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Abstract: This article investigates an equation with a rapidly oscillating inhomogeneity and with a
rapidly decreasing kernel of an integral operator of Fredholm type. Earlier, differential problems of
this type were studied in which the integral term was either absent or had the form of a Volterra-type
integral. The presence of an integral operator and its type significantly affect the development of
an algorithm for asymptotic solutions, in the implementation of which it is necessary to take into
account essential singularities generated by the rapidly decreasing kernel of the integral operator.
It is shown in tise work that when passing the structure of essentially singular singularities changes
from an integral operator of Volterra type to an operator of Fredholm type. If in the case of the
Volterra operator they change with a change in the independent variable, then the singularities
generated by the kernel of the integral Fredholm-type operators are constant and depend only on
a small parameter. All these effects, as well as the effects introduced by the rapidly oscillating
inhomogeneity, are necessary to take into account when developing an algorithm for constructing
asymptotic solutions to the original problem, which is implemented in this work.
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regularization; asymptotic convergence
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1. Introduction
Integro-differential equations

Ley(te) = 8% —a(t)y — fotxe% J @K (¢, 5)y (s, e)ds =
(1)

ip(t)
= Iy (£) + B (£)e™F

, y(0,e) =y°, t€0,T]

with rapidly changing Volterra-type kernels (¢ = t) have been studied from various
positions in a number of works (see, for example, [1] and its bibliography). The prob-
lems were considered on the construction of a regularized asymptotics for the solution
of problem type (1) in the case of stability of the operator a(t) and the spectral value p(t)
of the kernel of the integral operator [2-7]. As for the integro-differential equations (1)
with rapidly changing kernels of the Fredholm type (« = T), it was assumed that the
results obtained for the Volterra equations are automatically extended to equations of the
Fredholm type. However, when considering the simplest case of scalar Equation (1) for
(see, for example, [8-14]) it turned out that the spectral value does not participate in the

Axioms 2022, 11, 141. https://doi.org/10.3390/axioms11030141

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms11030141
https://doi.org/10.3390/axioms11030141
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-9294-2473
https://doi.org/10.3390/axioms11030141
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms11030141?type=check_update&version=1

Axioms 2022, 11, 141

2 of 14

regularization of problem (1) (in contrast to the case = t), and the coefficients of the
elements of the space of resonance-free solutions (in the terminology of S.A. Lomov [15-17]
depend on the exponentials

o1 = exp{1 fo 0)do}, 00 = exp{: fo (0)d6}, 03 = exp{} fo 0)do},

oy = exp{{B(0)}, (B'(t) > 0 ¥t € [0,1])

bounded for ¢ — +0,if a(t) < 0and u(t) <0,8'(t) >0 (t € [0,1]), B(t) is a real function).
Therefore, the regularization of problem (1) and the theory of normal and unique solvability
of the corresponding iterative problems do not fit into the previously developed scheme
for equations of the Volterra type and should be revised, taking into account those changes
which are introduced by the Fredholm operator. Fredholm-type integro-differential equa-
tions with slow and rapidly changing kernels have been studied in [18]. In recent years, the
main attention of researchers has been focused on the development of asymptotic solutions
for integro-differential equations with rapidly oscillating coefficients in the presence of
rapidly oscillating inhomogeneities [19]. Therefore, in this paper, an attempt is made to
create an algorithm for constructing an asymptotic solution of problem (1) at ¢ — +0.
Without a loss of generality, we can assume that « = T = 1, and we will proceed to the
study of the problem (1).
Thus, in this paper we consider the following Cauchy problem:

Lsy(t, 5) = g% — a(t)y — fol e% fsly(e)deK(t,S)y(S,S)dS _

ip(t)

= hy(t) + ha(t)e e, y(0,e) = y°,t € [0,1]
with the Fredholm type of integral operator.

