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Abstract: In this study, the limits of the Euler–Bernoulli theory in micromechanics are explored.
Raman spectroscopy, which is extremely accurate and reliable, is employed to study the bending of
a microbeam of a length of 191 µm. It is found that at the micro-scale, the Euler–Bernoulli theory
remains an exact and consistent tool, and, possibly, other elasticity theories (such as micropolar theory,
gradient elasticity theory, and couple stress theory) are not always required to study this phenomenon.
More specifically, good correlation was achieved between the theoretical and experimental results,
the former acquired via the theoretical equations and the latter obtained with the use of atomic
force microscopy and Raman spectroscopy. The exact predicted strain of an atomic force microscope
microbeam under bending, by Euler–Bernoulli equations is confirmed by Raman spectroscopy.

Keywords: Euler–Bernoulli beam theory; microbeam bending; Raman spectroscopy; AFM;
small deformations

1. Introduction

The limits of the Euler–Bernoulli theory in micromechanics are explored using solid
experimental evidence. Micromechanics is a robust scientific field that studies mainly micro-
electro-mechanical systems (MEMS) and nano-electro-mechanical systems (NEMS). MEMS
generally refer to micro-scale devices involving one or more micromachined components
that enable higher-level function. These devices have a characteristic length scale between
1 mm and 1 µm, whereas NEMS devices have a characteristic length scale below 1 µm [1,2].

These systems are becoming an integral part of our everyday life since they are used
in many applications, from airbag triggers in automotive applications to adaptive optics for
communications. MEMS are composed mainly of single-crystal silicon and silicon-based
materials. According to their applications, MEMS and NEMS can be classified as sensors,
actuators, and passive structures.

Several experimental techniques have been developed over the past decades that allow
researchers to manipulate matter at a nanolevel and, also, monitor the changes. Of this
significant list [3], with atomic force microscopy a surface of the material is probed by a
selection of tips, and the topography of the surface is raster scanned and analyzed. Due
to the fact that the depth of the pores or the height of the fibers/particles is measured,
areas that other methods image as flat surfaces, it can provide data on the molecular forces
of materials. In a frequent extension of the method, thin metallic probes can be used to
perforate the surface of materials and, by analyzing the resisting material, the mechanical
properties of the material can be determined.

Raman spectroscopy is useful in semiconductors since it is a powerful tool for me-
chanical testing by investigating mechanical stress and strain. The benefits of using Raman
spectroscopy include the increased resolution of measurements, compared with the cur-
rently used methods, as well as the non-destructive nature of the process, which does not
damage or otherwise alter the material under test [4,5].
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The essence of this article is to declare that Euler–Bernoulli theory is more than enough
to study the bending of microbeams of a length of at least 191 µm. It is experimentally
proven that, for this dimension scale, other specialized theories are not always necessary
(e.g., gradient elasticity, micropolar theory, etc.). The article continues with the deter-
mination of material properties in the micro-scale. The idea behind the bending of this
microbeam is presented (Euler–Bernoulli theory); the experiments with AFM spectroscopy
are described and, finally, the experimental and theoretical results are compared. Ulti-
mately, conclusions are made, and discussion of the results is completed in the final section.
The limits of the Euler–Bernoulli theory of the microbeam have, also, been studied in
micro-Raman spectroscopy for strain measurement, including AFM, by Professor Wolf-
gang Müller and his team, at the Technische Universität in Berlin, DE, and is thoroughly
described in a related book chapter [6]. In their pioneering work, they applied higher-order
elasticity theories (coupled stress—gradient elasticity) in order to measure and compare
strains at the micro-scale.

2. Materials, Methods, and Mathematical Background
2.1. Materials

The main material under focus in our study, or preferably our model material, was
the pure silicon microbeam of the AFM used in the usual tapping mode or dynamic mode
scanning procedures [7,8]. The beam is shown in Figure 1, and is usually referred to as the
cantilever beam since it is usually loaded under single cantilever bending mode.
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Figure 1. The tested area of the AFM cantilever across its length.

