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1. Introduction and Preliminaries

The concept of fuzzy sets was initially presented by Zadeh [1] in 1965, wherein he
defined a fuzzy set as: a fuzzy set M on a non-empty set X’ is a function from X to [0, 1].
This concept plays a very important role in several scientific and engineering applica-
tions. Thereafter, Kramosil and Michalek [2] introduced the notion of fuzzy metric spaces
which has been modified later on by George and Veeramani [3] holding the Hausdorffness
property for such modified spaces.

The fuzzy fixed point theory was started by Grabiec [4] in 1988, wherein he presented
the concepts of G-Cauchy sequences and G-complete fuzzy metric spaces and provided a
fuzzy metric version of Banach’s contraction principle. To date, many fixed point results
have been provided on such spaces. In fact, the above mentioned concept of G-completeness
is not a very natural notion, as even R (the set of real numbers) is not complete in this sense.
In this quest, in 1994 George and Veeramani [3] slightly modified the concepts of fuzzy
metric spaces and M-Cauchy sequences wherein they found a Hausdorff topology in their
new defined notion of fuzzy metric spaces. Later, in 2002, Gregori and Sapena [5] defined
fuzzy contractive mappings and proved a very natural extension of the well-known Banach
contraction principle for such mappings in G-complete as well as M-complete fuzzy metric
spaces. Mihet [6] in 2008 extended the class of Gregori and Sapena’s fuzzy contractive
mappings [5] and proved a fuzzy Banach contraction result for complete non-Archimedean
fuzzy metric spaces in the sense of Kramosil and Michalek.

On the other hand, relation-theoretic fixed point theory is a relatively new direction
of fixed point theory. This direction was initiated by Turinici [7] and it becomes a very
active area after the appearance of the great results due to Ran and Reurings [8] and
Nieto and Lopez [9,10] wherein they provided a new version for Banach contraction
principle equipping the contractive condition with an ordered binary relation. The authors
in [8-10] provided several interested applications to boundary value problems and matrix
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equations which supported their fixed point results strongly. Thereafter, a lot of fixed
point theorems have been provided in which various definitions of binary relations were
equipped (e.g., [11-15] and several others).

Now, let us recall some basic definitions, notions, and results which will be needed in
the following.

Definition 1 ([2]). A continuous t-norm x is a continuous binary operation * : [0,1] x [0,1] —
[0, 1] which is commutative and associative and satisfies:

(i) tx1=tVte|0,1];

(i) txs <uxvwhenevert <uands <vVt,suvel0ll.

The following are some well-known examples of continuous t-norm: f * s = min{t, s},
txs=ts,and t xs = max{t +s— 1,0}, Vt,s € [0,1].
Kramosil and Michalek [2] defined fuzzy metric spaces as under.

Definition 2 ([2]). Let M be a fuzzy set on X* x [0,00) and * a continuous t-norm. Assume that
(Vx,y,z€ Xandt,s > 0):

(KM-i) M(x,y,0) =0;

(KM-ii) M(x,y,t) =1iffx =y;

(KM-iii) M(x,y,t) = M(y, x,t);

(KM-iv) M(x,y,t) « M(y,z,5) < M(x,z,t+5s);

(KM-v) M(x,y,.):[0,00) — [0,1] is left continuous.

Then (X, M, %) is called a fuzzy metric space (Kramosil and Michalek’s sense).

Definition 3. If we replace the axiom (KM-iv) by:

(KM-iv) M(x,y,t) * M(y,z,s) < M(x,z,max{t,s})V x,y,z € X and t,s > 0, then
(X, M, *) is known as a non-Archimedean fuzzy metric space. It is easy to check that the triangular
inequality (KM-iv)' implies (KM-iv), that is, every non-Archimedean fuzzy metric space is itself a
fuzzy metric space.

The topology of a fuzzy metric space (Kramosil and Michalek’s sense) is not Hausdorff
in general. In order to have Hausdorffness property, George and Veeramani [3,16] slightly
modified the definition of fuzzy metric spaces such that the topology of the newly defined
fuzzy metric space becomes Hausdorff.

Definition 4 ([3,16]). Let M be a fuzzy set on X2 x (0, 00) and * a continuous t-norm. Assume
that (VY x,y,z € X and t,s > 0):

(GV-i) M(x,y,t) >0;

(GV-ii) M(x,y,t) =1iffx=y;

(GV-iii) M(x,y,t) = M(y, x,t);

(GV-iv) M(x,y,t)* M(y,z,5) < M(x,z,t+5);

(GV-v) M(x,y,.):(0,00) — [0,1] is continuous.

Then (X, M, %) is called a fuzzy metric space (George and Veeramani’s sense).

Remark 1 ([3]). The topology of a fuzzy metric space in the sense of Definition 4 is Hausdorff.

Remark 2 ([3]). Every fuzzy metric space in the sense of Definition 4 is a fuzzy metric space in the
sense of Definition 2, the converse is not true in general.

Example 1. Let (X, d) be an ordinary metric space and let ¢ be a nondecreasing and continuous
function from (0,00) — (0,1) such that lim;_, ¢(t) = 1 (Some examples of these functions are
¢(t) = 5, ¢(t) = 1—e ', and ¢p(t) = e 7). Letaxb < ab for all a,b € [0,1]. For each
t € (0,00), define

M(x,y,t) = [p(0)]"¥), Vxy e X.