2. Regularization of the Problem (1)

The problem (1) will be considered under the following conditions:

(1) a(t), u(t), B(t) € CT([0,1],R), b1 (t), ha(t) € ([0,1],C),K(t,5) € C7({0 <5 <t <1},C);

(2)a(t) # p(t), 1(t) < 0,a(t) < OVt € [0,1).
Let us denote Ay (t) = a(t),Ax(t) = if'(t), A3(t) = u(t) and call the set {A;(t)} the
spectrum of problem (1). We introduce the regularizing variables

7 = 1/OtA]-(e)de: ) 1z

€ €

along the points of the spectrum A;(t) and A, () of the problem (1) (in this case, as will be
shown below, the variable 73 = ¢! fot A3(6)d6 does not participate in the regularization).
For the “extension” ij(t, T, €) we obtain the following problem:
Lej(t,T,e) = €3 + z A3 = M (7 = Jy et B ROBK(Es)p(s, 12, e)ds =
= hi(t) + ha(t)e TZ% y(O 0, 8) =y0, telo1]

(3)

where T = (77, T2) Y = (1, ¢2). The function §(, T, €) satisfies the necessary regularization

condition: y(t, . ),s) = y(t,€)(y(t e) is the exact solution to problem (1)). However,

problem (3) cannot be considered completely regularized, since the integral term

1 4
]y = ]( (t T, €)|t =s,T= 4]( )/8) /O ee fs A3(9)d9K(t,S)y~(S, @,E)ds. (4)
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has not been regularized in it. For its regularization, as is known, it is necessary to
introduce a class M, that is asymptotically invariant with respect to the operator | (see [15],
pp. 62-64).

Definition 1. We say that a vector function y(t, T, o) belongs to the space U, if it is represented by
a sum of the form

2
y(bT) = (o) = o(t0) + Lyt 0)e (5)
]:

where the functions y;(t, o) are polynomials in o = (01, ..., 04) with coefficients from the class
C*([0,1],C), i.e.,

N; ey
y].(t’g') = Z|W/1|:O y](m1, m4)(t)(7{”1 .. .(7114,
y](m1/~-'/m4)(t) € C*([0,1],C), 0<|m|=my+---+mg, Nj<oo, j=0,1,2.

We take as M, the class U| () - It should be shown that the image Jy(t, T) on functions (4) can

be represented in the form of a series

» (Zz (0 ff+z5><w>)|_<>

k=0

converging asymptotically to Jy at € — +0 (uniformly with respect to t € [0,1]). Substituting (5)
in, we will have

1
Jy(t, t,0) :/0 K(t,8)yo(s, U)es S As(6)d0 g Z/ (t,8)y;(s, (T)eE J3 2a(@)d0+3 [5 ;(0)d0 g

We take the integrals here by parts:

Jo(t,e) = /01 A MO (£,5)yo(s, o)ds = s/ol Wd(exp(i /Sl /\3(9)016)) =

_ K Dyo(1,0)  K(t,0)y0(0,0) N 1 Jd Kt,s)yols, o)\, _
=g _/\3[()1) - —)\3(()0) (73]—8/0 exp(g/ ()d9> as( WP )ds =

i )" (G (K(,5)yo(s,0)))s—y — (I (K(E,8)yo(s, 0)))s—03], (5a)

Ji(te) = /01 exp(i /Sl A3(0)do + % /Os /\j(G)d9>K(t,s)yj(s, o)ds =

=03 /01 exp<1 /Os()\j((?) - A3(6))d6)K(t,s)y]-(s,0)ds =

€

K (5.0) (1 .
=0 [ 5 e p( [ ai60) = aanie))
(

K(t,1)y;(1,0) o5 K(t0)y;(0,0)
Ai(1) = A3(1) 03  (A;(0) — A3(0))

1 1 s d K(t,s)y‘(S,U)
—3(73/0 exp(E/0 (Aj(0) — AS(G)WQ) 3 (M)ds -

= eo3 5
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= Y (1) (1 (K(t,)yi(s,0)) om0y — (I (K(L,)yj(5,0)))s=o0s | (50)
v=0
where j = 1,2 and the operators are introduced:
— 1 _ 1 9qv-1
18 = T(s)ll(l)j = T(s)ﬁl(])j ,(v>1),
(5¢)
0 — 1 v 1 v—1 P
D= xono = some sl vzLi=12)
It is easy to show (see, for example, [20], pp. 291-294) that the series (5a, b) converge asymptot-

ically (at e — +0) to the corresponding integrals J;(t,e) ( uniformly with respect to t € [0,1]), and

hence the image Jy(t, T) is represented as series } ;2 € (Z (t o)eli +z(() )(t (T)g)|T:M,

also converging asymptotically to Jy(t, T) uniformly with respect tot € [0,1]). Thus, it is shown
that the class My = LI\ y 1s asymptotically invariant with respect to the operator J.