2.2. Methods

The testing procedure was simple and comprised of the following steps:

1. The Raman laser beam was set up under a microscope to focus on the AFM silicon
microbeam.

2. An AFM experimental procedure on a clean glass substrate was started to gradually,
and linearly, bend the AFM cantilever from z = 0 to z = 3.9259 × 10−6 m maximum
deflection, as shown in Table 1.

Table 1. The mechanical properties and bending data values of the AFM cantilever.

Length Shear Force Maximum Deflection E-Modulus Moment of Inertia

L = 191 µm F = 251.8 µN z = 3.9259 × 10−6 m E = 169 GPa I = 7.4858 × 10−22 m4

3. In each z-height of the tip of the silicon beam, a full scanning of the microbeam surface
was performed to gain Raman data.

4. Raman shift data for the silicon beam was analyzed and the correlated linear strain
was calculated via known Raman equations.

5. The theoretical linear strain for the microbeam surface was calculated through the
Euler—Bernoulli theory.
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6. The linear strain calculations via Raman and Euler–Bernoulli were compared in
graphs, as shown below in this paper.

2.3. Determination of Material Properties at the Micro-Scale

Most mechanical properties exhibit dependence on sample size. This is the reason that
nanometer-scale experiments display some difficulties, such as fabrication of such small
samples and problems associated with measuring ultra-small physical phenomena. For
designing MEMS devices, it is very important to understand the mechanical properties of
Si since these devices suffer thermal and mechanical stress during service.

Although atomic force microscopy has enabled the study of phenomena in the nanoscale,
it can also be utilized for the purpose of measuring mechanical properties of nanostructures
and nanomaterials. The quasi-static bending test technique is used to evaluate Young’s
modulus, bending strength, and estimate the fracture toughness of the beams.

The fabrication of such structures, especially in the case of a silicon microbeam, is
accomplished by means of enhanced-field anodization also using an AFM as part of a
lithography-based process where it is used to evaluate the mechanical properties dis-
cussed above.

With respect to material parameters, the Raman effect, used with today’s progress in
laser technology, allows us to determine local strains with a lateral precision of roughly one
millimeter. The Raman effect is based on the inelastic scattering of monochromatic light that
enters the system. The position of the Raman scattered light spectrum, or “frequency”, is
determined by the state of strain on, and immediately beneath, the specimen’s surface. The
specimen’s molecules are polarized by the laser light in this procedure. The frequency of
the induced polarization is modulated by lattice vibrations (phonons). This is known as the
Raman effect, and it can be seen in a spectrometer with a high sensitivity. These vibrational
frequencies are used as chemical fingerprints for the identification of molecules. Usually,
Raman shifts are typically in wavenumbers, which have units of inverse length (cm−1).

2.4. Theory of Bending for Small Deformations

The principle of atomic force microscopy is to measure the tip-sample forces (van
der Waals, electrostatic, and damping) for studying a sample’s surface topography and
properties. These forces cause bending which causes deformation to the beam.

One characteristic of the structure of the beam is that one of its dimensions is much
larger than the others. The axis of the beam is defined along the longer dimension, which
is the length, and a cross section, normal to this axis, is assumed to smoothly vary along
the span or length of the beam. Based on this characteristic, there is the assumption that
the beam follows linear elastic behavior which is simulated by Euler–Bernoulli beam
theory [9–11].

The Euler–Bernoulli beam theory is a simplification of elasticity theory which pro-
vides a means of calculating the load carrying and deflection characteristics of beams.
In general, as it deforms, every point on the beam would have a certain deformation
and this deformation would be non-homogenous/non-linear. However, in order to be
able to solve the differential equations of the equilibrium, we use the Euler–Bernoulli
assumptions [12], and the corresponding well-known equations set with the corresponding
theoretical assumptions.

To solve any equilibrium equation, we assume that the shear force and the bending
moment are continuous and smooth over the length of the beam:

V +
∂V
∂x

dx1, M +
∂M
∂x

dx1 (1)

and by using the equilibrium equation of force and bending moment, the above equations
result in:

dV
dx1

= q,
dM
dx1

= V (2)
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The beam extends from x = 0 to x = L and has a bending rigidity EI, which may be
a function of x. The unknown field is the bending deflection w(x). The deflection w(x)
is the vertical displacement of the neutral axis of the beam, and is a function only of the
variable x. According to the assumption (1), the displacement field can be represented by
the following functions:

ux = −z
∂w(x)

∂x
, uy = 0, uz = w(x) (3)

Another assumption is that the internal energy of beam member is entirely due to
bending strains and stresses. Bending produces axial stresses σxx which are be abbreviated
to σ and axial strains εxx which are abbreviated to ε.

