), 30(0)) Yo
— _lim L (O8(0;1) — 08 (0;0) }do

g0 dg Jitine

_ —lm—/ /—Q"‘a@d@da
Dll—>°°dq tine Jo 00 1

= —fim g [ [ esleHn(o) — 0(0) + puslobin(o) (o) aode

q—00 dl]

= g [ [Hondodn(©)+ pualodig(e) dodo

g—0 [,

[ = 9ux(@,20(0), 20(0))10(0) = 9as (0 30(e), 0(0) o) Yo
[N

= /[tﬂﬂ® Oy (0)do.

As O can be chosen to be different from T by a set of an arbitrarily small measure, then

f
0< / Oy (0)do
Jt

If O, < 0 on a measurable set ¥ such that X C [t,f] and m(X) > 0, then

GY(0))?
0> / Ouo)do = tim [ G1D)S
N0 = Jyne  dg

do >0

which is not the case. Consequently, O, > 0 almost everywhere on [t,f] with t € [t, 1)
an arbitrary point of continuity of Z, (-, xo(-), %o(-)). Thus, O4(t) > 0 for almostall t € T
showing that (13) is verified.
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Now, let us prove that forall g € S,

@px(t, x0(t), %0 (t))yo (t) + @pz(t, xo(t), %o(t))y0o(t) =0 (ae.inT). (14)

Indeed, forall € S, g € N, almostall t € Tand 0 € [0,1], set

YE(560) 1= @p(t, Xo(t) +6[x4 () — xo()], %o(t) + 0]y (£) — %o (£)]).
Forall B € S,q € N and almostall t € T, we have

19
— VB Blr.0) — By
0 = Yo(t1) = Yg(5:0) = | 55Y5(£;0)do

o8} (50 (6) = x0(6)) + @1} iy 1) — 30(0)) o

Then, forall 5 € S, g € Nand almostallt € T,

0= /Olkl’/sx{t}yq(t) + @pi{t}yq(t)]do. (15)

By (15), forallt € Tand § € S,
0= [0 98:(020(0), %0(0))0(2) + (0, %0(2), (&) o @) Yo

Once again, since ® can be chosen to be different from T by a set of an arbitrarily small
measure, thenfort € Tand € S,

t
0= /t {opx (0, x0(0), 20(0))yo(c) + @ps (0, x0(c), X0(0) ) Yo (o) }do
0
and hence (14) holds. Consequently, (iv) and (v) of our claim are satisfied. O
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