Now let §(t, T, €) be an arbztmry continuous in (t,7) € [0,1] x II(TT = {7 : Ret; <0, =
1,2} function represented by the series

gt T,e) = Y eyt T,0), m(t, T,0) €U (6)
k=0

converging asymptotically at ¢ — +0 (uniformly with respect to t € [0,1]). Substituting (6) into
(4) and collecting the coefficients at the same degrees of €, we obtain the series

Jj(t, T,e) = Z Tye(t, T, 0) Z ZRr sys(t,T,0)
k=0

converging asymptotically to Jij for e — +0 (uniformly in t € [0,1]). Here R, : U — U (the
operators of order in €) are of the following form:

Roy(t,7,0) =0,

) = [ Sy
2 | K(t, Dy;(1,0) — K(t,0)y;(0,0)
+];1 Aj( ]A3(1) % A;(0) —]/\3 (0) 03‘| ! (6a)
Rypay(t,t,0) = (=1)"[(I§ (K(t,8)yo(s,0)))s_q — (I§(K(t,8)yo(s,0)))s_o03]+
+ 2 { K(t, S)y](s 7)) —1 (I]-V(K(t,S)yj(s, 0)))31003} (6b)

where I]‘/ are the operators (5c), j = 0,2,v > 0, introduced above, and y(t, T, o) is the function (5).
Definition 2. By a formal extension of an operator |, we mean an operator |, acting on any

continuous in (t,T) € [0,1] x I1 function §(t, T, €) of the form (6) according to the law

m=(§&mmm>=i L Re-ss(t7.0). 7)

Equality (7) is the basis for the definition of the operator J, extended with respect to the integral
operator ]. Despite the fact that the extension | of the operator | is defined formally, it is quite
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possible to use it (see Theorem 3 below) when constructing an asymptotic solution of finite order in
. Now we can write the problem completely regularized with respect to the original (1):

~ 97 il o fe
Leg(t,T,0,8) = €57 + Ly A(H) 37 — Ma(8)g — J§ =
(8)
= h(t) + ho(t)e™0y, §(t, T €)|1=0r=0 = ¥°

where the operator | has the form (7).

3. Iterative Problems and Their Solvability in the Space U

Substituting (6) into (8) and equating the coefficients at the same degrees of ¢, we
obtain the following iterative problems:

)
Lyo(t, T, 0') = ]2:1 A](t)air? - M (t)yo =

%)
= hy(t) + ha(t)e®ay4,0(0,0) = y°; (
E)yo
Ly (t,t,0) = T + R1yo,¥1(0,0) = 0; (91)
_ W _0
Lys(t,t,0) = T + R1y1 + Rayo,y2(0,0) = 0; (92)
9Yk—1
Lyk(trT/U) = - ot +Rk]/0+--~+R1yk—1/ yk(oro) :Ork Z 1. (9k)
Each of the iterative problems (9) has the form
Y
Ly(t,T,0) =) )‘J'(t)ﬁ — Mty = H(t,7,0),y(0,0,0) = y. (10)
=1 j

where H(t,7,0) = Hy(t,0) + 2]2:1 Hj(t,o)e". We introduce in the space U a scalar product
(foreacht € [0,1] and 0) :

<y(t,1,0),z(t1,0) >=< 2}2:1 yi(t,o)e +yo(t, U),Z]Zzl zj(t, o)eli+

def
+20(t,0) > = Do (yj(t,0), 2t )
where (%, *) is the usual scalar product in C. Let us prove the following statement.