Axioms 2022, 11,117

30f18

It is easy to see that (X, M, *) is a non-Archimedean fuzzy metric space.
Remark 3 ([2]). Forall x,y € X, M(x,y,.) is a non-decreasing mapping.

Definition 5 ([3,4,16]). Let (X, M, x) be a fuzzy metric space. A sequence {x,} C X is said
to be

(i) convergent to x € X if
lim M(x, x,t) =1Vt >0,

n—00
in this case, we write lim x, = x.
n—o0
(ii) Cauchy if Ve > 0and t > 0, IN € N satisfying

M(xu, Xn1p,t) >1—€Vn> Nandp € No.

Let (X, M, *) be a fuzzy metric space. If every Cauchy sequence in X is convergent in X,
then X is said to be complete.

Lemma 1 ([17]). If (X, M, %) is a fuzzy metric space, then M is a continuous function on
X? x (0,00).

Definition 6 ([18]). Let (X, M, x) be a fuzzy metric space. Then the mapping M is said to be
continuous on X2 x (0,00) if
nh—I)Iolo M(xt’l/ yl’l/ tn) = M(x/ y/ t)/

whenever {(xn,yn,tn)} is a sequence in X% x (0,00) which converges to a point (x,y,t) €
X?% x (0,00),ie.,

JEI;OM(XWX, f = nli_r)roloM(yn,y,t) =1and nh_r}r(}o M(x,y,t,) = M(x,y,t).

Roldén-Lépez-de-Hierro [19] defined a comparison function ¢ : [0, 1] — [0, 1] which
satisfies:
(A) ¢ is non-decreasing and left continuous;
(B) u(t) <tforallte (0,1);
© y(0)=0.

Let ¥ denotes the family of all such functions .

For example, §(t) = t* for all t € [0, 1]. Notice that, using the previous definition, the
condition ¢(1) = 1 is not necessarily true.

Remark 4 ([19]). Letyp € Y.
(i)  (t) <tforallt e |0,1];
(it) if Y(to) = to for some ty € (0,1], then tg = 1.
(iii) If {t,} C [0,1] and ¢(t,) — 1, then t, — 1.

Now, we recall some relation-theoretic notions as follows.

Definition 7 ([20]). A subset R of X2 is called a binary relation on X. If (x,y) € R (we may
write xRy instead of (x,y) € R), then we say that “x is related to y under R”. If either xRy or
YRx, then we write [x,y] € R.

Observe that X2 is a binary relation on X called the universal relation. In this presen-
tation, X’ is to a non-empty set and R refers for a non-empty binary relation on X"
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Definition 8 ([21,22]). A binary relation R on a non-empty set X is said to be:

(i) reflexive if xRx V x € X;

(ii) transitive if xRy and yRz imply xRz V x,y,z € X;

(ii1) antisymmetric if xRy and yRx imply x = yV x,y € X;

(iv) partial order if it is reflexive, antisymmetric and transitive;

(v) complete if [x,y] € RV x,y € X;

(vi) f-closed if (x,y) € R = (fx, fy) € R Vx,y € X where f : X — X is a mapping.

Definition 9 ([23]). Let X' be a non-empty set and R be a binary relation on X. A sequence
{xn} C X is said to be an R-preserving sequence if (Xn, X,11) € R foralln € N.

Recently, Alfaqih et al. [24] presented a relation-theoretic version for the fuzzy version
of Banach contractive principle wherein the authors introduced relation-theoretic versions
of several fuzzy metrical notions as follows.

Definition 10 ([24]). A binary relation R on X is said to be an M-self-closed if given any
convergent R-preserving sequence {x,} C X which converges (in fuzzy sense) to some x € X,
I{xn, } C {xn} with (x,,,x) € R.

Example 2 ([24]). Let X = (0,4] and * be the product t-norm given by t x s = ts Vt,s € [0,1].
Define M by (Vx,y € X and t > 0)

0, ift=0
M(x,y,t) = .

Define R on X by
R={(1,1),(1,2),21),(22),(1,4),(2,4)}.

Observe that if {x,} is an R-preserving sequence which converges to some x € X, then
AN € N such that either x, = 1V n > Norx, =2V n > N. Therefore, {xn;}ticn is a
subsequence of {x, } such that x.;Rx for each i € N. Hence, R is M-self closed.

Definition 11. A sequence {x,} C X is called R-Cauchy if x,Rx,+1 ¥V n € Nyand ¥ e > 0
Ing € N satisfying (for all t > 0)

M(xu, Xn1p,t) >1—€Vn > Nandp € No.

Remark 5. Every Cauchy sequence is an ‘R-Cauchy sequence, for any arbitrary binary relation R.
‘R-Cauchyness coincides with Cauchyness if R is taken to be the universal relation.

Definition 12. A fuzzy metric space (X, M, *) which is endowed with a binary relation R is said
to be R-complete if every R-Cauchy sequence is convergent in X.

Remark 6. Every complete fuzzy metric space is R-complete fuzzy metric space, for any arbi-
trary binary relation R. R-completeness coincides with completeness if R is taken to be the
universal relation.