The strains can be linked to the displacements by differentiating the axial displace-
ment ux:

εij =
1
2
(
ui,j + uj,i

)
(4)

and because εyy = εzz = εxy = εxz = εyz = 0, the only effective strain is on x-axis, which is the
normal strain and is provided by:

εxx = −z
∂2w
∂x2 (5)

The bending stress can be represented mathematically according to Hooke’s law for
isotropic materials as:

σij = 2µεij + λεkkδij (6)

where µ is the shear modulus, λ is Lame’s constant, δ is the Kronecker delta, and εkk are
strains under Einstein’s summation convention.

Due to the fact that the z-axis strain and the Kronecker delta is zero in this case,
σxy = σxz = σyz = 0, and the effective normal stresses are given by the following relations:

σxx = εxx E = −z
∂2w
∂x2 E, σyy = −λ z

∂2w
∂x2 , σzz = −λ z

∂2w
∂x2 (7)

According to the literature [9], the differential equations of the deflection curve are the
following well-known functions for bending:

EI
∂4w(x)

∂x4 = q(x) = 0, EI
∂3w(x)

∂x3 = −Q, EI
∂2w(x)

∂x2 = M, ∀ x ∈ (0, L) (8)

Integrating the above equations in the case of a single cantilever beam with a single
end load, and taking into consideration the appropriate boundary conditions, we obtained
the following final expression for the bending deflection:

w(x) =
F

EI
x2
(

x
6
− L

2

)
(9)

3. Results and Discussion
3.1. AFM and Raman Spectroscopy

Atomic force microscopy was employed in order to apply a constant force, F, on the
surface of the free end of the beam. This force caused bending to the AFM cantilever.
Then, the Raman laser was applied to scan an area along the beam, in order to enable the
maximum surface axial strain determination.

In Figure 1, the part of the silicon microbeam that was tested is from the point of the
applied force (free end) to a small part of the rigid surface (fixed end). The microbeam was
scanned in the form of a line (along its x-axis). The mechanical properties and bending data
of the AFM cantilever are shown in Table 1 as provided by the manufacturer.
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The results of the Raman test, as shown in Figure 2, present all the values of wavenum-
bers (ω) in the order of 520 cm−1 for each scanned point of the microbeam. With Raman
spectroscopy, the wavenumbers in the same range as above, in the presence of stress (ω)
and in absence of stress (ω0), were determined. In order to calculate the strain, the formula
of the scalar relationship of shift and strain, as provided by [13–16], was employed. The
Raman peak wavenumber sensitive to axial strain for a silica beam was obtained from the
available literature [17,18], and was determined as 520 cm−1. For single-crystalline silicon,
in a constricted polarization configuration and for a given uni-directional state of stress,
the strain–shift equation can be represented as:

ε = −1.4001
∆ω

ω0
(10)
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3.2. Comparison of Experimental Values with Theoretical Euler–Bernoulli Results

After the AFM cantilever bending, coupled with Raman spectroscopy, was conducted,
the next step was to compare the experimental results with the theoretical values.

The equation of Euler–Bernoulli beam theory for the calculation of strain is pro-
vided by:

ε =
z F (L − x)

E I
(11)

Firstly, as presented in Figure 2, the unloaded AFM cantilever beam wavenumbers
around 520 cm−1 do not vary more than 0.1 cm−1 maximum. On the other hand, a
linear increase in the wavenumber values can be observed in the loaded cantilever data.
In fact, one can easily deduce that the free end of the cantilever which, according to
bending assumptions, bears no strain, has wavenumbers almost identical to the non-loaded
specimen. In Figure 3, a linear regression was applied through the experimental data of
the bending strain, as calculated by the Raman spectroscopy formula in Equation (10). The
results shown in Figure 3, clearly present the linear character for the bending strain as a
function of the AFM cantilever beam x-axis length.
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Figure 3. The AFM cantilever bending strain as calculated from the Raman shift and the fitted linear
regression of data.