Theorem 1. Let H(t,T) € U, and conditions (1) and (2) be satisfied. Then, for the solvability of
Equation (10) in the space U , it is necessary and sufficient that

< Hi(t,7,0),e" >=0< Hy(t,0) =0,Vt € [0,1]. (11)

Proof. Defining the solution of the Equation (10) in the form of function (5), we obtain
the identity

2

2
1[)\](1’) — Al(t)]yj(t,a)eTf — )\1<t)y0(t,0') = H()(t,U') + Z%Hj(t,(T)ETf.
= j=

]
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Equating here separately the free terms and the coefficients at the exponentials e%, we
will have

7)\1(t)y0(tr0') = Ho(t,O'), (120)
[)\](t) —Al(t)]y](t,(f) :H](i’,(f),]: 1,2 (12])
Since A1 (t) # OVt € [0, 1], that the Equation (12) has a unique solution
H
=00 1
Yo (tr U) A ( 3)
Since A4 (t) is a real function and A, (t) = ip/(t) is purely imaginary, the Equation (12;) has
a unique solution in the space C®([0, 1], C). For the solvability of the Equation (12;) in the

space C*([0,1], C) it is necessary and sufficient for identity (11) to hold. Thus, Theorem 1
is proved. 0O

Remark 1. It follows from the Equalities (120)—(13) that under conditions (1) and (2) and condition
(11), Equation (10) has the following solution in the space U:

t,T,0) =yo(t,o) +a1(t,0)e™ +yy(t,0)e™ 14
y Y y

where a1 (t,0) € C*([0,1],C) is an arbitrary function,

yo(t,o) = =AT L (O Ho(t o), va(t, o) = (Aa(t) — A1 () Ha(t, o).

Thus, the solution (14) of the Equation (10) is determined ambiguously in the space U. Let now
y« € C be a fixed constant vector. Consider the following problem:

¥(0,0,0) = ys,
(15)
< —% + Ry + Q(t,7,0),e" >=0,Vt € [0,1]

where Q(t,T,0) = Qo(t, o) + 212:1 Qi(t,0)e" is the well-known vector function of the space U,
and Ry is the order operator described above (see (6a)). Let us prove the following statement.

Theorem 2. Let conditions (1) and (2) be satisfied and the vector function H(t, t,0) € U satisfies
the orthogonality conditions (11). Then the problem (10) under additional conditions (15) has a
unique solution in the space U.

Proof. Since the condition (11) is satisfied, Equation (10) has a solution in the space U in the
form of the function (14), where a1 (t,0) € C*([0,1],C) is an arbitrary function. Submitting
(14) to the condition y(0,0) = y«, we have

Hz(o, 0')

y= = 40(0,0) +1(0,0) + 555y

Ho(0,0') . Hz(O,(T)
A(0)  A2(0) = Aq1(0)°
Let us now subordinate (14) to the second condition (15):

< a1(0,0) =y« +

_

of + Riyo + Q(t, 1) = —3jo(t,0) — @1 (¢, 0)e™ — o (t,0)e2+

K(t,D)yo(1,0)  K(t,0)y0(0,0) K(t,Dai(1,0)  K(t,0)a1(0,0)
1 ] [/\1(1) WSS R P (1) B W () R



Axioms 2022, 11, 141

7 of 14

K(t,Dy2(1,0)  K(t,0)52(0,0)
(1) = A3(1) % A2(0) — A5(0)

Considering that here the expressions in square brackets do not contain an exponent e™,
we perform scalar multiplication in the second equality (15). This gives

_|_

(73} +Q(t, 7).

H()(0,0' _ Hz(0,0')
AM(0)  A2(0) — A1(0)

—&1(1’,0’) —|—Q1(t> =0« Dq(i’,O’) = /Ot Q1(9)d9+y* +

and hence, we construct the solution (14) of the problem (10) in the space U in a unique
way. Theorem 2 is proved. [

4. Construction of the Solution to the First Iterative Problem

Let us apply Theorem 1 to iterative problems (9 ). Since the right-hand side h;(t) +
hy(t)e™0y of the Equation (99) satisfies condition (11), the solution yy(t, ) € U of the first
iterative problem (9) has the form

hy(t)
—Aq(t)

0) . hy(t) TZ
+ay 7 (to)e™ + 7/\2(0 —Al(t)e

vo(t, T,0) = 0y (16)

where zxgo) (t,0) € C*[0,1] is an arbitrary function. Submitting this solution to the initial

condition y0(0,0,0) = yO, we find

hy (0 (0) ho (0 _
w0 0.0+ puitma =y ©

(17)

(0)

& al h(0) hy(0)

0,0) =¥" + 30 — Hor A%

(0)

For the final calculation of the function a; (t,0), it is necessary to write down conditions
(11) for the next iterative problem (97). Since R1yo(t, T) does not contain an exponent, then,
under the orthogonality conditions (11), it can be omitted and an equality can be obtained
a§0> (t,0) = 0, which, taking into account the initial condition (17), leads to an unambiguous
calculation of the function

h1(0) h2(0)

(0) _,0 _ _
wy (t,o) =y + 700~ A2(0) —A1(0)04 const

and hence to an unambiguous calculation of the solution (16) of the first iterative problem
(90) in the space U.