The present paper aims to introduce the concept of fuzzy R — {p—contractive map-
pings and prove some relevant results on the existence and uniqueness of fixed points for
such mappings in the setting of non-Archimedean fuzzy metric spaces (in Kramosil and
Michalek’s sense as well as George and Veeramani’s sense) which extended and general-
ized the results in [6,19]. We also provide some illustrative examples which support our
work. In the last section, we apply our newly fixed point results to prove the existence and
uniqueness of solutions for Caputo fractional differential equations.
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2. Main Results

We start our main section with the following lemma which will be useful in the proof
of our main results.

Lemma 2. Let f : X — X and R a transitive binary relation which is f—closed. Assume that
there exists xy € X such that xoR fxo and define {x, } in X by x,, = fx,_1, forall n € Ny. Then

XuRxy forallm,n € No withm < n. 1)

Proof. As there exists xp € A such that xgRfxp and x;, = fx,_1, then xgRx;. As R is
f—closed and xpRx1, we deduce that x;Rx,. By continuing this process, we find x,Rx, 41
for all n € Np. Suppose that m < 1, s0 X, Rxp,+1 and x;,41Rx;4+2 Due to the transitivity
of R, we find x,,, Rxy,+2. Similarly, as x,, Rxy,12 and x4 0Rxy,43, we find x, Rxy43. By
continuing this process, we obtain x,, Rx;, for all m,n € Ng with m < n. As required. O

Next, we introduce the notion of KM-fuzzy R — ¢—contractive mapping as follows:

Definition 13. Let (X, M, ) be a non-Archimedean fuzzy metric space (in the sense of Kramosil
and Michalek), R a binary relation on X and f : X — X. We say that f is a KM-fuzzy
R — p—contractive mapping if there exists P € Y such that (for all x,y € X andall t > 0
with xRy)

M(x,y,t) > 0 = min{M(x,y, ), max{ M(fx, x, ), M(y, fy, ) }} < p(M(fx, fy,1)). €)

The following is an example of a KM-fuzzy R — i—contractive mapping.

Example 3. Let X = [0,00) and let * be the product t—norm given by t xs = ts Vt,s € [0,1].
Define M : X? x [0,00) — [0,1] forall x,y € X by

o, ift=0,
M(x,y,t) = {(@)lx—y, ift #0.

Define f : X — X, ¢ : [0,1] — [0,1], and R on X by

e ifx €[0,2)
fr= 23 ifxe2,5 , vit)=£, xRyexyc(25,x<y.
e *+6 ifxe(50)

Then f is a KM-fuzzy R — {—contractive mapping as we will prove later on.
Now, we are equipped to state and prove our first main result as under.

Theorem 1. Let (X, M, ) be a non-Archimedean fuzzy metric space (in the sense of Kramosil and
Michalek) equipped with a binary relation R and f : X — X. Assume that X is an R—complete
and f is a KM-fuzzy R — p—contractive mapping such that:

(i) there exists xo in X such that xoR fxo and M (xo, fxg,t) > 0 forall t > 0;
(i) 'R is transitive and f—closed;
(iii) one of the following holds:

(a)  f is continuous or
(b) R is M—self-closed.

Then f has a fixed point in X .
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Proof. From (i), there exists xgp € & such that xoR fxg and M (xg, fxo,t) > 0 forall t > 0.
Define a sequence {x,, } in X by fx, = x,,41, forall n € Ny. If x,, = x,,41, for some n € Ny,
then x, is a fixed point of f. Assume that x,, # x,,41, for all n € Ny.

As M(xo, fxo,t) = M(xp,x1,t) > 0forall t > 0, and in view of Lemma 2 and (2),
we obtain

min{M(xO/ X1, t)'maX{M(fx()/ X0, t)/M(xllfxll t)}} < IP(M(fxO'fxl/ t))
= min{M(x()/ X1, t)/maX{M(xl/xO/ t)/M(x1/x2/ t)}} < ¢(M(x1/x2/ t)) 3)
= 0< M(xg,x1,t) SiIJ(M(Xl,Xz,t)) < M(xq, %0, 1).

If there is some ty > 0 such that M(xy,x2,t9) = 0, then (M (x1,x2,t9)) = 0. This
implies that M (x1, x2, tg) = 0, (due to condition (C) of the definition of ¢) which contradicts
(3). Therefore, M(x1, x2,t) > 0 for all t > 0. Continuing with the same scenario, we deduce
that for alln € Ngand all t > 0,

0< M(xnflrxn/ t) S lP(M(le/ xn+1/t)) S M(xn/ xn+l/t) < 1/

for all n € Np and all + > 0, which implies that the sequence { M (x,, x,41,t)} is non-
decreasing sequence and bounded above. Hence, there exists 0 < §(f) < 1forall t > 0
such that lgll M (xp, 41, 1) = 6(t).
n—oo
Now, we show that §(t) = 1 for all t > 0. If there is ty > 0 such that §(tp) < 1 then

0< M(xn—lzxn/ tO) S l/J(M(xn/ Xn+1, to)) S M(xn/ xrl-i-l/to) S 5(t0) < 1/ (4)

hence, 0 < 6(tg) < 1. As @ is left-continuous and { M (x,, x,41,t)} is non-decreasing se-
quence of positive numbers, letting n — oo in (4) we obtain ¢(J(t9)) = 6(tp), a contradiction
(6(tp) € (0,1)). Therefore, 6(t) = 1 forall £ > 0. That is,

Jim M(xn, X 41,t) = 1. ®)

Next, we show that {x,} is a Cauchy sequence in (X, M, ). If on the contrary, {x, }
is not a Cauchy sequence, then there exists ¢ € (0,1) and some ty > 0 such that, for all
k € Ny, there exist m(k), n(k) € Np such that k < n(k) < m(k) satisfies

M Xy Xney to) < 1—¢,
M(Xpk)—1, Xnk) to) > 1—¢,  forallk € No.