Finally, in Figure 4, the calculated Euler–Bernoulli theory results, for axial bending
strain for an AFM cantilever beam, are plotted against the Raman linear regression strain
data from Figure 3. As expected, the data determined from Raman spectroscopy strongly
confirm not only the values but also the linear character of the axial bending strain for the
single cantilever beam. Therefore, taking into account all the above findings, the Euler–
Bernoulli theory assumptions are extremely valid in the micro-scale, as measured by the
nano-accurate AFM bending results.

As reported in the introduction, in a thorough investigation which included many
types of AFM microbeams, Liebold and Müller [6] explored the limits of the Euler–Bernoulli
theory of microbeam bending, and they also employed micro-Raman spectroscopy for
strain measurement with success for higher order elasticity theories.

The results presented in this paper and in [6] can be discussed in a wider frame. Many
researchers have developed theoretical models for higher-order elasticity problems [19–23].
Few have been able to experimentally validate these, however. Especially in the field of
MEMS/NEMS, things are complicated, as it is reported that the validity of the classical
Euler–Bernoulli theory is strongly dependent on the material microstructure [24,25]. More
true, Euler –Bernoulli theory is valid for solid bodies in single-dimension bending, prefer-
ably with homogeneous structures, and Timoshenko’s theory better describes problems in
two-dimensional studies [26].

It has been demonstrated by others in the literature that when the microstructure
is orthotetragonal Cosserat (nonlocal), and continua are equivalent to Cauchy continua.
At the same time, it is known that the effect of the Cosserat constant (additional elastic
moduli) is so small that, in fact, the Cosserat theory of elasticity does not provide any
improvement in comparison with the classical theory of elasticity for homogeneous, solid
bodies. Experiments on micro- and nano-mechanical systems (MEMS/NEMS) have shown
that their behavior under bending loads differentiates from the classical predictions using
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Euler–Bernoulli theory and Hooke’s law [27–29]. This anomalous response has been
interpreted as a material size effect.
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It has been demonstrated by others in the literature that when the microstructure is 

orthotetragonal Cosserat (nonlocal), and continua are equivalent to Cauchy continua. At 

the  same  time,  it  is  known  that  the  effect  of  the Cosserat  constant  (additional  elastic 

moduli)  is so small  that,  in  fact,  the Cosserat  theory of elasticity does not provide any 

improvement in comparison with the classical theory of elasticity for homogeneous, solid 

bodies. Experiments on micro‐ and nano‐mechanical systems (MEMS/NEMS) have shown 

that their behavior under bending loads differentiates from the classical predictions using 

Euler–Bernoulli  theory  and Hooke’s  law  [27–29].  This  anomalous  response  has  been 

interpreted as a material size effect. 

The methodology of combining AFM measurements for a variety of silicon, or other 

material microbeams, alongside linear strain data derived by Raman spectroscopy is very 

useful for strain detection and comparison with other mechanical models too [30–32]. 

4. Conclusions 

Figure 4. The AFM cantilever bending strain as calculated from the Raman shift (linear regression)
and compared with the Euler–Bernoulli approximation.

The methodology of combining AFM measurements for a variety of silicon, or other
material microbeams, alongside linear strain data derived by Raman spectroscopy is very
useful for strain detection and comparison with other mechanical models too [30–32].

4. Conclusions

The aim of this study was to compare the experimentally determined axial strain of
the AFM silicon microbeam by Raman spectroscopy with the theoretical values predicted
by Euler–Bernoulli beam theory.

• The experimental data show that, in the area of the maximum bending moment, the
Raman response increases linearly.

• As shown in the strain–beam position graph, the maximum strain values appear in
the fixed end area, whereas they are reduced to zero when the free end of the beam is
approached.

• The experimentally determined axial strain values for the silicon microbeam are almost
identical to the theoretical ones provided by the Euler–Bernoulli approximation.

• The combination of Raman spectroscopy with atomic force microscopy provides a
useful means for the study of nanomechanical systems.
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