Remark 2. The solution of the following problem (91) is determined from the system

)
Lyl(tr T,(T) = _% + R1yo,y1(0,0) =0,
(18)
— %+ Ry + Rayo,e™ >= 0¥t € [0,1].

As in the previous case, the expression Ryy1 and Rayq does not contain an exponent e™, therefore,
under orthogonality conditions (18), they can be omitted, and then the solution y1(t, T) € U of the
iterative problem (91 ) will be determined from the system

ayo

_g + Rly()/yl(ofo) - 0/

Ly (t,t,0) =

< —aaltl,er1 >= 0Vt € [0,1].
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The same situation takes place for all subsequent iterative problems (9 )(k > 2). Thus, the influence
of the Fredholm-type integral operator in (1) affects only the formation of particular solutions

of equations for functions agk) (t,0), while in Volterra systems the kernel K(t,s) of the integral
operator participates in the formation of common solutions for these functions.

5. Justification of the Asymptotic Convergence of Formal Solutions to the
Exact Solutions

Applying Theorems 1 and 2 to iterative problems (9x), we can uniquely calculate their
solutions y (t, T, o) in the space U. Denote the N-th partial sum of series (6) by Sy (¢, T,0),

and through y.n(t) = Sn(t, @, €) is the restriction of this sum at T = @ It is easy to

prove the following assertion (see, for example, [15], pp. 37-40).

Lemma 1. Let conditions (1) and (2) be satisfied. Then the function yen(t) is a formal asymptotic
solution of the problem (1) of order N, that is, it satisfies the problem

eU —a(t)yen — fy exp (L [ n(0)d6)K(t,s)yen(s)ds =
(19)
— Iy (£) + ha(£)e € + eNFLEN (&), yen (0) = y°

where ||y (t,€)|cjon) < F(F > 0is a constant independent of e at e € (0, o], €o is small enough).
To prove the Theorem on the estimate of the remainder term, we first consider the integro-
differential equation

ez = a(t)z + fol exp(% fsl y(@)d@)l((t,s)z(s, e)ds+H(t,¢e),z(0,e) =0 (200)

and try to estimate the norm of its solution z(t, €) in terms of the norm of the right-hand side H(t, €).

The function Y (t,s,€) = et Iy a(0)d0 g e fundamental Cauchy solution for a homogeneous equation
€z = a(t)z. Under conditions (1) and (2) it is uniformly bounded, i.e., ||Y (t,s,€)|| < cg = const
forall (t,s,e) € {0 <s <t <1,e>0}.Letus convert the Equation (20¢), using Y (t,s,); we
obtain the equivalent integral equation

z(t€) = 8/0 tfza (/0 (eef mo de)K(x s)z(s,e)ds)dx + — /ee-x D4 H (x,¢)dx.

Denoting Hy(t, €) = Ot et Ja®® g (x,€)dx and changing the order of integration in the iterated
integral, we obtain the following integral equation of the Fredholm type:

2(te) = ./01 exp(i /1 y(G)dG) G(t,s,¢)z(s, €)ds + % (20)

where G(t,s,€) = 1 ft et Jea (9K (x,5)dx. Let us show that the kernel G(t,s,€) of this equation
is uniformly bounded for 0 <s,t <1, i.e., which the following statement holds.

Lemma 2. Let conditions (1) and (2) be satisfied. Then the kernel G(t,s, €) is uniformly bounded,
ie,|G(t,s,e)| < Mforall (s, t,e) € [0,1] x [0,1] x (0, +o0).