As (X, M, %) is non-Archimedean, we have for all k € Ny,

1—c¢ M(xm(k),xn(k),to)
M Xk Xm(k)—1, o) * M (X5 -1, X (k) 0)

M X1y Xm()—1, fo) * (1 — ).

VAR VARV,

Letting k — oo, and using that * is continuous, and (5) we can conclude that

lim M(xm(k),xn(k),to) =1-—e¢ 6)

k—o0

Additionally, as (X, M, %) is non-Archimedean, we have (for all k € Ny)

M (X (k) -1, Xn(k)—1,t0) = M Xk =1, Xn(k), to) * M (X0, Xu(y—1,t0) > (1 =€) % M(Xp1), X(x) 1. t0),

and

Mk Xy to) = M (i), Xy -1, t0) * M (X1, Xn(k) -1, t0) * M (X000 -1, X (1) to)-
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min{ M (

Taking k — oo, in the above inequalities and using (5), (6), we find

Hm M (X, (0) -1, Xp(k) -1, t0) =1 —& )

k—o0

That is, M (X, (k)—1, Xn(k)—1,t0) > 0 whenever k is large enough. Now, using (2) and
Lemma 2, we have, (for all k)

Xim(k)—1, Xn(k)—1, £0), Max{M (f X0 1, (k) 1, t0), M (X (k) -1, fXn(r)—1,10) 1}

< YM(fXp0) -1, fXn) -1, t0))-

Hence,

min{ M (x m(k (k) 1 to), max{ M (k) Xpu(k) -1, £0), M (X (k) -1, Xu(r) to) 1}
< lP( ( Xim(k)r Xn(k)s ))

Letting k — oo, and using (5)—(7) and the fact that ¢ is left-continuous we deduce that
l-—e<min{l —gmax{l,1}} <yp(l—¢g)=>1—-e<yP(l—¢) <1—g

a contradiction. Hence, {x, } must be a Cauchy sequence in (X, M, x). Now, we have {x, },
an R—Cauchy sequence, and (X, M, x), an R—complete, so there exists x € X such that
Xy — X.

Now, if f is continuous, then taking the limit as # — co on the both sides of x,, 11 = fxy,
n € Np, we obtain x = fx.

Otherwise, if R is M—self-closed, then there exists a subsequence {x,} C {xn}
such that x,)Rx for all k € No. We claim that x = f(x). As kh_r}go Xp(k) = X we have

klim M(xp k), x, 1) = Lforall t > 0. Then M (x,, ), x, ) > 0 when k is large enough for all
—00

t > 0 and as x,,;)Rx, from condition (2) we find

min{ M (x,,x), X, t), max{ M (fx, ), Xne), £), M(x, fx, ) }}
PM(frn ) /fx/f))‘

IN

Thus,

min{ M (x,,(x), x, t), max{ M (x,, k)41, Xn(x), £), M(x, fx, 1) } }
< ¢(M(xn(k)+l/fxrt>)-

Letting k — oo, and using (5), kh_)n;o M (xn(k), x,t) =1, we find
1 = min{1, max{1, M(x, fx,t)}} < khﬁrrolo M (X041, fX 1))
This means that
Jim PM(xy)41 fX 1) = 1.
Hence, from Remark 4 (iii) and the continuity of M, we obtain

lim J\/l(xn(k)ﬂ,fx, t) =1.

k—o0

Thus, klim Xn(k)+1 = fx. The uniqueness of the limit gives that fx = x. This ends
—00
the proof. O

Next, we provide the following uniqueness theorem.
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Theorem 2. In addition to the hypotheses of Theorem 1, if the following condition holds:
(iv) for all x,y € Fix(f), there exists z € X such that xRz and yRz, M(x,z,t) > 0 and
M(y,z,t) > 0forall t > 0.

Then the fixed point of f is unique.

Proof. In view of Theorem 1, Fix(f) # ¢. Let x,y € Fix(f), by condition (iv) there exists
z € X such that xRz, yRz, M(x,z,t) > 0 and M(y,z,t) > 0 for all > 0. Define zg = z
and z,, 11 = fz, for all n > 0. We claim that x = y. As xRzp, M(x,zo,t) > 0forallt > 0,
then from (2) we have

min{Mx, zo,t), max{ M (fx, x,t), M(zo, fzo,t)}} < Pp(M(fx, fzo,t))
= min{M(x,zp,t), max{M(x,x,t), M(zo,21,t)}} < Pp(M(x,z1,1))
= min{ M (x, zo, t), max{1, M(zo,z1,t)}} < p(M(x,z1,t))
= min{ M (x,zo,t),1} < p(M(x,z1,1))

= 0 < M(x,z0,t) < p(M(x,z1,t)) < M(x,21,t).

By induction, we find M(x,z,,t) > 0 foralln € Ny and t > 0 and as R is f-closed,
we conclude that (by induction), xRz, for all n € Ny. Hence
min{ M (x, zy, t), max{ M (fx,x,t), M(zn, fzn, t)}} < P(M(fx, fzn, t))
= min{M(x,zy, t), max{ M (x, x,t), M(zy, zp41,t) } } < Pp(M(x,z451,t)) (8)
=0 < M(x,zy,t) <Pp(M(x,z441,1)) < M(x,2541, 1)
Thus, {M(x,z,,t)} is non-decreasing and bounded above. Hence, there exists
0 < v(t) <1forallt > 0 such that nlgn M(x,zy,t) = ¥(t). Letting n — oo in (8), and
as ¢ is left-continuous, we find (y(¢)) = y(t). Therefore, in view of Remark 4, we deduce

that y(#) = 1 forall t > 0. Thus,

lim M(x,z,,t) =1 forall t> 0.

n—o0

Similarly, we can show that

lim M(y,z,,t) =1 forall ¢t > 0.

n—00

As (X, M, %) is non-Archimedean, we find (for all n € Ny)
M(x,y,t) > M(x,zn,t) * M(zp,y,t).
Letting n — oo, and using the continuity of *, we can conclude that
M(x,y,t) >1x1=1= M(x,y,t) =1
Hence, x = y. As required. O

Now, we present the following example which exhibits the utility of Theorems 1 and 2.

Example 4. Consider the mapping f given in Example 3. We are going to show that all the
hypotheses of Theorem 1 are satisfied.

Proof. Itis obvious that (X, M, ) is R—complete non- Archimedean fuzzy metric space
(see [25], Example 1.3).
Note that
*  Ristransitive on [2,5];
e 2€125],f(2)=25€[2,5]and 2 < f(2) hence 2R f(2);
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e forallx,y € [2,5] where x < y, we see that XTH, yTJr?’ € [2.5,4] C [2,5] and "TJ“O’ < @,
so when xRy we have f(x)Rf(y), that means R is f—closed;

e if {x,} C X is R-preserving sequence, that is x,Rx, 1 then x, < x,,41, Xy, X471 €
[2,5] for all n > ny. Hence, {x,} is non-decreasing sequence and bounded above,
that is

lim x, = sup x, = x € [2,5].

n—soo >0
Therefore, x, < x, and x,,,x € [2,5] for all n > ny. Thus, x,Rx and R is M —self-
closed.

Now, we show that f is a KM-fuzzy R — ip—contractive mapping. For all x,y € X
we have

PM(fx, fy, 1)) = (t%ylfx—m _ (e

Hence, if ¥Ry and M (x,y,t) > 0 we find

t+1

)\fy*yl}} < (H%)\xfy\ < (t—%l

t

)31,
t+1

t t
: |x—y| | fx—x]
mm{(t+1) ,max{(H_l) ,(
Therefore,

min{ M (x,y, t), max{M(fx,x,t), M(y, fy, ) }} < p(M(fx, fy, 1)) Vx,y € X.

Thus, f is a KM-fuzzy R — {p—contractive mapping. Then all the hypotheses of of
Theorem 1 are satisfied and 3 is a fixed point of f. Observe that Theorem 2 is also satisfied
on [2,5], and 3 is the unique fixed point of f. [

If we put ¢(t) = kt, where k € (0,1) in Theorems 1 and 2 we have the following
corollary.

Corollary 1. Let (X, M, x) be an R—complete non-Archimedean fuzzy metric space (in the sense
of Kramosil and Michalek) with a binary relation R and f : X — X be mapping such that there
exists k € (0,1) and for all x,y € X, all t > 0 with xRy,

M(x,y,t) > 0= min{M(x,y,t), max{ M (fx,x,t), M(y, fy,t) } } < kM(fx, fy,t).

Additionally,

(i) there exists xg in X such that xoR fxog and M(xg, fxg,t) > 0 forall t > 0;
(i) 'R is transitive and f—closed;
(iii) one of the following holds:

(a)  f is continuous or
(b) R is M—self-closed.

Then f has a fixed point in X. In addition, if the following condition holds

(iv) for all x,y € Fix(f), there exists z € X such that xRz, yRz, M(x,z,t) > 0 and
M(y,z,t) > 0forall t > 0.

Then the fixed point is unique.

In the rest of this, we show that Theorems 1 and 2 can be achieved in the setting of
‘R —complete non-Archimedean fuzzy metric spaces (in the sense of George and Veeramani).
Now, we define GV-fuzzy R — —contractive as under.
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Definition 14. Let (X, M, x) be a non-Archimedean fuzzy metric space (in the sense of George
and Veeramani), R a binary relation and f : X — X a mapping. We say that f is a GV-fuzzy
R — p—contractive mapping if there exists 1 € ¥ such that, for all x,y € X with xRy,

min{ M(x,y, t), M(fx,x,t), M(y, fy, £)} < (M (fx, fy,t)). ©)

Next, we provide the following Theorems in the sense of George and Veeramani fuzzy
metric space.