Proof. Using the operation of integration by parts, we have

G(t,s,¢) f Jea@dog (x, 5)dx = Ot—lf(x’s)d et Jxa(@)do

a(x) ™

— K(xs),1 [1a(0)do x=t f a(0)dd 9 (—Ez(x;)dx _
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K(t,;s)  K(05) 1 ftaean)| /t L lta@ae O (K(xs)Y
—a(t) —a(0) 0 ox \ —a(x)
Hence, it is clear that under conditions (1) and (2) the kernel G(t,s, €) is uniformly
bounded, i.e., |G(t,s,¢)| < Mforall0 <s,t <1,e > 0. The Lemma 2 is proved.
We now turn to the proof of the correct solvability of Equation (20). To do this, we will
try to estimate the norm of the resolvent R(t, s, ¢) of the kernel K(t,s,¢) = exp (% fsl y(G)dG)

G(t,s,¢) of integral Equation (20). Let us denote xy = n}(i)rh Re(—pu(t)) and estimate the
telo,
iterated kernels of the integral operator of this system. By Lemma 2, forall 0 <s,f < 1and

¢ > 0 we have
|Ki(t,s, )| = [K(t,5,€)] < M;

|Ky(t,s,e)| = |/01 K(t, x,e)Kq(x,s,¢)dx| =
= | /01 exp(i /xl y(@)d@)G(t, X, €) exp(i /Sl y(@)d@)G(x,s, e)dx| <

1 1 1 _
< M2/0 exp(i/ Rey(())d@)dx < MZ/O exp(—M)dx =

exp 2022

X

< M?3e

1 1
|K3(t,s,£)|5|/ K(t,x,s)Kz(x,s,s)dx|§/ IR(Es,¢)| - |Ra(x,s,€)|dx <
0 0

M2 111 M 1 x(1—x) M3e?
<M 2 [ Reu(0)do )|G(t x, dg—/ _AE TN gy < .
<206 [ (3 [ Reutorio) 6t x,0ax < Mo [ exp( A0 )ax < 2L

Suppose now that, for n = r > 1, the estimate

Mrsrfl

Xr—l 4

0<s5t<1,e>0

Ky (t,s,€)] <
holds. Let us show that this estimate is also true for n = r + 1. Indeed,

1 1
|K, 1 1(t,s,€)] E/ |K(t, x,e)K;(x,s,€)dx| < / |K(t, x,€)| - |Ky(x,s,€)]dx <
0 0

MrHler=1 ¢ _x(1=x)
€

x=1 _
Xr—l X |x:0 -

IN

ror—1 1,5
N)Icf_l fo |K(t,x,¢€)|dx =

r+1.r r+1.r
= M (1—e—%) <ML (0 <5t <1e>0).

So, forall 0 <s,t <1,e > 0 we have proved the estimate

B ngnfl
[Ku(t,s,€)| < ———(n=1,23,...).
But then the resolvent
R(t,s,€) = Kyi(t,5,6) + Ka(t,s,€) + - -+ Ku(t,s,6) +--- = Y Ku(t,s,¢)

n=1
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majorized by a number series

)

n—1
n=1 X n=1

X

1 — Me

® Mren—1 o <Ms>"‘1 M
X

converging absolutely for 0 < ¢ < 4;. This means that the series for the resolvent converges
absolutely and uniformly in (s,t) : 0 < s,t < 1foralle € (0, ﬁ] In this case, we have
the estimate

R(ts,6)| < - M _om,

Me
X

at (s,t,e) : 0 < s,t <1,0 < & < gg(where ¢g > 0 is small enough). Consequently, for
e € (0,¢e0] Equation (20) (and hence the equivalent Equation (20)) is uniquely solvable in
the class C!([0,1],C) and its solution is represented in the form

1 1 /1
z(t,e) = ng(t,e) + - / R(t,s,€)H1(t,s,¢€)ds
J0
for any right-hand side H; (t,¢) = fot Y(t,x,¢)H(x, €)dx. From this we derive the estimate
1 1
l2(te)llcio < CIHHL(E e)llcpp + S2MI[Ha(te)]] <

[[H(t, €)llclon

1
< = (IIH(t,)llcpp +2Meo| | H(t€)lcppy ) < dom———

where ¢y = ¢o(1+2M) > 0is a constant independent of ¢ € (0, ¢g]. The following statement
is proved. O

Lemma 3. Let conditions (1) and (2) be satisfied. Then, for sufficiently small (0 < e < gg), the
Equation (20¢) is uniquely solvable in the class C*([0,1],C) and its solution satisfies the estimate

m‘ol

2t )llcoa < —IHE €l

where the constant ¢y > 0 does not depend on £(0 < e < gg].