Theorem 3. Let (X, M, x) be a non-Archimedean fuzzy metric space (in the sense of George and
Veeramani) with a binary relation R and f : X — X. Assume that X is an R—complete and f is
a GV-fuzzy R — p—contractive mapping such that:
(i) there exists xq in X with xoR fxo;
(i) 'R is transitive and f—closed;
(iii) one of the following holds:

(a)  f is continuous or

(b) R is M—self-closed.

Then f has a fixed point in X .

Proof. From (i) there exists xp € X such that xgR fx(. Define a sequence {x,} in X by
fxn = xp41, for alln € Ny. If x, = x,,41, for some n € Ny, then x, is a fixed point of f.
Assume that x,, # x,,41, for all n € Ny. As xgRx; and in view of (9), we obtain

min{ M (xo, x1,t), M(fxo,x0,1), M(x1, fx1,8)} < p(M(fxo, fx1,t))
= min{Mxo, x1,t), M(x1,x0,t), M(x1,x2, 1)} < p(M(x1,x2,t)). (10)

If min{ M (xq, x1,t), M(x1,x2,1)} = M(x1,x2,t) = p(M(xq,x2,t)) = M(x1,x2,t),

by Definition 1 we find M (x1, x5,t) = 1, which is a contradiction. Hence,
0 < M(x,x1,t) < P(M(x1,x2,1)) < M(x1,x2,1).
Continuing this process, we deduce that
0 < M(xy_1,%xn,t) < PM(xp, xp11,1)) < M(Xn, X541, ),
for all n € Ny. As the proof of Theorem 1 we have

lim M (xy, x,11,1) = 1. (11)

n—o0

Next, we show that {x, } is a Cauchy sequence in (X, M, x). If, on the contrary, {x,}
is not a Cauchy sequence, then as the proof of Theorem 1 we find

I}L}I{;M(xm(k),xn(k),to) =1-—g¢ (12)
U M1, Xa( -1, f0) =1~ (13)

Now, using the contractive condition (9) and Lemma 2, we have for all k,

min{ M (%, (k) ~1, X (k) -1, £0), MU X () =1, Xy =1, £0) M (X (i) =1 fXn (k) -1, 0) }
< PM(fXmm) -1 fXnm)-1.t0))-
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Hence,

min{ M (X, (6)—1, Xn(k)—1, £0) M (Xp(k) Xm(i)—1, t0), M (X () —1 Xn(i) to)
< IP(M (xm(k)/ Xn(k)s tO))'

Letting k — oo, and using (11)—(13) and the left-continuity of ¢, we find that
l-e<min{l—¢11}<yp(l—e)=1—-e<yp(l—e)<1l—g

a contradiction. Hence, {x,} must be a Cauchy sequence in (X, M, *). As (X, M, %) is
‘R—complete, there exists x € X such that x, — x. From condition (a), if f is continuous,
as the proof of Theorem 1 we have x = fx.

From condition (b) if R is M—self-closed, then there exists a subsequence {x,,;)} C
{x,} such that khi?o X, (k) = x and x,,;)Rx for all k € No. Suppose that x # f(x), and from

condition (9) we find
min{ M (x,,x), %, ), M(fXp(k), X, ), M(x, f,8) } < (M (fxy, f 1))
Thus,
min{ M (x;, k), %, £), M (X 08) 11, X iy £), M3, £, 8)} < (M (30041, f 1))

Letting k — oo, and using (11), ]CILTO M(xp 1), %, ) = 1, we find
M(x, 1) = min{1,1, M(x, f,6)) < im §(M(xy0 11, f51).
As ¢ is left-continuous and M is continuous, we have
M(x, fx, 1) < Pp(M(x, fx, t)) < M(x, fx, t).

Hence, from Remark 4 (iii), we find M (x, fx,t) = 1. As required. Thatis fx = x. O

Next, we provide the following uniqueness theorem.

Theorem 4. In addition to the hypotheses of Theorem 3, if the following condition holds:
(iv) forall x,y € Fix(f), there exists z € X such that xRz, yRz and zR fz.
Then the fixed point of f is unique.

Proof. In view of Theorem 3, Fix(f) # ¢. Let x,y € Fix(f), by condition (iv) there exists
z € X such that xRz, yRz. Define z,, 11 = fz, foralln > 0 and zg = z. As zZR fz then as
the proof of Theorem 3 we have

lim M(zy,zy41,t) = 1. (14)

n—oo

We claim that x = y. As xRzp, and R is f-closed, we find by induction xRz, for all
n € Np. then from (9) we have

min{ M (x,zy, t), M(fx,x,t), M(zn, fzn,t)} < P(M(fx, fzu,t))
= min{ M (x,zy, t), M(x,x,t), M(zn,211,1)} < P(M(x,2,41,t))
= min{M(x/Zn/ t)/M(ZH/Zn—H/t)} < IIJ(M(X,Zn_H,t)).