Remark 3. Correct solvability of the integral system (20) means that the integral operator fol
exp(% fsl y(@)d@) G(t,s,¢€)z(s, €)ds has no eigenvalues in the space C([0,1], C) (for sufficiently
small e > 0).

We apply Lemma 3 to prove the following statement.

Theorem 3. Let conditions (1) and (2) be satisfied. Then the problem (1) is uniquely solvable in the
class C1([0,1],C) and its solution y(t,€) satisfies the estimate

1y(t,€) = yen (Do) < ene™*',N=0,1,2,...

where y N (t) is the narrowing (for T = @), N-th partial sum of the series (6) (with coefficients
yi(t, T) € U satisfying the iterative problems (9y)), and the constant ¢y > 0 does not depend on €
at e € (0,€0](e0 > 0 is small enough).
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Proof. The problem (1) is uniquely solvable, since it is reduced to the problem (20y) by a
change y — y° = z. By Lemma 1, for the difference Ay/(t,¢) = y(t,€) — yen(t) , we obtain
the equation

1 1

e% = a(t)An(Le)+ [ exp (1/ y(@)d@)K(t,s)AN(S,e)ds—eNHFN(t,e),AN(t,e) ~0.
0 s

It has the form of the problem (20) with inhomogeneity H(t,e) = —eNT1Fy(t,¢). By

Lemma 3, we have the estimate
_ Co _ = o
AN &)llcpoa) = Hly(te) = yen (D)l < ?£N+1||FN(t/E)||C[O,1] < GoFne™ = ey_1e”

and, therefore, for An41(t,€) = y(t, &) — ye n+1(t) will have the estimate

AN+1(E &)l o) =l e) —yen(t)) — N lyna(t, @)HC[OJ] < oneth

Hence, we obtain that

_ t
ene™ > ly(te) — yen (D)l o) — € lyna (b, %)qu,l]

or [[y(t,€) — yen(B)llco] < eneNT, where ey = ey + x> 0, [[yns(t 29) o) < v,
and the constant cy does not depend on ¢ € (0, 0], where gg > 0 is small enough. The
Theorem 3 is proved. O

According to this Theorem 3, the leading term of the asymptotics of the solution the
problem (1) has the form (see Formula (16))

t
yso(t/ ‘7) = ,h/]\ft(i) + Dégo) (t, U)e% Joa()de + :’Zf(t)l

EIORY (t)eéfotﬁ/(e)d%1 -
(21)

() 0, MO k0 ig(0)] 1 [y a(6)de hy(t) iB(t)

= Zhiy + [0+ 20— ot e O e b O e PO
It is clearly seen here how the rapidly oscillating inhomogeneity affects the asymptotic
behavior of the solution to Equation (1), but the contribution of the integral operator

fol et @K (t,5)y(s, €)ds to it is not found; therefore, we calculate the next term of the
asymptotics.

Substituting the solution to the problem in the right-hand side, we obtain the following
equation:
ayo

~or TR =

Lyi(t,T,0) =

_ 9/ m(t) 0 T ha(t) o _
~ 5 (X o s ) + -

MmO\ 0, ml O\ .
(Ai(t)) i (bo)e —(M(tf_w)) e

_{K(t,l)hl(l,a) K(t,O)hl(O,U)} Kt 1)al"(1,0) , K(£0)al”(0,0)

MMM 2T T A00A(0) M) —As(1) T A(0) —As(0)

K(t,1)hy(1,0) K(t,0)h,(0,0) B hy (1) . (0) 3
+{Ml) TP T ) —%(o)}z%‘“] - (ﬁw) i (b0)e" -

ha(t) * - K(t,0)h1(0,0) K(t,l)a(o)(l,a) K(t, D)hy(1,0)
‘(M) COE M) T M = A T ) = AR

+
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Kt )in(1,0) K0 (0,0)  K(t0Om(©O0) ]
AMA() T A(0) = A3(0) T [A2(0) — A(0)]2 |

Defining the solution of this equation as an element

2
n(tT) =y (o) + Yy (L o)el
j=1

of the space U, we arrive at the following equality:

220 A0 = (0] (1, 0)e = Dyl (1,0) =

_ (BN o ha(t) -
(Ai(t)) i (bo)e ‘(Az<t>2—al<t>> etont

K(t,0)m(0,0) K1l (1,0) ,  K(t, 1)h2(,(7) 2
BOA0) T A = A1) LT () — A7

[k Dm,e) | K(E0)a”(0,0) | K(t0)ha(0,0) s
AMA(1) T A00) = A3(0) T [A2(0) — As(0)2 |

Equating here separately the free terms and the coefficients at the exponentials %, we

+

will have
Doy (MO KEOm©,0) | KD (1,0)
Mo (e )‘<A1(t>> TTROMO) T A
K(t, Dha(1,0) , K(t,1)hy(1,0) K(t,o)a50>(0,a)+ K(t,0)hy(0,0) 103

o) - AOP2% " [ Thonm T a0 - s0) | ) - A0E

0-y\V(t,0) = -\t 0),

() = M()]ys" (1, 0) = — (M) .04'

(0)

Since the orthogonality condition &, ’ (t,0) = 0 is satisfied, these equations have solutions
in the form of functions:

{ (hlm ) L K(L0m(©0,0) Kt )ay" (L0) ,

W4 o) —
yo (o) = A3(0)A1(0) T Aq(1) — A3(1)

K(t, 1)y (1,0)
1) — A (DR

K(t,1)h1(1,a)+K(t,0)a§°)(o,a) K(t,0)ha(0,0) |
AWM A(0) = A3(0) T [A2(0) — As(0)2 |7 [
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]/sl(t) =

—A1(t)

and y(l)( to) = zxgl) (t,0) € C*[0,1] is an arbitrary function. Thus, the solution to the
problem (9;) will be as follows:

_ 1 mM\® |, KOk 00) , Kt)al” (1,0) K(t1)hp (1,0)
11t 70) = i { () + Om e RO+ a0

By (1) °
KD (Le) | KE0al” (00) | K(£0)h(0, (1) (mitrm)
_{ RATT + RO+ [Az(<o>)ii<57>§2‘74] ‘73}+“1 (b0)e™ = i nay e 0

where 0451) (t,0) € C*®[0,1] is an arbitrary function that is calculated in the process of
solving the next iterative problem (9;). As a result, we obtain an asymptotic solution of the
first order:

h(0)  hy(0) 1t a(6)de ha () Ltpe)de
41(0) ~ A2(0) —A1<o>"4]e B P () E W () R

+ [y0+

[kt vmae) | K08 0,0) | K(t0)m(0,0)

mt)\* | KE0Om0,0) KtD"1,0) ,  KtDh(,e) ,
/\1(f)> M)A 0) T <>3 s(1) T () — A2

MOMD) T A0) - A30) T a(0) - AR

} +eoc§ ) (t, 0')6% Jya®)d0 _

(eridm) oy
2(H)—A(t Ly B (0)de
—e—————L—gyec o

() = M)
from which it is seen that the kernel of the integral operator affects only the formation of
particular solutions of iterative problems (9;) and particular solutions of equations for the
functions agm (t,0).

In conditions of solvability of the type (11), as already mentioned above, the integral
operator does not participate. This is the main difference between integro-differential
equations of Fredholm type from equations of Volterra type, where the kernel of the integral
operator significantly affects the construction of the general solution of the equations for

functions agk) (t,0) (see, for example, [20]).

6. Conclusions

Since the terms of order ¢ in v, (¢) uniformly tend to zero, when ¢ — +0, then the
behavior of the exact solution of the problem (1) as the small parameter tends to zero
completely is determined by its main term of asymptotics (21): after leaving the point
y =1y att = 0, the exact solution y(t,¢) of the problem (1) (for t > 0 and ¢ — +0) will

” = ( ) _ hl(t)

perform fast oscillations around the “degenerate solution” j A, (1), ot tending for

any limit.
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