Case I: if min{ M (x, z,, t), M(zn, zn11,t) } = M(x, 2y, t) for all n > ny we have

M(x,zy,t) < PM(x, 241, 1)) < M(x, 2541, 1).
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Thus, {M(x, z,, t)} is non-decreasing and bounded above. So, as in Theorem 2

lim M(x,z,,t) =1 = lim z, = x.
n—oo n—oo

Case II: if min{ M (x, z, t), M (2, 2p41,t) } = M(2n, 241, t) for all n > ny we have
M(zu, zpg1,t) < P(M(x, 2551, t)).
By taking n — oo and using (14) we find
1< Jim p(M(x,z000,)
= 1= lim p(M(x, 2411, 1))
= 1= J%M(x,zn+1,t)

= lim z = x.
oo n+1

Therefore, from two cases we conclude that

nh_r)r;o Zy = X. (15)
Similarly, we can show that

lgn Zy =Y. (16)

n—oo

As (X, M, ) is Hausdorff then from (15) and (16), we obtain x = y. This ends
the proof. O

If we put ¢(t) = kt where k € (0,1) in Theorems 3 and 4 we have the following
corollary.

Corollary 2. Let (X, M, %) be an R—complete non-Archimedean fuzzy metric space (in the sense
of George and Veeramani) with a binary relation R and f : X — X be mapping such that there
exists k € (0,1) and for all x,y € X, with xRy,

min{M(x,y,t), M(fx,x,t), M(y, fy, £)} <kM(fx, fy,t).

Furthermore,

(i)  there exists xo in X such that xoR fxo;
(i) R is transitive and f—closed;
(iii) one of the following holds:
(a) f is continuous or
(b) R is M—self-closed.
Then f has a fixed point in X. In addition if the following condition holds
(iv) forall x,y € Fix(f), there exists z € X such that xRz, yRz, and zR fz.
Then the fixed point is unique.

3. Application to Nonlinear Fractional Differential Equations

In this section, we apply our main results to study the existence of a solution of bound-
ary value problems for fractional differential equations involving the Caputo fractional
derivative.

Let X = C([0,1],R) be the Banach space of all continuous functions from [0, 1] into R
with the norm

[xlleo = sup [x(£)].
te[0,1]



Axioms 2022, 11,117

13 0f 18

Define M : X2 x (0,00) — [0,1] for all x,y € X, by

=l

M(x,y,1)=e © , VT € (0,00).

It is well known that (X', M, ) is a complete non-Archimedean fuzzy metric space
withaxb=a-b, Va,b € [0,1] (see [17,25]). Define a binary relation R on X by

YRy < x(t) <y(t) forallx,y € X,t € [0,1].

As (X, M, %) is a complete non-Archimedean fuzzy metric space with a*b = a -
b, Va,b € [0,1], then (X, M, %) is an R—complete non-Archimedean fuzzy metric space
withaxb=a-b, Ya,b € [0,1]. In addition, it is easy to see that R is transitive.

Now, let us recall the following basic notions which will be needed subsequently.

Definition 15 ([26]). For a function u given on the interval [a, b] the Caputo fractional derivative
of function u order B > 0 is defined by

t

L B /(t — )" Py (s)ds, m—1<p<mn=[p]+1), (17)

cB _
(‘D u(t) = T(ni—p)

a

where [B] denotes the integer part of the positive real number B and T is a gamma function.

Consider the boundary value problem for fractional order differential equation given by:

{cp@aupzh@xmy (te[0,1],2 < B < 3); 18)
x(0) = co, x'(0) = cf, x"(1) = ¢y,

where € Dg+ denotes the Caputo fractional derivative of order B, 1 : [0,1] — R s a continu-
ous function and cy, ¢, 1 are real constants.

Definition 16 ([27]). A function x € C3([0,1],R), with its B-derivative existing on [0,1] is
said to be a solution of (18) if x satisfies the equation CD(’; (x(t)) = h(t,x(t)) on [0,1] and the
conditions x(0) = co, x'(0) = ¢§, x""(1) = c1,

The following lemma is required in what follows.

Lemma 3 ([27]). Let2 < B < 3and let u : [0,1] — R be continuous. A function x is a solution
of the fractional integral equation

, 1
1 - e - o+
() = F(,B)O/(t_S)ﬁ 1“(S>d5_21“(,8—2)0/(1_s>ﬁ 3u(S)ds+C0+Cof+Elt2

if and only if x is a solution of the fractional boundary value problems

“DY. (x(1) = u(t),
x(0) = cq, x'(0) = ¢f, x"(1) = ¢y,

where

1 1
x"(1) = 2¢o + m/{) (1—5)F3u(s)ds = c1, ;¢ €R,i=0,1,2.
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Now, we state and prove our main result in this section.

Theorem 5. Suppose that
(i) forallx,y € X,x <y,t € [0,1] there exists A > 0 such that

[1(t, x(8)) — h(t,y (1) < Alx(t) —y(t)], where

0<

i:A((l T )< (19)

rp+1) 2r(p—-1)
(ii)  there exists xg € X such that

b
- T(B)

xO

/t—s VB 1h(s, xo(s))ds
0

1
/1—5 )P=3h(s, xo(s))ds + co + cit + 5
O

(iii) h is nondecreasing in the second variable;

Then, the Equation (18) has a unique solution in X.

Proof. Define H: X — X by

t
1
Hx(t —/t—sﬁlhsx ds
0
1
/ (1—15)P3n(s, x(s ))ds+co+c8t+%t2.
0
where
1
— - _g)B-3 e R (i =
1 =2+ Ta—2) ./0 (1—5)P""h(s,x(s))ds, c¢j,cy € R, (i=0,1,2) are constant.

First, we show that H is continuous. Let {x, } be a sequence such that h_I>n Xp = xin
n—oo
X. Then for each t € [0,1]

Hxa(t) — Hx(0)] Sy (=71 hs,30(6)) — (s, x(5))
mw;4n471—9ﬁﬂmﬁw@»—h@x@M%.

As h is a continuous function, we have

+

Tim [[(s, % (5)) — h(5, %(5)) oo = 0

< lim ||Hx, — Hx||, =0

n—oo
. —||Hxp—Hx|loo

< lime T =1
n—oo

< lim M(Hx,, Hx,T) =1
n—o0

< lim Hx, = Hx.
n—oo

Hence, H is continuous.
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|Hx(t) —

Clearly, the fixed points of the operator H are solutions of the Equation (18). We will
use Theorem 3 to prove that H has a fixed point.

Therefore, we show that H is a GV-fuzzy R — ip—contractive mapping. Let x,y € X,
xRy so x(t) < y(t), forall t € [0,1]. Observe that

t
Hy(n)| < F(lﬁft—sﬁ (s, x(5)) — (s, y(s)) s
0
1
sip =) | (=9 s () — (s, y(5) s
0
t
< (15) b/’(t—s>ﬁ-1|h<s,x<s>> — (s, y(s))|ds
1
(Y] 0197t o) = st
1 t‘
< O/ (£ = )P Alx(s) — y(s)lds
1
1 _
AT O/ (1= 5)P2Alx(s) = y(s)lds
t 1
1 _ 1
< I,(ﬁ)o/(t—s)ﬁ WA=yl + =) 0/(1—5)13 3A||x — || ds
Mr =3l [ prger Mx=vlle [y poag,
= I 0/“ R () 0/(1 o
1 1
= A(F(,B+1)+2F(ﬁ 1))”’“ Ylle
= vl
Hence,
o ey, < [l o],
This gives
fmendly, el
Therefore,

Y(M(Hx,Hy, 7)) > M(x,y,7t) > min{M(x,y,7), M(Hx,x,7), M(y, Hy, T)},

with (t) = t* and k > 1. This shows that H is a GV-fuzzy R — —contractive mapping.
From (ii), we conclude that xo(f)RHxq(¢), for all £ € [0,1], then xgRHx( that is, the
condition (i) of Theorem 3 is satisfied. Let x,y € X, x(t) < y(t) for all t € [0, 1], from (iii),
as h is nondecreasing in the second variable, we have
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Hx(t) — r(lﬁ)/(t—s)ﬁ1h(s,x(s))ds+co+cét+czt2
0
t
< 1,(15)/(t—s)ﬁ_lh(s,y(s))ds—i—co—l—cgt—i—cztz
0
= Hy(H).

we conclude that Hx(t) < Hy(t) for all t € [0,1], then Hx < Hy (i.e., xRy = HxRHy)
that is, R is H-closed and the condition (iii) of Theorem 3 satisfies. Therefore, all the
hypotheses of Theorem 3 are satisfied. Hence, H has a fixed point which is a solution for
the Equation (18) in X'. Finally, observe that if x,y € X are two fixed points of H in &, then
x <max{x,y}, y < max{x,y}, and z = max{x,y} € X. Additionally, M(x,z,t) > 0 and
M(x,y,t) > 0 forall t > 0 (due to Definition 4). Therefore, Theorem 4 is also satisfied.
Hence, the fixed point of H is unique and thus the solution of (18) is also unique in X". This
ends the proof. 0O

Finally, we provide the following example which supports Theorem 5.

Example 5. Consider the boundary value problem of fractional differential equation
: x(t)
D2 x(t) = , te€ 0,1 ’
o-*(t) 5(1+x(t)) 03] (20)
x(0) =0,x'(0) =0,x"(1) = 1.
Take

f(tx(t) = 5(1’_‘:2“)) (t,x(t)) € [0,1] x [0, c0)

Let x(t),y(t) € [0,00) and t € [0,1]. Then

6,200) = £, = 5 T ~ Tt
L -yl
5 (14 x(8)(1+y())
< lx(t) —y(0)]
Hence, condition (i) of Theorem 5 is satisfied with A = % Now, we check that

M + ) <L

101 n 1 23 <1
5(1(3) 2r(3)| 15¢7
Hence, (19) holds. Taking xo = 0O then,

2 2

t 1
t t
/t—s% sOds— a /1—5Tl (5,0)ds+ = =—, te][0,1].
0 I 2 2

0<
(%

This shows that condition (ii) of Theorem 5 is also fulfilled. Additionally, if x <y we conclude
fx < fy. Therefore, condition (iii) of Theorem 5 holds. Therefore, Equation (20) has a unique
solution on [0, 1].
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4. Conclusions

We introduced the concept of fuzzy R — ¢p—contractive mappings and studied some
relevant results on the existence and uniqueness of fixed points for such mappings in the
setting of non-Archimedean fuzzy metric spaces (in Kramosil and Michalek’s sense as well
as George and Veeramani’s sense). These results extended and generalized the results
of [6,19]. We also provided some illustrative examples which supported our work. In
the application section, we proved the existence and uniqueness of solutions for Caputo
fractional differential equations.
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